




Applied and Numerical Harmonic Analysis

Series Editor
John J. Benedetto
University of Maryland
College Park, MD, USA

Editorial Advisory Board
Akram Aldroubi
Vanderbilt University
Nashville, TN, USA

Andrea Bertozzi
University of California
Los Angeles, CA, USA

Douglas Cochran
Arizona State University
Phoenix, AZ, USA

Hans G. Feichtinger
University of Vienna
Vienna, Austria

Christopher Heil
Georgia Institute of Technology
Atlanta, GA, USA
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ANHA Series Preface

The Applied and Numerical Harmonic Analysis (ANHA) book series aims to
provide the engineering, mathematical, and scientific communities with significant
developments in harmonic analysis, ranging from abstract harmonic analysis to
basic applications. The title of the series reflects the importance of applications
and numerical implementation, but richness and relevance of applications and
implementation depend fundamentally on the structure and depth of theoretical
underpinnings. Thus, from our point of view, the interleaving of theory and ap-
plications and their creative symbiotic evolution is axiomatic. Harmonic analysis is
a wellspring of ideas and applicability that has flourished, developed, and deepened
over time within many disciplines and by means of creative cross-fertilization with
diverse areas. The intricate and fundamental relationship between harmonic analysis
and fields such as signal processing, partial differential equations (PDEs), and image
processing is reflected in our state-of-theart ANHA series.

Our vision of modern harmonic analysis includes mathematical areas such as
wavelet theory, Banach algebras, classical Fourier analysis, timefrequency analysis,
and fractal geometry, as well as the diverse topics that impinge on them.

For example, wavelet theory can be considered an appropriate tool to deal with
some basic problems in digital signal processing, speech and image processing,
geophysics, pattern recognition, biomedical engineering, and turbulence. These
areas implement the latest technology from sampling methods on surfaces to fast
algorithms and computer vision methods. The underlying mathematics of wavelet
theory depends not only on classical Fourier analysis, but also on ideas from abstract
harmonic analysis, including von Neumann algebras and the affine group. This leads
to a study of the Heisenberg group and its relationship to Gabor systems, and of the
metaplectic group for a meaningful interaction of signal decomposition methods.
The unifying influence of wavelet theory in the aforementioned topics illustrates the
justification for providing a means for centralizing and disseminating information
from the broader, but still focused, area of harmonic analysis. This will be a key role
of ANHA. We intend to publish the scope and interaction that such a host of issues
demands.

v



vi ANHA Series Preface

Along with our commitment to publish mathematically significant works at the
frontiers of harmonic analysis, we have a comparably strong commitment to publish
major advances in the following applicable topics in which harmonic analysis plays
a substantial role:

Biomedical signal processing
Compressive sensing
Communications applications
Data mining/machine learning
Digital signal processing
Fast algorithms
Gabor theory and applications
Image processing

Numerical partial differential equations
Prediction theory
Radar applications
Sampling theory
Spectral estimation
Speech processing
Time-frequency and time-scale analysis
Wavelet theory

The above point of view for the ANHA book series is inspired by the history of
Fourier analysis itself, whose tentacles reach into so many fields.

In the last two centuries, Fourier analysis has had a major impact on the
development of mathematics, on the understanding of many engineering and
scientific phenomena, and on the solution of some of the most important problems
in mathematics and the sciences. Historically, Fourier series were developed in the
analysis of some of the classical PDEs of mathematical physics; these series were
used to solve such equations. In order to understand Fourier series and the kinds of
solutions they could represent, some of the most basic notions of analysis were
defined, e.g., the concept of “function”. Since the coefficients of Fourier series
are integrals, it is no surprise that Riemann integrals were conceived to deal with
uniqueness properties of trigonometric series. Cantors set theory was also developed
because of such uniqueness questions.

A basic problem in Fourier analysis is to show how complicated phenomena,
such as sound waves, can be described in terms of elementary harmonics. There are
two aspects of this problem: first, to find, or even define properly, the harmonics or
spectrum of a given phenomenon, e.g., the spectroscopy problem in optics; second,
to determine which phenomena can be constructed from given classes of harmonics,
as done, e.g., by the mechanical synthesizers in tidal analysis.

Fourier analysis is also the natural setting for many other problems in engineer-
ing, mathematics, and the sciences. For example, Wiener’s Tauberian theorem in
Fourier analysis not only characterizes the behavior of the prime numbers, but also
provides the proper notion of spectrum for phenomena such as white light; this
latter process leads to the Fourier analysis associated with correlation functions in
filtering and prediction problems, and these problems, in turn, deal naturally with
Hardy spaces in the theory of complex variables.

Nowadays, some of the theory of PDEs has given way to the study of Fourier
integral operators. Problems in antenna theory are studied in terms of unimodular
trigonometric polynomials. Applications of Fourier analysis abound in signal
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processing, whether with the fast Fourier transform (FFT), or filter design, or the
adaptive modeling inherent in timefrequency-scale methods such as wavelet theory.
The coherent states of mathematical physics are translated and modulated Fourier
transforms, and these are used, in conjunction with the uncertainty principle, for
dealing with signal reconstruction in communications theory. We are back to the
raison d’être of the ANHA series!

University of Maryland John J. Benedetto
College Park





Preface

At its core, this research monograph deals with the following basic issue in analysis:
identifying a setting as general as reasonably possible that permits construction of
a metric that is compatible – quantitatively, topologically, or algebraically – with a
given setting. Some classical results in this spirit are as follows:

• the Alexandroff–Urysohn metrization theorem (point-set topology),
• the Macı́as–Segovia metrization theorem (harmonic analysis),
• the Aoki–Rolewicz normability theorem (functional analysis),
• the Birkhoff–Kakutani metrization theorem (topological group theory).

The point of view promoted in the current book is that these are all particular
manifestations of a more general phenomenon. The unifying language that permits
such an extension is that of groupoids (a significantly weaker notion than that
of groups), and the theory developed here in this context turns out to be sharp
both from an analytic and an algebraic perspective. Such a level of generality is
desirable since it is precisely this that makes the theory applicable to a large range of
contexts, which traditionally have been regarded as essentially unrelated. This claim
is substantiated by the numerous specific applications discussed in the body of the
monograph, ranging from harmonic analysis (with particular emphasis on aspects
pertaining to analysis on spaces of homogeneous type) to functional analysis (open
mapping and closed graph theorems, nonlocally convex topological vector spaces).

Our treatment is largely self-contained, with special care taken to fully define all
relevant notions and, at the same time, with significant effort directed at avoiding
heavy jargon associated with one area or another. This makes the book accessible
to both specialists and graduate students with a basic background in analysis. In
particular, the monograph may be used in a number of topic courses targeted at any
of the following themes:

• Harmonic Analysis: a sharp metrization theory for quasimetric spaces and
applications;

• Functional Analysis I: quantitative aspects of nonlocally convex topological
vector spaces;

ix



x Preface

• Functional Analysis II: a new generation of open mapping and closed graph
theorems;

• Noncommutative Algebra: an introduction to the theory of semigroupoids and
groupoids.

In relation to the topic of analysis of metric spaces (which is much more prevalent in
the literature), the current monograph addresses the need to understand the mechan-
ics of manufacturing (often custom-designed) metrics and, as such, complements
this body of results in a manner that leads to a deeper understanding and appreciation
of this type of quantitative analysis.

Columbia, Missouri Dorina Mitrea
Columbia, Missouri Marius Mitrea
Philadelphia, Pennsylvania Irina Mitrea
Marseille, France Sylvie Monniaux
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Chapter 1
Introduction

This monograph has two distinct, yet closely interrelated, parts. In the first part
(consisting of Chaps. 1–3) we develop a metrization theory in the abstract setting
of groupoids that, among other things, contains as particular cases the Aoki–
Rolewicz theorem for locally bounded topological vector spaces and a sharpened
version of the Macı́as–Segovia metrization theorem for quasimetric spaces. We
also indicate how this theory can be used to provide a conceptually natural proof
of the Alexandroff–Urysohn metrization theorem for uniform topological spaces.
For this portion of our work, the methods employed are predominantly functional-
analytic/algebraic, and the bulk of our results actually hold in the more general
context of semigroupoids.

In the second part (comprised of Chaps. 4–6) we present a multitude of
applications of our metrization theory to the area of analysis on quasimetric spaces
(with a special emphasis on the structure and role of Hölder functions in such a
setting), function space theory (covering topics such as completeness, embeddings,
pointwise convergence, and separability of certain large classes of function spaces
equipped with locally bounded, yet nonlocally convex, topologies), as well as
classical functional analysis, dealing with open mapping and closed-graph-type
theorems, and uniform boundedness principles, among other things, in settings
where the notions of vector space and norm are significantly weakened. While
precise details will be given later, here we wish to note that all our results hold
in the class of quasi-Banach spaces. Regarding the significance of this category of
spaces, in [67] N. Kalton writes that “There are sound reasons to want to develop
understanding of these spaces, but the absence of one of the fundamental tools
of functional analysis, the Hahn–Banach theorem, has proved a very significant
stumbling block. However, there has been some progress in the non-convex theory
and arguably it has contributed to our appreciation of Banach space theory.”

D. Mitrea et al., Groupoid Metrization Theory, Applied and Numerical
Harmonic Analysis, DOI 10.1007/978-0-8176-8397-9 1,
© Springer Science+Business Media New York 2013
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2 1 Introduction

1.1 Overview

In general, a topological space is said to be metrizable provided it is homeo-
morphic to a metric space. More transparently, a topological space .X; �/ is said to
be metrizable if there exists a metric d on X with the property that the topology
induced by d on X coincides with � . As such, metrization theorems are results that
give sufficient conditions for a topological space to be metrizable.

Consider three fundamental metrization results in various branches of
mathematics:

• The Alexandroff–Urysohn metrization theorem for uniform spaces (topology),
• The Macı́as–Segovia metrization theorem for quasimetric spaces (harmonic

analysis), and
• The Aoki–Rolewicz theorem for quasinormed vector spaces (functional

analysis).

The formal statement of the first theorem above is as follows (the reader is referred
to future chapters for definitions clarifying the terminology employed here).

Theorem 1.1 (Alexandroff–Urysohn). Let X be a topological space. Then X is
metrizable if and only if X is Hausdorff and the topology on X is induced by a
uniform structure on X that has a countable fundamental system of entourages.

A related version of this theorem states that a uniform space is pseudometrizable
(i.e., its topology is induced by a pseudometric) if and only if its uniformity has
a countable base. See the discussion in J. Kelley’s book [71, Note 14, p. 186],
where it is indicated that Theorem 1.1 originates in [4] (cf. also the discussion in
Comment 2.82 in the last part of Sect. 2.2, which further underscores the prominent
role of this classical result).

While the fact that the topology induced by a given quasidistance on a quasi-
metric space is metrizable is readily implied1 by Theorem 1.1 (something that was
known long before Macı́as and Segovia’s work in [79]), Macı́as and Segovia’s main
contribution was to bring to prominence the quantitative aspects of this result (in the
setting of quasimetric spaces). This is apparent from an inspection of the statement
of their theorem, which plays a basic role in the area of analysis on spaces of
homogeneous type and which we recall below (as a slight reformulation of [79,
Theorem 2, p. 259]).

Theorem 1.2 (Macı́as-Segovia). Let .X; �/ be a quasimetric space, that is, X is
a nonempty set and � W X � X ! Œ0;C1/ is a quasidistance, i.e., a function that,
for every x; y; z 2 X , satisfies2

1Any quasimetric space .X; �/ may be canonically viewed as a uniform space whose uniformity
has a countable fundamental system of entourages, say,

˚
.x; y/ 2 X � X W �.x; y/ < n�1

�
,

n 2 N.
2The interested reader is referred to [99] for historical references pertaining to quasinormed spaces.



1.1 Overview 3

�.x; y/ D 0 ” x D y; �.x; y/ D �.y; x/; �.x; y/ � c.�.x; z/C �.z; y//;

(1.1)

for some fixed finite constant c � 1. Then there exists another quasidistance �� on
X that is equivalent to � (in the sense that each is dominated by a fixed multiple of
the other) and satisfies the following additional properties. If

˛ WD 1

log2 Œc.2c C 1/�
2 .0; 1/; (1.2)

then the following assertions hold:

(1) The function .��/˛ W X �X ! Œ0;C1/ satisfies

��.x; y/˛ � ��.x; z/˛ C ��.z; y/˛; 8 x; y; z 2 X: (1.3)

Hence, .��/˛ is a distance on X that induces the same topology on X as the
original quasidistance �. In particular, this topology is metrizable.

(2) The function �� satisfies the following Hölder-type regularity condition of
order ˛:

j��.x; z/ � ��.y; z/j � 1
˛

max
˚
��.x; z/1�˛; ��.y; z/1�˛

�
��.x; y/˛;

8 x; y; z 2 X: (1.4)

Ever since its original inception, Theorem 1.2 has played a pivotal role in analysis
on spaces of homogeneous type since the natural setting for analysis in this context
is that of quasimetric spaces. As noted earlier, the latter spaces are in fact metrizable,
but it is a rather subtle matter to associate metrics, inducing the same topology, in a
way that brings out the quantitative features of the quasimetric space in question
in an optimal manner. The seminal work on this topic done by R. Macı́as and
C. Segovia has been very influential in the study of spaces of homogeneous type.
In particular, Theorem 1.2 is a popular result that has been widely cited; see, e.g.,
the discussion in the monographs [32] by Christ, [114] by Stein, [123] by Triebel,
[59] by Heinonen, [56] by Han and Sawyer, [38] by David and Semmes, and [39]
by Deng and Han, to name a few. Strictly speaking, Macı́as and Segovia’s original
statement of this theorem has 3c2 in place of c.2c C 1/ in (1.2) but, as indicated in
the discussion in Comment 2.83 at the end of Sect. 2.2, the number c.2c C 1/ is the
smallest constant for which their approach works as initially intended.

On to a different topic. It is well known that there are many function spaces
of basic importance in partial differential equations that are not Banach but merely
quasi-Banach. Indeed, this is the case for significant portions of the following famil-
iar scales of spaces: Lebesgue spaces, weak Lebesgue spaces, Lorentz spaces, Hardy
spaces, weak Hardy spaces, Lorentz-based Hardy spaces, Besov spaces, Triebel–
Lizorkin spaces, and weighted versions of these spaces (among many others).



4 1 Introduction

In the context of quasinormed spaces, the Aoki–Rolewicz theorem reads as follows
(the original references are [7, 103], and an excellent, timely exposition may be
found in [69]).

Theorem 1.3 (Aoki–Rolewicz). Let X be a vector space equipped with a quasi-
norm k � k, i.e., a nonnegative function defined on X that satisfies for each x; y 2 X
and each � 2 R

kxk D 0 ” x D 0; k�xk D j�jkxk; kx C yk � c.kxk C kyk/; (1.5)

for some fixed finite constant c � 1. Then there exists a quasinorm k � k� on X that
is equivalent to k � k and is a p-norm for some p 2 .0; 1�, i.e., it satisfies

kx C ykp� � kxkp� C kykp� for all x; y 2 X: (1.6)

In particular, the topology induced by k �k onX is metrizable since it coincides with
the topology induced by the (left- and right-invariant) distance d.x; y/ WD kx�ykp�
for all x; y 2 X , on X .

Even though, strictly speaking, Theorems 1.2 and 1.3 are distinct results, it
is inescapable that, at least formally, they share some basic characteristics (e.g.,
in [3, p. 319], the Macı́as–Segovia result is referred to as “an analogue” of the
Aoki–Rolewicz theorem). This becomes even more apparent if Theorem 1.3 is
reformulated in a (slightly more general, as it turns out) manner that places more
emphasis on the quantitative aspects of the phenomenon at hand. For the reader’s
convenience, we will first momentarily digress for the purpose of recalling some
basic facts and terminology from the theory of topological vector spaces.

A topological vector space is said to be locally bounded provided there
exists a (topologically) bounded neighborhood of the zero vector. Recall that, in
this context, being bounded means that the set in question is absorbed by each
neighborhood of zero (and not that it is geometrically bounded, in the sense of
having a finite diameter). Specifically, E is (topologically) bounded if and only if
for every neighborhood V of the zero vector there exists a real number �� > 0

such that E � �V for every scalar � > ��. Also (cf., e.g., [74, (1) p. 159]), a
topological vector spaceX is locally bounded if and only if there exists a quasinorm
k � k on X that yields the same topology on X as the original one (which amounts
to the condition that the balls fy 2 X W kyk < rg, r 2 .0;C1/, constitute a
fundamental system of neighborhoods for the zero vector). Moreover, a set in a
quasinormed space is bounded in the topology induced by the quasinorm if and
only if it has finite diameter with respect to the quasinorm. Hence, a quasi-Banach
space is a complete, locally bounded topological vector space. Let us also recall
that a set E in a vector space is said to be balanced if �E � E for every scalar
� with j�j � 1. Remarkably, a quasinormed vector space is locally convex
if and only if it is linearly isomorphic to a normed vector space (local convexity
signifies the existence of a fundamental system of neighborhoods for the zero vector
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consisting of absorbing, balanced, and convex sets; one convenient description of
the fact that a subset E of a vector space is convex is that .�C �/E D �E C �E

for all scalars �; � > 0). Compare, for example, [69] for more details.
Returning to the mainstream discussion, we record the following more precise

version of the Aoki–Rolewicz theorem (again, see the informative discussion
in [69]).

Theorem 1.4 (Aoki–Rolewicz). Let X be a Hausdorff, locally bounded, topolog-
ical vector space. In particular, there exists a bounded and balanced neighborhood
B of the zero vector in X . Let c 2 .1;C1/ be such that B C B � cB , and define

p WD 1

log2 c
2 .0;C1/: (1.7)

Finally, for each x 2 X , set

kxk WD inf
n� NX

iD1
jjjxi jjjpB

� 1
p W N 2 N; x1; : : : ; xN 2 X such that

NX

iD1
xi D x

o
;

(1.8)

where jjj � jjjB is the Minkowski gauge function associated with B , i.e.,

jjjxjjjB WD inf f� > 0 W ��1x 2 Bg; 8 x 2 X: (1.9)

Then k � k defined in (1.8) is a p-norm on the vector spaceX , which is equivalent
to the quasinorm jjj � jjjB (and, hence, induces the same topology onX as the original
one). As a consequence, X is a locally p-convex vector space whenever c > 2 and
a locally convex vector space whenever c � 2, and the topology on X is metrizable
via a two-sided invariant distance.

On the face of the evidence presented so far, an optimistic observer would hope
that the formal analogies between the statements of Theorems 1.2 and 1.4 would
indicate that there is a more general phenomenon at work here encompassing the
named results as particular manifestations. In this vein, it is worth recalling a popular
dictum of E.H. Moore to the effect that whenever there are parallel theories, typically
there is one that subsumes them all.

One of the goals of the present monograph is to shed light on this issue by proving
a metrization theorem that contains both Theorem 1.2 and Theorem 1.4 (hence
also Theorem 1.3) in a canonical fashion and that may also be used to provide a
conceptually natural proof of Theorem 1.1. We manage to accomplish this without
compromising the sharpness of the quantitative aspects of the results in question
(for example, even when specialized to the particular case of quasimetric spaces
our results yield a significant improvement of Theorem 1.2) and, also, are able to
work under minimal algebraic assumptions, which ensures a desirable degree of
versatility for our result. The latter aspect is particularly important for applications,
as will become apparent from the discussion in Chaps. 4–6, where the impact of this
metrization theory on other branches of mathematics is brought to light.
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The unifying language that permits such a generalization is that of groupoids.
Recall that the concept of groupoid was originally introduced by H. Brandt3 in
1926 as an algebraic structure generalizing the notion of group by allowing the
multiplication to be just partially defined (for more on this topic see the discussion
in Sect. 2).

1.2 First Look at the Groupoid Metrization Theorem

A sample of the metrization results proved here in the context of groupoids is as
follows (the body of the monograph contains stronger results in the sense that
they indicate what can be achieved with weaker, or fewer, assumptions; see also
Theorem 3.26 for a substantially expanded version of this result).

Theorem 1.5. Let .G;�; .�/�1/ be a groupoid, with partial multiplication � and
inverse operation .�/�1. For each N 2 N denote by G.N/ the set of all ordered N -
tuples of elements in G whose product (in the given order) is meaningfully defined.
Furthermore, denote by G.0/ the unit space of G, and introduce GR WD f.a; b/ 2
G �G W .a; b�1/ 2 G.2/g.

Next, assume that  W G ! Œ0;C1/ is a function for which there exist two finite
constants C0 � 0 and C1 � 1 such that the following properties hold:

	 quasisubadditivity:  .a � b/ � C1 maxf .a/;  .b/g; for all .a; b/ 2 G.2/;

(1.10)

	 quasisymmetry:  .a�1/ � C0  .a/; for every a 2 G; (1.11)

	 nondegeneracy: a 2 G and  .a/ D 0 , a 2 G.0/; i.e.,  �1.f0g/ D G.0/:

(1.12)

Denote by �R
 the right topology induced by  on G, defined as the largest topology

on G with the property that for any element a 2 G a fundamental system of
neighborhoods is given by fBR

 .a; r/gr>0, where for each r 2 .0;C1/,

BR
 .a; r/ WD ˚

b 2 G W .a; b/ 2 GR and  .a � b�1/ < r
�
: (1.13)

Also, with C1 � 1 as in (1.10), let

˛ WD 1

log2 C1
2 .0;C1�: (1.14)

3Strictly speaking, in [21] Brandt introduced a smaller class of groupoids, i.e., what is nowadays
referred to as transitive groupoids.
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Finally, introduce a symmetrized version of  by setting

 sym.a/ WD maxf .a/;  .a�1/g; 8 a 2 G; (1.15)

and define the canonical regularization  reg W G ! Œ0;C1/ of  by considering,
for each a 2 G,

 reg.a/ WD inf

8
<

:

 
NX

iD1
 sym.ai /

˛

! 1
˛

W N 2 N;

.a1; : : : ; aN / 2 G.N/; a D a1 � � � � � aN
)

(1.16)

(with a natural alteration in the case when ˛ D C1).
Then the following conclusions hold.

(1) The function  reg is symmetric, in the sense that

 reg.a
�1/ D  reg.a/ for every a 2 G; (1.17)

and  reg is quasisubadditive, in the precise sense that, with C1 denoting the
same constant as in (1.10), one has

 reg.a � b/ � C1 maxf reg.a/;  reg.b/g for all .a; b/ 2 G.2/: (1.18)

(2) With C0 and C1 as in (1.10) and (1.11), there holds

C�2
1  �  reg � max f1; C0g on G: (1.19)

In particular,  �1
reg .f0g/ D G.0/.

(3) For each ˇ 2 .0; ˛� the function  reg is ˇ-subadditive in the sense that one has
(with a natural interpretation when ˇ D ˛ D C1)

 reg.a � b/ �
�
 reg.a/

ˇ C  reg.b/
ˇ
� 1
ˇ
; 8 .a; b/ 2 G.2/: (1.20)

(4) For each finite number ˇ 2 .0; ˛� the function  reg satisfies the following
Hölder-type regularity condition of order ˇ:

ˇ̌
 reg.a/�  reg.b/

ˇ̌ � 1
ˇ

max
˚
 reg.a/

1�ˇ;  reg.b/
1�ˇ�� reg.a � b�1/

�ˇ
(1.21)

whenever .a; b/ 2 GR (with the understanding that when ˇ � 1, one also
imposes the condition that a; b 62 G.0/). Furthermore, the upper bound (1.14)
for the exponent ˇ appearing in this Hölder-type regularity result is sharp.
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(5) The function  reg W �G; �R
 

�!Œ0;C1/ is continuous, and for every a 2 G and
r>0 the right reg-ballBR

 reg
.a; r/WDfb2G W .a; b/2GR and  reg.a�b�1/ < rg

is open in the topology �R
 .

(6) For each finite number ˇ 2 .0; ˛� define the function

dR
 ;ˇ W GR ! Œ0;C1/; dR

 ;ˇ.a; b/ WD �
 reg.a � b�1/

�ˇ
; 8 .a; b/ 2 GR:

(1.22)

Then dR
 ;ˇ is a partially defined distance on G with domain GR, i.e., it satisfies

the following conditions:

for any .a; b/ 2 GR, one has dR
 ;ˇ.a; b/ D 0 if and only if a D b;

dR
 ;ˇ.a; b/ D dR

 ;ˇ.b; a/ for every .a; b/ 2 GR;

dR
 ;ˇ.a; b/ � dR

 ;ˇ.a; c/C dR
 ;ˇ.c; b/ for all .a; c/; .c; b/ 2 GR: (1.23)

Moreover, the topology induced by the partially defined distance dR
 ;ˇ on G

is �R
 .

(7) The partially defined distance dR
 ;ˇ introduced in (1.22) is right-invariant, in the

sense that

.a; b/ 2 GR and c 2 G such that .a; c/; .b; c/ 2 G.2/

H) .a � c; b � c/ 2 GR and dR
 ;ˇ.a � c; b � c/ D dR

 ;ˇ.a; b/:
(1.24)

In the particular case when G is a group, GR D G�G and, hence, the function
dR
 ;ˇ is a genuine right-invariant distance on G.

Theorem 1.5 contains Macı́as and Segovia’s metrization result formulated in
Theorem 1.2 when specialized to the particular case when the groupoid G is the
so-called pair groupoid X � X associated with the ambient set X (as described in
Example 2.31) of a quasimetric space. Moreover, Theorem 1.5 subsumes Aoki and
Rolewicz’s metrization result stated in Theorem 1.4 in the scenario in which the
groupoid G is the underlying (Abelian) additive group of a given vector space X
(cf. Example 2.29). The interplay between these results is studied in more detail
in the body of the monograph; see the discussion in Sect. 3.2.3 in this regard. In
particular, here we also elaborate on the manner in which Theorem 1.5 contains the
Alexandroff–Urysohn metrization theorem (formulated in Theorem 1.1).

We wish to stress that the actual optimal value of the Hölder regularity exponent
˛ (playing the role of upper bound of ˇs for which (1.21) holds) is not an issue
of mere curiosity since this number plays a most fundamental role in the theory
of function spaces that can be developed on spaces of homogeneous type. For
example, the issue of identifying the sharp value of the Hölder regularity exponent
˛ from (1.4) is raised explicitly in Remark 5.3 on p. 133 of [62], where the reader
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may find more details pertaining to the case of Hardy spaces. Here we wish to note
that, when combined with the work in [80], our results lead to a satisfactory theory
for Hardy spaces Hp.X/ whenever the quasimetric space .X; �/ is equipped with
an Ahlfors–David regular measure � of order d > 0 and

d

d C min fd; Œlog2C���1g
< p � 1; (1.25)

whereC� is the optimal constant in the inequality �.x; y/ � C max f�.x; z/; �.z; y/g
for all x; y; z 2 X (see Theorem 4.102 for details). It is worth remarking that this
range for p is in the nature of best possible since from (1.25) we recover the familiar
condition n

nC1 < p � 1 (associated with atomic Hardy spaces for atoms satisfying
one vanishing moment condition) in the case when X WD R

n, n 2 N, equipped with
the Euclidean distance and the n-dimensional Lebesgue measure. In fact, similar
considerations apply to the case of Besov and Triebel-Lizorkin spaces on spaces of
homogeneous type, as discussed in [39, 56] and others.

Another perspective that highlights the usefulness of a sharp Hölder regularity
exponent ˛ (in the context of (1.4)) is as follows. On the one hand, one naturally
expects to have ˛ D 1 in the case when .X; �/ is actually a metric space, since
a distance function is Lipschitz in each of its variables. On the other hand, in the
setting of Theorem 1.2, the condition that ensures that .X; �/ is a metric space is
c D 1, and, according to (1.2)–(1.4), this only yields the generally unsatisfactory
result that a distance function is Hölder continuous of order 1=log2 3. By way of
contrast, the value of ˛ in (1.14) becomes, as expected, 1 when C1 D 2.

Our approach builds on and extends the work of Peetre and Sparr [97] (in
the setting of normed Abelian groups), Gustavsson [53] (where a metrization
theorem for semigroupoids is proved for a nonoptimal exponent ˛, namely ˛ D
.2 log2 C1/

�1, i.e., half the value of ˛ in (3.190)), and the classical work of
Frink [49]. For a more in-depth discussion elaborating on the connections between
Theorems 1.5 and 1.1–1.4, which also provides further motivational examples and
background, the reader is referred to Sects. 3.2.3 and 3.2.4.

The organization of the monograph is as follows. The material in Sects. 2.1.1
and 2.1.2 amounts to a concise (yet self-contained) introduction to the theory of
semigroupoids and groupoids, and in Sect. 2.2 we review topics of a topological
flavor. The bulk of the work pertaining to quantitative metrization results is
concentrated in Chap. 3. In particular, the regularization results for quasisubadditive
mappings established in Sect. 3.1 greatly facilitate the presentation of our main
groupoid metrization theorem. The latter is stated in Sect. 3.2.1 and proved in
Sect. 3.2.2, and its various connections with Macı́as–Segovia, Aoki–Rolewicz, and
Alexandroff–Urysohn theorems are highlighted in Sect. 3.2.3. The scope of this
result is further expanded in Sect. 3.3.1 to the setting of semigroupoids. Several
applications of this semigroupoid metrization theory are subsequently discussed in
Sects. 3.3.2 and 3.3.3. Next, in Sect. 3.4, we state and prove a sharpened version of
the Macı́as–Segovia result; cf. Theorem 3.46.
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Moving on, in Chap. 4, we present a significant number of applications of our
metrization theorems to analysis on quasimetric spaces. Without going into detail,
the list of topics considered in this chapter includes extensions of Hölder functions,
separation, density and embedding properties of Hölder functions, the regularized
distance function to a set, Whitney-like partitions of unity via Hölder functions,
the smoothness indexes of a quasimetric space, distribution theory on quasimetric
spaces, Hardy spaces on Ahlfors-regular quasimetric spaces, approximation to the
identity on Ahlfors-regular quasimetric spaces, bi-Lipschitz Euclidean embeddings
of quasimetric spaces, the quasimetric version of Kuratowski’s and Fréchet’s
embedding theorems, the Pompeiu–Hausdorff quasidistance on quasimetric spaces,
and the Gromov–Pompeiu–Hausdorff distance between quasimetric spaces.

Chapter 5 is devoted to presenting applications of the metrization theory devel-
oped in Chap. 3 to function space theory, with a special emphasis on topics such
as completeness, embeddings, pointwise convergence, and separability of certain
inclusive classes of function spaces endowed with locally bounded, yet nonlocally
convex, topologies. Finally, in Chap. 6 we revisit some of the cornerstones of clas-
sical functional analysis (including open mapping and closed-graph-type theorems,
as well as uniform boundedness principles) in settings where the traditional context
of a normed vector space is significantly relaxed. Once again, our metrization theory
developed in the earlier chapters plays a key role in this endeavor.

Acknowledgements In the early stages of its inception, various parts of this monograph were used
to teach several topic courses at the graduate level at the University of Missouri. We wish to take
this opportunity to thank our students, especially Ryan Alvarado, Kevin Brewster, Dan Brigham,
Brock Schmutzler, and Elia Ziadé, for their active participation and their careful reading of
preliminary notes. The authors also gratefully acknowledge the support of the Simons Foundation
Grant No. 200750 as well as the US NSF Grants DMS-1201736 and DMS-0653180. Last but not
least, the authors thank the anonymous referees for making a number of useful suggestions, which
have improved the presentation.



Chapter 2
Semigroupoids and Groupoids

This chapter is devoted to surveying the algebraic fundamentals of semigroupoids
and groupoids and to reviewing the properties exhibited by these structures which
play a crucial role in our subsequent work. While various results pertaining to the
basic theory of semigroupoids and groupoids are scattered in the literature, we found
it difficult to identify a few comprehensive, readily accessible accounts which cover
all aspects dealt with here.

That being said, two useful references we wish to single out are the monographs
[86, 101]. These contain brief chapters on the basics of groupoid theory, though
the overall focus is on the role played by groupoids in indexing representations
of operator algebras. The interested reader is also referred to the expository paper
[23], which, among other things, gives a flavor of the role played by groupoids
in A. Grothendieck’s work in algebraic geometry, G.W. Mackey’s work in ergodic
theory, A. Connes’ work in noncommutative geometry, and which contains a wealth
of references to earlier articles.

It is primarily for this reason that we decided to make the presentation of
the material in this chapter as self-contained, free of excessive jargon, and accessible
to the nonexpert, as realistically possible. In the process, we contribute to the
existing theory by clarifying certain aspects and by proving several new results of
independent interest.

2.1 Algebraic Considerations

This section amounts to a concise, self-contained introduction to the algebraic
theory of semigroupoids (Sect. 2.1.1) and groupoids (Sect. 2.1.2).

D. Mitrea et al., Groupoid Metrization Theory, Applied and Numerical
Harmonic Analysis, DOI 10.1007/978-0-8176-8397-9 2,
© Springer Science+Business Media New York 2013
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2.1.1 Semigroupoids

We start with the following definition.

Definition 2.1. Given a nonempty set G, a partially defined binary
operation onG is a function � W G ! G, where G is a subset ofG�G called the
domain of �. If a; b 2 G, then call a�b meaningfully defined if .a; b/ 2 G.

Next, we recall the concept of semigroupoid.

Definition 2.2. A semigroupoid is a nonempty set G equipped with a partially
defined binary operation � on G that is associative in the following precise sense.

Let a; b; c 2 G. If a � b and b � c are meaningfully defined, then .a � b/ � c and
a � .b � c/ are meaningfully defined and equal. Moreover, if either of these last two
expressions is meaningfully defined, then so is the other and, again, they are equal.

The reader is alerted to the fact that other terms are occasionally used in the
literature in place of semigroupoid, most notably half-groupoid and incomplete
groupoid. Given a semigroupoid .G;�/, the binary operation � W G ! G can be
thought of as a partially defined multiplication. In this setting, it is customary to
introduce

G.2/ WD ˚
.a; b/ 2 G �G W a � b is meaningfully defined

�
(2.1)

and refer to the latter as the set of composable pairs of the semi-
groupoidG. Several relevant examples of semigroupoids follow.

Example 2.3 (Semigroups). Any semigroup can naturally be regarded as a semi-
groupoid.

For instance, if .X; �/ is a topological space and Comp .X/ denotes the collection
of all compact subsets of X , then .Comp .X/;[/ may be naturally regarded as a
semigroupoid. This example has already appeared in the proof of Corollary 3.36,
where it plays a basic role.

Example 2.4 (Markov semigroupoids). Assume that X is an arbitrary, nonempty
set and that ƒ W X �X ! f0; 1g is an arbitrary function. Consider the collection of
admissible words

G WD ˚
˛ D .x1; : : : ; xn/ W n 2 N; xi 2 X; 1 � i � n; and

ƒ.xi ; xiC1/ D 1; 1 � i � n � 1�; (2.2)

and for each ˛ D .x1; : : : ; xn/, ˇ D .y1; : : : ; ym/ 2 G satisfying ƒ.xn; y1/ D 1

define ˛ � ˇ WD .x1; : : : ; xn; y1; : : : ; ym/. Then .G;�/ is a semigroupoid.

Example 2.5 (Path Semigroupoids). Assume that X is an arbitrary set, and let
�X be the set of all functions � W Œ0; 1� ! X . Call �1; �2 2 �X compatible
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if �1.1/ D �2.0/ and, for each such compatible pair, define �1 � �2 2 �X , the
concatenation of �1 and �2, by setting

.�1 � �2/.t/ WD
(
�1.2t/ if t 2 Œ0; 1=2�;
�2.2t � 1/ if t 2 Œ1=2; 1�; 8 t 2 Œ0; 1�: (2.3)

Next, consider a subset G of �X and, given �1; �2 2 G, call �1 � �2 meaningfully
defined if �1; �2 are compatible and �1 � �2 2 G. Then .G;�/ is a semigroupoid.

Example 2.6 (Direct sums of semigroupoids). If .G;�/ and .H; ı/ are two given
semigroupoids, then .G � H; �/ where .a1; b1/ � .a2; b2/ WD .a1 � a2; b1 ı b2/ for
every pair ..a1; b1/; .a2; b2// 2 .G �H/.2/, where

.G �H/.2/ WD f..a1; b1/; .a2; b2// 2 G �H W .a1; a2/ 2 G.2/;

.b1; b2/ 2 H.2/g (2.4)

becomes a semigroupoid, which we denote by G ˚H .

Example 2.7 (Subset semigroupoids). Let X be an arbitrary set, and denote by
P.X/ the collection of all subsets of X . Then any subset X of P.X/ satisfying
the condition

whenever A;B;C 2 X are such that A [ B 2 X ; then

B [ C 2 X ” A[ B [ C 2 X
(2.5)

has a natural semigroupoid structure by taking X .2/ WD f.A;B/ 2 X � X W
A[ B 2 X g and adopting the union of sets as the semigroupoid operation.

Let .G;�/ be a semigroupoid. In analogy with (2.1), let us set G.1/ WD G, then,
inductively, define for each N 2 N, N � 2,

G.N/ WD ˚
.a1; : : : ; aN / 2 G � � � � �G W .a1; : : : ; aN�1/ 2 G.N�1/

and
�
.� � � ..a1 � a2/ � � � � / � aN�1/; aN

� 2 G.2/
�
: (2.6)

Based on the associativity axiom and induction, it can be proved that for each N 2
N,N � 2, and eachN -tuple .a1; : : : ; aN / 2 G.N/ the producta1�a2�� � ��aN�1�aN
can be unambiguously defined. Furthermore, the same type of reasoning shows that

G.N/ D ˚
.a1; : : : ; aN / 2 G � � � � �G W
.aj ; ajC1/ 2 G.2/ 8 j 2 f1; : : : ; N � 1g�; (2.7)



14 2 Semigroupoids and Groupoids

and, for everyM;N 2 N,

.a1; : : : ; aN / 2 G.N/ and .aN ; : : : ; aNCM�1/ 2 G.M/

H) .a1; : : : ; aNCM�1/ 2 G.NCM�1/:
(2.8)

Let us also note here that, for any semigroupoid .G;�/,

.G;�/ is a semigroup ” G.2/ D G �G: (2.9)

In the notation introduced in (2.1), the associativity axiom in Definition 2.2 reads
as follows. For every a; b; c 2 G, the following three implications hold:

.a; b/; .b; c/ 2 G.2/ H)
(
.a � b; c/ 2 G.2/; .a; b � c/ 2 G.2/

and .a � b/ � c D a � .b � c/; (2.10)

.a; b/ 2 G.2/; .a � b; c/ 2 G.2/ H)
(
.b; c/ 2 G.2/; .a; b � c/ 2 G.2/

and .a � b/ � c D a � .b � c/; (2.11)

.b; c/ 2 G.2/; .a; b � c/ 2 G.2/ H)
(
.a; b/ 2 G.2/; .a � b; c/ 2 G.2/

and .a � b/ � c D a � .b � c/: (2.12)

The set consisting of all composable pairs of a given semigroupoid carries a
natural structure of semigroupoid, as explained below.

Example 2.8 (The semigroupoid of composable pairs). Given a semigroupoid
.G;�/, call .a; b/; .c; d / 2 G.2/ composable if c D a � b, and define a partial
multiplication ı onG.2/ by setting .a; b/ı.c; d / WD .a; b�d/ if .a; b/; .c; d / 2 G.2/

are such that c D a � b. Then .G.2/; ı/ becomes a semigroupoid.

Moving on, for any two arbitrary subsets A;B of G, we will use the notation

A � B WD fa � b W .a; b/ 2 G.2/ \ .A � B/g: (2.13)

In particular, for A � G and a 2 G abbreviate

A � a WD A � fag; a � A WD fag � A; (2.14)

An WD A � A � � � � � A„ ƒ‚ …
n factors

; 8 n 2 N: (2.15)

Also, define G.0/ as the collection of idempotent elements in the semigroupoid
G, i.e.,

G.0/ WD fa 2 G W .a; a/ 2 G.2/ and a � a D ag: (2.16)
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Definition 2.9. Let
�
G;�� and

�
H; ı� be semigroupoids. A function � W G ! H

is called a (semigroupoid) homomorphism provided

8 .a; b/ 2 G.2/ H) �
�.a/; �.b/

� 2 H.2/ and �.a � b/ D �.a/ ı �.b/: (2.17)

Denote by Hom .G;H/ the collection of all (semigroupoid) homomorphisms
mappingG intoH . Finally, a (semigroupoid) homomorphism � W G ! H is called
a (semigroupoid) isomorphism provided � is bijective and ��1 W H ! G is also
a (semigroupoid) homomorphism.

Of course, any two isomorphic semigroupoids are abstractly identical. It is also
clear that, given two semigroupoids

�
G;�� and

�
H; ı�, a function � 2 Hom .G;H/

is a semigroupoid isomorphism if and only if there exists  2 Hom .H;G/ such
that �. .b// D b for each b 2 H and  .�.a// D a for each a 2 G. In addition,
the class of semigroupoid homomorphisms is stable under composition in the sense
described below.

Remark 2.10. (i) If G1;G2;G3 are semigroupoids, then �2 ı �1 2 Hom .G1;G3/
whenever �1 2 Hom .G1;G2/ and �2 2 Hom .G2;G3/. Furthermore, if �1; �2
are actually isomorphisms, then so is �2 ı �1.

(ii) Assume that G1;G2 and G0
1; G

0
2 are two given pairs of semigroupoids. A

functionˆ D .�; �0/ W G1�G2 ! G0
1�G0

2 belongs to Hom .G1�G2;G0
1�G0

2/

if and only if � 2 Hom .G1;G0
1/ and �0 2 Hom .G2;G0

2/.
(iii) The definition of the notion of semigroupoid isomorphism might, at first sight,

appear somewhat peculiar when compared to that of semigroup isomorphism.
Recall that, given two semigroups

�
G;�� and

�
H; ı�, a function � W G ! H is

a semigroup isomorphism provided � is a bijection and it satisfies �.a � b/ D
�.a/ı�.b/ for all a; b 2 G. By way of contrast, there exist two semigroupoids�
G;��, �H; ı� and a function � 2 Hom .G;H/ that is bijective, and yet
��1 … Hom .G;H/. To see this, suppose the semigroupoid .G;�/ is such
that G WD N, G.2/ WD f.a; b/ 2 N � N W a; b eveng, and a � b WD a C b

for each .a; b/ 2 G.2/. Also, take the semigroup .N;C/ to play the role of
the semigroupoid

�
H; ı� and consider the function � W G ! H given by

�.a/ WD a for each a 2 G. Then � is a bijective semigroupoid homomorphism,
but the fact that .G;�/ is not a semigroup prevents ��1 itself from being a
semigroupoid homomorphism.

Some other basic properties of semigroupoid homomorphisms are discussed in
Propositions 2.11 and 2.12 below.

Proposition 2.11. Suppose that
�
G;�� and

�
H; ı� are two semigroupoids, and

assume that � 2 Hom .G;H/. Then �.G.0// � H.0/. Furthermore, if � is actually
an isomorphism, then �.G.0// D H.0/.

Proof. If G.0/ is empty, then there is nothing to prove. On the other hand, if a 2
G.0/, then a D a � a so �.a/ D �.a � a/ D �.a/ ı �.a/. Thus �.a/ 2 H.0/,
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proving �.G.0// � H.0/. In the case when � is an isomorphism, what we have
just shown gives ��1.H.0// � G.0/. It follows that H.0/ � �.G.0//, and hence
�.G.0// D H.0/ in this situation. ut
Proposition 2.12. Given semigroupoids G;H , a function � W G ! H is a
(semigroupoid) homomorphism if and only if

ˆ W G.2/ �! H.2/; ˆ.a; b/ WD .�.a/; �.b// 8 .a; b/ 2 G.2/; (2.18)

is a well-defined mapping that is a (semigroupoid) homomorphism when G.2/ and
H.2/ are regarded as semigroupoids in the sense explained in Example 2.8.

Proof. This is a straightforward consequence of definitions. ut
We conclude our discussion of semigroupoids by proving a general structure

theorem (cf. Theorem 2.14 below). As a preamble, we revisit Example 2.7 and
generalize its main underlying principle as described in the following lemma.

Lemma 2.13. Let .S;�/ be a semigroup, and assume that G is a subset of S . Then
the following two statements are equivalent:

(1) The pair .G;�/ becomes a semigroupoid by considering the domain of � to be
the set G.2/ WD f.a; b/ 2 G �G W a � b 2 Gg.

(2) The following “chain conditions” are satisfied for every a; b; c 2 G:

a � b 2 G and b � c 2 G H) a � b � c 2 G;
a � b 2 G and a � b � c 2 G H) b � c 2 G; (2.19)

b � c 2 G and a � b � c 2 G H) a � b 2 G:

Proof. This follows in a straightforward manner by unraveling definitions
(cf. (2.10)–(2.12)). ut

The type of semigroupoid described in Lemma 2.13 is actually typical, as the
following theorem shows. This theorem reinforces the intuition that semigroupoids
are (up to isomorphisms) “incomplete” semigroups, i.e., semigroups from which a
number of elements are discarded (without violating the chain conditions for the
remaining set).

Theorem 2.14 (The structure of semigroupoids). Given a semigroupoid .G;�/,
there exist a semigroup .S; ı/ and a set H � S with the following properties:

(1) The pair .H; ı/ is a semigroupoid, considering H.2/ WD f.u; v/ 2 H � H W
u ı v 2 H g (i.e.,H satisfies the chain conditions described in (2.19)).

(2) The semigroupoid .H; ı/ is isomorphic to .G;�/ (in the sense of Definition 2.9).

In the proof of Theorem 2.14, presented below, we will need the following
lemma.
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Lemma 2.15. Assume that .G;�/ is a semigroupoid. Then for any .a; b/; .c; d / 2
G.2/ there holds

.a � b; c � d/ 2 G.2/ ” .b; c/ 2 G.2/: (2.20)

Proof. Suppose a; b; c; d 2 G are such that .a; b/; .c; d / 2 G.2/. If .a � b; c � d/ 2
G.2/, then (2.11) ensures that .b; c � d/ 2 G.2/; hence, further, .b; c/ 2 G.2/ thanks
to (2.12). This establishes the right-pointing implication in (2.20). Conversely, if
.b; c/ 2 G.2/, then, first, .a�b; c/ 2 G.2/ by (2.11), then, second, .a�b; c�d/ 2 G.2/

once again by (2.11). ut
We are now prepared to present the

Proof of Theorem 2.14 To set the stage, define the collection of “words” associated
with the set G (viewed as “alphabet”) by

W WD fha1; : : : ; aN i W N 2 N; ai 2 G for all 1 � i � N g: (2.21)

For each word w D ha1; : : : ; aN i 2 W , we will refer to N as its length and write
`.w/ WD N . Naturally, call two words equal provided they have the same length
and identical letters (taking into account the order in which they are listed). When
equipped with the binary operation of concatenation of words, i.e.,

ha1; : : : ; aN i ˝ hb1; : : : ; bM i WD ha1; : : : ; aN ; b1; : : : ; bM i;
8 ha1; : : : ; aN i; hb1; : : : ; bM i 2 W; (2.22)

the set W becomes a semigroup. Call a word w D ha1; : : : ; aN i 2 W reducible
(modulo the semigroupoid multiplication �) provided N � 2 and there exists i 2
f1; : : : :; N � 1g such that .ai ; aiC1/ 2 G.2/. In such a scenario, we will say that the
word w may be contracted to w0 WD ha1; : : : :; ai�1; ai � aiC1; aiC2; : : : :; aN i 2 W .
Alternatively, we will refer to w0 as being a contraction of w. Note that when a word
is contracted, in the manner just described, its length decreases by one unit. Finally,
call a word irreducible provided it is not reducible and introduceWirr WD fw 2 W W
w is an irreducible wordg. Let us note that, tautologically,

hai 2 Wirr; 8 a 2 G: (2.23)

Next, for each w 2 W consider R.w/ � W consisting of w as well as all of its
successive contractions. Specifically, for each w 2 W , set

R.w/ WD ˚
ew 2 W W eitherew D w or 9 w1; : : : ;wk 2 W; k � 2;

such that w1 D w;wk D ew;

and wiC1 is a contraction of wi for 1 � i � k � 1
�
: (2.24)



18 2 Semigroupoids and Groupoids

Then, clearly, for each w 2 W we have

w 2 R.w/ and R.w/ D fwg ” w 2 Wirr; (2.25)

R.ew/ � R.w/; for every ew 2 R.w/: (2.26)

Furthermore, for any w1;w2 2 W we have

ew1 ˝ew2 2 R.w1 ˝ w2/; 8ew1 2 R.w1/; 8ew2 2 R.w2/: (2.27)

Let us now assume that an arbitrary w D ha1; : : : ; aN i 2 W has been fixed.
Regarding the structure of words in the set (2.24), an induction argument (carried
backward) on the length of the word shows that for any ew 2 R.w/ there exist
integersM 2 N and i1; : : : ; iMC1 2 N satisfying the following properties:

1 D i1 < i2 < � � � < ik < ikC1 < � � � < iMC1 D N C 1;

.aik ; : : : ; aikC1�1/ 2 G.ikC1�ik /; 8 k 2 f1; : : : ;M g; and

ew D h a1 � � � � � ai2�1„ ƒ‚ …
1st letter

; : : : ; aik � � � � � aikC1�1„ ƒ‚ …
kth letter

; : : : ; aiM � � � � � aN„ ƒ‚ …
M th letter

i: (2.28)

In addition, Lemma 2.15 and (2.12)–(2.11) show that, in this context,

ew 2 Wirr ” .aikC1�1; aikC1
/ … G.2/; 8 k 2 f1; : : : ;M � 1g: (2.29)

Next, since ; 6D f`.ew/ W ew 2 R.w/g � N, it follows that K WD min f`.ew/ W ew 2
R.w/g is a well-defined natural number. Moreover, there exists some wmin 2 R.w/
with the property that `.wmin/ D K . Since wmin has minimal length among all
words in R.w/, it follows that wmin can no longer be contracted, so we have
wmin 2 Wirr. Consequently, from (2.28) and (2.29) we deduce that there exist
integers j1; : : : ; jKC1 2 N such that

1 D j1 < j2 < � � � < jk < jkC1 < � � � < jKC1 D N C 1;

.ajk ; : : : ; ajkC1�1/ 2 G.jkC1�jk/; 8 k 2 f1; : : : ; Kg;
.ajkC1�1; ajkC1

/ … G.2/; 8 k 2 f1; : : : ; K � 1g; and

wmin D h a1 � � � � � aj2�1„ ƒ‚ …
1st letter

; : : : ; ajk � � � � � ajkC1�1„ ƒ‚ …
kth letter

; : : : ; ajK � � � � � aN„ ƒ‚ …
Kth letter

i: (2.30)

At this stage we make the claim that

R.w/ \Wirr D fwming: (2.31)
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The fact that wmin 2 R.w/\Wirr has already been noted. As such, it remains to show
that ifew 2 R.w/ \Wirr, then necessarily ew D wmin. To this end, assume that some
ew 2 R.w/\Wirr has been given. Thus, we may assume thatew is as in (2.28) and that
.aikC1�1; aikC1

/ … G.2/ for each k 2 f1; : : : ;M � 1g. Also, by definition, M � K .
Suppose that i2 < j2. Then, on the one hand, we have that .ai2�1; ai2/ … G.2/.
On the other hand, the second line in (2.30) implies .ai2�1; ai2/ 2 G.2/, given that
i2 � j2 � 1. Thus, necessarily, i2 � j2. In a similar fashion, we also obtain that
j2 � i2, hence, ultimately, i2 D j2. Continuing this reason in an inductive fashion
we arrive at the conclusion that ik D jk for each index k 2 f2; : : : ; Kg. Having
established this, we go on to observe that if K < M , then K � M � 1, which, by
our assumptions on ew (with k WD K), further implies that .aiKC1�1; aiKC1

/ … G.2/.
On the other hand, from the second line in (2.30) and the fact that jK D iK , we
obtain .aiK ; : : : ; aN / 2 G.NC1�iK/. This, of course, implies .aiKC1�1; aiKC1

/ 2 G.2/,
contradicting our earlier conclusion. This proves that, necessarily, M D K . Upon
recalling that, by design, i1 D 1 D j1 and iKC1 D N C 1 D jMC1, it follows that
ew D wmin, completing the proof of (2.31).

As a corollary of (2.31), we see that w 2 W uniquely determines wmin. Hence, we
may unequivocally talk about the contraction of minimal length of any given word.
Also, we know that this contraction of minimal length is irreducible. Moreover,
given an arbitrary w 2 W andew 2 R.w/, based on (2.26) and (2.31), we may write
that fewming D R.ew/ \ Wirr � R.w/ \Wirr D fwming. Hence, ewmin D wmin, which
further entails

w0
min D w00

min; 8 w 2 W and 8 w0;w00 2 R.w/: (2.32)

In particular, since w;wmin 2 R.w/ for any w 2 W , we see from (2.32) that

�
wmin

�
min D wmin; 8 w 2 W: (2.33)

For further use, let us also remark here that

w D wmin ” w 2 Wirr; 8 w 2 W; (2.34)

and haimin D hai; 8 a 2 G: (2.35)

Indeed, (2.34) is a direct consequence of (2.31), while (2.35) follows from (2.34) and
(2.23). In addition, since for any w0;w00 2 W we have w0

min ˝ w00
min 2 R.w0 ˝ w00/

thanks to (2.31) and (2.27), we deduce, with the help of (2.32), that

�
w0 ˝ w00�

min D �
w0

min ˝ w00
min

�
min; 8 w0;w00 2 W: (2.36)

Moving on, given two arbitrary words w0;w00 2 W , define

w0 	 w00 def” w0
min D w00

min: (2.37)
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Obviously, 	 is an equivalence relation on W and we let W= 	 stand for the
collection of all equivalence classes of words in W modulo 	. Also, if Œw� denotes
the equivalence class of a generic word w 2 W , then (2.33) gives

Œw� D �
wmin

�
; 8 w 2 W: (2.38)

Let S WD W= 	 stand for the collection of all equivalence classes induced by 	 on
W , and consider the binary operation ı defined on S by the formula

Œw0� ı Œw00� WD Œw0 ˝ w00�; 8 Œw0�; Œw00� 2 S: (2.39)

Note that ı is unambiguously defined since whenever w0;w00; ew0;fw00 2 W are such
that w0 	 ew0 and w00 	 fw00, it follows from (2.37) that w0

min D ew0
min and w00

min D
fw00

min. Hence, based on (2.38) and (2.36), we may write

Œw0 ˝ w00� D �
.w0 ˝ w00/min

� D �
.w0

min ˝ w00
min/min

� D �
.ew0

min ˝ fw00
min/min

�

D �
.ew0 ˝ fw00/min

� D Œew0 ˝ fw00�; (2.40)

as desired. Granted what we have just proved, it follows that .S; ı/ is a semigroup.
The next step is to consider the family of equivalence classes of singletons

in W , i.e.,

H WD ˚
Œhai� W a 2 G� � S: (2.41)

We claim that the set H satisfies the chain conditions formulated in (2.19). To see
that this is the case, consider a; b; c 2 G with the property that Œhai�ı Œhbi� 2 H and
Œhbi� ı Œhci� 2 H . Then Œha; bi� 2 H and Œhb; ci� 2 H , and hence there exist d; e 2
G such that Œha; bi� D Œhd i� and Œhb; ci� D Œhei�. In turn, since hd i; hei 2 W are
irreducible (cf. (2.23)), this forces .a; b/; .b; c/ 2 G.2/. Consequently, .a � b; c/ 2
G.2/ by (2.10), so that

Œhai� ı Œhbi� ı Œhci� D Œha; b; ci� D Œha � b; ci� D Œha � b � ci� 2 H; (2.42)

as desired. Next, consider the case when a; b; c 2 G are such that Œhai� ı Œhbi� 2 H
and Œhai� ı Œhbi� ı Œhci� 2 H . Hence, Œha; bi� 2 H and Œha; b; ci� 2 H , so there
exist d; e 2 G such that Œha; bi� D Œhd i� and Œha; b; ci� D Œhei�. As before, since
hd i 2 W is irreducible, we conclude that .a; b/ 2 G.2/. In turn, this shows that
Œhei� D Œha; b; ci� D Œha � b; ci�. Then the same pattern of reasoning gives that
.a � b; c/ 2 G.2/, hence, ultimately, .b; c/ 2 G.2/ by (2.11). With this in hand, we
may then write

Œhbi� ı Œhci� D Œhb; ci� D Œhb � ci� 2 H; (2.43)

which shows that the analog of the second line in (2.19) holds in the current
situation. Finally, the analog of the third line in (2.19) is verified in a similar manner,
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and this completes the proof of the fact that the setH satisfies the chain conditions.
Thus, in light of Lemma 2.13, considering

H.2/ WD ˚
.Œhai�; Œhbi�/ W Œhai�; Œhbi� 2 H such that Œhai� ı Œhbi� 2 H�

D ˚
.Œhai�; Œhbi�/ W .a; b/ 2 G.2/

�
(2.44)

turns .H; ı/ into a semigroupoid. There remains to check that the mapping

� W G ! H; �.a/ WD Œhai� 8 a 2 G; (2.45)

is a semigroupoid isomorphism (in the sense of Definition 2.9). To this end, observe
that whenever .a; b/ 2 G.2/, we have .�.a/; �.b// D .Œhai�; Œhbi�/ 2 H.2/ by
(2.44), and

�.a/ ı �.b/ D Œhai� ı Œhbi� D Œha; bi� D Œha � bi� D �.a � b/: (2.46)

Hence, � is a semigroupoid homomorphism. By design, � is surjective. In addition,
if a; b 2 G are such that �.a/ D �.b/, then Œhai� D Œhbi�, and hence hai D
haimin D hbimin D hbi by (2.35) and (2.37). In turn, this forces a D b,
which shows that � is also injective. Moreover, this reasoning proves that the
inverse ��1 W H ! G of the bijective function � is meaningfully given by
��1.Œhai�/ WD a for any Œhai� 2 H . Much as in the case of �, the function ��1
is also a semigroupoid homomorphism. All in all, the mapping � in (2.45) is a
(semigroupoid) isomorphism, and this completes the proof of the theorem. ut

It is also worth recording a version of Theorem 2.14 that avoids involving a
semigroupoid isomorphism and that may be viewed as a completion procedure
turning semigroupoids into semigroups in a canonical manner.

Theorem 2.16 (Completing semigroupoids to semigroups). For any given semi-
groupoid .G;�/ there exists a semigroup .eG;e� / with the property that

G � eG and ae� b D a � b whenever .a; b/ 2 G.2/; (2.47)

i.e., the inclusion map � of G into eG is well-defined and belongs to Hom .G;eG/.
Furthermore, a completion procedure associating to any semigroupoid a semi-

group related to it as in (2.47) may be devised so that the following properties are
satisfied:

(i) A semigroupoid .G;�/ is a semigroup if and only if G D eG.
(ii) Given any two semigroupoids .G;�/ and .H; ?/, any semigroupoid homo-

morphism � W G ! H may be extended to a semigroup homomorphism
e� W eG ! eH .

(iii) For any three semigroupoidsG1;G2;G3 and any two semigroupoid homomor-
phism � W G1 ! G2,  W G2 ! G3, it follows that A ı � D e ıe�.

(iv) In the context of .ii/, if � is a semigroupoid isomorphism, thene� is a semigroup
isomorphism.
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Proof. Utilizing notation employed in the proof of Theorem 2.14, observe first that˚hai W a 2 G
� � Wirr, and that

˚
Œw� W w 2 Wirr

�
is a listing, without repetitions,

of all elements in S . Then the idea is to define eG as the set obtained from this
description of S by relabeling Œhai� simply as a for any a 2 G, i.e.,

eG WD ˚
Œw� W w 2 Wirr and `.w/ � 2

�[G; (2.48)

disjoint union. This definition guarantees that G � eG and that the function

 W eG �! S;  .u/ WD
(

u if u 2 eG nG;
Œhui� if u 2 G; 8 u 2 eG; (2.49)

is a bijection. For this portion of the proof, let ı stand for the semigroup multiplica-
tion on S ; cf. (2.39). We then define the binary operatione� on eG according to

ue� v WD  �1� .u/ ı  .v/�; 8 u; v 2 eG: (2.50)

The pair .eG;e�/ is then a semigroup and, for any .a; b/ 2 G.2/, there holds

ae� b D  �1� .a/ ı  .b/� D  �1�Œhai� ı Œhbi�� D  �1�Œha; bi��

D  �1�Œha � bi�� D a � b; (2.51)

as desired. This justifies the claim made in the first part of the statement of the
theorem.

Let us consider now the properties of the completion scheme described pre-
viously for the semigroupoid .G;�/ [cf. (2.48)] in greater detail. In doing so,
whenever convenient, we will not distinguish between eG and S (i.e., agree to
identify Œhai� with a, for each a 2 G). Obviously, if G D eG, then .G;�/ is a
semigroup. Conversely, if .G;�/ is a semigroup, then G.2/ D G � G and, hence,
Wirr D fhai W a 2 Gg. Then (2.48) shows that G D eG. This completes the proof of
the claim in item .i/.

To set the stage for dealing with the claim in item .i i/, let .G;�/ be a
semigroupoid and, in a first stage, assume that .H; ?/ is a semigroup. Given a
semigroupoid homomorphism � W G ! H , we note that for any a1; : : : ; aN 2 G

and for any integersM 2 N and i1; : : : ; iMC1 2 N satisfying

1 D i1 < i2 < � � � < ik < ikC1 < � � � < iMC1 D N C 1;

and .aik ; : : : ; aikC1�1/ 2 G.ikC1�ik /; 8 k 2 f1; : : : ;M g;
(2.52)

we have

�.a1/ ? � � � ? �.aN / D
MY

kD1
�
�
aik � � � � � aikC1�1

�
; (2.53)
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where the product on the right-hand side is taken in .H; ?/. In concert with the
structure of words in R.w/, for a generic w 2 W , described in (2.28), this allows us
to conclude that

�.a1/ ? � � � ? �.aN / D �.b1/ ? � � � ? �.bM/
whenever hb1; : : : ; bM i 2 R�ha1; : : : ; aN i�:

(2.54)

In turn, this further implies that

�.a1/ ? � � � ? �.aN / D �.b1/ ? � � � ? �.bM/
whenever hb1; : : : ; bM i 	 ha1; : : : ; aN i

(2.55)

since hb1; : : : ; bM imin D ha1; : : : ; aN imin 2 R�ha1; : : : ; aN i�\ R�hb1; : : : ; bM i� in
such a case.

Property (2.55) permits us to unambiguously definee� W eG ! H by setting

e�
�
Œha1; : : : ; aN i�� WD �.a1/ ? � � � ? �.aN /; 8 a1; : : : ; aN 2 G: (2.56)

It may then be readily verified that e� is a semigroup homomorphism, which
extends �. This proves the claim in item .ii/ in the particular case when .H; ?/
is a semigroup.

Having dealt with this special case facilitates the treatment of .ii/ in its full
generality, i.e., when .H; ?/ is merely a semigroupoid. Indeed, if .eH;e?/ is the
semigroup associated with .H; ?/ as in the first part of the proof, then, as already
noted, � W H ,! eH is a semigroupoid homomorphism. Then, thanks to item .i/ in
Remark 2.10, � ı � W G ! eH is a semigroupoid homomorphism and, since .eH;e?/
is a semigroup, what we have just proved in the previous paragraph allows us to
extend � ı � to a semigroup homomorphism e� ı � W eG ! eH . Since this continues
to be an extension of the original �, the desired conclusion follows. This completes
the proof of the claim made in item .i i/, though we wish to make one last remark
in connection with .i i/. Specifically, since we agreed to make the identifications
Œhai� 
 a for each a 2 G and Œhbi� 
 b for each b 2 H , for the extensione� of �
constructed previously (cf. (2.56)) we may write

e�
�
Œha1; : : : ; aN i�� D e�

�
Œha1i� ı � � � ı ŒhaN i�� D e�

�
Œha1i�

� ı � � � ıe��ŒhaN i��


 �.a1/ ? � � � ? �.aN / 
 Œh�.a1/i� ı � � � ı Œh�.aN /i�
D Œh�.a1/; : : : ; �.aN /i� (2.57)

for any a1; : : : ; aN 2 G.
Finally, the claim made in item .iii/ is a direct consequence of (2.57), whereas

the claim made in item .iv/ is a simple consequence of .iii/ and .ii/ applied both to
the function � and to the function ��1. ut
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2.1.2 Groupoids

The concept of groupoid, generalizing that of group, is defined as follows.

Definition 2.17. A groupoid is a triplet .G;�; .�/�1/ with the property that
.G;�/ is a semigroupoid and .�/�1 W G ! G is a function subject to the following
two axioms:

(i) For every a 2 G the products a�1 � a and a � a�1 are meaningfully defined.
(ii) If a; b 2 G are such that a � b is meaningfully defined, then a � b � b�1 D a

and a�1 � a � b D b.

While a variety of examples of groupoids will be presented shortly, for the time
being we record an intuitively simple example that mimics, in the abstract, the
groupoid structure associated with the collection of all geometric vectors in R

n,
regarded as physical arrows.

Example 2.18 (Vector groupoids). Let V be the collection of “vectors” Ev, infor-
mally thought of as arrows, uniquely determined by a source, denoted by s.Ev/, and a
target, denoted by t.Ev/. Consider a partially defined binary operation “C” such that
two vectors Ev; Ew 2 V can be added if and only if t.Ev/ D s.Ew/, in which case Ev C Ew
is the arrow with source s.Ev/ and target t.Ew/ (assumed to be in V ). Also, define
�Ev, the inverse of a vector Ev 2 V , as being the arrow with source t.Ev/ and target
s.Ev/ (assumed to be in V ). Then .V;C;�/ is a groupoid, referred to as a vector
groupoid.

An equivalent way of expressing axioms .i/ and .i i/ in Definition 2.17, which is
more reminiscent of the manner in which the usual group axioms are postulated, is
as follows:

(i0) One has

a 2 G H) .a�1; a/; .a; a�1/ 2 G.2/: (2.58)

(ii0) For every a; b 2 G
.a; b/ 2 G.2/ H) a � b � b�1 D a and a�1 � a � b D b: (2.59)

For an arbitrary subset A of a groupoid .G;�; .�/�1/ define

A�1 WD fa�1 W a 2 Ag; (2.60)

and call A � G symmetric if A D A�1. Several useful identities valid in a
groupoid .G;�; .�/�1/ that are consequences of axioms (i0) and (ii0) are collected in
the next lemma.

Lemma 2.19. Let .G;�; .�/�1/ be a groupoid. Then the following relations hold:

.a; b/ 2 G.2/ ” a; b 2 G and a�1 � a D b � b�1; (2.61)

.a; c/; .b; c/ 2 G.2/ and a � c D b � c H) a D b; (2.62)
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.c; a/; .c; b/ 2 G.2/ and c � a D c � b H) a D b; (2.63)

.a�1/�1 D a; 8 a 2 G; (2.64)

.a; b/ 2 G.2/ H) .b�1; a�1/ 2 G.2/ and .a � b/�1 D b�1 � a�1; (2.65)

.a; b�1/ 2 G.2/ H) a � b�1 � b D a and a � a�1 � b D b; (2.66)

.a; c/; .c�1; b/ 2 G.2/ H) .a; b/; .a � c; c�1 � b/ 2 G.2/ and

a � b D .a � c/ � .c�1 � b/: (2.67)

Proof. Implications (2.62) and (2.63) follow directly from the cancellation proper-
ties in (2.59). To justify (2.64), write the first identity in (2.59) with b D a�1 to
obtain a � a�1 � .a�1/�1 D a. Multiplying both sides of this identity to the left
by a�1 and using the second identity in (2.59) written for b D a�1 we obtain that
a�1 � .a�1/�1 D a�1 � a. This and (2.63) allow us to conclude that (2.64) holds.

To justify (2.65) for any .a; b/ 2 G.2/, we write, based on the cancellation
property (2.59), that .a � b/�1 � a D �

.a � b/�1 � a� � .b � b�1/ D �
.a � b/�1�

.a � b/�� b�1 D b�1. This shows that .b�1; a�1/ 2 G.2/, and, once again appealing
to (2.59), we obtain .a�b/�1 D .a�b/�1 �a �a�1 D b�1 �a�1, as desired. Going
further, (2.66) is a consequence of (2.59) and (2.64).

Let us now check the equivalence in (2.61). In one direction, if .a; b/ 2 G.2/,
then c WD a � b 2 G is well defined and a D c � b�1 by (2.59). Based on this,
(2.64), and the cancellation property (2.59), we may then write a�1 �a D .b�1/�1 �
c�1 � c � b�1 D b � b�1, as desired. Concerning the opposite direction, assume that
a; b 2 G are such that a�1 � a D b � b�1. Since, by (2.10), .a; a�1 � a/ 2 G.2/, it
follows that .a; b � b�1/ 2 G.2/. Given that .b � b�1; b/ 2 G.2/ and b � b�1 � b D b

by (2.66), this further implies that .a; b/ 2 G.2/, by virtue of (2.10).
Finally, (2.67) follows from (2.59) and the associativity of the partial multiplica-

tion on G. ut
An equivalent way of introducing the concept of groupoid that makes no

reference to the notion of semigroupoid is presented below.

Remark 2.20. A groupoid is a triplet .G;�; .�/�1/, where G is a nonempty set, � is
a partially defined binary operation on G, and .�/�1 W G ! G is a function such
that, with G.2/ WD ˚

.a; b/ 2 G �G W a � b is meaningfully defined
�
, the following

axioms are valid:

(i) ŒAssociativity� If .a; b/ and .b; c/ are in G.2/, then so are .a � b; c/ and
.a; b � c/, and .a � b/ � c D a � .b � c/.

(ii) ŒCancellation� For every a 2 G it follows that .a; a�1/; .a�1; a/ 2 G.2/,
and if .a; b/ 2 G.2/, then a�1 � .a � b/ D b and .a � b/ � b�1 D a.

Moving on, given an arbitrary nonempty set X , call a subset R of X � X the
graph of an equivalence relation on X provided



26 2 Semigroupoids and Groupoids

diag .X/ WD f.x; x/ W x 2 Xg � R; .x; y/ 2 R ) .y; x/ 2 R;

and .x; z/; .z; y/ 2 R ) .x; y/ 2 R:
(2.68)

Hence, if .G;�; .�/�1/ is a groupoid and GR;GL � G �G are defined as

GR WD f.a; b/ 2 G �G W .a; b�1/ 2 G.2/g; (2.69)

GL WD f.a; b/ 2 G �G W .a�1; b/ 2 G.2/g; (2.70)

then it follows from (2.64)–(2.67) that

each of the sets GR and GL is the graph of an equivalence relation on G: (2.71)

Finally, define the unit space of the groupoid G as the collection of idem-
potent elements in G, i.e., the set G.0/ from (2.16). Unlike groups, the unit space
can be quite large, given that the groupoid multiplication is only partly defined. In
fact, a groupoidG is actually a group if and only if its unit spaceG.0/ is a singleton.
Combining this with identity .6/ in Proposition 2.21, it follows that

if G is a groupoid, then G.2/ D G �G ” G is a group: (2.72)

Some of the properties of G.0/ that are of relevance for our work are singled out
next.

Proposition 2.21. Let .G;�; .�/�1/ be a groupoid, and letG.0/ be as in (2.16). Then
the following properties hold.

(1) G.0/ WD fa � a�1 W a 2 Gg D fa�1 � a W a 2 Gg.
(2) If a 2 G.0/, then a�1 D a.
(3) If .a; b/ 2 G.2/, then a � b D a if and only if b 2 G.0/.
(4) If .a; b/ 2 G.2/, then a � b D b if and only if a 2 G.0/.
(5) For any a; b 2 G we have

.a; b/ 2 GR and a � b�1 2 G.0/ , a D b , .a; b/ 2 GL and a�1 � b 2 G.0/:

(2.73)

(6) .G.0/ �G.0//\G.2/ D diag .G.0//.

Proof. If a 2 G.0/, then .a; a/ 2 G.2/ and a � a D a. Hence, if we use (2.59),
then we may write a D a � a � a�1 D a � a�1 and a D a�1 � a � a D a�1 � a.
This proves that G.0/ is included in the two sets described in .1/. Suppose now that
a 2 G is arbitrary, and let b WD a � a�1. Then (2.67) implies .b; b/ 2 G.2/ and
b � b D a � a�1 D b, thus b 2 G.0/. Similarly, if c WD a�1 � a, then c 2 G.0/.
This completes the proof of .1/. The statements in .2/–.5/ can be easily seen from
.1/ and definitions. One inclusion corresponding to the equality in .6/ is immediate
from the definition of G.0/, while the other follows from .3/ and .4/. ut
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Remark 2.22. Let .G;�/ be a groupoid. By naturally regarding this as a
semigroupoid, we may associate to it the semigroup .S; ı/ as in the proof of
Theorem 2.14. Employing notation introduced on that occasion, we may then define

�ha1; : : : ; aN i��1 WD �ha�1
N ; : : : ; a

�1
1 i�; 8 a1; : : : ; aN 2 G: (2.74)

Thanks to (2.66), it follows that this definition is unambiguous. Also,
�
Œw��1

��1 D Œw� and
�
Œw0� ı Œw00�

��1 D Œw00��1 ı Œw0��1; 8 Œw�; Œw0�; Œw00� 2 S;
(2.75)

by Lemma 2.19. Next, call Œw0�; Œw00� 2 S linkable provided the pair consisting
of the last letter in the word w0 and the first letter in the word w00 is composable
in .G;�/. Relying on Lemma 2.15 it is not difficult to see that this definition is
unambiguous. Recall H from (2.41). Then, in addition to (2.75), the operation
defined in (2.74) satisfies, for any Œw�; Œw0� 2 S ,

Œw��1 ı Œw� ı Œw0� D Œw0� ” Œw� 2 H and Œw�; Œw0� are linkable: (2.76)

We continue by adopting the following convention.

Convention 2.23. Given that any groupoid is a semigroupoid, it is agreed that
the notions of homomorphism and isomorphism for groupoids will retain the same
significance as in the previous setting (cf. Definition 2.9).

An example of a groupoid homomorphism that will play a significant role later
is described in the next remark.

Remark 2.24. Let .G;�; .�/�1/ be a groupoid, and set V WD fEva W a 2 Gg, where
for each a 2 G the object Eva is considered a vector with source s.Eva/ WD a�a�1 and
target t.Eva/ WD a�1 � a. It is then possible to organize this set as a vector groupoid
.V;C;�/ as in Example 2.18. If we now introduce the mapping

G 3 a 7! Eva 2 V; (2.77)

then, based on (2.61), we may write

.a; b/ 2 G.2/ , a�1 � a D b � b�1 , t.Eva/ D s.Evb/ , .Eva; Evb/ 2 V .2/

(2.78)

and

Eva�b D .a � a�1; b�1 � b/ D Eva C Evb; 8 .a; b/ 2 G.2/: (2.79)

As a consequence, the mapping (2.77) is a groupoid homomorphism.

Remark 2.25. Let .G;�; .�/�1/ be a groupoid. Remark 2.24 suggests that it is
natural to consider the source and target mappings s; t defined by

s; t W G �! G; s.a/ WD a � a�1; t.a/ WD a�1 � a; 8 a 2 G: (2.80)



28 2 Semigroupoids and Groupoids

Then some of the basic algebraic properties enjoyed by the groupoid G naturally
translate into properties of the source and target mappings just defined. More
precisely, the following statements are true.

(1) For every a; b 2 G we have .a; b/ 2 G.2/ if and only if t.a/ D s.b/.
(2) If .a; b/ 2 G.2/, then s.a � b/ D s.a/ and t.a � b/ D t.b/.
(3) If a 2 G, then s.a/ D t.a�1/ and t.a/ D s.a�1/.
(4) If a 2 G, then s.a/; t.a/ 2 G.0/. In addition, if a 2 G.0/, then s.a/ D a and

t.a/ D a.
(5) If a 2 G, then .s.a/; a/; .a; t.a// 2 G.2/, s.a/ � a D a, and a � t.a/ D a.

Indeed, .1/ is a consequence of (2.61), the equalities in .2/ follow from (2.58),
(2.11), and (2.59), while the statement in .3/ is based on (2.64). The first part of
.4/ follows from .1/ in Proposition 2.21, whereas the second part of .4/ is seen
by combining .2/ in Proposition 2.21 with (2.16). Finally, .5/ is a consequence of
(2.58) and (2.66).

An equivalent characterization of groupoids, in the spirit of the original definition
of Brandt [21] and which avoids direct references to semigroupoids, inverses, and
cancellation properties, is as follows.

Proposition 2.26. LetG be a nonempty set equipped with a partially defined binary
operation “�” and, as before, denote by G.2/ the collection of composable pairs
in G. Then there exists an inversion .�/�1 on G such that .G;�; .�/�1/ becomes a
groupoid in the sense of Definition 2.17 if and only if the following five axioms are
satisfied:

(1) For every a 2 G there exist unique elements a1; a2 2 G such that .a1; a/; .a; a2/
belong to G.2/ and a1 � a D a D a � a2.

(2) If .a; b/ 2 G.2/ and a � b D a, or if .b; a/ 2 G.2/ and b � a D a, then
.b; b/ 2 G.2/ and b � b D b.

(3) For every a; b 2 G there holds .a; b/ 2 G.2/ if and only if there exists c 2 G

such that .a; c/; .c; b/ 2 G.2/ and a � c D a, c � b D b.
(4) If a; b; c 2 G are such that .a; b/; .b; c/ 2 G.2/, then .a�b; c/; .a; b�c/ 2 G.2/

and .a � b/ � c D a � .b � c/.
(5) If a; Qa; QQa 2 G are such that . Qa; a/; .a; QQa/ 2 G.2/ and Qa � a D a D a � QQa, then

there exists b 2 G such that .a; b/; .b; a/ 2 G.2/ and a � b D Qa and b � a D QQa.

Proof. If there exists an inversion .�/�1 on G such that .G;�; .�/�1/ becomes a
groupoid in the sense of Definition 2.17, then the five conditions in the statement of
the proposition are readily verified based on the algebraic properties of groupoids
discussed earlier. The crux of the matter is dealing with the implication in the
converse direction. To this end, assume that properties .1/–.5/ listed in the statement
hold, and introduce G.0/ as in (2.16). Next, for each a 2 G define �.a/ WD a1,
�.a/ WD a2, where a1; a2 2 G are (uniquely) determined by a 2 G as in axiom
.1/. Translating axioms .1/–.3/ in the language of the mappings �; � W G ! G then
yields the following properties:
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�.a/; �.a/ 2 G.0/; 8 a 2 G; (2.81)

�.a/ D �.a/ D a; 8 a 2 G.0/; (2.82)

.�.a/; a/; .a; �.a// 2 G.2/ and �.a/ � a D a D a � �.a/; 8 a 2 G; (2.83)

.a; b/ 2 G.2/ if and only if a; b 2 G and �.b/ D �.a/: (2.84)

Note that, in concert, (2.81) and (2.82) entail that the mappings �; � are involu-
tive, i.e.,

�.�.a// D �.a/ and �.�.a// D �.a/ for every a 2 G: (2.85)

In addition, based on axiom .1/ it may also be verified that

�.a � b/ D �.a/ and �.a � b/ D �.b/ for every .a; b/ 2 G.2/: (2.86)

Going further, observe that axioms .1/ and .5/ tell us that

for every a 2 G there exists some b 2 G such that

.a; b/; .b; a/ 2 G.2/and �.a/ D a � b; �.a/ D b � a:
(2.87)

We claim that b 2 G in (2.87) is uniquely determined by the choice of a 2 G. To
prove this claim, assume that a 2 G has been fixed and that b; c 2 G are such that

.a; b/; .b; a/ 2 G.2/ and �.a/ D a � b; �.a/ D b � a;

.a; c/; .c; a/ 2 G.2/ and �.a/ D a � c; �.a/ D c � a:
(2.88)

Then �.b/ D �.a � b/ D �.�.a// D �.a/, by (2.86), (2.88) and (2.81), (2.82). In a
similar manner, we also obtain that �.c/ D �.a/. Keeping these, as well as (2.88),
in mind we may then write

c D c � �.c/ D c � �.a/ D c � .a � b/ D .c � a/ � b
D �.a/ � b D .b � a/ � b D b � .a � b/ D b � �.a/ D b � �.b/ D b; (2.89)

where we have also made repeated use of the associativity axiom .4/ and
property (2.83). This completes the proof of the claim made just after (2.87).
Granted this, it follows that it is unambiguous to define the inverse of a 2 G as
a�1 WD b if b 2 G is related to a 2 G as in (2.87). In this notation, (2.87) then
reads

.a; a�1/; .a�1; a/ 2 G.2/ and �.a/ D a � a�1; �.a/ D a�1 � a; 8 a 2 G:
(2.90)

There remains to show that .G;�; .�/�1/ is a groupoid, and a convenient way to
do so is to check properties .i/ and .i i/ listed in Remark 2.20. In fact, since
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the associativity axiom .i/ coincides with the current axiom .4/, it is only the
cancellation axiom .i i/ that concerns us. As a way to justify this, we make the
following claim:

for every a 2 G.0/ and b 2 G such that .a; b/ 2 G.2/ one has a � b D b: (2.91)

To see that this is the case, note that if a 2 G.0/ and b 2 G are such that .a; b/ 2
G.2/, then �.a/ D �.b/ by (2.84). In turn, based on this and (2.82), we conclude
that a D �.b/. Hence, a � b D �.b/ � b D b, by (2.83), completing the proof of
(2.91). With this in hand, given .a; b/ 2 G.2/, we may write

a�1 � a � b D �.a/ � b D b; (2.92)

where we have also made use of (2.90) and (2.81). This completes the verification
of the first identity in part .i i/ of Remark 2.20. The second identity in part .i i/
of Remark 2.20 is checked in a similar fashion; hence the conclusion is that
.G;�; .�/�1/ is a groupoid. ut

In the context of Remark 2.24, it may be verified directly that �Eva D Eva�1

for every a 2 G. As proved below, this is no accident since it turns out that any
groupoid homomorphism intertwines inverses. Based on this, it is then possible
to show that a groupoid homomorphism is an isomorphism if and only if it is a
bijection. Concretely, we have the following proposition.

Proposition 2.27. Suppose
�
G;�; .�/�1� and

�
H; ı; Œ���1� are two groupoids, and

assume that � 2 Hom .G;H/. Then the following assertions are valid.

(1) Œ�.a/��1 D �
�
a�1� for every a 2 G.

(2) � is a groupoid isomorphism if and only if � is a bijection.

Proof. To prove .1/, fix a 2 G arbitrary. Then, since by (2.58) we have .a; a�1/ 2
G.2/, it follows that .�.a/; �.a�1// 2 H.2/ and �.a � a�1/ D �.a/ ı �.a�1/. Note
that by (2.10), this entails .Œ�.a/��1; �.a � a�1// 2 H.2/. Composing both sides of
the last identity with Œ�.a/��1 we further obtain, on account of (2.59),

Œ�.a/��1 ı �.a � a�1/ D Œ�.a/��1 ı �.a/ ı �.a�1/ D �.a�1/: (2.93)

On the other hand, since a�a�1 2 G.0/, Proposition 2.11 gives that �.a�a�1/ 2
H.0/, which, in combination with part .3/ of Proposition 2.21, further yields that
Œ�.a/��1 ı �.a � a�1/ D Œ�.a/��1. Now the identity stated in .1/ follows from this
and (2.93).

It is immediate from the definition that if � is an isomorphism of groupoids,
then � is bijective. Conversely, suppose that the homomorphism � is bijective.
To conclude that � is an isomorphism, we need to show that ��1 is a homo-
morphism. Let .u; v/ 2 H.2/. Then there exist a; b 2 G such that u D �.a/

and v D �.b/. By (2.61), we have Œ�.a/��1 ı �.a/ D �.b/ ı Œ�.b/��1. On the
other hand, .a�1; a/; .b; b�1/ 2 G.2/, and since � is a homomorphism, we have
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�.a�1 � a/ D Œ�.a/��1 ı �.a/ and �.b � b�1/ D �.b/ ı Œ�.b/��1. Consequently,
�.a�1 �a/ D �.b�b�1/. The latter, in combination with the fact that � is injective,
implies a�1�a D b�b�1. Returning with this to (2.61) it follows that .a; b/ 2 G.2/.
Furthermore, since � is a homomorphism,�.a�b/ D �.a/ı�.b/ D uıv. Applying
��1 to this identity we obtain ��1.uıv/ D a�b D ��1.u/���1.v/. This completes
the proof of the fact that ��1 is a homomorphism and, with it, the proof of part .2/.

ut
Remark 2.28. Suppose

�
G;�; .�/�1� and

�
H; ı; Œ���1� are groupoids and assume � W

G ! H is a homomorphism. Then

�.G.0// D H.0/ \ Im�; (2.94)

where Im� WD �.G/ denotes the image of the function �. In particular, we have
�.G.0// � H.0/ and �.G.0// D H.0/ if and only if H.0/ � Im�.

To see why the equality in (2.94) holds, first note that, based on Proposition 2.11, we
have �.G.0// � H.0/, hence �.G.0// � H.0/\Im�. Conversely, if u 2 H.0/\Im �,
then there exists a 2 G such that u D �.a/ and u ı u D u. Consequently,

u D u ı Œu��1 D �.a/ ı Œ�.a/��1 D �.a/ ı �.a�1/ D �.a � a�1/; (2.95)

and since a�a�1 2 G.0/, it follows that u 2 �.G.0//. Thus,H.0/\ Im� � �.G.0//,
so that, ultimately, (2.94) holds.

Below we present several examples of groupoids. The aim here is twofold. On
the one hand, such a list underscores the thesis that groupoids occur naturally and
frequently in practical situations. On the other hand, this is intended to help the
reader better understand the salient features of the abstract definition of groupoids.
The first two examples illustrate the fact that the fundamental notions of group and
set occur as particular, extreme cases of groupoids.

Example 2.29 (Groups). Any group can naturally be regarded as a groupoid.

Example 2.30 (Sets). Any set X carries a groupoid structure, namely, .X;�; .�/�1/,
where X.2/ WD diag .X/ and x � x WD x, x�1 WD x for every x 2 X .

Example 2.31 (Groupoid induced by an equivalence relation). Let X be an arbi-
trary, nonempty set, and let G � X �X be the graph of an equivalence relation on
X . Then the triplet .G;�; .�/�1/, where

G.2/ WD ˚
..x; y/; .z;w// 2 G �G W y D z

�
and

.x; y/ � .y;w/ WD .x;w/; 8 ..x; y/; .y;w// 2 G.2/;
(2.96)

and

.x; y/�1 WD .y; x/; 8 .x; y/ 2 G; (2.97)

is a groupoid. Note that in all cases, G.0/ D diag .X/.
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The special cases when G WD X � X and G WD diag .X/ yield, respectively,
the pair groupoid and the diagonal groupoid associated with the set X .
The latter groupoid is isomorphic (in the sense of Definition 2.9) with the groupoid
associated with the set X from Example 2.30.

It is worth pointing out that the groupoid induced by an equivalence relation on
a set is isomorphic to a vector groupoid (as described in Example 2.18).

Example 2.32 (Brandt groupoids). Assume thatX is an arbitrary, nonempty set and
that .H; ı/ is a group. Set G WD f.x; a; y/ W x; y 2 X and a 2 H g, consider

G.2/ WD ˚�
.x; a; z/; .z; b; y/

� W x; y; z 2 X and a; b 2 H�; (2.98)

and define

.x; a; z/ � .z; b; y/ WD .x; a ı b; y/; 8 �.x; a; z/; .z; b; y/� 2 G.2/; (2.99)

.x; a; y/�1 WD .y; a�1; x/; 8 .x; a; y/ 2 G: (2.100)

Then .G;�; .�/�1/ is a groupoid. Any groupoid isomorphic (in the sense of
Definition 2.9) to .G;�; .�/�1/ is called a Brandt groupoid.

It is clear from the definitions given previously that any pair groupoid is a Brandt
groupoid. Our next three examples give recipes for constructing new groupoids from
older ones.

Example 2.33 (Direct sums of groupoids). If .G;�; .�/�1/ and .H; ı; Œ���1/ are two
given groupoids, then the semigroupoidG ˚H defined in Example 2.6 becomes a
groupoid if we define .a; b/�1 WD ..a/�1; Œb��1/ for every .a; b/ 2 G �H .

Parenthetically we note that, in the context of Example 2.32, G is isomorphic to
.X �X/˚H . The manner in which a given groupoid can be contracted via a subset
of its unit space is illustrated below.

Example 2.34 (Contractions of a groupoid). Let
�
G;�; .�/�1� be a groupoid, and

letE be an arbitrary nonempty subset ofG.0/. Then the subsetG
ˇ̌
E

ofG, defined as

G
ˇ
ˇ
E

WD fa 2 G W a�1 � a 2 E; a � a�1 2 Eg; (2.101)

can be given a natural groupoid structure by taking
�
G
ˇ̌
E

�.2/ WD �
G
ˇ̌
E

�G ˇ̌
E

�\G.2/

and by considering the restrictions to G
ˇ
ˇ
E

of the groupoid operations on G. Call�
G
ˇ
ˇ
E
;�; .�/�1� the contraction of G by E.

Example 2.35 (Groupoid of composable pairs). Let
�
G;�; .�/�1� be a groupoid,

and recall the semigroupoid .G.2/; ı/ constructed as in Example 2.8. Equipped
with the inversion .a; b/�1 WD .a � b; b�1/ for each .a; b/ 2 G.2/, we have that
.G.2/; ı; .�/�1/ becomes a groupoid.
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We continue our discussion by presenting the definition of the fundamental
groupoid associated with a topological space.

Example 2.36 (Fundamental groupoid). Assume that .X; �/ is a topological space.
Define the fundamental groupoid .….X/;�; .�/�1/ by taking ….X/ to be the set of
equivalence classes (homotopy classes of continuous paths in X )

….X/ WD f� W Œ0; 1� ! X W � continuousgı	; (2.102)

where for two continuous paths �1; �2 in X we write �1 	 �2 if there exists a
homotopy between �1 and �2 fixing the endpoints (cf., e.g., [24, Sect. 6.2, p. 207]).
Denote by Œ�� the equivalence class of � , and define

.….X//.2/ WD ˚
.Œ�1�; Œ�2�/ 2 ….X/ �….X/ W �1.1/ D �2.0/

�
; (2.103)

and for each .Œ�1�; Œ�2�/ 2 .….X//.2/ set Œ�1� � Œ�2� WD Œ�1 � �2�, where �1 � �2 is the
concatenation of �1 with �2 as in (2.3). Finally, for Œ�� 2 ….X/ define

Œ���1 WD Œ��1� 2 ….X/; where ��1.t/ WD �.1� t/; 8 t 2 Œ0; 1�: (2.104)

Example 2.37 (Bundle of groups). Let U be an arbitrary set, and let f�ugu2U be a
family of groups indexed by U . Consider G WD f.u; a/ W u 2 U; a 2 �ug, called a
bundle of groups over the set U . Furthermore, define

G.2/ WD
n�
.u; a/; .v; b/

� 2 G �G W u D v
o
; (2.105)

and set .u; a/ � .v; b/ WD .u; a ı b/ for every
�
.u; a/; .v; b/

� 2 G.2/ and .u; a/�1 WD
.u; a�1/ for every .u; a/ 2 G, where ı denotes the composition in the group �u and
a�1 is the inverse of a in �u. Then .G;�; .�/�1/ is a groupoid.

Example 2.38 (Transformation groupoids induced by groups). Let � be a group
acting on a set X from the right, and, given x 2 X and ˛ 2 � , denote by x � ˛ 2 X
the transformation of x by ˛. Set G WD X � � , and define

G.2/ WD
n�
.x; ˛/; .y; ˇ/

� 2 G �G W x � ˛ D y
o
: (2.106)

For every
�
.x; ˛/; .y; ˇ/

� 2 G.2/ set .x; ˛/ � .y; ˇ/ WD .x; ˛ˇ/, and for every
.x; ˛/ 2 G set .x; ˛/�1 WD .x � ˛; ˛�1/. Then .G;�; .�/�1/ is a groupoid (the
transformation groupoid determined by the action of � on X ). Note that in such
a setting, G.0/ D X � feg, where e is the neutral element in � .

There is an abundance of transformation groupoids induced by actions of groups
on sets, generated according to the abstract scheme described in Example 2.38. Here
are a couple of examples.
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Example 2.39. (i) Given an arbitrary, nonempty set X , define G as the collection
of triplets .	; �; 	0/, where � W X ! X is a bijective function and 	; 	0 are
quasidistances on X with the property that

	0 D 	 ı �; i.e., 	0.x; y/ WD 	.�.x/; �.y// 8 x; y 2 X: (2.107)

Two such triplets .	1; �1; 	0
1/ and .	2; �2; 	0

2/ are said to be composable if 	0
1 D

	2, in which case we define .	1; �1; 	0
1/�.	2; �2; 	0

2/ WD .	1; �1ı�2; 	0
2/. Finally,

for every .	; �; 	0/ 2 G set .	; �; 	0/�1 WD .	0; ��1; 	/. Then .G;�; .�/�1/ is a
groupoid.

(ii) Assume that M is a smooth differentiable manifold, and define G as the
collection of triplets .g; �; g0/, where g; g0 are smooth Riemannian metrics on
M and � is a diffeomorphism of M that takes g to g0 (i.e., g0 is the push-
forward of g into g0). Then, with �; .�/�1 defined analogously to part .i/ of this
example, .G;�; .�/�1/ is a groupoid.

An example of a groupoid that does not fall under the scope of any of the previous
constructions is the so-called Deaconu–Renault groupoid described next.

Example 2.40 (Deaconu–Renault groupoids). Let X be a compact, Hausdorff
topological space, and assume that � W X ! X is a covering map. Define

G WD f.x; n; y/ 2 X � Z �X W 9 k; ` 2 ZC so that n D k � `; �kx D �`yg:
(2.108)

Then, if G.2/ WD f..x; n; y/; .w; m; z// 2 G �G W y D wg and

.x; n; y/ � .y;m; z/ WD .x; nCm; z/ 8 ..x; n; y/; .y;m; z// 2 G.2/

and .x; n; y/�1 WD .y;�n; x/; 8 .x; n; y/ 2 G;
(2.109)

it follows that .G;�; .�/�1/ is a groupoid.

Example 2.41 (Isomorphism groupoid of a fibered set). Let X;U be sets, and
suppose 
 W X ! U is a surjective function. For each u 2 U call the set
Xu WD 
�1.fug/ the fiber over u. Furthermore, define

Iso .X; 
; U / WD f.u; �; v/ W u; v 2 U and � W Xu ! Xv bijectiveg; (2.110)

and if .u; �; v/; .u0; �0; v0/ 2 Iso .X; 
; U /, then say that they are compatible
provided v D u0, in which case set .u; �; v/ � .u0; �0; v0/ WD .u; �0 ı �; v0/.
Also for each .u; �; v/ 2 Iso .X; 
; U / define .u; �; v/�1 WD .v; ��1; u/. Then
.Iso .X; 
; U /; �; .�/�1/ is a groupoid called the isomorphism groupoid of the fibered
set X .

A more general scheme for constructing groupoids that contains as particular
cases both the bundle of groups from Example 2.37 and, up to isomorphisms, all
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the Brandt groupoids from Example 2.32 (see the comments in Remark 2.43) is
described below. Indeed, as discussed later in Theorem 2.54, this constitutes the
“blueprint” according to which all groupoids can be generated.

Example 2.42 (Group bundles over equivalence relations). Let X be a set, “ 	”
an equivalence relation on X , and � WD f��g�2X=

�

an arbitrary family of groups
indexed by the equivalence classes induced by 	 on X . Consider the set

H WD ˚
.x; g; y/ W 9 � 2 X=� such that x; y 2 � and g 2 ��

�
; (2.111)

and introduce

H.2/ WD ˚�
.x; g; y/; .z; h;w/

� 2 H �H W y D z
�
: (2.112)

Also, define

.x; g; y/ � .z; h;w/ WD .x; g � h;w/; 8 �.x; g; y/; .z; h;w/� 2 H.2/; (2.113)

.x; g; y/�1 WD .y; g�1; x/; 8 .x; g; y/ 2 H; (2.114)

where, if � denotes the equivalence class of x; y, then g � h stands for the product
of g; h 2 �� and g�1 2 �� denotes the inverse of g in �� . Then .H;�; .�/�1/ is a
groupoid to be denoted by

�
X; 	 ; f��g�2X=

�

�
.

Remark 2.43. In the context of Example 2.42, when the equivalence relation 	 is
such that its graph is X �X , in which case there exists a unique class of equivalence
and thus the family of groups reduces to one group � , the groupoid

�
X; 	 ; f��g�

�

is the Brandt groupoid X � � � X . On the other hand, if the equivalence relation
	 is such that its graph is diag .X/, then

�
X; 	 ; f��g�

�
becomes the bundle of the

family of groups f��g� (which can be thought of as being indexed by the elements
of X ).

In summary, the notion of groupoid generalizes that of set, group, equivalence
relation, transformation group, etc. In this vein, let us note that, remarkably, a
groupoid contains many (generally speaking) different groups, in a natural fashion.
Specifically, the following result holds.

Proposition 2.44. Let
�
G;�; .�/�1� be a groupoid, and for each a 2 G.0/ define

Sa WD G
ˇ
ˇfagD fb 2 G W b�1 � b D a D b � b�1g: (2.115)

Then, with the groupoid operations inherited fromG, .Sa;�; .�/�1/ becomes a group
whose neutral element is a 2 Sa.
Proof. This is clear from definitions, (2.61), and Proposition 2.21. ut

We continue by discussing the concept of subgroupoid.
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Definition 2.45. Let
�
G;�; .�/�1� be a groupoid. Call H a subgroupoid of G if

the following conditions are satisfied:

(i) G.0/ � H � G.
(ii) For every .a; b/ 2 .H �H/ \G.2/ there holds a � b 2 H .

(iii) For every a 2 H there holds a�1 2 H .

Remark 2.46. (1) Note that if H is a subgroupoid of groupoid G, then�
H;�; .�/�1�, where H.2/ WD .H � H/ \ G.2/, becomes itself a groupoid,

and H.0/ D G.0/.
(2) Let

�
G;�; .�/�1� be a groupoid, and let E be an arbitrary nonempty subset of

G.0/. Then the groupoid G
ˇ̌
E

, the contraction of G by E (cf. Example 2.34),
is a subgroupoid of G if and only if E D G.0/ (in which case G

ˇ
ˇ
E

actually
becomesG itself).

Our next result catalogs all subgroupoids of a given pair groupoid.

Proposition 2.47. Let X be an arbitrary set, and assume that G � X �X . Then

G is a subgroupoid of
the pair groupoid X �X ” G is the graph of

an equivalence relation on X:
(2.116)

Proof. The right-to-left implication follows from Example 2.31 and Definition 2.45.
Conversely, suppose now thatG is a subgroupoid of the pair groupoidX �X . Since
.X �X/.0/ D diag .X/, it follows that diag .X/ � G � X �X . Also, if .a; b/ 2 G,
then .b; a/ D .a; b/�1 2 G by .i i i/ in Definition 2.45. Finally, if .a; b/; .b; c/ 2 G
then .a; c/ D .a; b/ � .b; c/ 2 G by .i i/ in Definition 2.45. Hence, G is the graph
of an equivalence relation on X . ut

We continue by identifying a distinguished subclass of homomorphisms between
two given groupoids whose relevance will become more apparent in Proposi-
tion 2.50 below.

Definition 2.48. Let
�
G;�; .�/�1� and

�
H; ı; Œ���1� be two groupoids, and assume

that � 2 Hom .G;H/. Call � a tight homomorphism provided the function
� W G.0/ ! H.0/ (which, by Remark 2.28, is well defined) is a bijection.

Remark 2.49. (i) If G1;G2;G3 are groupoids, and if the functions �1 W G1 ! G2
and �2 W G2 ! G3 are tight homomorphisms, then �2 ı�1 W G1 ! G3 is a tight
homomorphism as well.

(ii) Any groupoid isomorphism is a tight homomorphism.

Proposition 2.50. Let
�
G;�; .�/�1� and

�
H; ı; Œ���1� be two groupoids, and assume

that � 2 Hom .G;H/. Then the following claims are true.

(i) A necessary condition for Im� to be a subgroupoid of H is that the function
� W G.0/ ! H.0/ must be surjective.

(ii) If � is a tight homomorphism, then � maps any subgroupoid of G into
a subgroupoid of H . In particular, Im � is a subgroupoid of H and
.Im�/.0/ D H.0/.
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(iii) The preimage under the homomorphism � of any subgroupoid of H is a
subgroupoid of G.

Proof. If Im� is a subgroupoid ofH , then, by Definition 2.45,H.0/ � Im�, hence
further, by Remark 2.28, �.G.0// D H.0/, i.e., the function � W G.0/ ! H.0/ is
surjective. This proves .i/.

To prove claim .i i/, assume that � W G ! H is a tight homomorphism and fix
an arbitrary subgroupoid K of G. Then G.0/ � K and �.G.0// D H.0/, which in
concert imply that H.0/ � �.K/ � H . This proves that the analog of .i/ (for the
present situation) in Definition 2.45 holds. Moving on, if .u; v/ 2 .�.K/��.K//\
H.2/, then there exist a; b 2 K such that .�.a/; �.b// 2 H.2/ and u D �.a/,
v D �.b/. Making use of (2.61) we can write

�
�.a/; �.b/

� 2 H.2/ , Œ�.a/��1 ı �.a/ D �.b/ ı Œ�.b/��1

, �.a�1/ ı �.a/ D �.b/ ı �.b�1/

, �.a�1 � a/ D �.b � b�1/ , a�1 � a D b � b�1
(2.117)

since a�1 � a; b � b�1 2 G.0/ and � W G.0/ ! H.0/ is injective. Conse-
quently, .a; b/ 2 G.2/ [by (2.61)]. Given that � is a homomorphism, this entails
.�.a/; �.b// 2 H.2/ and u ı v D �.a/ ı �.b/ D �.a � b/ 2 �.K/ since
a � b 2 K , given that K is a subgroupoid of G. This shows that �.K/ satisfies the
natural analog, for the present situation, of condition .i i/ in Definition 2.45. Finally,
as far as condition .i i i/ in Definition 2.45 is concerned, observe that, whenever
u 2 �.K/, there exists a 2 K such that u D �.a/; hence, by Proposition 2.27,
u�1 D Œ�.a/��1 D �.a�1/ 2 �.K/ since a�1 2 K given thatK is a subgroupoid of
G. Thus, �.K/ is a subgroupoid ofH . The very last claim in .i i/ follows from what
we have proved so far and Remark 2.46. This completes the proof of claim .i i/.

There remains to justify claim .i i i/. To see this, assume thatK is a subgroupoid
of H and denote by ��1.K/ its preimage under the mapping �. Since �.G.0// �
H.0/ � K , it follows that G.0/ � ��1.K/, hence G.0/ � ��1.K/ � G. Next,
if a; b 2 ��1.K/ are such that .a; b/ 2 G.2/, then, since � is a homomorphism,
we have that, on the one hand, .�.a/; �.b// 2 H.2/ and �.a � b/ D �.a/ � �.b/
and, on the other hand, the fact that �.a/; �.b/ 2 K , .�.a/; �.b// 2 H.2/, and
K is a subgroupoid of H entails �.a/ � �.b/ 2 K . All things considered, we
arrive at the conclusion that �.a � b/ 2 K or, equivalently, a � b 2 ��1.K/.
Finally, if a 2 ��1.K/, then �.a/ 2 K , which, given thatK is a subgroupoid ofH ,
implies Œ�.a/��1 2 K , or �.a�1/ 2 K by assertion .1/ in Proposition 2.27. Hence,
a�1 2 ��1.K/. Collectively, these arguments prove that ��1.K/ is a subgroupoid
of G. This concludes the proof of .iii/ and, with it, the proof of the proposition. ut

A basic example of a tight groupoid homomorphism is offered by the next
proposition.
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Proposition 2.51. Let .G;�; .�/�1/ be a groupoid. Then the function

�G W G �! G.0/ �G.0/; �G.a/ WD �
a � a�1; a�1 � a�; 8 a 2 G; (2.118)

is a tight homomorphism if G.0/ � G.0/ is regarded as the pair groupoid on G.0/

(cf. Example 2.31). Furthermore, if H is another groupoid and if � 2 Hom .G;H/,
then the following intertwining identity holds:

�H ı � D ˆ ı �G; where ˆ WD .�; �/ W G.0/ �G.0/ �! H.0/ �H.0/: (2.119)

Proof. That �G is a homomorphism can be seen from an inspection of the discussion
in Remark 2.24. A direct argument is as follows. By .1/ in Proposition 2.21, the
mapping (2.118) is well defined. Assume that .a; b/ 2 G.2/, so that a�1�a D b�b�1
by (2.61). This and the definition of �G imply .�G.a/; �G.b// 2 .G.0/�G.0//.2/ and

�G.a � b/ D �
a � b � b�1 � a�1 ; b�1 � a�1 � a � b� D �

a � a�1; b�1 � b�

D �G.a/ � �G.b/: (2.120)

Thus, �G is a homomorphism. As regards the claim that this homomorphism is
tight, observe that �G.a/ D .a; a/ for every a 2 G.0/. Since, as already noted in
Example 2.31, .G.0/ �G.0//.0/ D diag .G.0//, the desired conclusion follows.

Finally, the function ˆ in (2.119) is well defined by Proposition 2.11, and the
intertwining identity in (2.119) is a consequence of (2.118) and assertion .1/ in
Proposition 2.27. ut

We now discuss an important example of a subgroupoid of a given groupoid. To
present it, it is useful to recall the groups defined in (2.115).

Proposition 2.52. Given a groupoid
�
G;�; .�/�1�, it follows that

St .G/ WD
[

a2G.0/
Sa D fb 2 G W b�1 � b D b � b�1g (2.121)

is a subgroupoid of G, called the stabilizer subgroupoid of G. In fact,

Sa D ��1
G

�f.a; a/g� for every a 2 G.0/ and

St .G/ D ��1
G

�
diag .G.0//

�
; �G

�
St .G/

� D diag .G.0//;
(2.122)

where �G is the mapping defined in (2.118).

Proof. The identities in (2.122) are easily seen from definitions. From Proposition
2.51 we know that the mapping (2.118) is a homomorphism. Hence, since the
diagonal groupoid associated with G.0/ (see the last part in Example 2.31) is



2.1 Algebraic Considerations 39

a subgroupoid of the pair groupoid G.0/ � G.0/, then, based on claim .iii/ in
Proposition 2.50 and the first identity in the second line of (2.122), we obtain that
St .G/ is a subgroupoid of G. ut

The relevance of Example 2.41 is underscored by the next theorem.

Theorem 2.53 (Cayley’s theorem). Every groupoid is isomorphic to a sub-
groupoid of Iso .X; 
; U / for some choice of X;
;U .

Proof. The proof below elaborates on the brief outline given in [86]. Suppose
.G;�; .�/�1/ is an arbitrary groupoid, and let 
 W G ! G.0/ be the mapping defined
by 
.a/ WD a � a�1 for a 2 G. By .1/ in Proposition 2.21, the mapping 
 is
well defined and surjective. We will prove that G is isomorphic to a subgroupoid of
Iso .G; 
;G.0//. To this end, consider the function

ˆ W G �! Iso .G; 
;G.0//; ˆ.a/ WD �
a�a�1; �a; a�1�a�; 8 a 2 G; (2.123)

where, for each a 2 G,

�a W 
�1.fa � a�1g/ �! 
�1.fa�1 � ag/;
�a.b/ WD a�1 � b; 8 b 2 
�1.fa � a�1g/:

(2.124)

First note that for each a 2 G the mapping �a is well defined. Indeed, for every
b 2 
�1.fa � a�1g/ D fb 2 G W b � b�1 D a � a�1g we have .a�1; b/ 2 G.2/

and a�1 � b 2 
�1.fa�1 � ag/ D fc 2 G W c � c�1 D a�1 � ag. Second, we claim
that �a is a bijection for each a 2 G. That �a is surjective is a consequence of the
identity �a.a�c/ D c for every c 2 
�1.fa�1�ag/. Also, if b; b0 2 
�1.fa�a�1g/
are such that �a.b/ D �a.b

0/, that is, a�1 � b D a�1 � b0, then applying a� to the
left-hand side of the last equality yields b D b0, hence �a is injective. By combining
what we proved so far, we can conclude that ˆ as in (2.123) is well defined.

Next we show that ˆ is a homomorphism. Let .a; b/ 2 G.2/. Then by (2.61) we
have a�1 � a D b � b�1, so that .ˆ.a/;ˆ.b// 2 .Iso .G; 
;G.0///.2/ and

ˆ.a/ �ˆ.b/D �
a � a�1; �b ı �a; b�1 � b�D �

a � a�1; �a�b; b�1 � b�Dˆ.a � b/;
(2.125)

proving that ˆ is a homomorphism. In fact, this homomorphism satisfies

ˆ.G.0// D ˚
.a; id
�1.fag/; a/ W a 2 G.0/

� D �
Iso .G; 
;G.0//

�.0/
; (2.126)

where id
�1.fag/ is the identity function on 
�1.fag/. In addition, ˆ is injective
since ˆ.a/ D ˆ.b/ for some a; b 2 G implies �a D �b , which further yields
a D b. Hence, we can apply claim .i i/ in Proposition 2.50 in concert with (2.126)
to conclude that Imˆ is a subgroupoid of Iso .G; 
;G.0//. The proof of the theorem
is now complete. ut
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A drawback of Cayley’s theorem (formulated in Theorem 2.53) is that there
is no intrinsic description of all the subgroupoids of Iso .G; 
;G.0//, where G is
some given groupoid. A more satisfactory answer to the question of providing a
transparent scheme according to which all groupoids can be constructed is given in
Theorem 2.54 below.

Theorem 2.54. Every groupoid G is isomorphic to a group bundle over an
equivalence relation groupoid, constructed as in Example 2.42 with X WD G.0/.

Proof. Fix a groupoid .G;�; .�/�1/, and recall the function in (2.118). From .1/ in
Theorem 2.58 we know that Im �G is the graph of an equivalence relation on G.0/,
which will be denoted by “	.” Denote by Œa� the equivalence class of a 2 G.0/

relative to the equivalence relation 	. For each equivalence class � 2 G.0/=� pick
an element e� 2 �. That such a selection is possible is ensured by the axiom of
choice. Furthermore, if

�� WD ��1
G

�f.e�; e�/g
�
; 8 � 2 G.0/=�; (2.127)

then for each � 2 G.0/=� we have that �� D S� , where S� is as in (2.115). Hence,
by Proposition 2.44, it follows that �� is a group for each � 2 G.0/=�. Also, define

H WD ˚
.a; g; b/ W 9 � 2 G.0/=� such that x; y 2 � and g 2 ��

�
; (2.128)

regarded as the groupoid
�
G.0/; 	; f��g�2G.0/=

�

�
in the sense of Example 2.42. Our

goal is to prove that the groupoidG is isomorphic to the groupoidH .
To this end, note that the fact that eŒa� 2 Œa� for each a 2 G.0/ entails eŒa� 	 a for

each a 2 G.0/, hence .a; eŒa�/ 2 Im �G for each a 2 G.0/, which in turn implies

��1
G

�f.a; e�/g
� 6D ;; 8 � 2 G.0/=� ; 8 a 2 �: (2.129)

Based on (2.129) and the axiom of choice, for every a 2 G.0/ select �a 2
��1
G

�f.a; eŒa�/g
�
. This selection ensures that �G.�a/ D .a; eŒa�/ for every a 2 G.0/ or,

equivalently,

�a � ��1
a D a and ��1

a � �a D eŒa� for all a 2 G.0/: (2.130)

Now define

ˆ.a/ WD
�
a � a�1; .�a�a�1 /�1 � a � �a�1�a; a�1 � a

�
; for every a 2 G: (2.131)

Let us show that this definition of ˆ.a/ is meaningful for each a 2 G. Indeed, from
(2.130) we have .a; �a/ 2 G.2/ for every a 2 G, so in particular, .a � a�1; �a�a�1 / 2
G.2/ for every a 2 G. The latter implies .a�1; �a�a�1 / 2 G.2/ for every a 2 G,
hence

�
.�a�a�1 /�1; a

� 2 G.2/ 8 a 2 G: (2.132)
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Similarly, from (2.130) we have
�
.�a�1�a/�1; a�1 � a� 2 G.2/ for every a 2 G,

which yields
�
a; �a�a�1

� 2 G.2/; 8 a 2 G: (2.133)

Combining (2.132) and (2.133), it follows that (2.131) is meaningful.
The next order of business is to check that

.�a�a�1 /�1 � a � �a�1�a 2 �Œa�1�a� D ��1
G

�f.eŒa�1�a�; eŒa�1�a�/g
�
; 8 a 2 G;

(2.134)

which is true if

.eŒa�1�a�; eŒa�1�a�/ D �G
�
.�a�a�1 /�1 � a � �a�1�a

�

D �
.�a�a�1 /�1 � �a�a�1 ; .�a�1�a/�1 � �a�1�a

�
; 8 a 2 G:

(2.135)

The fact that (2.135) holds is a consequence of the second condition in (2.130) and
the identity Œa � a�1� D Œa�1 � a� for all a 2 G, given that �G.a/ 2 Im �G for all
a 2 G. This completes the proof of (2.134). In summary, we have proved that

ˆ W G �! H is a well-defined mapping: (2.136)

In the next stage, the goal is to show that ˆ is a homomorphism from the groupoid
.G;�; .�/�1/ into the groupoid H D ŒG.0/; 	 ; f��g�2G.0/=

�

�
. To this end, fix

.a; b/ 2 G.2/ arbitrary. Then a�1 � a D b � b�1, from which we conclude that

.ˆ.a/;ˆ.b// 2 H.2/. In addition,

ˆ.a/ �ˆ.b/ D �
a � a�1; .�a�a�1 /�1 � a � b � �b�1�b; b�1 � b� D ˆ.a � b/;

(2.137)

proving that ˆ 2 Hom .G;H/. To complete the proof of the theorem, we are
therefore left with showing that the function ˆ, defined as in (2.136) and (2.131),
is a bijection [here, part .2/ of Proposition 2.27 is used]. The injectivity of the
function ˆ readily follows by observing that if ˆ.a/ D ˆ.b/ for some a; b 2 G,
then a � a�1 D b � b�1, a�1 � a D b�1 � b and .�a�a�1 /�1 � a � �a�1�a D
.�b�b�1 /�1 � b � �b�1�b , so that

a D �a�a�1 � .�a�a�1 /�1 � a � �a�1�a � .�a�1�a/�1

D �b�b�1 � .�b�b�1 /�1 � b � �b�1�b � .�b�1�b/�1 D b; (2.138)

as desired. To prove thatˆ is surjective, pick an arbitrary triplet .a; g; b/ 2 H . Then
a; b 2 G.0/, Œa� D Œb� and g 2 �Œa�. Hence, g � g�1 D eŒa� D eŒb� D g�1 � g and,
further,

.eŒa�; g/; .g; eŒb�/ 2 G.2/: (2.139)
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In addition, the second condition in (2.130) implies

.�a; .eŒa�/
�1/; ..eŒb�/�1; ��1

b / 2 G.2/: (2.140)

In concert, conditions (2.139) and (2.140) ensure that �a � g � ��1
b is meaningfully

defined in G. Moreover, we have ˆ.�a � g � ��1
b / D .a; g; b/, proving that ˆ is

surjective. This completes the proof of the bijectivity of ˆ and, with it, the proof of
the theorem. ut
Proposition 2.55. Let .G;�; .�/�1/ be a groupoid. Then the following statements
are equivalent:

(1) The function �G defined in (2.118) is injective.
(2) If a 2 G is such that a � a�1 D a�1 � a, then a 2 G.0/.
(3) St .G/ D G.0/.

Proof. Suppose the function �G is injective, and let a 2 G be such that a � a�1 D
a�1 � a. Then �G.a/ D �G.a

�1/ which implies that a D a�1. The latter yields
.a; a/ 2 G.2/. Furthermore,

�G.a � a/ D .a � a � a�1 � a�1; a�1 � a�1 � a � a/
D .a � a�1; a�1 � a/ D �G.a/; (2.141)

hence a � a D a. This proves that a 2 G.0/, so .1/ H) .2/.
Suppose now that .2/ is true, and let a; b 2 G be such that �G.a/ D �G.b/. Thus,

a�a�1 D b�b�1 and a�1�a D b�1�b, which implies .a; b�1/; .b�1; a/ 2 G.2/. Let
c WD a�b�1. Then c�1�c D b�b�1 D a�a�1 D c�c�1. Given that .2/ holds, this
forces c 2 G.0/. Knowing that a � b�1 2 G.0/, we may use .4/ in Proposition 2.21
to obtain a D a � b�1 � b D c � b D b. Hence, � is injective, proving .2/ H) .1/.
Finally, the fact that .2/ ” .3/ is an immediate consequence of (2.121). ut
Definition 2.56. A groupoid G is called principal if the function �G defined
in (2.118) is injective, and it is called transitive if the function �G defined in
(2.118) is surjective.

For instance, if X is an arbitrary set, then

the pair groupoidX �X is both principal and transitive (2.142)

since �X�X
�
.x; y/

� D �
.x; x/; .y; y/

�
for every x; y 2 X . Let us also note here that

if G is an arbitrary, given groupoid, then G.2/, regarded as a groupoid in the sense
explained in Example 2.35, is always principal. In addition, G.2/ is transitive if and
only if G is a group. Furthermore, from (2.119) and .i i/ in Remark 2.49 we also
have the following useful result:

Remark 2.57. Each of the qualities of being principal and transitive is invariant
under groupoid isomorphisms.
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The aim of the next theorem is to elaborate on the following issue: how typical
are the following types of groupoids, listed in increasing order of generality:
(1) pair groupoids, (2) groupoids induced by an equivalence relation, and (3) Brandt
groupoids?

Theorem 2.58. Let .G;�; .�/�1/ be a groupoid, and recall the function �G from
(2.118). Then the following statements hold:

(1) Im �G , the image of the function �G , is the graph of an equivalence relation on
G.0/. Hence, in the sense of Example 2.31, Im �G can be regarded as a groupoid.
Denote this groupoid by Or .G/, and call it the orbit groupoid associated
with G.

(2) Or .G/ is a principal groupoid with unit space .Or .G//.0/ D diag.G.0//, and
the function �G W G ! Or .G/ is a surjective homomorphism.

(3) G is a principal groupoid if and only if G is isomorphic to Or .G/, if and only
if G is isomorphic to a groupoid induced by an equivalence relation (as defined
in Example 2.31).

(4) The following conditions are equivalent:

G is isomorphic to a pair groupoid; (2.143)

the function �G defined in (2.118) is a bijection; (2.144)

G is simultaneously principal and transitive; (2.145)

G is principal and Or .G/ is the canonical pair groupoid on G.0/; (2.146)

G is transitive and St .G/ D G.0/: (2.147)

(5) G is a Brandt groupoid if and only if G is transitive.

Proof. By Proposition 2.51, the mapping in (2.118) is a tight homomorphism.
As such, we can apply .i i/ in Proposition 2.50 to conclude that Im �G is a
subgroupoid of the pair groupoidG.0/ �G.0/, and .Im �G/.0/ D .G.0/ � G.0//.0/ D
diag.G.0//. Hence, by Proposition 2.47, Or .G/ is the graph of an equivalence
relation on G.0/ and, as noted in Remark 2.46, Or .G/ may naturally be viewed
as a groupoid .Or .G/; ı; .�/�1/. This completes the proof of .1/.

Turning our attention to .2/, based on what we have proved so far, we are
only left with checking that the groupoid .Or .G/; ı; .�/�1/ is principal. Based on
Proposition 2.55, it suffices to show that if ˛ 2 Or .G/ satisfies ˛ ı ˛�1 D ˛�1 ı ˛,
then ˛ 2 .Or .G//.0/. Fix such an ˛, and pick a 2 G such that �G.a/ D ˛. Then

.a � a�1; a � a�1/ D ˛ ı ˛�1 D ˛�1 ı ˛ D .a�1 � a; a�1 � a/; (2.148)

which implies a � a�1 D a�1 � a. In turn, this shows that ˛ D �G.a/ 2 diag.G.0//.
The fact that ˛ 2 .Or .G//.0/ now follows since diag.G.0// D .Or .G//.0/, as
already seen in .1/. This completes the proof of .2/.



44 2 Semigroupoids and Groupoids

Next, the first equivalence in claim in .3/ follows from what we proved so far
and Definition 2.56. In turn, the second equivalence in claim .3/ is implied by the
first equivalence in .3/, by .1/, the fact that any groupoid induced by an equivalence
relation (as in Example 2.31) is principal, and Proposition 2.51.

Let us now deal with .4/. The implication (2.143) H) (2.144) is a consequence
of Remark 2.57 and (2.142). Next, the fact that (2.144) H) (2.143) is trivial.
The equivalence of (2.144) with each of (2.145)–(2.147) is immediate from
Definition 2.56, the definition of Or .G/, and Proposition 2.55. This completes the
proof of .4/.

We are left with proving the statement in .5/. If G is a Brandt groupoid, then,
in view of Remark 2.57, in order to show that �G is surjective, it suffices to assume
that G is of the form described in Example 2.32. Then, retaining the notation from
Example 2.32, it is easy to check that G.0/ D f.x; eH ; x/ W x 2 Xg, with eH
denoting the unit element in H , and if

�
.x; eH ; x/; .y; eH ; y/

� 2 G.0/ � G.0/ is
arbitrary, then �G

�
.x; eH ; y/

� D �
.x; eH ; x/ ; .y; eH ; y/

�
. This proves that �G is

surjective. Conversely, if �G is surjective, then Im �G D G.0/ � G.0/. Hence, there
exists a unique class of equivalence for the equivalence relation whose graph is
Im �G , which implies that the family of groups f��g�2G.0/=

�

from Theorem 2.54
reduces to just one group � . Consequently, by Theorem 2.54, G is isomorphic to
G.0/ � � �G.0/, proving that G is a Brandt groupoid. ut
Remark 2.59. Proposition 2.26, together with statement .5/ of Theorem 2.58 and
the discussion in Example 2.32, permits us to characterize Brandt groupoids as
follows. Assume that G is a nonempty set equipped with a partially defined binary
operation “�” and denote by G.2/ the collection of composable pairs in G. Then
there exists an inversion .�/�1 on G such that .G;�; .�/�1/ becomes a Brandt
groupoid if and only if the following six axioms are satisfied:

(1) For every a 2 G there exist unique elements a1; a2 2 G with the property that
.a1; a/; .a; a2/ 2 G.2/ and a1 � a D a D a � a2.

(2) If .a; b/ 2 G.2/ and a � b D a, or if .b; a/ 2 G.2/ and b � a D a, then
.b; b/ 2 G.2/ and b � b D b.

(3) For every a; b 2 G there holds .a; b/ 2 G.2/ if and only if there exists c 2 G

such that .a; c/; .c; b/ 2 G.2/ and a � c D a, c � b D b.
(4) If a; b; c 2 G are such that .a; b/; .b; c/ 2 G.2/, then .a�b; c/; .a; b�c/ 2 G.2/

and .a � b/ � c D a � .b � c/.
(5) If a; Qa; QQa 2 G are such that . Qa; a/; .a; QQa/ 2 G.2/ and Qa � a D a D a � QQa, then

there exists b 2 G such that .a; b/; .b; a/ 2 G.2/ and a � b D Qa and b � a D QQa.
(6) If a0; a00 2 G are such that .a0; a0/; .a00; a00/ 2 G.2/ and a0 � a0 D a0,

a00 � a00 D a00, then there exists a 2 G such that .a0; a/; .a; a00/ 2 G.2/ and
a0 � a D a D a � a00.

In closing, we wish to point out that it is a common occurrence in the literature
(cf., e.g., [25]) to take the axiomatic setup from Remark 2.59 as the very definition
of a Brandt groupoid. As the discussion in Remark 2.59 shows, this point of view
leads to the same class of Brandt groupoids as the one considered here.
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2.2 Topological Considerations

This section is reserved for a discussion of results and concepts of topological flavor
that are pertinent to the present work. We begin by recalling the notion of topological
groupoid.

Definition 2.60. A topological groupoid is a groupoid .G;�; .�/�1/ en-
dowed with a topology � on G with the property that the groupoid operations
.�/�1 W G ! G and � W G.2/ ! G are continuous functions (in the latter case,
considering the topology on G.2/ inherited from .G �G; � � �/).

Topological groupoids generalize the familiar notions of topological groups and
topological space. Concretely, any topological group is a topological groupoid.
At the other extreme, if .X; �/ is a topological space, then X , considered as a set
groupoid in the sense of Example 2.30, can naturally be regarded as a topological
groupoid. In addition, the pair groupoidX�X also becomes a topological groupoid
when equipped with the product topology � � � .

Most of the examples of groupoids presented in Sect. 3 naturally become
topological groupoids if suitable topologies are given in the background. To
illustrate this point note that if � is a topological group acting continuously on a
topological space X , then the groupoid X � � (defined in Example 2.38) becomes
a topological groupoid when equipped with the product topology (cf., e.g., [87,
p. 86]). Furthermore, X � � is Hausdorff if � and X are so and is locally compact
if � and X are so.

To describe another instance of how one of the groupoids from Sect. 3 can
be naturally turned into a topological groupoid, we first recall some definitions.
Let .X; �/ be a topological space. A family B of open sets in X is called a
base for � if every open set in X can be written as a union of members of B
(or, equivalently, whenever U is open in X and x 2 U , then there is an open
set V 2 B such that x 2 V � U ; cf. [71, pp. 46–47] and [87, p. 78]). Given a
topological space .X; �/, call a family Bo of open sets in X a subbase for � if the
collection B of finite intersections of elements of Bo is a base for � . Going further,
the compact-open topology is the topology on the space C0.X; Y / of all
continuous functions from a topologicalX into a topological space Y , characterized
by the fact that a subbase for this topology is given by the family of sets of the form
WK;U WD ff 2 C0.X; Y / W f .K/ � U g, where K is compact in X and U is
open in Y . Then the groupoid in part .i i/ of Example 2.39 becomes a topological
groupoid if one considers the corresponding compact-open topologies both on the
space of all diffeomorphisms of the manifoldM and the space of metrics on M .

Remark 2.61. (i) If .G;�; .�/�1/ is a topological groupoid, then the inversion
mapping G 3 a 7! a�1 2 G is a homeomorphism, while the source and
target functions s; t defined in (2.80) are continuous.

(ii) Given a Hausdorff topological groupoid G, it follows from .i/ and the
descriptions G.0/ D fa 2 G W t.a/ D s.a/g and G.2/ D f.a; b/ 2 G � G W
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t.a/ D s.b/g that the unit space G.0/ is a closed subset of G and the collection
of composable pairs G.2/ is a closed subset of G � G (where the latter set is
equipped with the natural product topology; cf., e.g., [87, p. 86]).

We next describe the topology induced on a given groupoid G by an arbitrary
nonnegative (and possibly infinite) function  defined on G.

Definition 2.62. Given a groupoid .G;�; .�/�1/ and a function  W G ! Œ0;C1�,
define �R

 , the right-topology induced by  on G, by taking

O � G is open in �R
 

def” 8 a 2 O 9 r > 0 with the property that

BR
 .a; r/ WD ˚

b 2 G W .a; b�1/ 2 G.2/ and  .a � b�1/ < r
� � O: (2.149)

The left-topology induced by  on G is denoted by �L
 and is defined

analogously, this time taking

O � G is open in �L
 

def” 8 a 2 O 9 r > 0 with the property that

BL
 .a; r/ WD ˚

b 2 G W .b�1; a/ 2 G.2/ and  .b�1 � a/ < r� � O: (2.150)

The reader should have no difficulties in verifying that �R
 and �L

 , introduced in
(2.149) and (2.150), are indeed topologies on the set G.

Recall the convention made in (2.14), which is used in the formulation of the
conclusion in the following lemma.

Lemma 2.63. Assume that .G;�; .�/�1/ is a groupoid and that  W G ! Œ0;C1�

is an arbitrary function. Then

BR
 .a; r/ � b D BR

 .a � b; r/; 8 .a; b/ 2 G.2/; 8 r 2 .0;C1/; (2.151)

b � BL
 .a; r/ D BL

 .b � a; r/; 8 .b; a/ 2 G.2/; 8 r 2 .0;C1/: (2.152)

Proof. Pick .a; b/ 2 G.2/ along with r 2 .0;C1/. Now, if c 2 BR
 .a; r/ � b, then

there exists some u 2 BR
 .a; r/ such that .u; b/ 2 G.2/ and u � b D c, hence also

.a; u�1/ 2 G.2/,  .a � u�1/ < r , and .b�1; u�1/ 2 G.2/, b�1 � u�1 D c�1. Thus,

.a � b; c�1/ 2 G.2/ and  .a � b � c�1/ D  .a � u�1/ < r , which shows that c 2
BR
 .a�b; r/. This proves the left-to-right inclusion in (2.151). To justify the opposite

inclusion, suppose that c 2 BR
 .a�b; r/, and note that this entails .a�b; c�1/ 2 G.2/

and  
�
.a � b/ � c�1� < r . Thus .b; c�1/ 2 G.2/ and, further, .c; b�1/ 2 G.2/. If we

now set u WD c �b�1 2 G, then it follows that u�1 D b� c�1, hence .a; u�1/ 2 G.2/

since .a; b/ 2 G.2/. Moreover,  .a � u�1/ D  
�
.a � b/ � c�1� < r , which shows

that u 2 BR
 .a; r/. In addition, .u; b/ 2 G.2/ and u�b D c, which ultimately implies

that c 2 BR
 .a; r/ � b. This gives the right-to-left inclusion and completes the proof

of (2.151). Finally, (2.152) is established in a similar manner. ut
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Note that, in the context of Definition 2.62,

G.0/ �  �1.f0g/ H) a 2 BL
 .a; r/ \ BR

 .a; r/; 8 a 2 G; 8 r > 0:
(2.153)

Our next lemma describes a setting in which the center of a left-ball or right-ball
actually belongs to the interior of the ball in question.

Lemma 2.64. Let .G;�; .�/�1/ be a groupoid, and assume that  W G ! Œ0;C1�

is a function for which there exists a finite constant C1 � 1 such that

G.0/ �  �1.f0g/; and  .a � b/ � C1 maxf .a/;  .b/g 8 .a; b/ 2 G.2/:

(2.154)

Then

a 2 �BR
 .a; r/

�ı
; 8 a 2 G; 8 r > 0; (2.155)

where the interior .: : :/ı is taken with respect to �R
 , the right-topology induced by

 on G, as in Definition 2.62.
Moreover, a similar result holds for the left-balls associated with  given that

this time the interior is taken with respect to �L
 , the left-topology induced by  on

G in the sense of Definition 2.62.

Proof. First, it is clear from the quasisubadditivity condition on  that the quantity
(3.207) is, in the case when G does not reduce to G.0/, a well-defined number that
belongs to the interval Œ1; C1� and satisfies

 .a � b/ � A
�
 .a/C  .b/

�
; 8 .a; b/ 2 G.2/: (2.156)

In fact, inequality (2.156) also holds when G reduces to G.0/ (in which scenario
A WD 1) since, in this case,  
 0 given that G.0/ �  �1.f0g/. To proceed, fix
a 2 G and some finite r > 0. Consider

O WD ˚
x 2 BR

 .a; r/ W 9 rx > 0 such that BR
 .x; rx/ � BR

 .a; r/
�
; (2.157)

and note that, thanks to (2.153),

a 2 O � BR
 .a; r/: (2.158)

We claim that O 2 �R
 . To justify this claim, pick an arbitrary xo 2 O . Then there

exists ro > 0 such that

BR
 .xo; ro/ � BR

 .a; r/: (2.159)

Select a number ı 2 .0; ro=A/ and set " WD ro=A � ı > 0. At this stage, we make
the observation that

BR
 .xo; ı/ � O: (2.160)
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Indeed, assume that y 2 BR
 .xo; ı/ and z 2 BR

 .y; "/. Then .xo; y�1/; .y; z�1/ 2
G.2/, hence also .xo; z�1/ 2 G.2/. Based on these considerations and (2.156), we
may estimate

 .xo � z�1/ � A
�
 .xo � y�1/C  .y � z�1/

�
< A.ı C "/ D ro; (2.161)

which further entails  .xo � z�1/ < ro. As such, z 2 BR
 .xo; ro/, hence, ultimately,

BR
 .y; "/ � BR

 .xo; ro/. Thus, BR
 .y; "/ � BR

 .a; r/ by (2.159), which proves that
y 2 O . Given that y has been arbitrarily chosen in BR

 .xo; ı/, we deduce that
BR
 .xo; ı/ � O , completing the proof of (2.160). In turn, the latter condition implies

that O 2 �R
 . In light of (2.158), we may therefore conclude that (2.155) holds. The

version of this result for left-balls is proved in an analogous fashion. ut
Given an arbitrary topological space .X; �/, denote by N .xI �/ the family of

neighborhoods of the point x 2 X , relative to the topology � . Also, for any A � X

let Int.AI �/ stand for the interior of the set A, relative to the topology � . Finally,
recall that, given a topological space .X; �/ and a point x 2 X , a collection F of
neighborhoods of x is called a fundamental system of neighborhoods
of x if for everyW 2 N .xI �/ there exists a V 2 F such that V � U .

Proposition 2.65. Let X be an arbitrary set, and consider the assignment

X 3 x 7! Fx � 2X; (2.162)

satisfying the following properties:

(i) For each x 2 X there holds Fx 6D ;.
(ii) For each x 2 X and for each B1;B2 2 Fx there exists some B 2 Fx such that

B � B1 \ B2.
Define

� WD ˚O � X W 8 x 2 O 9B 2 Fx such that B � O�: (2.163)

Then the following statements hold:

(1) � is a topology on X .
(2) Int.AI �/ � ˚

x 2 A W 9B 2 Fx such that B � A
�

for each A � X .
(3) For each x 2 X and each V 2 N .xI �/ there exists B 2 Fx such that B � V .
(4) � is the largest topology on X for which (3) holds.

Moreover,

Fx is a f undamental system of neighborhoods .in �/ of x for each x 2 X
(2.164)

if and only if the following two (additional) properties hold:

(iii) For each x 2 X and each B 2 Fx one has x 2 B .
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(iv) For each x 2 X and each B 2 Fx there exists eB � B such that x 2 eB , and
for each y 2 eB one can find By 2 Fy with By � eB .

Finally, if in addition to .i/ and .i i/, properties .i i i/ and .iv/ are also satisfied
by the assignment from (2.162), then one has equality in (2), i.e.,

Int.AI �/ D ˚
x 2 A W 9B 2 Fx such that B � A

�
; for each A � X; (2.165)

and � is the largest topology on X for which Fx is a fundamental system of
neighborhoods of x in � , for each x 2 X .

Proof. Assume first that (i) and (ii) hold and consider � as in (2.163). Tautologically,
; 2 � . Property (i) entails X 2 � , while property (ii) ensures that � is stable under
intersection. Finally, since by design � is stable under arbitrary unions, it follows
that � is a topology on X . The claims made in parts (2) and (3) follow simply by
unraveling definitions. Next, consider a topology �1 on X with the property that for
each element x 2 X and each V 2 N .xI �1/ there exists B 2 Fx such that B � V .
Let O 2 �1 be arbitrary. Then O 2 N .xI �1/ for each x 2 O . Hence, for each
x 2 O there exists B 2 Fx such that B � O . This forces O 2 � and, ultimately,
�1 � � . This proves the claim in (4).

Let us prove the fact that (2.164) implies (iii) and (iv). To this end, assume that
for each x 2 X the collection Fx is a fundamental system of neighborhoods in �
of x. In particular, for each x 2 X there holds Fx � N .xI �/. Consequently, if
x 2 X , then x 2

\

B2Fx

B , proving (iii).

Next, let x 2 X and B 2 Fx. Since by hypothesis Fx � N .xI �/ it follows
that there exists eB 2 � such that x 2 eB � B . Moreover, that for each y 2 eB one
can find By 2 Fy with By � eB follows from the fact that eB 2 � (cf. (2.163)).
This establishes (iv) and completes the proof of the implication (2.164) ) (iii)
and (iv). Conversely, consider the implication (i)–(iv) ) (2.164). First notice that
assumptions (iii) and (iv) guarantee that for each x 2 X and each B 2 Fx one
has B 2 N .xI �/. Combining this with (3), the claim from (2.164) immediately
follows.

Moving on, assume that (i)–(iv) hold. With the goal of proving (2.165), fix A �
X and x 2 A such that there existsB 2 Fx with the property thatB � A. Appealing
to (iv) it follows that there exists eB such that x 2 eB , eB � B , and for each y 2 eB
there exists By 2 Fy with the property that By � eB � B � A. Consequently,
eB 2 � and

eB �
n
x 2 A W 9B 2 Fx such that B � A

o
: (2.166)

This shows that the set
˚
x 2 A W 9B 2 Fx such that B � A

�
is open in � . Since

this set is also, by design, a subset of A, it follows that the right-to-left inclusion in
(2.165) holds. This, together with (2), completes the proof of (2.165). Finally, the
last claim made in the statement of the proposition is a direct consequence of (4). ut
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The following proposition ensures that Definition 2.62, introducing the topolo-
gies �L

 and �R
 , is in agreement with the descriptions of �L

 and �R
 utilized in the

statement of Theorem 3.26.

Proposition 2.66. Let .G;�; .�/�1/ be a groupoid, and assume that  W G !
Œ0;C1� is a function satisfying the conditions in (2.154) (for some finite constant
C1 � 1). Then �L

 and �R
 are the largest topologies on G with the property that for

any point a 2 G a fundamental system of neighborhoods is given by fBL
 .a; r/gr>0

and by fBR
 .a; r/gr>0, respectively.

Moreover, for every A � G one has

Int.AI �L
 / D ˚

a 2 A W 9 r 2 .0;C1/ such that BL
 .a; r/ � A

�
; (2.167)

Int.AI �R
 / D ˚

a 2 A W 9 r 2 .0;C1/ such that BR
 .a; r/ � A

�
: (2.168)

Proof. The claim in the first part of the statement is a direct consequence of the
fact that the families FL

x WD fBL
 .x; r/gr>0 and FR

x WD fBR
 .x; r/gr>0, x 2 G,

satisfy properties (i)–(iv) from Proposition 2.65. Indeed, properties (i)–(iii) are
easily checked from definitions, while property (iv) is a consequence of Lemma 2.64
(taking eB to be the interior of B). Finally, the claim in the second part of the
statement is seen from (2.165). ut

It should be noted that while, as established in Proposition 2.66, for every a 2 G
the family fBR

 .a; r/gr>0 constitutes a fundamental system of neighborhoods for a
in �R

 , the right-topology induced by  on G, the balls BR
 .a; r/, r > 0, are not,

generally speaking, open in the topology �R
 [likewise, the balls BL

 .a; r/, r > 0,
are not necessarily open in the topology �L

 ].
We continue by recording a useful result pertaining to the continuity properties

of the multiplication and inverse operations in a groupoid.

Proposition 2.67. Suppose .G;�; .�/�1/ is a groupoid and  W G ! Œ0;C1/ is a
given function for which there exists a finite constantC0 � 0 such that the following
properties hold:

 .a�1/ � C0 .a/ for all a 2 G, and G.0/ �  �1.f0g/: (2.169)

Let �R
 and �L

 denote, respectively, the right-topology and left-topology induced by
 on G, according to Definition 2.62. Then the mappings

.�/�1 W .G; �R
 / �! .G; �L

 /; .�/�1 W .G; �L
 / �! .G; �R

 / (2.170)

are homeomorphisms (and, in fact, are inverse to one another). Furthermore, if
a 2 G is arbitrarily fixed and

ƒL.a/ WD fb 2 G W .a; b/ 2 G.2/g; ƒR.a/ WD fb 2 G W .b; a/ 2 G.2/g;
(2.171)
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then the mappings

a � .�/ W �ƒL.a/; �L
 

ˇ̌
ƒL.a/

� �! �
G; �L

 

�
; (2.172)

.�/ � a W �ƒR.a/; �R
 

ˇ
ˇ
ƒR.a/

� �! �
G; �R

 

�
(2.173)

are continuous (where, generally speaking, �L
 

ˇ̌
E

and �R
 

ˇ̌
E

stand, respectively, for
the topologies induced by �L

 and �R
 on the subset E of G). Finally, for each fixed

a 2 G the mappings

.�/�1 W �ƒL.a/; �L
 

ˇ
ˇ
ƒL.a/

� ! �
ƒR.a�1/; �R

 

ˇ
ˇ
ƒR.a/

�
; (2.174)

.�/�1 W �ƒL.a/; �R
 

ˇ
ˇ
ƒL.a/

� ! �
ƒR.a�1/; �L

 

ˇ
ˇ
ƒR.a/

�
; (2.175)

.�/�1 W �ƒR.a/; �R
 

ˇ̌
ƒR.a/

� �! �
ƒL.a�1/; �L

 

ˇ̌
ƒR.a/

�
; (2.176)

.�/�1 W �ƒR.a/; �L
 

ˇ
ˇ
ƒR.a/

� �! �
ƒL.a�1/; �R

 

ˇ
ˇ
ƒR.a/

�
(2.177)

are homeomorphisms.

Proof. That the mappings (2.170) are homeomorphisms is clear from (2.64) (which
shows that .�/�1 W G ! G is a bijection, indeed, its own inverse) and the fact that
for each a 2 G and r > 0 we have (again, based on (2.64))

�
BL
 .a

�1; r/
��1 D fb�1 2 G W .b�1; a�1/ 2 G.2/;  .b�1 � a�1/ < rg

D fb 2 G W .b; a�1/ 2 G.2/;  ..b � a�1/ < rg
� fb 2 G W .a; b�1/ 2 G.2/;  .a � b�1/ < C0rg
D BR

 .a; C0r/ (2.178)

and, similarly,
�
BR
 .a

�1; r/
��1 � BL

 .a; C0r/, which shows that the two mappings
in (2.170) are continuous.

Next, fix a 2 G, and consider the issue of the continuity of the mapping (2.172)
at some point bo 2 ƒL.a/. Concretely, given an arbitrary r > 0, we wish to find
" > 0 with the property that

b 2 G; .a; b/ 2 G.2/; b 2 BL
 .bo; "/ H) a � b 2 BL

 .a � bo; r/: (2.179)

However, since  .b�1
o � a�1 � a � b/ D  .b�1

o � b/ < ", it follows that (2.179)
holds for the choice " WD r . This proves that the mapping (2.172) is continuous
at any bo 2 ƒL.a/. A similar argument shows that the mapping (2.173) is also
continuous at any point in ƒR.a/, and this completes the proof of the continuity of
the mappings (2.172)–(2.173).

Finally, given a 2 G, the mappings in (2.174) and (2.176) are clearly well defined
and inverse to one another, as are the mappings (2.175) and (2.177). Since for each
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a 2 G we have
�
ƒL.a/

��1 D ƒR.a�1/ and
�
ƒR.a/

��1 D ƒL.a�1/, using the fact
that the map in (2.170) is a homeomorphism it follows that the mappings in (2.174)–
(2.177) are continuous and, thus, homeomorphisms. This completes the proof of the
proposition. ut

At this stage, we momentarily digress for the purpose of introducing the notion
of partially defined pseudodistance on a given arbitrary set, as well as other related
concepts.

Definition 2.68. Fix an arbitrary, nonempty set X . For a given set R � X �X and
a given function d W R ! Œ0;C1� consider the following conditions:

(1) Nondegeneracy: there holds diag .X/ � R and, for any .a; b/ belonging
to R, one has d.a; b/ D 0 if and only if a D b (i.e., d�1.f0g/ D diag .X/).

(2) Symmetry: the set R is symmetric (i.e., .a; b/ 2 R implies .b; a/ 2 R)
and the function d is symmetric, i.e., one has d.a; b/ D d.b; a/ for every
.a; b/ 2 R.

(3) Triangle inequality: whenever .a; c/; .c; b/ 2 R, it follows that
.a; b/ 2 R and d.a; b/ � d.a; c/C d.c; b/.

If the function d is such that conditions .1/–.3/ above are satisfied, then d is
called a partially defined distance on X with domain Dom .d/ WD R.

Furthermore, call d WR!Œ0;C1� a partially defined pseudo-
distance (with domain Dom .d/ WD R) if conditions .2/ and .3/ above hold
as stated and, in place of the nondegeneracy condition .1/, the following, weaker,
version is satisfied:

(10) Pseudo-nondegeneracy: there holds diag .X/ � R and diag .X/ �
d�1.f0g/ (i.e., .a; a/ 2 R and d.a; a/ D 0 for every a 2 X ).

It is useful to note that the domain of a partially defined pseudodistance on a
set X is always the graph of an equivalence relation on X . Of course, any partially
defined distance is a partial pseudodistance, and a partial distance on a set X is a
genuine distance on X if and only if it is finite and its domain is X �X . A partially
defined pseudodistance on a setX whose domain isX�X will be referred to simply
as a pseudodistance on X .

The manner in which a partially defined pseudodistance on a set X induces a
topology on X is described next.

Definition 2.69. Let X be an arbitrary nonempty set, and assume that d is a
partially defined pseudodistance onX , with domain Dom .d/. Then �d , the topology
induced by d on G, is defined by demanding that

O � X is open in �d
def” O � X and 8 x 2 O 9 r > 0 with the property that

Bd .x; r/ WD ˚
y 2 X W .x; y/ 2 Dom .d/ and d.x; y/ < r

� � O:

(2.180)
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In the context of Definition 2.69, it may be readily verified that for each x 2 X and
r 2 .0;C1/,

the d -ball Bd .x; r/ is open in �d and contains its center, x: (2.181)

It follows from this and Proposition 2.65 that �d is the largest topology on X with
the property that for any point x 2 X a fundamental system of neighborhoods is
given by fBd .x; r/gr>0.

We next record a lemma that will be useful later on (in the proof of The-
orem 3.46). Recall that given two topological spaces .Xj ; �j /, j D 1; 2, the
product topology �1 � �2 on X1 � X2 is characterized by the property that
Cartesian products of open sets in X1 with open sets in X2 form a base for �1 � �2
(cf., e.g., [87, p. 86]).

Lemma 2.70. (i) For j D 1; 2 let dj be a partially defined pseudodistance on a
nonempty set Xj with domain Dom .dj /. Consider

Dom .d1 ˝ d2/ WD ˚�
.x1; x2/; .y1; y2/

� 2 .X1 �X2/ � .X1 �X2/ W
.xj ; yj / 2 Dom .dj / for j D 1; 2

� (2.182)

and

d1 ˝ d2 W Dom .d1 ˝ d2/ �! Œ0;C1� defined

for each
�
.x1; x2/; .y1; y2/

� 2 Dom .d1 ˝ d2/ by (2.183)

.d1 ˝ d2/
�
.x1; x2/; .y1; y2/

� WD d1.x1; y1/C d2.x2; y2/:

Then

d1 ˝ d2 is a partially defined pseudodistance onX1 �X2;
whose domain isDom .d1 ˝ d2/; and�d1˝d2; the topology (2.184)

induced byd1 ˝ d2 on X1 �X2; coincides with�d1 � �d2 :
(ii) If d W X �X ! Œ0;C1/ is a pseudodistance, then d is .d ˝d/-Lipschitz with

constant � 1, in the sense that

ˇ
ˇd.x1; x2/� d.y1; y2/

ˇ
ˇ � .d ˝ d/

�
.x1; x2/; .y1; y2/

�

for every .x1; x2/; .y1; y2/ 2 X �X: (2.185)

As a consequence,

d W �X �X; �d � �d / �! Œ0;C1/ is continuous: (2.186)

Proof. All the claims are routine consequences of definitions given previously (with
(2.181) also playing a role in the proof of (2.184)). ut
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Moving on, we now review the concept of uniform space. This notion originates
in A. Weil’s monograph [128], and elegant, modern, accounts may be found in, e.g.,
[44, 71].

Definition 2.71. A uniform space is a pair .X;U/ consisting of a nonempty
set X and a nonempty family U of subsets ofX �X satisfying the following system
of axioms:

(1) Each set U 2 U contains the diagonal diag .X/.
(2) If U 2 U and V � X �X is such that U � V , then V 2 U .
(3) If U; V 2 U , then U \ V 2 U .
(4) If U 2 U , then there exists V 2 U with the property that

V 2 WD f.x; y/ 2 X �X W 9 z 2 X so that .x; z/; .z; y/ 2 V g � U: (2.187)

(5) If U 2 U , then U�1 WD f.y; x/ W .x; y/ 2 U g is also in U .

The set U is called the uniform structure (or uniformity) of X , and its
elements are referred to as entourages. Call an entourage U 2 U symmetric
if U D U�1. Finally, for each U 2 U and x 2 X define

U Œx� WD fy 2 X W .x; y/ 2 U g: (2.188)

If .X;U/ is a uniform space and U 2 U , then x; y 2 X are called U -close
provided .x; y/ 2 U . In this terminology, U Œx� in (2.188) can be described as the
collection of all points in X which are U -close to x.

Definition 2.72. If .X;U/ is a uniform space, a fundamental system of
entourages of the uniformity U is any subset V of U such that every entourage
of U contains a set belonging to V .

Clearly, by axiom .2/ in Definition 2.71, a fundamental system of entourages
specifies the uniformity of a uniform space in a unique fashion. Also, every uniform
space has a fundamental system of entourages consisting of symmetric entourages.
Every uniformity induces a canonical topology, as described in the next definition.

Definition 2.73. Let .X;U/ be a uniform space. Then �U , the topology induced by
the uniformity U , is the unique topology onX with the property that for each x 2 X
the family fU Œx� W U 2 Ug is a neighborhood filter for x.

Hence, every uniform space .X;U/ becomes a topological space in a canonical
fashion and

O � X is open in �U ” 8 x 2 O 9U 2 U such that U Œx� � O: (2.189)

Also,

.X; �U / is Hausdorff ”
\

U2U
U D diag .X/: (2.190)
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Compared to a general topological space the existence of a uniform structure on X
makes it possible to compare the sizes of neighborhoods of points in X . Indeed,
heuristically, given x; y 2 X and U 2 U , the sets U Œx� and U Œy� should be thought
of as having the “same size.”

A convenient way to think about the uniformity U of a uniform space .X;U/ is
to consider X to be a reasonable topological space and envision U as the collection
of neighborhoods of the diagonal in X �X . Three basic examples follow.

Example 2.74. Let .X; 	/ be a quasimetric space, and consider then the sets

U" WD f.x; y/ 2 X �X W 	.x; y/ < "g; where " > 0: (2.191)

Define U	 to be the collection of subsets of X � X with the property that each
contains a set U" for some " > 0. Then U	 is a uniform structure on X , referred to
as the uniformity canonically associated with 	, and the family of
sets described in (2.191) is a fundamental system of entourages for this uniformity.

Note that, given a quasimetric space .X; 	/, the topology induced by the
uniformity U	 (canonically associated with 	) coincides with the topology �	
induced by the quasidistance 	 on X (for more on the nature of �	 see item (10)
of Theorem 3.46, and the discussion in Sect. 4.1).

Example 2.75. Let P D .pi /i2I be a family of pseudometrics on a set X (recall
that a pseudometric on X is a real-valued, nonnegative, symmetric function that
satisfies the triangle inequality and vanishes on the diagonal on X �X ). Define UP

to be the collection of subsets of X � X with the property that each contains a set
of the form

n\

i2Io
p�1
i .Œ0; ri �/ W Io � I finite, ri > 0 for i 2 Io

o
: (2.192)

Then UP is a uniform structure on X , called the uniformity canonically
associated with the family of pseudo-metricsP , and the collec-
tion of sets described in (2.192) is a fundamental system of entourages for this
uniformity.

Example 2.76. Let G be a topological group, i.e., a group .G;�/ equipped with a
topology �G that makes the group multiplication � W G �G ! G and the operation
of taking the inverse .�/�1 W G ! G continuous functions. Then there is a natural
uniform structure on G that induces the topology �G . To describe it, let fW˛g˛2A
be a fundamental system of neighborhoods of the identity element e 2 G in this
topology. Consider the family of sets

U˛ WD f.x; y/ 2 G �G W x � y�1 2 W˛g; where ˛ 2 A; (2.193)

and define the uniform structure UR
�G

onG, called the right uniformity of the
topological groupG, as the collection of all subsets of G �G with the property that
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each contains a set U˛ for some ˛ 2 A (that the half-neighborhood axiom .4/ from
Definition 2.71 is satisfied is a consequence of the fact that, since � is continuous,
for each ˛ 2 A there exists ˇ 2 A such that Wˇ �Wˇ � W˛).

Note that the family of sets described in (2.193) is a fundamental system of
entourages for this uniformity and the topology induced by this uniformity (in the
sense of Definition 2.73) is precisely �G .

Of course, there is a natural variant of this construction, yielding what is
called the left uniformity UL

�G
on G (generally speaking, the left and right

uniformities are different), which once again induces the topology �G on G.

It should be noted that, in concert with Theorem 1.1, the discussion in Example
2.76 yields the following classical metrization theorem for topological groups.

Theorem 2.77 (Birkhoff–Kakutani [19, 65]). Let G be a Hausdorff topological
group. Then the topology on G is metrizable if and only if the identity element in G
has a countable fundamental system of neighborhoods. Furthermore, in such a case,
the distance function may be taken to be either left-invariant or right-invariant.

For a related discussion, the reader is also referred to [71, p. 210], where it is shown
that the demand of metrizing a topological group via a distance that is simulta-
neously left-invariant and right-invariant is rather stringent and cannot, generally
speaking, be accommodated. A generalization of Theorem 2.77 is discussed in
Sect. 6.2 (cf. Theorem 6.33).

We continue by making several definitions and discussing some purely topolog-
ical results that will be useful later on, in Sect. 3.2.

Definition 2.78. A topological space .X; �/ is called quasiregular provided
for each nonempty open set A in .X; �/ there exists some nonempty open set B in
.X; �/ whose closure, B , is contained in A.

Definition 2.79. Let .X; �/ be a topological space. A collection B of nonempty
open sets of .X; �/ is called a pseudobase (for .X; �/) provided for each
nonempty open set A in .X; �/ there exists some B 2 B such that B � A.

Definition 2.80. A topological space .X; �/ is called pseudocomplete pro-
vided it is quasiregular and there exists a sequence

�
Bn

�
n2N of pseudobases (for

.X; �/) with the property that

for each sequence .Bn/n2N of subsets of X such that

Bn 2 Bn and BnC1 � Bn for every number n 2 N

)

H)
\

n2N
Bn 6D ;:

(2.194)

Definition 2.81. A subset of a topological space is called nowhere dense if the
interior of its closure is empty. Also, a subset Y of a topological space .X; �/ is said
to be of second Baire category provided Y may not be written as the union
of countably many nowhere dense subsets (relative to .X; �/).
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A useful practical criterion ensuring that a given topological space is of second
Baire category then reads as follows (cf. [92]):

.X; �/ pseudocomplete topological space

H) .X; �/ is of second Baire category:
(2.195)

For completeness, we indicate how the standard proof of the fact that a complete
pseudometric space is of second Baire category may be adapted to justify (2.195).

Consider a topological space .X; �/ that is pseudocomplete, i.e., .X; �/ is
quasiregular, and there exists a sequence

�
Bn

�
n2N of pseudobases for .X; �/

satisfying (2.194). For .X; �/, being of second Baire category is equivalent to the
property that the intersection of any sequence of dense open sets in .X; �/ is dense
in .X; �/. With this in mind, let .On/n2N be a countable collection of open dense
subsets in .X; �/. The goal is to show that

A WD
\

n2N
On is dense in .X; �/; (2.196)

i.e., that every nonempty open subset of .X; �/ intersects A.
Pick a nonempty open set W in .X; �/. Since O1 is open and dense in .X; �/, it

follows that W \O1 2 � n f;g. Granted this and given that B1 is a pseudobase for
.X; �/, it follows that

there exists B1 2 B1 such that B1 � W \O1: (2.197)

Recall that .X; �/ is assumed to be quasiregular and, since the membership of B1 to
B1 guarantees that B1 2 � n f;g, we deduce that

there exists W1 2 � n f;g such that W1 � B1: (2.198)

Since O2 is open and dense in .X; �/, it follows that W1 \ O2 2 � n f;g. Granted
this and given that B2 is a pseudobase for .X; �/, it follows that

there exists B2 2 B2 such that B2 � W1 \O2: (2.199)

Proceeding inductively, we therefore obtain two sequences .Wn/n2N0 and .Bn/n2N
of subsets of X (where N0 WD N [ f0g) satisfying the following properties:

W0 D W; Wn 2 � n f;g and Wn � Bn 8 n 2 N; (2.200)

Bn 2 Bn and Bn � Wn�1 \On for every n 2 N: (2.201)

In particular, these entail

BnC1 � Bn and Wn � Wn�1; 8 n 2 N: (2.202)
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As such, (2.194) may be invoked, and we obtain

B WD
\

n2N
Bn 6D ;: (2.203)

Since Bn � W \ On for every n 2 N, by (2.201) and (2.202), we finally arrive at
the conclusion that ; 6D B � W \A. This justifies (2.196) and completes the proof
of (2.195).

In closing, we make two comments pertaining to the nature of the first two
metrization results stated in Sect. 1.

Comment 2.82. Here we attempt to place the Alexandroff–Urysohn theorem for
uniform spaces, stated in Sect. 1 as Theorem 1.1, in a proper, broader perspective.
The starting point is the observation that both the formulation and the proof of the
Alexandroff–Urysohn theorem have undergone significant developments since the
initial publication of [4]. A version closer to the manner in which Theorem 1.1 is
stated was established by Chittenden in [31], and his proof has been substantially
simplified by Frink in [49], by Aronszajn in [8], and by Bourbaki in [20]. In its
current format, Theorem 1.1 first appeared in Weil’s monograph [128], where the
role of uniformity was brought to the forefront. Presently, this classical theorem
is an integral part of the landscape of modern topology, and excellent expositions
may be found in, e.g., the monographs [71, p. 186] by Kelley, [20, pp. 15–17, 35]
by Bourbaki, and [74, pp. 29–30, 45–47] by Köthe. Up to a point, in the historical
development of this subject, there has been a pervasive belief that there are three
distinct types of metrization results pertaining, respectively, to topological spaces
(as in [18, 30, 88, 90, 105, 112, 115, 124, 125]), proximity spaces (as in [43, 76]),
and uniform spaces (as in [4, 71]). See the comments in [71, Note 14, p. 186],
where J.L. Kelley opinionated that the Alexandroff–Urysohn result (stated as in
Theorem 1.1) was a “rather unsatisfactory solution to the topological metrization
problem.” More recently, however, it has been realized that such distinctions are
somewhat artificial and that such a criticism is largely unwarranted, as the vast
majority of these results can be fairly easily deduced from the Alexandroff–Urysohn
theorem.

Consider, for instance, the Nagata–Smirnov metrization theorem (cf. [88, 112]
and the more timely presentations in [71, Theorem 18, p. 127], [87, Theorem 40.3,
p. 250]), asserting that a topological space is metrizable if and only if it is Hausdorff,
is regular (i.e., any closed set and any point not belonging to it have disjoint
neighborhoods), and has a countably locally finite base (i.e., a base for the given
topology that is the union of a countable family of subsets of the space in question,
each of which is locally finite). In this case, the connection with the Alexandroff–
Urysohn theorem stems from the observation that every completely regular space
can (typically in a variety of ways) be equipped with a uniform structure that induces
(in the sense of Definition 2.73) the same topology as the original one. A more
detailed discussion, which also indicates how the Alexandroff–Urysohn theorem
implies the metrization results from [18, 30, 43, 76, 88, 90, 105, 112, 115, 124, 125],
can be found in the informative survey[40]. �
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Comment 2.83. This further expands on the discussion initiated just prior to the
statement of Theorem 1.2. Specifically, quasimetric spaces are uniform spaces
whose uniformity has a countable base; hence, by Theorem 1.1, they are metrizable.
This is a classical result that has been understood for a long time. As far as the issue
of metrization of quasimetric spaces is concerned, the main contribution by Macı́as
and Segovia in [79] was to quantitatively relate the distance d given by Theorem 1.1
to the original quasidistance 	 on the set X . Concretely, following the approach in
[79], consider the entourages

Ui WD f.x; y/ 2 X �X W 	.x; y/ < M�ig; i 2 N; (2.204)

where the constant c � 1 is as in (1.1) and M > 1 is to be chosen shortly. Then,
clearly,

for every i 2 N the set Ui is symmetric, and
\

i2N
Ui D diag .X/: (2.205)

The idea is now to chooseM > 1 in a manner that ensures that

U 3
i � Ui�1 for each i � 2: (2.206)

Unraveling definitions, this condition comes down to checking that for every quartet
x; y; z;w 2 X and for each i 2 N with i � 2 the following implication holds:

	.x; y/ < M�i ; 	.y; z/ < M�i ; 	.z;w/ < M�i H) 	.x;w/ < M�iC1:

(2.207)

On a separate track, applying the quasitriangle inequality listed at the end of (1.1)
twice yields 	.x;w/ � c	.x; y/Cc2	.y; z/Cc2	.z;w/; hence, the optimal selection
ofM for which (2.207) is valid is M WD c.2cC 1/. For this choice, the metrization
lemma from [71, p. 185] (cf. also [44, Theorem 8.1.10, p. 430]), which is closely
related to Theorem 1.1, guarantees the existence of a distance d on X with the
property that

Ui � f.x; y/ 2 X �X W d.x; y/ < 2�i g � Ui�1; 8 i � 2: (2.208)

Since 2�i D �
Œc.2cC1/��i �˛ precisely when ˛ is as in (1.2), it follows from (2.208)

that 	 � d1=˛ . Thus, if one defines 	� WD d1=˛, then it follows that 	� is equivalent
to 	, and (1.3) holds.

Inherently, this approach has the basic drawback that, in the process of rec-
onciling the aforementioned topological result with the quantitative features of 	
(cf. (1.1)), the exponent ˛ for which the claims in assertion .1/ of Theorem 1.2
hold is the nonoptimal value given in (1.2). This explains why a conceptually new
approach is needed if the aim is to identify the sharp value of the exponent ˛. �



Chapter 3
Quantitative Metrization Theory

This chapter contains the bulk of our work pertaining to metrization results for
semigroupoids and groupoids, dealt with, respectively, in Sects. 3.2 and 3.3. Then,
in Sect. 3.4, we will specialize these results to obtain a sharp metrization theorem for
quasimetric spaces, which considerably strengthens the work of Macı́as and Segovia
cited earlier (cf. discussion in Sect. 1). As a preamble, we begin by studying the
regularization of quasisubadditive functions in the next section.

3.1 Regularizing Quasisubadditive Functions

To set the stage, we first recall the following definition.

Definition 3.1. (i) A monoid is an algebraic structure .M;C/ consisting of a
nonempty set M and an associative binary operation M � M 3 .x; y/ 7!
x C y 2 M that has a null element, denoted by 0 2 M (i.e., 0 2 M is such
that x C 0 D 0C x D x for all x 2 M).

(ii) Call .M;C;�/ an ordered monoid if .M;C/ is a monoid and � satisfies
the following conditions:

(1) � is a total order relation on M, i.e., and for any x; y; z 2 M

x � y and y � z ) x � z;

either x � y or y � x; (3.1)

x D y , x � y and y � x:

(2) � is compatible with the monoid binary operation, in the sense that

x; y 2 M and x < y H) z C x < z C y and x C z < y C z for each z 2 M;

(3.2)

D. Mitrea et al., Groupoid Metrization Theory, Applied and Numerical
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where x < y means that x � y and x 6D y.

In such a setting, denote by MC the ordered monoid of nonnegative elements
in M, i.e.,

MC WD fx 2 M W 0 � xg: (3.3)

Also, given x; y 2 M, write x � y (or x > y/ if and only if y � x (or y < x).

Two simple observations to be used later on are as follows. If .M;C;�/ is an
ordered monoid, then for each xj ; yj 2 M, j D 1; 2, we have that

xj � yj for j D 1; 2 H) x1 C x2 � y1 C y2: (3.4)

Also, if we set

nx WD x C � � � C x„ ƒ‚ …
n times

for any x 2 M and any n 2 N; (3.5)

then for any x; y 2 M there holds

2x � 2y ” x � y; (3.6)

which further implies

2min fx; yg � x C y; 8 x; y 2 MC; (3.7)

2min fx; yg D min f2x; 2yg; 8 x; y 2 MC: (3.8)

In particular,

min f2x; 2yg � x C y; 8 x; y 2 MC: (3.9)

We are now prepared to state and prove an iteration lemma of a purely abstract,
algebraic nature, which is of paramount importance for all our subsequent results.
We wish to stress that the context in which we work is, generally speaking, highly
noncommutative and lacks any type of cancellation.1

Lemma 3.2. Let .G;�/ be a semigroupoid, and assume that .M;C;�/ is an
ordered monoid. Suppose thatƒ W MC ! MC is a function satisfying

x � ƒ.x/ � 2x; for all x 2 MC: (3.10)

Also, consider a function  W G ! MC with the property that

 .a � b/ � ƒ.maxf .a/;  .b/g/ ; for all .a; b/ 2 G.2/: (3.11)

1The issue of proving metrization results in the spirit of the Aoki–Rolewicz theorem in the
noncommutative context has been occasionally raised in other works, such as in [28, Problem 5.2,
p. 47].
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Then for every N 2 N and every .a1; : : : ; aN / 2 G.N/ there holds

 .a1 � a2 � � � � � aN / � ƒ. .a1//C
N�1X

iD2
2ƒ. .ai //Cƒ. .aN //; (3.12)

with the convention that the sum on the right-hand side of (3.12) is omitted ifN � 2.
In particular, if  W G ! MC is a function satisfying

 .a � b/ � 2maxf .a/;  .b/g; for all .a; b/ 2 G.2/; (3.13)

then for every N 2 N and every .a1; : : : ; aN / 2 G.N/ there holds

 .a1 � a2 � � � � � aN / � 2 .a1/C
N�1X

iD2
4 .ai /C 2 .aN /; (3.14)

with the convention that the sum on the right-hand side of (3.14) is disregarded if
N � 2.

Proof. The proof of (3.12) proceeds by induction on the parameter N 2 N. Given
that  .a/ � 0 for every a 2 G, estimate (3.12) corresponding to N D 1 holds
thanks to (3.10), while (3.12) corresponding to N D 2 is a consequence of (3.11)
since, trivially,

ƒ.max fx; yg/ � ƒ.x/Cƒ.y/; 8 x; y 2 MC: (3.15)

Assume now that N 2 N, with N � 2, is such that

estimate (3.12) holds with N replaced by K

if K 2 f1; : : : ; N g and .a1; : : : ; aK/ 2 G.K/:
(3.16)

Next, fix an arbitrary .a1; : : : ; aNC1/ 2 G.NC1/, with the goal of proving that

 .a1 � a2 � � � � � aNC1/ � ƒ. .a1//C
NX

iD2
2ƒ. .ai //Cƒ. .aNC1//: (3.17)

For M 2 f1; : : : ; N C 1g consider the inequality

 .a1 � � � � � aNC1/ � ƒ. .aM � � � � � aNC1// : (3.18)

Denote by M0 the largest number M 2 f1; : : : ; N C 1g for which (3.18) holds.
Since (3.18) is verified for the choice M D 1 granted the inequalities (3.10),
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it follows that M0 2 f1; : : : ; N C 1g is well defined. If M0 D N C 1, then (3.17)
holds as well (since  is MC-valued). Hence, it suffices to analyze the case when
1 � M0 � N . By design,

 .a1 � � � � � aNC1/ � ƒ. .aM0 � � � � � aNC1// (3.19)

and

 .a1 � � � � � aNC1/ > ƒ . .aM0C1 � � � � � aNC1// : (3.20)

On the other hand, by (3.11), we have

 .a1 � � � � � aNC1/ � ƒ.max f .a1 � � � � � aM0/;  .aM0C1 � � � � � aNC1/g/ :
(3.21)

In light of (3.20), we deduce from (3.21) that

 .a1 � � � � � aNC1/ � ƒ. .a1 � � � � � aM0// : (3.22)

If M0 D 1, given that  is MC-valued, it follows from (3.22) that (3.17) holds, so
we are done. Thus, there remains to study the case when 2 � M0 � N . Under this
assumption, from (3.19), (3.22), and (3.10) we deduce that

 .a1 � � � � � aNC1/ � 2 .aM0 � � � � � aNC1/ ; (3.23)

 .a1 � � � � � aNC1/ � 2 .a1 � � � � � aM0/ : (3.24)

Having established (3.23) and (3.24), we conclude from these and (3.9) that

 .a1 � � � � � aNC1/ � min f2 .a1 � � � � � aM0/; 2 .aM0 � � � � � aNC1/g
�  .a1 � � � � � aM0/C  .aM0 � � � � � aNC1/: (3.25)

On the other hand, by the induction hypothesis (3.16), we have

 .a1 � � � � � aM0/ � ƒ. .a1//C
M0�1X

iD2
2ƒ. .ai //Cƒ. .aM0 //; (3.26)

 .aM0 � � � � � aNC1/ � ƒ. .aM0//C
NX

iDM0C1
2ƒ. .ai //Cƒ. .aNC1//:

(3.27)

Summing up (3.26) and (3.27) and then returning with this to (3.25), it follows in
view of (3.4), that (3.17) also holds when 2 � M0 � N . This completes the proof
of the claim made in the first part of the statement of the lemma.

Finally, the claim made in the second part of the statement of the lemma becomes
a consequence of what we have proved so far if we take ƒ.x/ WD 2x for each
x 2 MC. �
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Note that when equipped with the canonical addition and order (on the extended
real line), Œ0;C1� can be naturally regarded as an ordered monoid (in the sense of
Definition 3.1). This scenario is considered separately below.

Theorem 3.3. Let .G;�/ be a semigroupoid, and assume that a function ƒ W
Œ0;C1� ! Œ0;C1� is given having at most linear growth, i.e., there exists
C 2 Œ0;C1/ such that

ƒ.x/ � Cx; for all x 2 Œ0;C1�: (3.28)

Consider a function  W G ! MC with the property that

 .a � b/ � ƒ.maxf .a/;  .b/g/ for all .a; b/ 2 G.2/: (3.29)

Then, for every N 2 N and every .a1; : : : ; aN / 2 G.N/, whenever C > 1, there
holds

 .a1 � a2 � � � � � aN / �
h
max f .a1/;ƒ. .a1//g.log2 C /

�1

C 2

N�1X

iD2
max f .ai /;ƒ. .ai //g.log2 C /

�1

C max f .aN /;ƒ. .aN //g.log2 C /
�1
ilog2 C

; (3.30)

with the convention that the sum on the right-hand side of (3.30) is omitted ifN � 2.
In particular, if C > 1, then for every N 2 N and every .a1; : : : ; aN / 2 G.N/

one has

 .a1 � a2 � � � � � aN / � C

"
NX

iD1
max f .ai /;ƒ. .ai //g.log2 C /

�1

#log2 C

: (3.31)

Finally, in the case when C � 1, for every N 2 N and every .a1; : : : ; aN / 2 G.N/

there holds

 .a1 � a2 � � � � � aN /
� max

˚
C .a1/; C

2 .a2/; : : : ; C
N�1 .aN�1/; CN�1 .aN /

�
: (3.32)

Proof. In the case when C � 1, estimate (3.32) follows by simply iterating the
inequality  .a � b/ � maxfC .a/; C .b/g, which holds for all .a; b/ 2 G.2/.
Consider now the case whenC 2 .1;C1/. In this scenario, we bring in the function
e W G ! Œ0;C1� given by

e .a/ WD Œ .a/�.log2 C /
�1

; 8 a 2 G; (3.33)

and define eƒ W Œ0;C1� ! Œ0;C1� by setting
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eƒ.x/ WD max
n
x;ƒ.xlog2 C /.log2 C /

�1
o
; 8 x 2 Œ0;C1�: (3.34)

Since for every x 2 Œ0;C1� we have

ƒ.xlog2 C /.log2 C /
�1 � �

Cxlog2 C
�.log2 C /

�1 D 2x; (3.35)

it follows that

x � eƒ.x/ � 2x for every x 2 Œ0;C1�: (3.36)

Furthermore, condition (3.29) entails

 .a � b/.log2 C /
�1 � ƒ

��
maxf .a/.log2 C /

�1

;  .b/.log2 C /
�1g
�log2 C

�.log2 C /
�1

� eƒ
�

maxf .a/.log2 C /
�1

;  .b/.log2 C /
�1g
�

(3.37)

for each .a; b/ 2 G.2/. Hence,

e .a � b/ � eƒ
�
maxfe .a/;e .b/g� for all .a; b/ 2 G.2/; (3.38)

and (3.30) follows from Lemma 3.2, granted (3.36) and (3.38). �

Corollary 3.4. Let .G;�/ be a semigroupoid, and assume that  W G ! Œ0;C1�

is a function with the property that there exists a constant C 2 .1;C1/ such that

 .a � b/ � C maxf .a/;  .b/g for all .a; b/ 2 G.2/: (3.39)

Then for every N 2 N and every .a1; : : : ; aN / 2 G.N/ there holds

 .a1 � a2 � � � � � aN / � C

(

 .a1/
.log2 C /

�1 C 2

N�1X

iD2

 .ai /
.log2 C /

�1 C .aN /
.log2 C /

�1

) log2 C

� C2

(
NX

iD1

 .ai /
.log2 C /

�1

) log2 C

; (3.40)

with the convention that the sum in the middle term of (3.40) is omitted if N � 2.
In particular, if C 2 .1; 2� for everyN 2 N and every .a1; : : : ; aN / 2 G.N/, then

one has

 .a1 � a2 � � � � � aN / � C

 

 .a1/C 2

N�1X

iD2
 .ai /C  .aN /

!

; (3.41)

with the convention that the sum on the right-hand side of (3.41) is omitted ifN � 2.
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Proof. The first inequality in (3.40) follows from Theorem 3.3 used in the case
whenƒ is the linear function

ƒ W Œ0;C1� ! Œ0;C1�; ƒ.x/ WD Cx for each x 2 Œ0;C1�: (3.42)

In turn, the second inequality in (3.40) is an immediate consequence of the first upon
observing that 2log2 C D C . Finally, whenever C 2 .1; 2�, estimate (3.41) readily
follows from the first inequality in (3.40) (alternatively, (3.41) is directly implied by
the first part of Lemma 3.2 by observing that the function ƒ considered in (3.42)
satisfies (3.10)). �

In the following theorem we present a related version of Theorem 3.3. For a
discussion on the relationship between these two results the reader is referred to
Remark 3.6.

Theorem 3.5. Let .G;�/ be a semigroupoid, and fix two constants C0 2 Œ1;C1/

and K 2 Œ0;C1�. In this context, let  W G ! Œ0;K� and ƒ W Œ0;K� ! Œ0;K� be
two functions satisfying (with id denoting the identity function)

id � ƒ; ƒ ıƒ � C0 � id; ƒ nondecreasing; (3.43)

as well as

 .a � b/ � ƒ.maxf .a/;  .b/g/ ; 8 .a; b/ 2 G.2/: (3.44)

Introduce

˛ WD 1

log2 C0
2 .0;C1�: (3.45)

Then for each N 2 N and each .a1; : : : ; aN / 2 G.N/ there holds

 .a1 � � � � � aN / �
(

NX

iD1
Œ.ƒ ıƒ/. .ai //�˛

) 1=˛

if ˛ 2 .0;C1/ (3.46)

and

 .a1 � � � � � aN / � max f .a1/; : : : ;  .aN /g if ˛ D C1: (3.47)

As a consequence, for each N 2 N and each .a1; : : : ; aN / 2 G.N/,

 .a1 � � � � � aN / � C0

(
NX

iD1
 .ai /

˛

) 1=˛

if ˛ 2 .0;C1/: (3.48)

In particular, if C0 D 2, i.e., if the function satisfies (3.44) whereƒ is such that

id � ƒ; ƒ ıƒ � 2id; ƒ nondecreasing; (3.49)
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then for each N 2 N there holds

 .a1 � � � � � aN / �
NX

iD1
.ƒ ıƒ/. .ai //; 8 .a1; : : : ; aN / 2 G.N/I (3.50)

hence, further,

 .a1 � � � � � aN / � 2

NX

iD1
 .ai /; 8 .a1; : : : ; aN / 2 G.N/: (3.51)

Proof. We will first treat the case C0 D 2, i.e., when the functions  W G ! Œ0;K�

and ƒ W Œ0;K� ! Œ0;K� satisfy (3.44) and (3.49). Our goal is to show that estimate
(3.50) holds, and we will prove by induction on N 2 N that

8M 2 f1; : : : ; N g; 8 .a1; : : : ; aN / 2 G.N/ one has

 .a1 � � � � � aN / �
MX

iD1
.ƒ ıƒ/. .ai //:

(3.52)

The caseN D 1 is clear from the observation that id � ƒıƒ, which in turn follows
by writing x � ƒ.x/ � ƒ.ƒ.x// for each x 2 Œ0;K� using the first inequality
in (3.49) twice.

Assume next that (3.52) holds for some N 2 N, with the goal of proving
that (3.52) holds with N replaced by N C 1. Using the induction hypothesis, this of
course reduces to showing that

 .a1 � � � � � aNC1/ �
NC1X

iD1
.ƒ ıƒ/. .ai //; 8 .a1; : : : ; aNC1/ 2 G.NC1/: (3.53)

To this end, fix .a1; : : : ; aNC1/ 2 G.NC1/ and introduce

� WD
NC1X

iD1
.ƒ ıƒ/. .ai // 2 Œ0;C1�: (3.54)

Given that Im. / � Œ0;K�, inequality (3.53) is obvious if � � K since, whenever
.a1; : : : ; aNC1/ 2 G.NC1/, we may write

 .a1 � � � � � aNC1/ � K � � D
NC1X

iD1
.ƒ ıƒ/. .ai //: (3.55)

Thus, without loss of generality we may work under the assumption that � 2 Œ0;K/.
In particular, we may assume that � < C1 in what follows. Consider first the case
when

.ƒ ıƒ/. .a1// � �=2: (3.56)
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Then

 .a2 � � � � � aNC1/ �
NC1X

iD2
.ƒ ıƒ/. .ai // < �=2; (3.57)

where the first inequality follows from the induction hypothesis and the second one
is a consequence of (3.54), (3.56), and the fact that � < C1. Thus,

 .a1 � � � � � aNC1/ � ƒ. .a1/;maxf .a2 � � � � � aNC1/g/
� ƒ.maxf .a1/; �=2g/
� .ƒ ıƒ/ .maxf .a1/; �=2g/
D maxf.ƒ ıƒ/. .a1//; .ƒ ıƒ/.�=2/g � �: (3.58)

The first of the preceding inequalities follows from (3.44), the second is a conse-
quence of (3.57) and the fact that ƒ is Nondecreasing, the third inequality follows
from the bound from below on ƒ from (3.49), and the equality is again a conse-
quence of the monotonicity of ƒ. Finally, the last inequality in (3.58) follows from
the bound from above forƒıƒ from (3.49), along with the fact that, using (3.54), we
have .ƒıƒ/. .a1// � �. Given the significance of �, estimate (3.58) proves (3.53)
in the case when (3.56) is satisfied.

Consider next the case when

.ƒ ıƒ/. .aNC1// � �=2: (3.59)

Then, as before, based on the induction hypothesis, the definition of � from (3.54),
(3.59), and the fact that � < C1, it follows that

 .a1 � � � � � aN / �
NX

iD1
.ƒ ıƒ/. .ai // < �=2: (3.60)

Again, similarly to our reasoning for establishing (3.58) in the previous case, this
further implies

 .a1 � � � � � aNC1/ � ƒ.maxf .a1 � � � � � aN /;  .aNC1/g/
� ƒ.maxf�=2; .aNC1/g/
� .ƒ ıƒ/ .maxf�=2; .aNC1/g/
D max f.ƒ ıƒ/.�=2/; .ƒ ıƒ/. .aNC1//g � �: (3.61)

This establishes (3.53) in the case when (3.59) holds.
At this stage, there remains to consider the situation when

.ƒ ıƒ/. .a1// < �=2 and .ƒ ıƒ/. .aNC1// < �=2: (3.62)
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Assuming that this is the case, define

No WD max

(

n 2 f1; : : : ; N C 1g W
nX

iD1
.ƒ ıƒ/. .ai // < �=2

)

: (3.63)

Then the first inequality in (3.62) entails that the number No is well defined and
that No � 1. Also, the second inequality in (3.62), together with the definition of �

from (3.54), and the fact that � < C1 further imply that
NP

iD1
.ƒıƒ/. .ai // � �=2,

which further forces No � N � 1. Moreover, by design,

NoX

iD1
.ƒ ıƒ/. .ai // < �=2 and

NoC1X

iD1
.ƒ ıƒ/. .ai // � �=2: (3.64)

From the latter estimate, (3.54), and given that � < C1 and No � N � 1, we
deduce that

NC1X

iDNoC2
.ƒ ıƒ/. .ai // < �=2: (3.65)

Hence, using (3.65) and the induction hypothesis we obtain

 .aNoC2 � � � � � aNC1/ �
NC1X

iDNoC2
.ƒ ıƒ/. .ai // < �=2: (3.66)

Also, using the fact that No � N � 1, the induction hypothesis, and the first
inequality in (3.64), we conclude

 .a1 � � � � � aNo/ �
NoX

iD1
.ƒ ıƒ/. .ai // < �=2: (3.67)

Consequently,

 .a1 � � � � � aNC1/ � ƒ.maxf .a1 � � � � � aNo/;  .aNoC1 � � � � � aNC1/g/
� ƒ.max f�=2;ƒ .maxf .aNoC1/;  .aNoC2 � : : : � aNC1/g/g/
� ƒ.max f�=2;ƒ .maxf .aNoC1/; �=2g/g/
D ƒ.maxf�=2;ƒ. .aNoC1//;ƒ.�=2/g/
D ƒ.maxfƒ. .aNoC1//;ƒ.�=2/g/
D maxf.ƒ ıƒ/. .aNoC1//; .ƒ ıƒ/.�=2/g
� �: (3.68)
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The first inequality above follows from (3.44), the second one is a consequence
of (3.67), and the third one is implied by (3.66). Also, the first equality in (3.68) uses
the fact that the function ƒ is nondecreasing, the second equality is a consequence
of the lower bound on ƒ from (3.49), while the last equality in (3.68) uses again
the monotonicity of ƒ. Finally, the last inequality in (3.68) relies on the upper
bound property on ƒ from (3.49) along with the fact that, as seen from (3.54),
we have .ƒ ıƒ/ . .aNoC1// � �. Given the significance of �, this completes the
proof of (3.53) in the case when (3.62) is satisfied. Hence, the proof of the estimate
in (3.50) is complete. Since (3.51) follows immediately from (3.50) using the upper
bound on ƒ from (3.49), this concludes the analysis of the case C0 D 2.

Next, we will treat the case C0 D 1. In this scenario, thanks to (3.45), we have
˛ D C1 and using the two inequalities from (3.43) we obtain

x � ƒ.x/ � ƒ.ƒ.x// � x; 8 x 2 Œ0;K�: (3.69)

Thus,ƒ D id. Hence, in this case, (3.44) becomes

 .a � b/ � maxf .a/;  .b/g; 8 .a; b/ 2 G.2/; (3.70)

and estimate (3.47) follows by repeated applications of (3.70).
For the remainder of the proof we may suppose that C0 2 .1;C1/, thus ˛ 2

.0;C1/. Assuming that this is the case, introduce the function

eƒ W Œ0;K˛� ! Œ0;K˛�; eƒ.x/ WD 	
ƒ.x1=˛/


˛
; 8 x 2 Œ0;K˛�: (3.71)

Note that since ƒ is a nondecreasing function, then

eƒ is nondecreasing on Œ0;K˛�. (3.72)

In addition, using the first inequality from (3.43), we may write

eƒ.x/ D 	
ƒ.x1=˛/


˛ � 	
x1=˛


˛ D x; 8 x 2 Œ0;K˛�; (3.73)

i.e.,

id � eƒ: (3.74)

Going further, based on the definition of the function eƒ, the upper bound on ƒ ıƒ
from (3.43), and the definition of ˛ from (3.45), we write

.eƒ ı eƒ/.x/ D eƒ
�
Œƒ.x1=˛/�˛

� D 	
ƒ
�
ƒ.x1=˛/

�
˛

� �
C0x

1=˛
�˛ D C˛

0 x D 2x; 8 x 2 Œ0;K˛�; (3.75)

which shows that

eƒ ı eƒ � 2id: (3.76)
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Thus, based on (3.72), (3.74), and (3.76), we may conclude that (3.49) holds with
ƒ replaced by eƒ.

Introduce now the function e W G ! Œ0;K˛� by setting

e .a/ WD Œ .a/�˛ ; 8 a 2 G: (3.77)

Then, using (3.77), (3.44), and the definition of eƒ from (3.71), for every .a; b/ 2
G.2/ we have

e .a � b/ D Œ .a � b/�˛ � Œƒ .maxf .a/;  .b/g/�˛

D
h
ƒ
��

maxfe .a/;e .b/g�1=˛
�i˛

D eƒ
�
maxfe .a/;e .b/g� ; (3.78)

i.e., (3.44) holds with  replaced by e and ƒ replaced by eƒ. Consequently, based
on what we have proved so far in the case C0 D 2, it follows that for each N 2 N

there holds

e .a1 � � � � � aN / �
NX

iD1
.eƒ ı eƒ/.e .ai //; 8 .a1; : : : ; aN / 2 G.N/: (3.79)

Unraveling definitions, for each N 2 N, estimate (3.79) may be written as

Œ .a1 � � � � � aN /�˛ �
NX

iD1
Œƒ .ƒ. .ai ///�

˛ ; 8 .a1; : : : ; aN / 2 G.N/; (3.80)

which proves (3.46) (recall that in the current scenario ˛ 2 .0;C1/). Finally,
(3.80), in concert with the upper bound onƒ ıƒ from (3.43), immediately implies
the estimate in (3.48). The proof of the theorem is now complete. �

Remark 3.6. If ƒ D C1 id for some C1 2 Œ1;C1/, then estimate (3.48) from
Theorem 3.5 works with

C0 WD C2
1 and ˛ WD 1

log2.C
2
1 /

D 1

2 log2 C1
; (3.81)

whereas Theorem 3.3 yields an estimate of the same type as (3.48) but for the
choices

C0 WD C1 and ˛ WD 1

log2 C1
: (3.82)

The latter is better on both counts, i.e., it uses a smaller multiplicative constant
and a larger exponent on the right-hand side. That being said, estimate (3.51) from
Theorem 3.5 is sharper than what (3.30) yields in this case. This is because in the
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context of Theorem 3.5, stronger assumptions have been made on the function ƒ
(compared with the requirements on ƒ from Theorem 3.3). Thus, for this portion
of our results we have a natural phenomenon in which stronger assumptions imply
stronger conclusions.

A relevant consequence of Theorem 3.5 is singled out below.

Corollary 3.7. Let .G;�/ be a semigroupoid, and let  W G ! Œ0;C1� satisfy

 .a � b/ � � .maxf .a/;  .b/g/ ; 8 .a; b/ 2 G.2/; (3.83)

for some nondecreasing function � W Œ0;C1� ! Œ0;C1�. In addition, assume that

id � � and ' ı � ı � � 2' on Œ0;C1�; (3.84)

where ' W Œ0;C1� ! Œ0;C1� is a continuous function that is strictly increasing
and satisfies '.0/ D 0. Then for each N 2 N there holds

'. .a1 � � � � � aN // � 2

NX

iD1
'. .ai //; 8 .a1; : : : ; aN / 2 G.N/: (3.85)

Proof. Consider the functions

e W G ! Œ0;C1�; e WD ' ı  and

ƒ W Œ0;K� ! Œ0;K�; ƒ WD ' ı � ı '�1;
(3.86)

where

K WD lim
x!C1'.x/: (3.87)

Here '�1 stands for the inverse of the bijective function ' W Œ0;C1� ! Œ0;K�. We
claim that the following properties hold:

Im.e / � Œ0;K�; (3.88)

ƒ is nondecreasing; (3.89)

id � ƒ � ƒ ıƒ � 2id; (3.90)

e .a � b/ � ƒ
�
maxfe .a/;e .b/g� ; 8 .a; b/ 2 G.2/: (3.91)

Indeed, the inclusion in (3.88) follows from the definition of e in (3.86) and the fact
that Im.'/ D Œ0;K�. Next, (3.89) is an immediate consequence of the definition of
ƒ in (3.86) and the monotonicity properties of ' and �. Turning to (3.90) we first
notice that, due to the bound from below on � from (3.84), for each x 2 Œ0;K� we
have '�1.x/ � �.'�1.x//. Since ' is nondecreasing, this further implies that

x D '.'�1.x// � '.�.'�1.x/// D ƒ.x/; 8 x 2 Œ0;K�; (3.92)
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establishing the first inequality in (3.90). In particular, ƒ.x/ � .ƒ ıƒ/.x/ for any
x 2 Œ0;K�, i.e., the second estimate in (3.90) also holds. Next we write

ƒ ıƒ D �
' ı � ı '�1� ı �' ı � ı '�1�

D ' ı � ı � ı '�1 � 2 id on Œ0;K�; (3.93)

where the inequality in (3.93) follows by appealing to the second estimate in (3.84).
This completes the proof of (3.90). Finally, fix an arbitrary pair .a; b/ 2 G.2/ and
notice that

e .a � b/ D '. .a � b// � .' ı �/ .maxf .a/;  .b/g/
D .' ı � ı '�1/

�
maxfe .a/;e .b/g�

D ƒ
�
maxfe .a/;e .b/g� ; (3.94)

as desired. In (3.94), the first equality follows from the definition of e , the
first inequality is a consequence of (3.83) and the fact that the function ' is
nondecreasing, the second equality uses again the definition of e , along with the
fact that '�1 is nondecreasing, while the last equality follows immediately from the
definition of ƒ. This completes the proof of (3.91).

There remains to observe that, by virtue of (3.88)–(3.91), the hypotheses of
Theorem 3.5 are satisfied with e in place of  and C0 D 2. The main estimate
in Theorem 3.5 then yields (3.85). �

Comment 3.8. In the particular case when the semigroupoid .G;�/ is given by

G WD f.x; y/ W x; y 2 Xg; (3.95)

where X is some fixed nonempty set, with G.2/ WD f..x; y/; .y; z// W x; y; z 2 Xg
and .x; y/ � .y; z/ WD .x; z/ for any ..x; y/; .y; z// 2 G.2/, estimate (3.85) has
established in [2] under the additional assumptions that � is convex and continuous,
� > 2 id, �.0/ D 0, and ' is continuous and concave, and '.0/ D 0. In [2] it was
also shown that the second functional inequality from (3.84) has a solution ', given
any such �. �

Next we present a second corollary of Theorem 3.5, this time in the spirit of the
Aoki–Rolewicz theorem.

Corollary 3.9. Let .X;C/ be a semigroup and assume that k � k W X ! Œ0;C1�

andƒ W Œ0;C1� ! Œ0;C1� are functions satisfying

ƒ is nondecreasing; id � ƒ; and ƒ ıƒ � C0 � id; (3.96)

for some C0 2 .1;C1/, and

kx C yk � ƒ.kxk/; 8 x; y 2 X such that kxk � kyk: (3.97)
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Then, for each N 2 N and fxig1�i�N � X there holds

kx1 C � � � C xN k � C0

(
NX

iD1
kxik˛

) 1=˛

; where ˛ WD 1

log2 C0
: (3.98)

Proof. This is a direct consequence of Theorem 3.5. �

Going further, the aim is to describe a regularization procedure suggested by
our earlier considerations for a given, arbitrary (real-valued) nonnegative function
defined on a semigroupoid. To set the stage, we first make the following definition.

Definition 3.10. Assume that .G;�/ is a semigroupoid. A function  W G !
Œ0;C1� is said to be ˛-quasisubadditive for some ˛ 2 .0;C1� provided
there exists a finite constant C � 2�1=˛ such that

 .a � b/ � C .Œ .a/�˛ C Œ .b/�˛/
1
˛ ; 8 .a; b/ 2 G.2/; (3.99)

if ˛ < C1 and, corresponding to ˛ D C1 (in which scenario it is assumed that
C � 1),

 .a � b/ � C max f .a/ ;  .b/g ; 8 .a; b/ 2 G.2/: (3.100)

Furthermore, it is agreed that the notion “1-quasisubadditive” may be abbreviated
simply as quasisubadditive .

Finally, say that  W G ! Œ0;C1� is ˛-subadditive for some ˛ 2 .0;C1�

if one may take C D 1 in (3.99) when ˛ < C1 and in (3.100) when ˛ D C1.

Remark 3.11. Note that given a semigroupoid .G;�/, a function W G ! Œ0;C1�

is ˛-quasisubadditive for some ˛ 2 .0;C1� if and only if  is quasisubadditive
(what varies is the nature of the constant involved in the definitions of these
properties). Moreover, if  W G ! Œ0;C1� is ˛-quasisubadditive for some
˛ 2 .0;C1�, then  is ˇ-quasisubadditive for any ˇ 2 .0; ˛�.
Remark 3.12. If .G;�/ is a semigroupoid and  W G ! Œ0;C1� is a quasisubad-
ditive function, then G 3 a 7! minf .a/; 1g 2 Œ0;C1/ is also a quasisubadditive
function. Moreover, if  1; 2 W G ! Œ0;C1� are quasisubadditive functions, then
so are the functions maxf 1; 2g and  1 C  2.

The following definition, describing the ˛-subadditive regularization of a real-
valued, nonnegative function defined on a semigroupoid, plays a key role in much
of our subsequent work.

Definition 3.13. Given a semigroupoid .G;�/, a function  W G ! Œ0;C1�, and
an exponent ˛ 2 .0;C1/, define  ˛ W G ! Œ0;C1� by setting for each a 2 G

 ˛.a/ WD inf

8
<

:

 
NX

iD1
 .ai /

˛

! 1
˛

W N 2 N; .a1; : : : ; aN / 2 G.N/; aDa1 � � � � � aN
9
=

;
:

(3.101)
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Also, corresponding to ˛ D C1, define  1 W G ! Œ0;C1� by setting for each
a 2 G

 1.a/ WD inf

�
max
1�i�N  .ai / W N 2 N; .a1; : : : ; aN / 2 G.N/; a D a1 � � � � � aN

�
:

(3.102)

Finally, call the function  ˛ the ˛-subadditive regularization of  .

The following lemma substantiates the heuristic principle that while  ˛ con-
tinues to be closely related to  , in general it possesses better functional analytic
properties. In fact, the reason for using the terminology “˛-subadditive regular-
ization” for the function  ˛ , defined according to the regularization scheme in
Definition 3.13, becomes clear from part .3/ of the lemma.

Lemma 3.14. Given a semigroupoid .G;�/, the following properties hold.

(1) For each ˛ 2 .0;C1� and any  W G ! Œ0;C1� the function  ˛ W G !
Œ0;C1� is well defined and has the property that for every C 2 Œ0;C1/ and
ˇ 2 .0; ˛�

 ˛ �  ˇ; .C  /˛ D C  ˛ and  ˛ �  on G: (3.103)

(2) For any ˛ 2 .0;C1� and any two functions  1; 2 W G ! Œ0;C1�

 1 �  2 on G H) . 1/˛ � . 2/˛ on G: (3.104)

(3) For each ˛ 2 .0;C1�, each  W G ! Œ0;C1�, and each ˇ 2 .0; ˛� the
function  ˛ is ˇ-subadditive. That is, if ˇ is finite, then there holds

 ˛.a � b/ � �
Œ ˛.a/�

ˇ C Œ ˛.b/�
ˇ
� 1
ˇ ; 8 .a; b/ 2 G.2/; (3.105)

and, corresponding to the case ˇ D ˛ D C1,

 1.a � b/ � max f 1.a/ ;  1.b/g ; 8 .a; b/ 2 G.2/: (3.106)

(4) For each index ˛ 2 .0;C1� and each function  W G ! Œ0;C1� the function
 ˛ is quasisubadditive, in the precise sense that

 ˛.a � b/ � 21=˛ max f ˛.a/ ;  ˛.b/g; 8 .a; b/ 2 G.2/: (3.107)

(5) For any function  W G ! Œ0;C1� and any exponent ˛ 2 .0;C1� one has

 D  ˛ ”  is ˛-subadditive: (3.108)
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As a consequence of this, as well as part .3/, for each exponent ˛ 2 .0;C1�

and ˇ 2 .0; ˛� and each function  W G ! Œ0;C1� one has . ˛/ˇ D  ˛ . In
particular,

. ˛/˛ D  ˛: (3.109)

(6) Assume that the function  W G ! Œ0;C1� and the index ˛ 2 .0;C1� are
given. Then  ˛ , the ˛-subadditive regularization of  , can be characterized as
the largest nonnegative function defined on G with the property that it is both
˛-subadditive and �  on G.

(7) Assume that ˛ 2 .0;C1/ and that  i W G ! Œ0;C1�, i 2 N, are ˛-
subadditive functions. Then for each ˇ 2 Œ˛;C1/ the function

 W G �! Œ0;C1�;  WD
 1X

iD1
 
ˇ
i

!1=ˇ
; (3.110)

is also ˛-subadditive.
(8) The regularization process described in Definition 3.13 is invariant under

semigroupoid isomorphisms in the following sense. Suppose that ˛ 2 .0;C1�

and  W G ! Œ0;C1� are given, eG is another semigroupoid, and � W eG ! G

is a semigroupoid homomorphism. Then  ˛ ı � � . ı �/˛ . In particular,

� W eG ! G semigroupoid isomorphism H) . ı �/˛ D  ˛ ı �: (3.111)

(9) For each ˛ 2 .0;C1� and ˇ 2 .0;C1/ and any function  W G ! Œ0;C1�

one has . ˇ/˛ D . ˛ˇ/
ˇ .

Proof. The claims in .1/ and .2/ are straightforward consequences of definitions.
To prove .3/, fix ˛ 2 .0;C1/ and .a; b/ 2 G.2/. Also, assume that M;N 2 N and
.a1; : : : ; aN / 2 G.N/, .aNC1; : : : ; aNCM / 2 G.M/, are such that a D a1 � � � � � aN
and b D aNC1�� � ��aNCM . Then .a1; : : : ; aNCM / 2 G.NCM/ and a1�� � ��aNCM D
a � b. Consequently, by (3.101),

Œ ˛.a � b/�˛ �
NCMX

iD1
Œ .ai /�

˛ D
NX

iD1
Œ .ai /�

˛ C
MX

iD1
Œ .aNCi /�˛: (3.112)

Taking the infimum over all such N;M and a1; : : : ; aNCM , we obtain that

 ˛.a � b/ � .Œ ˛.a/�
˛ C Œ ˛.b/�

˛/
1
˛ : (3.113)

Let now ˇ 2 .0; ˛� be arbitrary, fixed. Then, since ˛=ˇ � 1, we have

.Œ ˛.a/�
˛ C Œ ˛.b/�

˛/
1
˛ D

��
Œ ˛.a/�

ˇ
� ˛
ˇ C �

Œ ˛.b/�
ˇ
� ˛
ˇ

� 1
˛

� �
Œ ˛.a/�

ˇ C Œ ˛.b/�
ˇ
� 1
ˇ ; (3.114)
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so that (3.105) is proved in the case when ˛ 2 .0;C1/ by combining (3.113)
and (3.114). Finally, the case ˛ D C1 of (3.105) is treated similarly [us-
ing (3.102)], and the same type of reasoning also proves (3.106). This completes
the proof of .3/.

Consider next the claim made in .4/. The case ˛ D C1 is contained in (3.106),
so it suffices to treat the situation when ˛ 2 .0;C1/. In this scenario, the inequality
proved in .3/ written for ˇ WD ˛ gives that for each .a; b/ 2 G.2/ we have

 ˛.a � b/ � .Œ ˛.a/�
˛ C Œ ˛.b/�

˛/
1
˛ � .2 max fŒ ˛.a/�˛ ; Œ ˛.b/�˛g/ 1˛

D 2
1
˛ max f ˛.a/ ;  ˛.b/g ; (3.115)

and hence (3.107) is proved.
As far as .5/ is concerned, the right-pointing implication in (3.108) is a direct

consequence of (3.105) and (3.106). To prove the opposite implication, consider
first the case ˛ < C1, and note that if a 2 G, N 2 N and .a1; : : : ; aN / 2 G.N/

are such that a D a1 � � � � � aN , then an inductive argument (on the parameter N )
shows that

 .a/˛ �
NX

iD1
 .ai /

˛: (3.116)

Fixing a 2 G and taking the infimum of both sides of (3.116) over all representa-
tions of a as a product a D a1 � � � � � aN with N 2 N and .a1; : : : ; aN / 2 G.N/

then yields  .a/˛ �  ˛.a/
˛ for every a 2 G, i.e.,  �  ˛ . Since the opposite

inequality is contained in (3.103), we eventually conclude that  D  ˛ , as desired.
Finally, the reasoning in the case ˛ D C1 is similar except that, this time, one has

 .a/ � max
1�i�N  .ai / (3.117)

in place of (3.116). The proof of .5/ is therefore complete.
Concerning the maximality claim made in .6/, thanks to .3/ and the last

inequality in .1/, it suffices to show that if the functions  ; � W G ! Œ0;C1�

and the exponent ˛ 2 .0;C1� are such that � �  on G and � is ˛-subadditive,
then necessarily � �  ˛ on G. This, however, follows from (3.108) and .2/, which
allow us to write that � D �˛ �  ˛ on G.

The claim in .7/ is readily implied by the special case when all but finitely many
 i ’s are identically zero, via a limiting argument. In turn, the latter scenario can
be handled by induction (on the number of nonzero functions involved) as soon
as we have established the corresponding assertion for two arbitrary ˛-subadditive
functions  1; 2 W G ! Œ0;C1�. To this end, pick .a; b/ 2 G.2/ and, based on the
˛-subadditivity of  1,  2, estimate

�
 1.a � b/ˇC 2.a�b/ˇ�1=ˇ �

h
. 1.a/

˛C 1.b/˛/ˇ=˛ C . 2.a/
˛C 2.b/˛/ˇ=˛

i1=ˇ

D Œ.x1Cy1/pC.x2Cy2/p�1=ˇ ; (3.118)
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where we have set x1 WD  1.a/
˛ , x2 WD  2.a/

˛ , y1 WD  1.b/
˛, y2 WD  2.b/

˛, and
p WD ˇ=˛. Since p � 1 and x1; x2; y1; y2 � 0, the discrete version of Minkowski’s
inequality gives Œ.x1 C y1/

p C .x2 C y2/
p�1=p � .x

p
1 C x

p
2 /
1=p C .y

p
1 C y

p
2 /
1=p .

Using this back in (3.118) and unraveling notation then yields

�
 1.a � b/ˇ C  2.a � b/ˇ�

1
ˇ �

h�
 1.a/

ˇ C  2.a/
ˇ
� ˛
ˇ C �

 1.b/
ˇ C  2.b/

ˇ
� ˛
ˇ

i 1
˛

;

(3.119)

which shows that . ˇ1 C  
ˇ
2 /
1=ˇ W G ! Œ0;C1� is an ˛-subadditive function. This

completes the proof of .7/.
As regards the claim made in .8/, note that if � W eG ! G is a semigroupoid

homomorphism, then for any N 2 N and .a1; : : : ; aN / 2 eG.N/, a 2 eG, such that
a D a1 � � � � � aN , it follows that .�.a1/; : : : ; �.aN // 2 G.N/ and �.a/ D �.a1/ �
� � � � �.aN /. This shows that . ı �/˛.a/ �  ˛.�.a// for every a 2 eG, hence,
ultimately,  ˛ ı � � . ı �/˛. If, on the other hand, � W eG ! G is actually a
semigroupoid isomorphism, then writing the inequality just proved with G and eG
intertwined,  replaced by  ı �, and � replaced by ��1 yields

. ı �/˛ ı ��1 � �
. ı �/ ı ��1�

˛
D  ˛; (3.120)

which further implies that . ı �/˛ �  ˛ ı �. All together this proves (3.111) and
completes the proof of .8/.

Finally, the claim in .9/ is a straightforward consequence of Definition 3.13. �
For the purpose of comparing various functions we now introduce the following

equivalence relation.

Definition 3.15. LetG be a fixed, arbitrary, nonempty set. Call two given functions
 1; 2 W G ! Œ0;C1� equivalent and write  1 	  2 if there exist two
constants C 0; C 00 2 .0;C1/ with the property that

C 0 1.a/ �  2.a/ � C 00 1.a/; 8 a 2 G: (3.121)

Remark 3.16. (i) For any two functions 1; 2 W G ! Œ0;C1�we have that 1 	
 2 if and only if there exists � W G ! .C 0; C 00/, whereC 0; C 00 2 .0;C1/, with
the property that

 2.a/ D �.a/ 1.a/; 8 a 2 G: (3.122)

It is natural to think of any function � W G ! .0;C1/ with the property that

0 < inf
a2G �.a/ � sup

a2G
�.a/ < C1 (3.123)
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as a modulation (or multiplicative weight) and to call the product
� the �-modulated version of  (or the �-multiplicatively
weighted version of  ).

(ii) Given a semigroupoid .G;�/, for any index ˛ 2 .0;C1� and any two functions
 1; 2 W G ! Œ0;C1�, it follows from (3.104) and the second formula
in (3.103) that

 1 	  2 on G H) . 1/˛ 	 . 2/˛ on G: (3.124)

Our next theorem, which should be contrasted to (3.108), shows that if  is
a real-valued, nonnegative function defined on a semigroupoid G that, for some
˛ 2 .0;C1�, is equivalent (in the sense of Definition 3.15) with its ˛-subadditive
regularization  ˛ (cf. Definition 3.13), then  is also ˛-quasisubadditive or,
equivalently, quasisubadditive (cf. Remark 3.11). Also, in the converse direction,
if  is quasisubadditive, then  is equivalent with its ˛-subadditive regularization
 ˛ for a judicious choice of the index ˛ (depending on the constant involved in
the quasisubadditivity condition satisfied by the function  ). The latter result is of
paramount importance for our work.

Theorem 3.17. Let .G;�/ be a semigroupoid.

(I) Assume that  W G ! Œ0;C1� is a function that is quasisubadditive on G in
the sense that there exists a finite constant C1 � 1 with the property that

 .a � b/ � C1 maxf .a/;  .b/g; for all .a; b/ 2 G.2/: (3.125)

Introduce

˛ WD 1

log2 C1
2 .0;C1�; (3.126)

and define the function  ˛ W G ! Œ0;C1� as in Definition 3.13.
Then  ˛ 	  . More specifically, with C1 the same constant as in (3.125),

C �2
1  �  ˛ �  on G: (3.127)

In particular,

. ˛/
�1.f0g/ D  �1.f0g/: (3.128)

More generally, if ˇ 2 .0; ˛�, then

2�2=ˇ �  ˇ �  on G: (3.129)

(II) Conversely, if  W G ! Œ0;C1� is a function for which there exist some finite
constant C � 1 and some ˛ 2 .0;C1� with the property that

 � C  ˛ on G (3.130)
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(hence  	  ˛ since the estimate  ˛ �  is always true), then  satisfies
estimate (3.125) for the choice C1 WD C21=˛ (hence  is quasisubadditive).

(III) In the setting of part .I /, consider the constant C 2 Œ0;C1� defined by
C WD 1 if the function  is either identically zero or identically infinity on G
and, otherwise,

C WD sup

0

B
B
B
@
 .a1 � � � � � aN /
�

NP

iD1
 .ai /˛

�1=˛

1

C
C
C
A

if ˛ < C1; (3.131)

where the supremum is taken over all N 2 N and all .a1; : : : ; aN / 2 G.N/

with 0 < max1�i�N  .ai / < C1, and, corresponding to ˛ D C1,

C WD sup

0

@ .a1 � � � � � aN /
max
1�i�N  .ai /

1

A ; (3.132)

with the same conventions regarding the supremum. Then the following
improvement of (3.127) holds:

1 � C � C2
1 and C�1

  �  ˛ �  on G: (3.133)

Also,

C D 1 ”  is ˛-subadditive: (3.134)

Proof. Consider the claims made in part .I / of the theorem. The case C1 D 1,
corresponding to ˛ D C1, is immediate from Lemma 3.14; therefore, we will
assume in what follows that ˛ < C1. From (3.103) we know that  ˛.a/ �  .a/

for every a 2 G. Corresponding to the inequality in the opposite direction, the idea
is to apply Lemma 3.2 (taking M to be Œ0;C1� with its natural structure of ordered
monoid) to the function . /˛ . Note that the choice (3.126) ensures thatC ˛

1 D 2, and
hence . /˛ satisfies an inequality as described in (3.13). This allows us to conclude
that

Œ .a1 � � � � � aN /�˛ � 4

NX

iD1
Œ .ai /�

˛ (3.135)

each time N 2 N and .a1; : : : ; aN / 2 G.N/. In particular, this implies that

 .a/ � 4
1
˛

 
NX

iD1
Œ .ai /�

˛

! 1
˛

(3.136)
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if a 2 G, N 2 N, and .a1; : : : ; aN / 2 G.N/ are such that a D a1 � � � � � aN . Starting
with an arbitrary a 2 G and then taking the infimum in (3.136) over all N 2 N and
.a1; : : : ; aN / 2 G.N/ satisfying a D a1 � � � � � aN allows us to conclude that

 .a/ � 4
1
˛  ˛.a/ D C 2

1  ˛.a/; 8 a 2 G: (3.137)

This completes the proof of (3.127). Note that (3.128) readily follows from (3.127).
To see (3.129), observe that if ˇ 2 .0; ˛�, then C1 � 21=ˇ . Hence,

 .a � b/ � 21=ˇ maxf .a/;  .b/g; 8 .a; b/ 2 G.2/: (3.138)

Consequently, (3.127) may be used with ˛ replaced by ˇ and C1 replaced by 21=ˇ.
This yields (3.129) and completes the proof of .I /.

As regards part .II /, note that based on (3.130), (3.107), and (3.103), for each
pair .a; b/ 2 G.2/ we may write

 .a � b/ � C ˛.a � b/ � C21=˛ max f ˛.a/;  ˛.b/g
� C21=˛ max f .a/;  .b/g ; (3.139)

and hence  satisfies a quasisubadditivity condition with C1 WD C21=˛.
Finally, concerning part .III /, first observe that, by design, C � 1 (as seen by

taking N D 1 in (3.131) and (3.132)). Next, if ˛ D C1, then we have C1 D 1

and, hence,  .a � b/ � maxf .a/;  .b/g for every .a; b/ 2 G.2/. In turn, this
and (3.132) imply that C � 1; thus, ultimately, C D 1 in this case, and all
desired conclusions follow (from earlier results). Consider now the case ˛ < C1.
Then inequality (3.135) entails C � 41=˛ D C2

1 . This proves the first double
inequality in (3.133). In addition, from definitions we have that, for every a 2 G,

 .a/ � C 

 
NX

iD1
 .ai /

˛

!1=˛

(3.140)

for all N 2 N and all .a1; : : : ; aN / 2 G.N/ with a1 � � � � � aN D a. Taking the
infimum over all such choices we arrive at the conclusion that  � C  ˛ on
G. Since the inequality  ˛ �  on G has already been noted, this completes the
proof of (3.133). Lastly, if C D 1, then the fact that  is ˛-subadditive follows
from (3.140), whereas the converse is a consequence of (3.131) and (3.132). �

Remark 3.18. In the context of the first part of Theorem 3.17, if in place of the
quasisubadditivity condition (3.125) the function  W G ! Œ0;C1� is assumed to
have the property that there exist p 2 .0;C1/ and C � 2�1=p such that

 .a � b/ � C. .a/p C  .b/p/1=p; for all .a; b/ 2 G.2/; (3.141)
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i.e.,  satisfies a p-quasisubadditivity condition, then

 .a � b/ � C .Œ .a/�p C Œ .b/�p/
1
p

� 2
1
p C maxf .a/;  .b/g; 8 .a; b/ 2 G.2/; (3.142)

which means that estimate (3.125) holds for the choice C1 WD 2
1
p C . Note that we

have
�

log2Œ2
1
p C �

��1 D p=.1C p log2 C /. Hence, part .I / in Theorem 3.17 gives

that  	  ˛ , where, instead of (3.126), this time we take ˛ to be

p

1C p log2 C
2 .0;C1�: (3.143)

At this stage, the goal is to define a notion of symmetry and quasisymmetry for
a function  defined on a semigroupoid G with respect to a given involution of G
and study how the regularizations of  (in the sense of Definition 3.13) relate to this
property. We begin by making the following definition.

Definition 3.19. (i) Let G be an arbitrary, nonempty set. Call a given function
� W G ! G an involution if

�.�.a// D a; 8 a 2 G: (3.144)

(ii) If .G;�/ is a semigroupoid, then call � a multiplicative involution
of G if � W G ! G is an involution and if

.a; b/ 2 G.2/ H) .�.b/; �.a// 2 G.2/ and �.a � b/ D �.b/ � �.a/: (3.145)

We are now ready to define the notions of symmetry and quasisymmetry alluded
to earlier.

Definition 3.20. Let G be an arbitrary, nonempty set, and assume that � W G ! G

is an involution. Call a given function  W G ! R symmetric with respect
to � provided

 .�.a// D  .a/; 8 a 2 G; (3.146)

and call  quasisymmetric with respect to � provided

9C0 � 0 such that  .�.a// � C0  .a/; 8 a 2 G: (3.147)

Parenthetically we wish to note that, in the context of (3.147), if the function
 is not identically zero, then necessarily C0 � 1. Indeed, if a 2 G is such that
 .a/ > 0, then  .a/ D  .�.�.a/// � C0  .�.a// � C2

0  .a/, and the desired
conclusion follows.
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In the next lemma we introduce a certain symmetrization procedure of an
arbitrary function and study some of its most basic properties.

Lemma 3.21. Suppose that G is an arbitrary, nonempty set and that � W G ! G is
an involution. Given a function  W G ! Œ0;C1�, consider  � W G ! Œ0;C1�, its
max symmetrization relative to �, defined by

 �.a/ WD maxf .a/;  .�.a//g; 8 a 2 G: (3.148)

Then the following properties hold.

(1) The function  � is symmetric with respect to �.
(2) The function  is symmetric with respect to � if and only if  D  �.
(3) One has  	  � if and only if  is quasisymmetric with respect to �.
(4) The function  is quasisymmetric with respect to � if and only if there exists

 0 W G ! Œ0;C1� that is symmetric with respect to � and such that  	  0.
(5) The function  � may characterized as the smallest Œ0;C1�-valued function

defined on G that is symmetric with respect to � and that is �  pointwise
on G.

(6) Assume that .G;�/ is a semigroupoid and that � is a multiplicative involution
onG. Then, if  is quasisubadditive onG, then it follows that so is  �, and with
the same constant. More precisely, if  satisfies (3.125) for some finite constant
C1 � 1, then also

 �.a � b/ � C1 maxf �.a/ �.b/g; for all .a; b/ 2 G.2/: (3.149)

Proof. Since � is an involution, for every a 2 G we may write

 �.�.a// D max f .�.a//;  .�.�.a///g
D max f .�.a//;  .a/g D  �.a/: (3.150)

Hence  � is symmetric with respect to �, proving .1/. Then .2/ is an immediate
consequence of .1/ and (3.148). As regards .3/, note that if  satisfies the
quasisymmetry condition (3.147), then

 .a/ �  �.a/ � max f1; C0g .a/; 8 a 2 G; (3.151)

which shows that  	  �. In the opposite direction, if  	  �, then, since  � is
symmetric with respect to �, there exist two finite constants C;C 0 � 0 such that

 .�.a// � C �.�.a// D C �.a/ � C 0 .a/; 8 a 2 G: (3.152)

Hence  is quasisymmetric with respect to �, completing the proof of .3/. Going
further, the right-pointing implication in .4/ follows from .1/ and .3/, whereas the
left-pointing implication in .4/ is handled much as in (3.152). This justifies .4/.
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To prove the claim in part .5/, observe that, on the one hand,  � is symmetric
with respect to � and satisfies  � �  on G. On the other hand, given a function
 0 W G ! Œ0;C1� that is symmetric with respect to � and satisfies  0.a/ �  .a/

for every a 2 G, we have  0.a/ D  0.�.a// �  .�.a// for every a 2 G. Thus,
ultimately,  0.a/ � max f .a/;  .�.a//g D  �.a/ for all a 2 G. Thus,  0 �  �
on G, as desired.

Finally, as concerns .6/, if  satisfies the quasisubadditivity condition (3.125)
for some finite constant C1 � 1, then for every .a; b/ 2 G.2/ we may write

 �.a � b/ D max f .a � b/;  .�.a � b//g D max f .a � b/;  .�.b/ � �.a//g
� C1 max fmax f .a/;  .b/g ; max f .�.b//;  .�.a//gg
D C1 max fmax f .a/;  .�.a//g ; max f .b/;  .�.b//gg
D C1 max f �.a/;  �.b/g : (3.153)

As a result,  � satisfies the same estimate as  in (3.125) and, as claimed, with the
same constant C1 as in (3.125). This completes the proof of the lemma. �

We next discuss how the regularization procedure from Definition 3.13 interacts
with the notions of symmetry and quasisymmetry from Definition 3.20.

Lemma 3.22. Assume that .G;�/ is a semigroupoid and that � W G ! G is a
multiplicative involution on G. Also, fix an arbitrary index ˛ 2 .0;C1�. Then for
any function  W G ! Œ0;C1� the following claims are valid.

(1) There holds  ˛ ı � D . ı �/˛ onG. In particular, if  is symmetric with respect
to �, then so is  ˛ .

(2) If  is quasisymmetric with respect to �, then so is  ˛ . More precisely, if C0 � 0

is such that  ı � � C0  on G, then  ˛ ı � � C0  ˛ on G.

Proof. We will treat in detail the case when ˛ < C1 since the argument for ˛ D
C1 is similar. Thus, assuming that ˛ < C1, for every a 2 G we have

 ˛.�.a// D inf

8
<

:

 
NX

iD1

 .ai /
˛

! 1
˛

W N 2 N; .a1; : : : ; aN / 2 G.N/; �.a/ D a1 � � � � � aN
9
=

;

D inf

8
<

:

 
NX

iD1

. ı �/.�.ai //˛
! 1

˛

W N 2 N; .a1; : : : ; aN / 2 G.N/; a D �.aN / � � � � � �.a1/
9
=

;

D inf

8
<

:

 
NX

iD1

. ı �/.bi /˛
! 1

˛

W N 2 N; .b1; : : : ; bN / 2 G.N/; a D b1 � � � � � bN
9
=

;

D . ı �/˛.a/; (3.154)
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proving .1/. Next, if  is quasisymmetric with respect to �, then there exists C0 � 0

such that  ı � � C0  on G. In light of (3.103) and (3.104), and given what we
have proved so far, this entails

 ˛ ı � D . ı �/˛ � .C0  /˛ D C0  ˛; (3.155)

proving .2/. The proof of the lemma is therefore complete. �
Our next result is a version of Theorem 3.17 in which, given a quasisubadditive

function  defined on a semigroupoid G, we seek to construct an equivalent,
regularized version of it that is symmetric with respect to some background
multiplicative involution on G. As property .4/ of Lemma 3.21 shows, for this
type of conclusion it is actually necessary to assume that  is quasisymmetric with
respect to the named involution.

Theorem 3.23. Let .G;�/ be a semigroupoid, and suppose that � is a multiplicative
involution on G. Also, assume that  W G ! Œ0;C1� is a function that is
quasisymmetric with respect to the involution � and has the property that there
exists a finite constant C1 � 1 such that (3.125) holds. Finally, define the exponent
˛ 2 .0;C1� as in (3.126).

Then the function . �/˛ , defined according to the recipe from Definition 3.13 (but
using  � in place of  ), satisfies the following properties.

(i) . �/˛ is symmetric with respect to the involution �.
(ii) . �/˛ 	  . More specifically, with C1 the same constant as in (3.125) and with

C0 the constant appearing in (3.147), one has

C�2
1  � . �/˛ � max f1; C0g on G: (3.156)

Consequently,

. �/
�1
˛ .f0g/ D  �1.f0g/: (3.157)

(iii) For each ˇ 2 .0; ˛� the function . �/˛ is ˇ-subadditive. That is, one has (with
a natural interpretation when ˇ D ˛ D C1)

. �/˛.a � b/ � �
Œ. �/˛.a/�

ˇ C Œ. �/˛.b/�
ˇ
� 1
ˇ ; 8 .a; b/ 2 G.2/: (3.158)

(iv) The function . �/˛ is quasisubadditive. More precisely, for the same constant
C1 as in (3.125) one has

. �/˛.a � b/ � C1 max f. �/˛.a/ ; . �/˛.b/g ; 8 .a; b/ 2 G.2/: (3.159)

Proof. From .1/ and .6/ in Lemma 3.21 we know that  � is symmetric with respect
to � and that it satisfies the same estimate as  in (3.125), with the same constant
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C1. Based on this, claim .1/ in Lemma 3.22 then gives that . �/˛ is also symmetric
with respect to �, as claimed in .i/. Also,

C�2
1  � C�2

1  � � . �/˛ �  � � max f1; C0g on G; (3.160)

by (3.127) and (3.151). This proves (3.156) in .i i/. Finally, .i i i/ is a direct
consequence of property .3/ in Lemma 3.14 while .iv/ is clear from property .4/ in
Lemma 3.14. �

For the remainder of this subsection we will strengthen the working algebraic
assumptions by considering the case when the semigroupoid G is actually a
groupoid (cf. Definition 2.17). In this scenario, G is equipped with a natural
multiplicative involution, namely, the function defined by �.a/ WD a�1, a 2 G

[cf. (2.64)], with respect to which we will adapt our earlier notions of symmetry and
quasisymmetry. Most importantly, however, the “cancellation” condition implicit
in (2.67) permits us to manufacture a partially defined distance (cf. Definition 2.68)
onG that is left- (or right-) invariant under the groupoid multiplication, each time we
are given a nonnegative function onG that is symmetric with respect to �, satisfies
a nondegeneracy condition (cf. (3.188)) and is quasisubadditive (cf. (3.186)).

Theorem 3.24. Let .G;�; .�/�1/ be a groupoid, and suppose that  W G !
Œ0;C1� is a function for which there existsC1 � 1 such that (3.125) holds. Define ˛
as in (3.126), and construct  ˛ as in Definition 3.13. Finally, recall GR from (2.69),
and fix a finite number ˇ 2 .0; ˛�. Then the function

dR
 ;ˇ W GR ! Œ0;C1�; dR

 ;ˇ.a; b/ WD 	
 ˛.a � b�1/


ˇ
; 8 .a; b/ 2 GR;

(3.161)

satisfies the following properties.

(i) dR
 ;ˇ satisfies the triangle inequality (in the sense of .3/ in Definition 2.68).

(ii) dR
 ;ˇ is right-invariant in the following sense:

.a; b/ 2 GR and c 2 G such that .a; c/; .b; c/ 2 G.2/

H) .a � c; b � c/ 2 GR and dR
 ;ˇ.a � c; b � c/ D dR

 ;ˇ.a; b/:
(3.162)

(iii) If  is quasisymmetric with respect to the multiplicative involution � WD .�/�1
on G, i.e., there exists C0 � 0 for which

 .a�1/ � C0  .a/; 8 a 2 G; (3.163)

then

dR
 ;ˇ.b; a/ � C

ˇ
0 d

R
 ;ˇ.a; b/ for all .a; b/ 2 GR: (3.164)
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In fact,

if  is symmetric with respect to �, then dR
 ;ˇ is symmetric (3.165)

in the sense of .2/ in Definition 2.68.
(iv) One has

C �2
1  .a � b�1/ �

h
dR
 ;ˇ.a; b/

i1=ˇ �  .a � b�1/; 8 .a; b/ 2 GR: (3.166)

(v) With G.0/ denoting the unit space of the groupoid G, one has

 �1.f0g/ D G.0/ H) dR
 ;ˇ is nondegenerate H) G.0/ �  �1.f0g/;

(3.167)
and G.0/ �  �1.f0g/ ” dR

 ;ˇ is pseudo-nondegenerate;

with the notions of nondegeneracy and pseudo-nondegeneracy understood,
respectively, in the sense of .1/ and .10/ in Definition 2.68.

(vi) If  is symmetric with respect to � WD .�/�1 and G.0/ �  �1.f0g/,
then dR

 ;ˇ is a partially defined pseudodistance on G, with domain GR, and

has the property that the topology induced by dR
 ;ˇ on G (in the sense of

Definition 2.69) coincides with �R
 (the right-topology induced by  on G,

defined in Definition 2.62). Furthermore, if in fact G.0/ D  �1.f0g/, then dR
 ;ˇ

is actually a partially defined distance on G.

Finally, analogous results are valid for

dL
 ;ˇ W GL ! Œ0;C1�; dL

 ;ˇ.a; b/ WD 	
 ˛.a

�1 � b/
ˇ ; 8 .a; b/ 2 GL:

(3.168)

Proof. Assume that .a; c/; .c; b/ 2 GR, and note that, from (2.71), this entails
.a; b/ 2 GR. Moreover, a � b�1 D .a � c�1/ � .c � b�1/ by (2.67). Consequently,
using this, (3.161), and (3.105) we may write

dR
 ;ˇ.a; b/ D 	

 ˛.a � b�1/

ˇ D 	

 ˛
�
.a � c�1/ � .c � b�1/

�
ˇ

� 	
 ˛.a � c�1/


ˇ C 	
 ˛.c � b�1/


ˇ

D dR
 ;ˇ.a; c/C dR

 ;ˇ.c; b/: (3.169)

This proves .i/. Now let .a; b/ 2 GR and c 2 G such that .a; c/; .b; c/ 2 G.2/. Then,
by (2.65) and (2.67), it follows that .a�c; b�c/ 2 GR and .a�c/�.b�c/�1 D a�b�1,
so that dR

 ;ˇ.a � c; b � c/ D dR
 .a; b/, proving .ii/.
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Suppose next that  satisfies (3.163). If .a; b/ 2 GR, then .b; a/ 2 GR by (2.71)
and

dR
 ;ˇ.b; a/ D 	

 ˛.b � a�1/

ˇ D 	

. ˛ ı �/.a � b�1/

ˇ

� C
ˇ
0

	
 ˛.a � b�1/


ˇ D C
ˇ
0 d

R
 ;ˇ.a; b/; (3.170)

where the inequality uses claim .2/ in Lemma 3.22. This proves (3.164). If  is
actually symmetric with respect to �, then from claim .1/ in Lemma 3.22 we deduce
that  ˛ is also symmetric with respect to �. Granted this and keeping in mind (2.65),
for every .a; b/ 2 GR we may write

dR
 ;ˇ.b; a/ D 	

 ˛.b � a�1/

ˇ D 	

. ˛ ı �/.a � b�1/

˛

D 	
 ˛.a � b�1/


ˇ D dR
 ;ˇ.a; b/; (3.171)

completing the proof of .i i i/. Going further, .iv/ follows directly from (3.127).
As regards .v/, note that if .a; b/ 2 GR, then by (3.166),

dR
 ;ˇ.a; b/ D 0 ”  .a � b�1/ D 0 ” a � b�1 2  �1.f0g/: (3.172)

Hence, if  �1.f0g/ � G.0/, then the last condition in (3.172) forces a D b, by
virtue of (2.73). On the other hand, the double inequality in (3.166) gives that

C �2
1  .a � a�1/ �

h
dR
 ;ˇ.a; a/

i1=ˇ �  .a � a�1/; 8 a 2 G; (3.173)

C �2
1  .a/ �

h
dR
 ;ˇ.a; a/

i1=ˇ �  .a/; 8 a 2 G.0/: (3.174)

In addition, a � a�1 2 G.0/ for every a 2 G. With these in hand, all implications
displayed in (3.167) follow easily.

Finally, the claims in .vi/ are direct consequences of .i/, .iii/, and .v/, as well
as (3.166), Definitions 2.62, and 2.69 (which, collectively, show that the topology
induced by dR

 ;ˇ on G coincides with �R
 ). �

Our last result in this section pertains to the (Hölder-type) regularity of the
regularization (in the sense of Definition 3.13) of a nonnegative function defined
on a groupoid that is symmetric with respect to the groupoid inversion and is
quasisubadditive and nondegenerate as well.

Theorem 3.25. Let .G;�; .�/�1/ be a groupoid, and recall the set GR introduced
in (2.69). Also, assume that  W G ! Œ0;C1/ is a function satisfying the following
two properties:

There exists C1 2 Œ1;C1/ such that (3.125) holds, and (3.175)

the function  is symmetric with respect to � WD .�/�1: (3.176)
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Finally, define ˛ as in (3.126). Then for each exponent

ˇ 2 .0;min f1; ˛g� (3.177)

the function  ˛ , constructed as in Definition 3.13, satisfies the following local
Hölder regularity condition of order ˇ: for each r > 0 and .a; c/; .c; b/ 2 GR

such that

max
˚
 ˛.a � b�1/;  ˛.a � c�1/

� � r; (3.178)

one has
ˇ
ˇ ˛.a � b�1/ �  ˛.a � c�1/

ˇ
ˇ � 1

ˇ
r1�ˇ

	
 ˛.c � b�1/


ˇ
: (3.179)

If, on the other hand, 1 < ˇ � ˛, then (3.179) holds whenever .a; c/; .c; b/ 2 GR

and r > 0 are such that

min
˚
 ˛.a � b�1/;  ˛.a � c�1/

� � r: (3.180)

Proof. Fix ˛ as in (3.126), and assume that ˇ is as in (3.177). Let .a; c/; .c; b/ 2 GR

be arbitrary. Then, by (2.71), we also have that .a; b/; .b; c/ 2 GR. The triangle
inequality and the symmetry condition for dR

 ;ˇ then yield

dR
 ;ˇ.a; b/ � dR

 ;ˇ.a; c/C dR
 ;ˇ.c; b/ and

dR
 ;ˇ.a; c/ � dR

 ;ˇ.a; b/C dR
 ;ˇ.b; c/ D dR

 ;ˇ.a; b/C dR
 ;ˇ.c; b/:

(3.181)

In concert, the inequalities in (3.181) further imply

ˇ
ˇdR
 ;ˇ.a; b/� dR

 ;ˇ.a; c/
ˇ
ˇ � dR

 ;ˇ.c; b/: (3.182)

An elementary fact that is useful in this context is the estimate

jx� � y� j � � jx � yj Œmax fx; yg���1 if x; y 2 .0;C1/ and � � 1: (3.183)

Writing (3.183) for x WD 	
 ˛.a � b�1/


ˇ
, y WD 	

 ˛.a � c�1/

ˇ

(analyzing
separately the case when one of these numbers vanishes) and � WD 1=ˇ � 1 yields

ˇ
ˇ ˛.a � b�1/ �  ˛.a � c�1/

ˇ
ˇ

� 1
ˇ

ˇ
ˇdR
 ;ˇ.a; b/� dR

 ;ˇ.a; c/
ˇ
ˇ
h
max

n
dR
 ;ˇ.a; b/; d

R
 ;ˇ.a; c/

oi 1
ˇ�1

� 1
ˇ
dR
 ;ˇ.c; b/

	
max

˚
 ˛.a � b�1/;  ˛.a � c�1/

�
1�ˇ

D 1
ˇ

	
 ˛.c � b�1/


ˇ 	
max

˚
 ˛.a � b�1/;  ˛.a � c�1/

�
1�ˇ
; (3.184)
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where for the second inequality in (3.184) we have used (3.182). Based on this,
(3.179) follows whenever (3.178) holds. Finally, the last claim in the statement of
the theorem is proved in a similar fashion, this time making use of the fact that

jx� � y� j � � jx � yj Œmin fx; yg���1 if x; y 2 .0;C1/ and � 2 .0; 1/:
(3.185)

This completes the proof of the theorem. �

3.2 Main Groupoid Metrization Theorem

This section is devoted to presenting the most complete statement of the groupoid
metrization theorem (GMT) (summarily reviewed in Theorem 1.5) and to providing
the proof of this basic result. Later on (Sect. 3.3), we will indicate how a significant
portion of this GMT continues to hold in the more general setting of semigroupoids.

3.2.1 Formulation of Groupoid Metrization Theorem

Strictly speaking, the notation employed in the formulation of the GMT below
was already introduced in Sects. 2.1 and 3.1. Nonetheless, in an effort to make its
statement as self-contained as possible, we will occasionally incorporate definitions
of such notions/symbols once more into the actual body of the theorem.

Theorem 3.26 (Groupoid metrization theorem). Let .G;�; .�/�1/ be a groupoid,
with partial multiplication �, inverse operation .�/�1, and unit space G.0/. Further-
more, introduce GR WD f.a; b/ 2 G �G W .a; b�1/ 2 G.2/g.

Next, assume that  W G ! Œ0;C1/ is a function for which there exist two finite
constants C0 � 0 and C1 � 1 such that the following properties hold:


 quasisubadditivity: .a � b/ � C1 maxf .a/;  .b/g for all .a; b/ 2 G.2/I
(3.186)


 quasisymmetry:  .a�1/ � C0  .a/ for every a 2 GI (3.187)


 nondegeneracy: a 2 G and  .a/ D 0 , a 2 G.0/; i.e.,  �1.f0g/ D G.0/:

(3.188)

Denote by �R
 the right-topology induced by  on G, defined as the largest topology

on G with the property that for any element a 2 G a fundamental system of
neighborhoods is given by fBR

 .a; r/gr>0, where for each r 2 .0;C1/

BR
 .a; r/ WD ˚

b 2 G W .a; b/ 2 GR and  .a � b�1/ < r
�
: (3.189)
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Also, with C1 2 Œ1;C1/ as in (3.186), let

˛ WD 1

log2 C1
2 .0;C1�: (3.190)

Finally, introduce a symmetrized version of  by setting

 sym.a/ WD maxf .a/;  .a�1/g; 8 a 2 G; (3.191)

and define the canonical regularization  reg W G ! Œ0;C1/ of  by considering
for each a 2 G, in the case ˛ < C1,

 reg.a/ WD inf

8
<

:

 
NX

iD1
 sym.ai /

˛

! 1
˛

W N 2 N;

.a1; : : : ; aN / 2 G.N/; a D a1 � � � � � aN
9
=

;

(3.192)

and, corresponding to ˛ D C1,

 reg.a/ WD inf

�
max
1�i�N  sym.ai / W N 2 N;

.a1; : : : ; aN / 2 G.N/; a D a1 � � � � � aN
�
: (3.193)

Then the following conclusions hold.

(1) The function  reg is symmetric, in the sense that

 reg.a
�1/ D  reg.a/ for every a 2 G; (3.194)

and  reg is quasisubadditive, in the precise sense that, with C1 denoting the
same constant as in (3.186), one has

 reg.a � b/ � C1 maxf reg.a/;  reg.b/g for all .a; b/ 2 G.2/: (3.195)

In other words,  reg also satisfies (3.186) and (3.187) with C0 D 1 and the
same constant C1 as for the original function  .

(2) One has  reg 	  on G so that, in particular,

 �1
reg .f0g/ D G.0/: (3.196)

More precisely, with C0 and C1 as in (3.186) and (3.187), there holds

C�2
1  �  reg � max f1; C0g on G: (3.197)
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Furthermore,

˛ D C1 .i.e., C1 D 1/ H)  reg D  sym: (3.198)

Moreover, ˛ from (3.190) is the optimal exponent ensuring the validity of
 reg 	  on G.

(3) For each ˇ 2 .0; ˛� the function  reg is ˇ-subadditive in the sense that one
has (with a natural interpretation when ˇ D ˛ D C1)

 reg.a � b/ � �
 reg.a/

ˇ C  reg.b/
ˇ
� 1
ˇ ; 8 .a; b/ 2 G.2/: (3.199)

In particular, if C1 2 Œ1; 2�, then  reg is subadditive in the sense that

 reg.a � b/ �  reg.a/C  reg.b/; 8 .a; b/ 2 G.2/: (3.200)

Moreover, if for any ˇ 2 .0;C1� one considers

R.ˇ/.G/WD f� W G!Œ0;C1� W � is symmetric and ˇ-subadditiveg ; (3.201)

then the following alternative description of the regularization of  holds:

 reg D sup
˚
� W � 2 R.˛/.G/ and � �  on G

�
: (3.202)

(4) The process that associates to a function  W G ! Œ0;C1/ satisfy-
ing (3.186)–(3.188) the function  reg defined as in (3.190)–(3.192) (which,
as .1/ and .2/ above show, can be iterated) is idempotent in the sense that

�
 reg

�
reg D  reg: (3.203)

Furthermore, this regularization process is invariant under groupoid isomor-
phisms in the sense that if eG is another groupoid and � W eG ! G is a
groupoid isomorphism, then  ı � W eG ! Œ0;C1/ is also quasisubadditive,
quasisymmetric, and nondegenerate, and

. ı �/reg D  reg ı �: (3.204)

(5) For each finite number ˇ 2 .0; ˛� the function  reg satisfies the following
Hölder-type regularity condition of order ˇ:

ˇ
ˇ reg.a/�  reg.b/

ˇ
ˇ � 1

ˇ
max

˚
 reg.a/

1�ˇ;  reg.b/
1�ˇ� 	 reg.a � b�1/


ˇ

(3.205)

whenever .a; b/ 2 GR (with the understanding that when ˇ � 1, one also
imposes the condition that a; b 62 G.0/).
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(6) The function  reg W
�
G; �R

 

�
! Œ0;C1/ is continuous and for every a 2 G

and r > 0 the right  reg-ball

BR
 reg
.a; r/ WD fb 2 G W .a; b/ 2 GR and  reg.a � b�1/ < rg

is open in the topology �R
 . As a consequence of this and (3.197),

BR
 .a; r/ is a neighborhood of a 2 G in �R

 for every r > 0: (3.206)

In fact, if A WD 1 when G reduces to G.0/ and, otherwise,

A WD sup
.a;b/2G.2/

not both a; b in G.0/

 .a � b/
 .a/C  .b/

; (3.207)

then it follows that A is a well-defined number that belongs to Œ1; C1� and
satisfies

BR
 .a; r=A/ �

�
BR
 .a; r/

�ı
; 8 a 2 G; 8 r > 0; (3.208)

BR
 .a; r=Ao/ � BR

 .a; r/ if Ao > C
2
0 A; 8 a 2 G; 8 r > 0; (3.209)

where the interior .: : :/ı and closure .: : :/ are taken with respect to the
topology �R

 .

Furthermore, while  W
�
G; �R

 

�
! Œ0;C1/ may not be continuous, for

any sequence fangn2N � G that converges to some a 2 G in the topology �R
 

one nonetheless has

C�2
1 min

˚
1; C�1

0

�
 .a/ � lim inf

n!1  .an/

� lim sup
n!1

 .an/ � C2
1 max f1; C0g .a/ (3.210)

and

sup
n2N

 .an/ < C1: (3.211)

(7) For each finite number ˇ 2 .0; ˛� define the function

dR
 ;ˇ W GR ! Œ0;C1/; dR

 ;ˇ.a; b/ WD 	
 reg.a � b�1/


ˇ
; 8 .a; b/ 2 GR:

(3.212)

Then dR
 ;ˇ is a partially defined distance on G with domain GR, i.e., it satisfies

the following properties:
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for any .a; b/ 2 GR one has dR
 ;ˇ.a; b/ D 0 if and only if a D bI

dR
 ;ˇ.a; b/ D dR

 ;ˇ.b; a/ for every .a; b/2GRI
if .a; c/; .c; b/2GR, then .a; b/2GR and dR

 ;ˇ.a; b/�dR
 ;ˇ.a; c/CdR

 ;ˇ.c; b/:

(3.213)

In the particular case when G is a group, GR D G � G, and hence dR
 ;ˇ

becomes a genuine distance on G.
(8) The partially defined distance dR

 ;ˇ introduced in (3.212) is right-invariant in
the sense that

.a; b/ 2 GR and c 2 G such that .a; c/; .b; c/ 2 G.2/

H) .a � c; b � c/ 2 GR and dR
 ;ˇ.a � c; b � c/ D dR

 ;ˇ.a; b/: (3.214)

Thus, when G is a group, the function dR
 ;ˇ is a genuine right-invariant

distance on G.
(9) The topology induced by the partially defined distance dR

 ;ˇ on G is precisely

�R
 in the sense that a set O � G is open in �R

 if and only if for every element
a 2 O there exists some finite number r > 0 with the property that fb 2 G W
.a; b/ 2 GR and dR

 ;ˇ.a; b/ < rg � O .

(10) If GL WD f.a; b/ 2 G � G W .a�1; b/ 2 G.2/g and for each finite number
ˇ 2 .0; ˛� one defines the function

dL
 ;ˇ W GL ! Œ0;C1/; dL

 ;ˇ.a; b/ WD 	
 reg.a

�1 � b/
ˇ ; 8 .a; b/ 2 GL;

(3.215)

then dL
 ;ˇ is a partially defined distance on G with domain GL, and is left-

invariant in the sense that

.a; b/ 2 GL and c 2 G such that .c; a/; .c; b/ 2 G.2/

H) .c � a; c � b/ 2 GL and dL
 ;ˇ.c � a; c � b/ D dL

 ;ˇ.a; b/: (3.216)

Furthermore, the topology induced by the partially defined distance dL
 ;ˇ on

G is, in a sense analogous to item .9/ above, precisely �L
 , which is the left-

topology induced by  on G, defined as the largest topology on G with the
property that a fundamental system of neighborhoods for any element a 2 G

is given by fBL
 .a; r/gr>0, where for each r 2 .0;C1/

BL
 .a; r/ WD ˚

b 2 G W .a; b/ 2 GL and  .a�1 � b/ < r� : (3.217)
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Also, the function  reg W
�
G; �L

 

�
! Œ0;C1/ is continuous, and for every

a 2 G and r > 0 the left  reg-ball

BL
 reg
.a; r/ WD fb 2 G W .a; b/ 2 GL and  reg.a

�1 � b/ < rg

is open in the topology �L
 . Consequently,BL

 .a; r/ is a neighborhood of a 2 G
in �R

 for every r > 0, and if A is as in (3.207), then

BL
 .a; r=A/ �

�
BL
 .a; r/

�ı
; 8 a 2 G; 8 r > 0; (3.218)

BL
 .a; r=Ao/ � BL

 .a; r/ if Ao > C
2
0 A; 8 a 2 G; 8 r > 0; (3.219)

where the interior .: : :/ı and closure .: : :/ are taken with respect to the
topology �L

 . In addition, (3.210) holds whenever fangn2N � G is a sequence
that converges to a 2 G in the topology �L

 . Finally, in the particular case
whenG is a group, the function dL

 ;ˇ becomes a genuine left-invariant distance
on G.

(11) The function  reg W
�
G; �L

 _ �R
 

�
! Œ0;C1/ is continuous, where �L

 _ �R
 is

the topology on G characterized by the property that a fundamental system of
neighborhoods for a point a 2 G is given by fBL

 .a; r/ [ BR
 .a; r/gr>0.

(12) The Hölder-type regularity result described in part .5/ above is sharp in the
following precise sense. Given C1 > 1, there exist a groupoid .G;�; .�/�1/ and
a function  W G ! Œ0;C1/ satisfying (3.186)–(3.188) for the given C1 and
with C0 WD 1, that has the property that if  0 W G ! Œ0;C1/ is such that
 0 	  and there exist ˇ 2 .0;C1/ and C 2 Œ0;C1/ for which

ˇ̌
 0.a/ �  0.b/

ˇ̌ � C max
˚
 0.a/1�ˇ;  0.b/1�ˇ

� 	
 0.a � b�1/


ˇ
(3.220)

whenever .a; b/ 2 GR [and also a; b … G.0/ if ˇ � 1], then necessarily

ˇ � 1

log2 C1
: (3.221)

(13) If in lieu of (3.186) the function  satisfies the p-quasisubadditivity condition

 .a � b/ � C2 .Œ .a/�
p C Œ .b/�p/1=p for all .a; b/ 2 G.2/ (3.222)

for some p 2 .0;C1/ and some C2 � 2�1=p , then the same conclusions as in
.1/–.12/ above hold if in place of (3.190) one takes ˛ to be

p

1C p log2 C2
2 .0;C1�: (3.223)
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(14) With the topologies �R
 ; �

L
 induced by  on G being defined as before, the

following equivalences hold:

.G; �R
 / is a topological groupoid ” �R

 D �L
 

” .G; �L
 / is a topological groupoid: (3.224)

Thus, if �R
 D �L

 DW � , then .G; � / is a topological groupoid whose
topology may be given by either a left-invariant or a right-invariant partially
defined distance. In particular, if G is a group and �R

 D �L
 DW � , then

.G; � / becomes a topological group whose topology may be given by either
a left-invariant or a right-invariant (genuine) distance.

Furthermore, if the groupoid G is actually a group and, in addition to the
previous hypotheses made on  , this function also has the property that there
exists a finite constant C � 0 such that

 .a � b/ � C .b � a/; 8 a; b 2 G; (3.225)

then necessarily �L
 D �R

 . In particular, if the groupoidG is an Abelian group,
then (3.225) always holds (withC D C0, the constant from (3.187)), and hence
.G; �R

 / and .G; �L
 / are identical topological groups whose common topology

may be given by either a left-invariant or a right-invariant (genuine) distance.
(15) Continue to assume that  W G ! Œ0;C1/ satisfies the quasisubadditivity

and quasisymmetry properties listed in (3.186) and (3.187), and weaken the
nondegeneracy condition (3.188) to just

 .a/ D 0 for each a 2 G.0/; i.e., G.0/ �  �1.f0g/: (3.226)

Then dR
 ;ˇ (defined as in (3.212)) is a partially defined pseudodistance on G

with domain GR (i.e., (3.213) holds with the first line weakened to dR
 ;ˇ.a; a/ D

0 for any a 2 G), which induces the topology �R
 on G. Similar properties are

valid for dL
 ;ˇ .

If, in addition to the background assumptions on imposed so far, one also
assumes that G is right-complete with respect to  , i.e.,

8 .an/n2N � G with the property that

8 " > 0 9N 2 N such that if n;m � N;

then .an; am/ 2 GR and  .an � a�1
m / < "

9
>>=

>>;
)
8
<

:

9 a 2 G such that

lim
n!1an D a in �R

 ;
(3.227)

then

the topological space .G; �R
 / is of second Baire category: (3.228)
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Moreover, if in place of (3.227) it is assumed that G is left-complete with
respect to  (a concept defined in a similar fashion to (3.227), with natural
alterations), then

the topological space .G; �L
 / is of second Baire category: (3.229)

The proof of Theorem 3.26 is presented in Sect. 3.2.2. For now, we wish to
comment on the nature of the quantitative assumptions in the formulation of the
GMT, specifically on the necessity of the quasisubadditivity estimate (3.186). First,
such an assumption is indeed actually necessary in the light of the conclusions in
Theorem 3.26. To illustrate this aspect, assume that .G;�/ is a group that has a
right-invariant distance dR. Then  W G ! Œ0;C1/ defined at every a 2 G

by  .a/ WD dR.a; e/, where e 2 G is the identity element on G, is subadditive,
symmetric, and nondegenerate, and induces (from the right) the same topology as
dR on G. More concretely, one has �R

 D �dR , and, with .�/�1 denoting the inverse
group operation onG, the following (stronger) counterparts of (3.186)–(3.188) hold:

 .a � b/ �  .a/C  .b/ � 2 max f .a/;  .b/g; 8 a; b 2 G;
 .a�1/ D  .a/; 8 a 2 G; and  �1.f0g/ D feg: (3.230)

Second, we wish to emphasize that there are many instances when conditions such
as (3.186)–(3.188) arise naturally, and whenever this is the case, Theorem 3.26
yields a useful metrization procedure. Indeed, as demonstrated in later chapters,
given a groupoid .G;�; .�/�1/ along with an arbitrary function  W G ! Œ0;C1/,
its regularization  reg, defined as in (3.192) and (3.193) for an arbitrary ˛ 2
Œ0;C1/, always satisfies (3.186)–(3.188) with C0 D 1 and C1 WD 21=˛. The crux of
the matter is that in the case when  W G ! Œ0;C1/ does satisfy (3.186)–(3.188)
to begin with, it follows that its canonical regularization  reg, defined as in (3.192)
and (3.193) for ˛ as in (3.190), is actually equivalent to the original function  (in
the sense that it is pointwise dominated by a fixed multiple of the other). Thus, in
such a scenario, the regularization procedure takes place in such a way that one is
able to retain control of the size of the resulting regularized function, relative to the
original one (cf. (3.197)). Remarkably, as we will later show in Proposition 3.31, the
value of the exponent ˛ in (3.190) is optimal as far as the validity of an estimate like
(3.197) is concerned.

3.2.2 Proof of GMT

Here, the goal is to present the proof of our main result pertaining to the metrization
of groupoids, i.e., the

Proof of Theorem 3.26 The claims in conclusion .1/ are consequences of .i/
and .iv/ in Theorem 3.23, used in the case when � WD .�/�1. With the exception
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of (3.198), which is a corollary of .5/ in Lemma 3.14 and .6/ in Lemma 3.21,
conclusion .2/ follows from .i i/ in Theorem 3.23 (again, when � WD .�/�1). Next,
estimate (3.199) in conclusion .3/ is a direct consequence of (3.105) and (3.106).
Let us also observe here that if C1 2 Œ1; 2�, then ˛ 2 Œ1;C1�, and hence we may
take ˇ WD 1 in (3.199) to obtain (3.200). To justify (3.202), note that, thanks to
what we have proved up to this point,  reg 2 R.˛/.G/. Thus, on the one hand,
 reg is pointwise dominated by the supremum on the right-hand side of (3.202).
On the other hand, if � 2 R.˛/.G/, then � �  �  sym on G, and for any
.a1; : : : ; aN / 2 G.N/ we may write

�.a1 � � � � � aN / �
 

NX

iD1
�.ai /

˛

!1=˛

�
 

NX

iD1
 sym.ai /

˛

!1=˛

: (3.231)

In turn, this implies that � �  # on G; hence the supremum on the right-hand
side of (3.202) is pointwise dominated by  reg. This completes the proof of the
claims made in conclusion .3/. Going further, the first claim in conclusion .4/ is a
corollary of (3.194), (3.195) and (3.109). Also, (3.204) is a consequence of (3.192)
and (3.193) and the manner in which a groupoid isomorphism commutes with the
groupoid operations. The fact that the value of ˛ from (3.190) is optimal vis-a-vis
the validity of the equivalence  reg 	  follows from Proposition 3.31.

Moving on, from Theorem 3.25 applied to  � in place of  (and again with
� WD .�/�1) we can conclude that for each finite number ˇ 2 .0; ˛� the function
 reg (defined in (3.192) and (3.193)) satisfies the Hölder-type regularity condition
of order ˇ

ˇ
ˇ reg.a � b�1/ �  reg.a � c�1/

ˇ
ˇ

� 1
ˇ

max
˚
 reg.a � b�1/1�ˇ;  reg.a � c�1/1�ˇ

� 	
 reg.c � b�1/


ˇ
(3.232)

whenever .a; c/; .c; b/ 2 GR, with the understanding that when ˇ � 1, one also
imposes the condition that a 62 fb; cg. Now fix a finite number ˇ 2 .0; ˛� and
a; b 2 G such that .a; b/ 2 GR and with the property that a; b 62 G.0/ if ˇ � 1. It is
not difficult to check that .a�1 � a; b/; .b; a/ 2 GR and that, whenever a; b 62 G.0/,
we have a�1 � a 62 fa; bg. Hence, we can write (3.232) with a replaced by a�1 � a,
b replaced by a, and c replaced by b, to obtain that

ˇ
ˇ reg.a

�1 � a � a�1/�  reg.a
�1 � a � b�1/

ˇ
ˇ

� 1
ˇ

max
˚
 reg.a

�1 � a � a�1/1�ˇ;  reg.a
�1 � a � b�1/1�ˇ

� 	
 reg.b � a�1/


ˇ
:

(3.233)

Now (3.205) follows from (3.233) with the help of (2.59) and (3.194). This proves
conclusion .5/.
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Next, take ˇ 2 .0;minf1; ˛g�, fix a 2 G, and fix " > 0. We claim that it is
possible to find r > 0 such that

b 2 BR
 .a; r/ H) ˇ̌

 reg.a/ �  reg.b/
ˇ̌
< ": (3.234)

For now consider r > 0 arbitrary. Starting with (2.59) and, making use of (3.195)
and (3.194), for every b 2 BR

 .a; r/ we obtain

 reg.b/ D  reg.b � a�1 � a/ � C1 max
˚
 reg.b � a�1/;  reg.a/

�

D C1 max
˚
 reg.a � b�1/;  reg.a/

� � C max
˚
 .a � b�1/;  .a/

�

D C max fr;  .a/g ; (3.235)

where C WD C1 maxf1; C0g and the second inequality in (3.235) is justified based
on (3.197). By combining (3.235) with (3.205) it follows that

ˇ
ˇ reg.a/�  reg.b/

ˇ
ˇ � Cˇ�1 max

˚
r1�ˇ;  reg.a/

1�ˇ� rˇ; 8 b 2 BR
 .a; r/: (3.236)

It is now immediate that the right-hand side of (3.236) converges to 0 as r ! 0C;
thus we can choose r > 0 small enough to ensure that (3.234) holds. This shows

that the function  reg W
�
G; �R

 

�
! Œ0;C1/ is continuous.

Let us now show that for every a 2 G and r > 0 the set BR
 reg
.a; r/ is open in

the topology �R
 . To this end, fix b 2 BR

 reg
.a; r/ so that .a; b/ 2 GR and  reg.a �

b�1/ < r . We claim that if " > 0 is small enough, then

BR
 reg
.b; "/ � BR

 reg
.a; r/: (3.237)

Indeed, if c 2 BR
 reg
.b; "/, then .b; c/ 2 GR and  reg.b � c�1/ < ". Consequently,

since  reg is continuous (when G is endowed with �R
 ), we have that the quantityˇ

ˇ reg.a � c�1/� reg.a � b�1/
ˇ
ˇ becomes as small as desired if  reg.b � c�1/ is taken

to be appropriately small. Thus, given that  reg.a � b�1/ < r , it is possible to select
" > 0 small enough to ensure that  reg.a � c�1/ < r . For such a choice, (3.237)
holds.

Next, given a 2 G and r > 0, the claim in (3.206) follows from the fact that
BR
 reg
.a; r/ is open in the topology �R

 , and the inclusionBR
 reg
.a; r=C 2

1 / � BR
 .a; r/,

guaranteed by (3.197). As regards (3.208), first it is clear from the quasisubadditivity
condition on  that the quantity (3.207) is, in the case when G does not reduce to
G.0/, a well-defined number that belongs to Œ1; C1� and satisfies

 .a � b/ � A . .a/C  .b// ; 8 .a; b/ 2 G.2/: (3.238)

Inequality (3.238) also holds when G reduces to G.0/ (in which scenario A WD 1)
since, in this case,  � 0, by (3.188). Second, the inclusion in (3.208) may be
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equivalently written as

G n BR
 .a; r/ � G n BR

 .a; r=A/ ; 8 a 2 G; 8 r > 0; (3.239)

where the closure is taken with respect to the topology �R
 . To justify this, fix a 2 G,

r > 0, along with some b 2 G n BR
 .a; r/. Then b 2 G, and for every " > 0 there

holds BR
 .b; "/ n BR

 .a; r/ 6D ;, thanks to (3.206). Thus, there exists some element

c 2 G such that .b; c�1/ 2 G.2/,  .b � c�1/ < ", and either .a; c�1/ … G.2/

or .a; c�1/ 2 G.2/ and  .a � c�1/ � r . Our goal is to show that b … BR
 .a; r/.

Note that if .a; b�1/ … G.2/, then this is automatically true, so it remains to study
the case .a; b�1/ 2 G.2/. In this scenario, since .b; c�1/ 2 G.2/, it follows that
.a; c�1/ 2 G.2/ and, hence,  .a � c�1/ � r . Consequently,

r �  .a � c�1/ � A
�
 .a � b�1/C  .b � c�1/

�
< A. .a � b�1/C "/; (3.240)

which further entails  .a�b�1/ � r=A. Thus, once again b … BR
 .a; r/, as desired.

This concludes the proof of (3.208). To justify (3.209), fix a 2 G, r > 0, along
with Ao > C2

0 A, and select b 2 BR
 .a; r=Ao/. Then, thanks to (3.206), for each

" > 0 we have BR
 .b; "/ \ BR

 .a; r=Ao/ 6D ;, i.e., there exists c 2 G such that

.b; c�1/ 2 G.2/, .a; c�1/ 2 G.2/, and  .b � c�1/ < ",  .a � c�1/ < r=Ao. Then
also .c; a�1/ 2 G.2/ and  .a�1 � c/ � C0 .a � c�1/ < .C0r/=Ao. Hence, we have
.b; a�1/ 2 G.2/, .a; b�1/ 2 G.2/, and

 .a � b�1/ � C0 .b � a�1/ � C0A
�
 .b � c�1/C  .c � a�1/

�

� C0A ."C .C0r/=Ao/ < r; (3.241)

where the last inequality holds if " > 0 is sufficiently small, granted the original
choice of A0. Thus, in such a scenario, b 2 BR

 .a; r/, and this completes the proof
of (3.209).

The next step in the proof of conclusion .6/ is to show that (3.210) and (3.211)
hold whenever the sequence fangn2N � G converges to a 2 G in �R

 . With this goal
in mind, use (3.197) to estimate

.max f1; C0g/�1  reg.an/ �  .an/ � C2
1  reg.an/ for each n 2 N; (3.242)

then invoke the continuity property of  reg, recently established, to conclude that

min
˚
1; C�1

0

�
 reg.a/ � lim inf

n!1  .an/ � lim sup
n!1

 .an/ � C2
1  reg.a/: (3.243)

With this in hand, (3.210) follows by appealing once more to (3.197). Concern-
ing (3.211), observe that lim

n!1 reg.an/ D  reg.a/ 2 Œ0;C1/ since  reg is
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continuous. Thus,
˚
 reg.an/

�
n2N is a bounded numerical sequence. Then, thanks

to (3.197), so is f .an/gn2N, and (3.211) follows. Hence, as far as conclusion .6/
is concerned, it remains to give an example of a groupoid .G;�/ and a function
 W G ! Œ0;C1/ satisfying (3.186)–(3.188) that fails to be continuous when G is
equipped with the topology �R

 . Specifically, take .G;�/ WD .R;C/ and, for some
fixed C 2 .1;C1/, consider  W G ! Œ0;C1/ given for each t 2 G D R by

either  .t/ WD
( jt j; if jt j < 1;
C jt j; if jt j � 1;

or  .t/ WD
( jt j; if t 2 Q;

C jt j; if t 2 R n Q:
(3.244)

In each case,  is equivalent to the absolute value function, j � j, on R, and hence �R
 

is the ordinary topology on R. However, it is obvious that the functions in (3.244)
are not continuous in such a context. This completes the proof of conclusion .6/.

Going further, conclusions .7/–.10/ are covered by the results established in
Theorem 3.24 (in the case of the last part of .10/, a similar reasoning as in the
case of .6/ applies). Moreover, the claim in .11/ is a direct consequence of the first
part in .6/ and last part in .10/.

Let us now address the sharpness issue as formulated in conclusion .12/. To this
end, consider the real line with the natural groupoid structure, i.e., .G;�; .�/�1/ with
G WD R, a � b WD a C b for every a; b 2 G and .a/�1 WD �a for every a 2 R.
Note that, in this scenario, we have G.0/ D f0g and G.2/ D GR D R � R. Next, fix
C1 > 1 and set s WD log2 C1 2 .0;C1/. Finally, define

 W R ! Œ0;C1/;  .a/ WD jajs; 8 a 2 R: (3.245)

The choice of s is designed so that this function satisfies (3.186)–(3.188) for the
given C1 and with C0 D 1. Assume now that  0 W R ! Œ0;C1/ is a function such
that  0 	  and there exist ˇ 2 .0;C1/ and C 2 Œ0;C1/ for which the version
of (3.220) holds in the current setting. Writing this inequality for a; b 2 R arbitrary
(with the understanding that we also assume that a; b 6D 0 if ˇ � 1) yields

ˇ̌
 0.a/�  0.b/

ˇ̌ � C max
˚
 0.a/1�ˇ;  0.b/1�ˇ

� 	
 0.a � b/
ˇ

� C max
˚jajs.1�ˇ/; jbjs.1�ˇ/� ja � bjsˇ: (3.246)

Note that sˇ > 1 would force  0 to be constant on .0;C1/, which in turn would
contradict the fact that  0.a/ 	 jajs ! C1 as a ! C1. Hence, necessarily,
ˇ � 1=s, i.e., (3.221) holds. This completes the proof of the claim made in
conclusion .12/.

As far as conclusion .13/ is concerned, if it is assumed that (3.222) holds in place
of (3.186), then Remark 3.18 applies and yields the desired conclusion.

We now turn our attention to conclusion .14/ in the statement of Theorem 3.26.
Recall that �R

 and �L
 denote, respectively, the right-topology and left-topology

induced by  on G, according to Definition 2.62. It suffices to establish the first
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equivalence in (3.224) since the second one is proved analogously. We start by
proving the left-to-right implication in

.G; �R
 / is a topological groupoid ” �R

 D �L
 : (3.247)

Hence, assume that .G; �R
 / is a topological groupoid. Then the inverse operation is

continuous, and since it is its own inverse, we may conclude that

.�/�1 W .G; �R
 / �! .G; �R

 / is a homeomorphism: (3.248)

Composing this on the left with .�/�1 W .G; �L
 / ! .G; �R

 /, which, from
Proposition 2.67, is also known to be a homeomorphism, we conclude (based also
on (2.64)) that

idG W .G; �L
 / �! .G; �R

 / is a homeomorphism; (3.249)

where idG denotes the identity function on G. This in turn entails that �R
 D �L

 , as
desired. To prove the right-to-left implication in (3.247), assume that

�R
 D �L

 DW � ; (3.250)

with the goal of showing that .G; � / is a topological groupoid. The continuity
of the inverse map .�/�1 W .G; � / ! .G; � / is clear from (the first part of)
Proposition 2.67 and (3.250). Thus, it remains to show that if � � � is the product
topology on G �G, then (with � � � 

ˇ
ˇ
G.2/

denoting the relative topology induced
by � � � on the set G.2/ � G �G)

.�/ � .�/ W �G.2/; � � � 
ˇ̌
G.2/

� �! �
G; � 

�
is a continuous function: (3.251)

To show this, fix .ao; bo/ 2 G.2/ and r > 0, with the goal of proving that there exists
" D ".ao; bo; r/ > 0 such that the following implication holds:

.a; b/ 2 G.2/ \
�
BL
 .ao; "/ � BL

 .bo; "/
�

H) a � b 2 BL
 reg
.ao � bo; r/; (3.252)

where BL
 reg
.ao � bo; r/ is defined analogously to BL

 .ao � bo; r/ (cf. (2.150)), this
time with  reg playing the role of  . Since, as proved in conclusion .2/,  	  reg,
(3.252) suffices as far as (3.251) is concerned.

To this end, first notice that for every " > 0 we have (based on (2.65) and the
definition of the ball from (2.150))

.a; b/ 2 BL
 .ao; "/ �BL

 .bo; "/ H) .ao; a/; .bo; b/ 2 GL

” .a�1; ao/; .b�1; bo/ 2 G.2/: (3.253)
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As a consequence, .a � b/�1 � .ao � bo/ is meaningfully defined and

.a � b/�1 � .ao � bo/ D b�1 � a�1 � ao � bo: (3.254)

In particular, .a � b; ao � bo/ 2 GL. Hence, to show that a � b 2 BL
 reg
.ao � bo; r/,

we need to ensure that, in the context of (3.252), if the number " > 0 is sufficiently
small, then  reg.b

�1 � a�1 � ao � bo/ < r . In turn, this will follow as soon as we
establish the following three claims:

.ao; bo/ 2 G.2/ and .a; b/ 2 G.2/ \
�
BL
 .ao; "/ � BL

 .bo; "/
�

imply that b�1
o � a�1 � ao � bo is meaningfully definedI

(3.255)

ˇ
ˇ reg.b

�1 � a�1 � ao � bo/�  reg.b
�1
o � a�1 � ao � bo/

ˇ
ˇ is as small as desired

if .ao; bo/ 2 G.2/ and .a; b/ 2 G.2/ \
�
BL
 .ao; "/ � BL

 .bo; "/
�

(3.256)

and provided the number " > 0 is chosen to be appropriately smallI

 reg.b
�1
o � a�1 � ao � bo/ is as small as desired, provided

.ao; bo/ 2 G.2/; a 2 BL
 .ao; "/ and " > 0 is sufficiently small:

(3.257)

As far as (3.255) is concerned, thanks to (3.253) and the fact that .ao; bo/ 2 G.2/, it
suffices to prove that .b�1

o ; a
�1/ 2 G.2/ or, equivalently, .a; bo/ 2 G.2/ (cf. (2.65)).

However, since we are assuming that .a; b/ 2 G.2/ and, from (3.253), we know
that .b�1; bo/ 2 G.2/, it follows from (2.67) that .a; bo/ 2 G.2/, as desired. This
completes the justification of (3.255).

Turning our attention to (3.256), assume that " 2 .0; 1/, that .ao; bo/ 2 G.2/,

and that .a; b/ 2 G.2/ \
�
BL
 .ao; "/ � BL

 .bo; "/
�

. From the previous discussions

we know that both b�1 � a�1 � ao � bo and b�1
o � a�1 � ao � bo are meaningfully

defined in G. As a preliminary matter, we propose to show that, under the stated
background hypotheses,

0 �  reg.b
�1 � a�1 � ao � bo/;  reg.b

�1
o � a�1 � ao � bo/ � M; (3.258)

where, for some finite constant C D C. / � 0,

M D M.ao; bo/ WD C � max
˚
 reg.ao/;  reg.bo/; 1

�
: (3.259)

Indeed, by (3.195) and (3.194), it follows that there exists a finite constant C D
C. / � 0 such that
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0 �  reg.b
�1 � a�1 � ao � bo/

� C � max
˚
 reg.b

�1/;  reg.a
�1/;  reg.ao/;  reg.bo/

�

D C � max
˚
 reg.b/;  reg.a/;  reg.ao/;  reg.bo/

�
: (3.260)

On the other hand, since .b�1
o ; b/ 2 G.2/ (cf. (3.253) and (2.65)), we may once again

employ (3.195) to estimate

 reg.b/ D  reg.bo � b�1
o � b/ � C � max

˚
 reg.bo/;  reg.b

�1
o � b/�

� C � max
˚
 reg.bo/;  .b

�1
o � b/�

� C � max
˚
 reg.bo/; "

� � C � max
˚
 reg.bo/; 1

�
; (3.261)

where in the second inequality we have used  reg 	  , for the third inequality the
fact that b 2 BL

 .bo; "/, and for the last inequality the fact that " 2 .0; 1/. Similarly,
we also obtain that

 reg.a/ � C � max
˚
 reg.ao/; 1

�
; (3.262)

and now (3.258) follows from (3.260)–(3.262).
Having established (3.258), we now observe that

�
b�1 � a�1 � ao � bo ; b�1

o � a�1 � ao � bo
� 2 GR and

�
b�1 � a�1 � ao � bo

� � �b�1
o � a�1 � ao � bo

��1 D b�1 � bo:
(3.263)

Consequently, if we now fix some ˇ 2 .0;min f˛; 1g�, then writing (3.205) for the
preceding pair from GR and keeping in mind (3.258) and the last line in (3.263)
yields

ˇ̌
 reg.b

�1 � a�1 � ao � bo/�  reg.b
�1
o � a�1 � ao � bo/

ˇ̌

� C M1�ˇ 	 reg.b
�1 � bo/


ˇ � C M1�ˇ 	 .b�1 � bo/

ˇ � C M1�ˇ"ˇ;

(3.264)

where in the second line we have made use of the fact that  reg 	  and b 2
BL
 .bo; "/. From this, (3.256) follows.

It remains to justify (3.257). Fix .ao; bo/ 2 G.2/ along with some " > 0 and
consider the mapping

BL
 .ao; "/ 3 a 7!  reg.b

�1
o � a�1 � ao � bo/ 2 Œ0;C1/: (3.265)
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Since at a WD ao 2 BL
 .ao; "/ this function takes the value

 reg.b
�1
o � a�1

o � ao � bo/ D  reg.b
�1
o � bo/ D 0; (3.266)

given that b�1
o � bo 2 G.0/ and (3.196) holds, the claim in (3.257) is true if we show

that the assignment in (3.265) is continuous when BL
 .ao; "/ � G is considered

with the topology induced by �L
 . To this end, the idea is to regard (3.265) as

a composition of the following four mappings, in the order listed below (with
the convention that, in each case, the given topology is understood as being
appropriately restricted to the set in question):

�
BL
 .ao; "/ \ƒR.bo/; �

L
 

�
3 a 7! a�1 2

�
BR
 .a

�1
o ; C0"/ \ƒL.b�1

o /; �
R
 

�
; (3.267)

�
BR
 .a

�1
o ; C0"/ \ƒL.b�1

o /; �
R
 

�
3 c 7! c � ao � bo 2

�
ƒL.b�1

o /; �
R
 

�
; (3.268)

�
ƒL.b�1

o /; �
R
 

�
D
�
ƒL.b�1

o /; �
L
 

�
3 c 7! b�1

o � c 2 .G; �L
 /; (3.269)

and

.G; �L
 / 3 c 7!  reg.c/ 2 Œ0;C1/; (3.270)

where we have used notation introduced in (2.171). The fact that the map-
ping (3.267) is well defined and continuous (in fact, a homeomorphism) is a direct
consequence of the results proved in Proposition 2.67. Regarding the mapping
in (3.267), note that

BR
 .a

�1
o ; C0"/ \ƒL.b�1

o / � BR
 .a

�1
o ; C0"/ � ƒR.ao/ D ƒR.ao � bo/; (3.271)

and if c 2 BR
 .a

�1
o ; C0"/ \ ƒL.b�1

o /, then c � ao � bo 2 ƒL.b�1
o /. Based on these

observations and the continuity results proved in Proposition 2.67, we may therefore
conclude that the mapping in (3.267) is also well defined and continuous. Going
further, the equality in (3.268) is a consequence of the fact that we are currently
assuming that �L

 D �R
 , whereas that the assignment described in (3.268) is well

defined is clear from definitions. That this is also continuous is again a consequence
of Proposition 2.67. Finally, the mapping in (3.270) has been shown to be continuous
in conclusion .6/ of Theorem 3.26. This completes the justification of the claim
made in (3.257).

All together, this analysis proves that the function (3.251) is continuous, com-
pleting the proof of the right-to-left implication in (3.247). This takes care of the
double equivalence stated in (3.224). Finally, the remainder of the claims made in
conclusion .14/ of Theorem 3.26 are clear from what we have proved so far. This
concludes the treatment of .14/.

The first claim in conclusion .15/ of Theorem 3.26, pertaining to the fact that
under the weaker condition (3.226) one nonetheless has that dR

 ;ˇ is a partially
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defined pseudodistance on G with domain GR that induces the topology �R
 onG, is

seen by inspecting the treatment of conclusion .9/. Also, that similar properties are
valid for dL

 ;ˇ is seen by inspecting the treatment of conclusion .10/.
Turning our attention to the proof of the next claim made in conclusion .15/

of Theorem 3.26, we first note that, by (2.195), it suffices to show that (cf.
Definition 2.80)

the topological space .G; �R
 / is pseudocomplete: (3.272)

First, the fact that .G; �R
 / is quasiregular (cf. Definition 2.78) is a direct conse-

quence of (3.208), (3.209), (2.149), and (3.226) (which ensures that every right-ball
is nonempty, as it contains its center). Next, for each n 2 N define

Bn WD
n�
BR
 .a; r/

�ı W a 2 G; 0 < r < 1=n
o
; (3.273)

where the interior is taken with respect to �R
 . Once again based on (3.208),

(2.149), and (3.226), we deduce that each Bn is a pseudobase for .G; �R
 / (cf.

Definition 2.79).
In relation to these, we claim that the implication in (2.194) holds. To prove this,

consider a sequence .Bn/n2N of subsets of X such that

Bn 2 Bn and BnC1 � Bn for each n 2 N: (3.274)

Hence,

Bm � Bn for all n;m 2 N with m > n; (3.275)

and there exist .an/n2N � G and .rn/n2N � .0;C1/ with the property that

Bn D
�
BR
 .an; rn/

�ı
and rn 2 .0; 1=n/ for each n 2 N: (3.276)

In particular,

am 2 Bm � BR
 .an; rn/ whenever m > n; (3.277)

thanks to the fact that  vanishes on G.0/ and (3.275). Using this and (3.276) we
therefore arrive at the conclusion that

.an; am/ 2 GR and  .an � a�1
m / < 1=n for all n;m 2 N with m > n:

(3.278)

However, it is assumed that G is right-complete with respect to  , i.e., that (3.227)
holds. In concert with (3.278) this proves that

9 a 2 G such that lim
n!1an D a in �R

 : (3.279)
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Observe from (3.275) and (3.277) that am 2 Bn whenever m > n. Together
with (3.274) and (3.279), this implies that, for each n 2 N with n � 2,

a 2 Bn � Bn�1: (3.280)

Consequently, a 2 T
n2NBn, which proves that this intersection is nonempty. This

proves the implication in (2.194) for the choice of the sequence .Bn/n2N as in
(3.273). Hence, (3.272) holds, and this concludes the proof of the claim made
in (3.228). Finally, (3.229) is justified in a similar manner. This completes the
treatment of .15/ and completes the proof of Theorem 3.26. �

3.2.3 More on the Relationship Between GMT
and Macı́as–Segovia, Aoki–Rolewicz,
and Alexandroff–Urysohn Theorems

While it is fairly clear that both Theorems 1.2 and 1.3 contain provisions that
conceivably play the role of quasisubadditivity in their respective settings (see the
last inequalities in (1.1) and (1.5)), it is perhaps less obvious how such a property
manifests itself in the context of Theorems 1.4 and 1.1. As regards the former, the
incisive observation is that, in the context of Theorem 1.4, one has (with c denoting
the constant from the inclusion B C B � cB)

jjjx C yjjjB � c � max fjjjxjjjB ; jjjyjjjBg ; 8 x; y 2 X: (3.281)

The manner in which Theorem 3.26 contains the Aoki–Rolewicz result stated as
Theorem 1.4 as a special case is made transparent by (3.281), and as such our result
can be regarded as a noncommutative version of the Aoki–Rolewicz theorem. This
is significant since the proof given in [69] of Theorems 1.3 and 1.4 crucially relies on
the fact that the group structure underpinning a vector space is Abelian. In particular,
other ideas are required to cope with the present degree of generality.

For the purpose of this discussion, it is actually instructive to record the version of
Theorem 1.3 given by our main metrization theorem when applied to the case where
the groupoid in question is a vector space and the mapping  is a given quasinorm
on it. Concretely, in such a setting Theorem 3.26 yields the following more precise
version of Theorem 1.3:

Theorem 3.27. Let .X; k � k/ be a (nontrivial) quasinormed vector space. Consider

	 WD sup
x;y2X

not both zero

� kx C yk
maxfkxk; kykg

�
: (3.282)

Then 	 2 Œ2;C1/, and, as such,

p WD 1

log2	
2 .0; 1�: (3.283)
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In addition, if for each x 2 X one defines

kxk# WD inf

8
<

:

 
NX

iD1
kxikp

! 1
p

W N 2 N; x1; : : : ; xN 2 X with
NX

iD1
xi D x

9
=

;
;

(3.284)

then k � k# is a quasinorm on X which is a p-norm, and which is equivalent to k � k;
in particular,

kx C yk � 2maxfkxk; kykg; 8 x; y 2 X H) X is (equivalently) normable:
(3.285)

More specifically,

	�2kxk � kxk# � kxk and kx C ykp# � kxkp# C kykp# for all x; y 2 X:
(3.286)

Consequently, for any exponent q 2 .0; p� and any finite family of vectors
x1; : : : ; xN 2 X there holds








NX

iD1
xi






 � 	2

(
NX

iD1
kxikq

) 1
q

: (3.287)

In particular, for any exponent q 2 .0; p� and any sequence .xi /i2N � X there
holds

sup
N2N







NX

iD1
xi





 � 	2

( 1X

iD1
kxikq

) 1
q

: (3.288)

Moreover, the topologies �L
k�k and �R

k�k coincide, and if �k�k stands for �L
k�k D �R

k�k,

then, while k � k W �X; �k�k
� ! Œ0;C1/ may not be continuous, for any sequence

fxngn2N � X that converges to some x 2 X in the topology �k�k one nonetheless
has

	�2kxk � lim inf
n!1 kxnk � lim sup

n!1
kxnk � 	2kxk (3.289)

and

sup
n2N

kxnk < C1: (3.290)

The exponent p defined in (3.283) is sharp in the context of (3.286). One way
to express this is via the claim that for each 	 2 Œ2;C1/ there exist a nontrivial
vector space X and a quasinorm k � k on X that satisfies

	 D sup
x;y2X

not both zero

� kx C yk
maxfkxk; kykg

�
(3.291)
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and has the property that if jjj � jjj is a q-norm on X for some q 2 .0; 1� such that
jjj � jjj 	 k � k, then necessarily q � .log2 	/

�1.
To justify this, fix an arbitrary 	 2 Œ2;C1/ and define p WD .log2 	/

�1 2 .0; 1�.
Also, take X WD Lp.R/ and set kf k WD �R

R
jf .x/jp dx

� 1
p for each f 2 X . Then

for each f; g 2 X

kf C gk �
�Z

R

.jf .x/jCjg.x/j/p dx

� 1
p

�
�Z

R

.jf .x/jpCjg.x/jp/ dx

� 1
p

� 2
1
p �1

�Z

R

jf .x/jp dx

� 1
p

C2 1
p�1

�Z

R

jg.x/jp dx

� 1
p

D2 1
p�1

.kf kCkgk/

� 2
1
p max fkf k; kgkg D 	 max fkf k; kgkg : (3.292)

On the other hand, if f WD 1Œ0;1� 2 X and g WD 1Œ1;2� 2 X , then kf k D kgk D 1

and kf C gk D 2
1
p D 	. This proves that (3.291) holds. Suppose now that jjj � jjj W

X ! Œ0;C1/ is a function with the property that there exist C 2 Œ1;C1/ and
q 2 .0; 1� for which

C�1kf k � jjjf jjj � Ckf k; 8 f 2 X; and

jjjf C gjjjq � jjjf jjjq C jjjgjjjq; 8 f; g 2 X:
(3.293)

Fix an arbitrary N 2 N, and consider the functions fi WD 1Œi�1;i � 2 X for i D
1; : : : ; N . Then

C�1N
1
p D C�1








NX

iD1
fi






 �

ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
NX

iD1
fi

ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ�
(

NX

iD1
jjjfi jjjq

) 1
q

� C

(
NX

iD1
kfikq

) 1
q

D CN
1
q : (3.294)

Hence, necessarily, q � p, as desired. Incidentally, (3.294) also shows that the upper
bound q � .log2 	/

�1 is sharp in the context of (3.287) as well.
Yet another way of understanding the sharpness of the exponent p from (3.283)

in the context of (3.286) (cf. the very first inequality there) is via the following claim:
for each 	 2 Œ2;C1/ there exist a nontrivial vector space X and a quasinorm k � k
on X that satisfies (3.291) and has the property that if for some q 2 .0;C1/ one
has

ckxk � inf

8
<

:

 
NX

iD1
kxikq

! 1
q

W N 2 N; x1; : : : ; xN 2 X with
NX

iD1
xi D x

9
=

;

(3.295)
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for each x 2 X (for some constant c 2 .0;C1/ independent of x), then necessarily
q � .log2 	/

�1.
This claim may be justified by working in the same setting as before, i.e., given

	 2 Œ2;C1/, define p WD .log2 	/
�1 2 .0; 1� and take X WD Lp.R/ equipped with

the quasinorm kf k WD �R
R

jf .x/jp dx
� 1
p for each f 2 X . In this context, pick an

arbitrary N 2 N and consider the functions fi WD 1Œi�1;i � 2 X for i D 1; : : : ; N .
Finally, set f WD PN

iD1 fi D 1Œ0;N � 2 X . Then, if (3.295) were true for some
q 2 .0;C1/, we would be able to estimate

cN
1
p D ckf k �

 
NX

iD1
kfikq

!1=q

D N
1
q : (3.296)

Since N 2 N has been arbitrarily chosen, this forces q � p, as desired.
Below, we wish also to elaborate on the nature of the relationship between

Theorems 3.26 and 1.1 and explain how a uniform space X , which is Hausdorff
and has a countable fundamental system of entourages, can be equipped with a
quasidistance 
 that is compatible with the topology. (Again, for basic definitions
the reader is referred to the appropriate chapters.) Then the quasitriangle inequality
satisfied by 
 plays the role of our quasisubadditivity condition (3.186), and this is
the key connection that make it possible to invoke (a special case of) Theorem 3.26
to provide a conceptually natural proof of the Alexandroff–Urysohn metrization
result stated in Theorem 1.1.

Turning to specifics, suppose that .X;U/ is a uniform space that is Hausdorff
and has a countable fundamental system of entourages V D fVigi2N. Construct
a countable fundamental system of symmetric entourages fUigi2N as follows. Set
U1 WD V1 \ V �1

1 . Then, inductively, for each i 2 N, i � 2, choose (cf. .4/ in
Definition 2.71) an entourage Wi 2 U with the property that W 2

i � Ui�1; then
define Ui WD Wi \ W �1

i \ Vi \ V �1
i \ Ui�1. This is a fundamental system of

symmetric entourages that also possess the following properties:

UiC1 � Ui ; U 2
iC1 � Ui ; 8 i 2 N: (3.297)

For related considerations see also [74, p. 46], [53]. The crux of the matter is that if
for some fixed C1 > 1 and for each x; y 2 X one now sets


.x; y/ WD

8
ˆ̂
<

ˆ̂
:

inf
i2NWUi3.x;y/

C �i
1 if .x; y/ 2

1S
iD1

Ui ;

1 if .x; y/ 2 X n
� 1S
iD1

Ui

�
;

(3.298)

then 
 is a quasidistance onX (compatible with the topology). Indeed, the symmetry
of 
 is ensured by design, while its nondegeneracy (i.e., the fact that 
.x; y/ D 0

if and only if x D y) is a consequence of the fact that X is Hausdorff. To dispense
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with the issue at hand, we make the claim that


.x; y/ � C1 maxf
.x; z/; 
.z; y/g; 8 x; y; z 2 X: (3.299)

To justify (3.299), observe that if either .x; z/ or .z; y/ does not belong to
1S
iD1

Ui ,

then maxf
.x; z/; 
.z; y/g D 1, in which case inequality (3.299) holds since


.x; y/ � 1 (recall that C1 > 1). If, on the other hand, .x; z/; .z; y/ 2
1S
iD1

Ui

and, say, 
.x; z/ D C �k
1 and 
.y; z/ D C �`

1 with k � `, then .x; z/ 2 Uk and
.z; y/ 2 U` � Uk. In turn, these imply .x; y/ 2 U 2

k � Uk�1. As a consequence, we
obtain


.x; y/ � C �kC1
1 D C1 � C �k

1 D C1 maxf
.x; z/; 
.z; y/g; (3.300)

as desired. Thus, 
 defined as in (3.298) is a quasidistance. Moreover, the topology
induced by the quasidistance � on the set X coincides with the original topology on
the topological spaceX . It follows, then, from the metrization result for quasimetric
spaces proved in Theorem 3.46 that the original topological space X is metrizable.

A word of explanation as to how the Macı́as–Segovia result (Theorem 1.2) fits
into the general framework of Theorem 3.26 is appropriate, particularly since the
very formulation of Theorem 1.2 makes no explicit mention of a particular groupoid
structure. The idea is that while the setX in the statement of Theorem 1.2 is arbitrary
and, as such, is void of any nontrivial algebraic structure, the Cartesian product
X�X has a canonical groupoid structure vis-a-vis the composition .x; z/�.z; y/ WD
.x; y/ and inversion .x; y/�1 WD .y; x/ for any x; y; z 2 X (see the discussion
in Example 2.31). Specializing Theorem 3.26 to this pair groupoid then yields a
sharpened version of Theorem 1.2 (see Theorem 3.46 for a precise statement). It
is interesting to contrast our proof, which is of a purely algebraic nature, to the
original argument in [79] which relies on topological methods (the metrization result
described in Theorem 1.1). Indeed, this is the source of the discrepancy between
the Macı́as–Segovia exponent ˛ from (1.2), which is used to formulate the Hölder
regularity property (1.4), and our larger exponent ˛ from (3.190), which appears in
the formulation of the sharp Hölder regularity condition (3.205). In this regard, the
reader is invited to consult the discussion in Comment 2.83 included at the end of
Sect. 2.2.

Note that there is an obvious disagreement between the Aoki–Rolewicz theorem
on the one hand and the Macı́as–Segovia theorem on the other hand, in the sense
that, if the former result is to be treated based on the latter for the choice of the
quasidistance 
.x; y/ WD jjjx � yjjjB with jjj � jjjB as in (1.9) (where B is a bounded
and balanced neighborhood of the origin in X ), then this would only yield the
existence of a p-norm compatible with the topology for the strictly smaller value
p D Œlog2Œc.2c C 1/���1 than the one predicted by Theorem 1.4 in (1.7). Our
Theorem 3.26 corrects this deficiency by producing a value of ˛ that is in line with
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the exponent p from (1.7) in the formulation of the Aoki–Rolewicz theorem. In our
approach, it also becomes apparent that the nondegeneracy condition for the original
quasinorm plays no role and that the symmetry condition can be weakened to mere
quasisymmetry. We will revisit these issues in Sect. 3.4.

3.2.4 Connections with Homogeneous Groups

Let n 2 N, and recall that the Heisenberg group Hn is defined as the set

Hn WD C
n � R D fŒ�; t � W � 2 C

n; t 2 Rg (3.301)

endowed with the group inverse operation

Œ�; t ��1 WD Œ��;�t �; 8 Œ�; t � 2 Hn; (3.302)

and the group multiplication

Œ�; t � 
 Œ�; s� WD Œ� C �; t C s C 2 Im .� � �/�; 8 Œ�; t �; Œ�; s� 2 Hn; (3.303)

where we have set � � � WD
nP

kD1
�k�k for each � D .�1; : : : ; �n/ 2 C

n, � D
.�1; : : : ; �n/ 2 C

n, and where z and Im.z/ denote, respectively, the complex
conjugate and imaginary part of a complex number z 2 C. Then .Hn; 
; .�/�1/
is a (non-Abelian) group, in which the identity element is Œ0; 0� 2 C

n � R. The
Heisenberg group is homogeneous in the sense that it posseses a family of
(anisotropic) dilations fırgr>0 that are group isomorphisms satisfying ır ı ır 0 D ırr 0

for every r; r 0 > 0. Concretely, for each r > 0 one may define ır W Hn ! Hn by
setting ır .Œ�; t �/ WD Œr�; r2t � for every Œ�; t � 2 Hn.

Generally speaking, given a group G [with multiplication 
, inverse .�/�1, and
identity e 2 G], a function  W G ! Œ0;C1/ is called a group norm provided
 is subadditive, symmetric, and nondegenerate, i.e., for any a; b 2 G one has

 .a 
 b/ �  .a/C  .b/;  .a�1/ D  .a/; and  �1.f0g/ D feg: (3.304)

If in place of the first condition in (3.304) it is only assumed that

 .a 
 b/ � C. .a/C  .b// for all a; b 2 G (3.305)

for some finite constant C � 1, we will say that  is a quasinorm on G.
On the Heisenberg group Hn, frequent use is made of the Koranyi norm (cf., e.g.,

[36], [114, Sect. 7.12, p. 638])

 K W Hn ! Œ0;C1/;  K.Œ�; t �/ WD .j�j4 C jt j2/1=4; 8 Œ�; t � 2 Hn: (3.306)
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Then the function d W Hn ! Œ0;C1/ given by

d .Œ�; t �; Œ�; s�/ WD  K
�
Œ�; t � 
 Œ�; s��1� ; 8 Œ�; t �; Œ�; s� 2 Hn; (3.307)

is a distance on Hn called the Carnot metric. The Heisenberg group
norm (3.306) has the additional property that it is homogeneous in the sense
that  K ı ır D r K on Hn for every r > 0 (whenever a quasinorm satisfies
such a property we will refer to it as being a homogeneous quasinorm). Other
examples of homogeneous norms  on Hn may be constructed by starting with  
being defined as identically 1 on the Euclidean sphere (in canonical coordinates in
C
n �R � R

2nC1), centered at the origin and having a sufficiently small radius, then
extending  to the entire Hn via homogeneity. This point of view is explored in
[58] in the more general context of homogeneous groups (recalled below).

Consider next the function

 W Hn �! Œ0;C1/;  .Œ�; t �/ WD maxfj�j; jt j 12 g; 8 Œ�; t � 2 Hn: (3.308)

This function is symmetric with respect to the group inverse operation on Hn, i.e.,
 
�
Œ�; t ��1

� D  .Œ�; t �/ for every Œ�; t � 2 Hn is nondegenerate since  .Œ�; t �/ D 0

if and only if Œ�; t � D Œ0; 0�, and homogeneous, in the sense that  ı ır D r 

for every r > 0. Furthermore, as noted in [114, pp. 541–542],  is quasisubad-
ditive, but the proof given there only yields that  satisfies the quasisubadditivity
condition (3.305) for some C > 1. Here we wish to improve upon this statement by
showing that  is actually subadditive and, hence, is a homogeneous group norm on
Hn. Indeed, as far as the subadditivity of  is concerned, for every Œ�; t �; Œ�; s� 2 Hn

we may estimate

j� C �j � j�j C j�j � max fj�j; jt j1=2g C max fj�j; jsj1=2g
D  .Œ�; t �/ C  .Œ�; s�/ (3.309)

and

ˇ
ˇt C s C 2 Im .� � �/ˇˇ1=2 � Œjt j C jsj C 2j�jj�j�1=2

�
h�

max fj�j; jt j1=2g�2 C �
max fj�j; jsj1=2g�2

C2 max fj�j; jt j1=2g � max fj�j; jsj1=2g
i1=2

D max fj�j; jt j1=2g C max fj�j; jsj1=2g
D  .Œ�; t �/ C  .Œ�; s�/: (3.310)
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Together, (3.309) and (3.310) prove that

 .Œ�; t � 
 Œ�; s�/ �  .Œ�; t �/ C  .Œ�; s�/; 8 Œ�; t �; Œ�; s� 2 Hn; (3.311)

i.e.,  is subadditive and, as such, is a homogeneous norm on the group Hn. In
addition, using the fact that, for each fixed � 2 C

n, the mapping

C
n 3 � 7! Im .� � �/ 2 R is continuous and vanishes at � D �; (3.312)

it can be readily verified that for every r > 0 and every Œ�; t � 2 Hn there exists " > 0
such that

BR
 .Œ�; t �; "/ � BL

 .Œ�; t �; r/ and BL
 .Œ�; t �; "/ � BR

 .Œ�; t �; r/ (3.313)

(recall the definitions in (3.189) and (3.217)). This implies that if the right-topology
and left-topology �R

 and �L
 , respectively, are constructed on Hn as in Sect. 2.2

(cf. Definition 2.62), then �R
 D �L

 DW � . By a similar argument, one may also
show that � coincides with the canonical topology on C

n � R. Based on this
discussion, item .14/ of Theorem 3.26 then confirms the conclusion (which may
also be verified directly or with the help of Theorem 2.77) that, when equipped
with the canonical topology on C

n � R, the Heisenberg group Hn becomes a
Hausdorff, locally compact topological group whose topology is metrizable by a
left-invariant (or right-invariant) metric (recall that, as was pointed out in the last
part of conclusion .7/ in Theorem 3.26, in the current setting the functions dR

 ;ˇ and

dL
 ;ˇ defined as in (3.212) and (3.215), respectively, are genuine distances on Hn

since .Hn; 
; .�/�1/ is a group).
These considerations are indicative of a more general phenomenon, sketched

below. More specifically, the Heisenberg group belongs to the more general class
of homogeneous groups, introduced in the 1970s by E.M. Stein. Recall that
a homogeneous group is a connected and simply connected nilpotent Lie group G
whose Lie algebra g is endowed with a family of dilations fırgr>0. An excellent
exposition on this topic, underscoring its significance in the context of harmonic
analysis, can be found in the monograph [45] by G.B. Folland and E.M. Stein. In
[45, p. 8, and Proposition 1.6 on p. 9] it is shown that a continuous, homogeneous,
quasinorm  exists on any homogeneous groupG.

As such, any given homogeneous group G fits into the framework of Theo-
rem 3.26. Consequently, if G is a homogeneous group and if  is a homogeneous
quasinorm on G, then the function  reg W G ! Œ0;C1/ defined according to the
recipe in (3.192), with ˛ (related to the quasitriangle inequality (3.222) considered
for p D 1) given by the expression in (3.223), becomes a continuous, homogeneous
quasinorm on G that is equivalent to  and is ˛-subadditive (the homogeneity
property is a consequence of (3.204), used with � replaced by the dilation ır ).
In addition, based on [45, Proposition 1.5 on p. 9], it can be shown that the right-
topology and left-topology �R

 and �L
 , respectively, on G coincide with �G , the

canonical topology onG; hence, .G; �G/ is a Hausdorff, locally compact topological
group whose topology is metrizable by left-invariant (or right-invariant) metrics.
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3.3 Metrization Theory in Semigroupoid Setting

As is apparent from the discussion in previous chapters, Theorem 3.26 is constructed
from gluing together a number of separate, more specialized results that collectively
are stronger than the aforementioned theorem in the sense that they indicate how
various individual parts of the hypotheses in Theorem 3.26 imply various parts of
the conclusions.

For example, on the algebraic side, a large portion of our results actually holds in
the more general setting of semigroupoids, and on the analytical side, our treatment
highlights the somewhat incidental role of the quasisymmetry condition (3.187),
of the nondegeneracy condition (3.188), and of the fact that the function  is
(pointwise) finite. The main goal in this section is to further expand the scope of
Theorem 3.26 by adopting a similarly more general point of view. In particular,
the aim is to develop a quantitative metrization theory in the algebraic setting
of semigroupoids that, on the analytical side, illustrates the principle that the
quasisubadditivity property alone lends itself to some type of metrization method.

3.3.1 A Sharp Semigroupoid Metrization Theorem

The following result may be regarded as the counterpart of Theorem 3.26 in the
more general algebraic context of semigroupoids.

Theorem 3.28 (Semigroupoid Metrization Theorem). Let .G;�/ be a semi-
groupoid, and assume that  W G ! Œ0;C1� is a quasisubadditive function, i.e.,
there exists a constant C1 2 Œ1;C1/ such that

 .a � b/ � C1 max f .a/;  .b/g ; for all .a; b/ 2 G.2/: (3.314)

Introduce

˛ WD 1

log2 C1
2 .0;C1�; (3.315)

and define the regularization  # W G ! Œ0;C1� of the function  by setting, for
each a 2 G,

 #.a/ WD inf

8
<

:

 
NX

iD1
 .ai /

˛

! 1
˛

W N2N; .a1; : : : ; aN / 2 G.N/; a D a1 � � � � � aN
9
=

;

(3.316)
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if ˛ < C1 and, corresponding to the case ˛ D C1,

 #.a/WD inf

�
max
1�i�N  .ai / W N 2 N; .a1; : : : ; aN / 2 G.N/; aDa1 � � � � � aN

�
: (3.317)

Then, with C1 the same constant as in (3.314), one has

C�2
1  �  # �  on G (3.318)

and

 D  # ”
(

for every .a; b/ 2 G.2/ one has

 .a � b/ � . .a/˛ C  .b/˛/1=˛
(3.319)

with the convention that the last expression in (3.319) is interpreted as
max f .a/;  .b/g in the case when ˛ D C1.

Moreover, for every finite number ˇ 2 .0; ˛� the function  ˇ# is genuinely
subadditive, i.e.,

 #.a � b/ˇ �  #.a/
ˇ C  #.b/

ˇ; 8 .a; b/ 2 G.2/: (3.320)

As a consequence,

 #.a � b/ � C1 max f #.a/;  #.b/g for all .a; b/ 2 G.2/; (3.321)

with C1 as in (3.314). Also, for each N 2 N the original function  satisfies

 .a1 � � � � � aN / � C2
1

(
NX

iD1
 .ai /

ˇ

) 1
ˇ

(3.322)

whenever a1; : : : ; aN 2 G are such that

.ai ; aiC1/ 2 G.2/ for every i 2 f1; : : : ; N � 1g: (3.323)

In particular, if .ai /i2N � G is a sequence with the property that (3.323) holds for
every numberN 2 N with N � 2, then for each finite number ˇ 2 .0; ˛� one has

sup
N2N

 .a1 � � � � � aN / � C2
1

( 1X

iD1
 .ai /

ˇ

) 1
ˇ

: (3.324)

Finally, all quantitative aspects of the assertions formulated above are sharp in
the sense discussed in Propositions 3.30–3.32 stated below.
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Proof. The claims in the statement of the theorem up to (and including) (3.320) are
consequences of Theorem 3.17 and properties .3/, .4/ and .5/ in Lemma 3.14. Also,
estimate (3.322) is implied by (3.318) and iterations of (3.320), whereas (3.324)
follows directly from (3.322). �

Remark 3.29. Let .G;�/ be a semigroupoid, and assume that  W G ! Œ0;C1/ is
a function with the property that there exists C1 2 Œ1;1/ for which

 .a � b/ � C1 maxf .a/;  .b/g; 8 .a; b/ 2 G.2/: (3.325)

Then, via iterations of (3.325), for eachN 2 N and for eachN -tuple .a1; : : : ; aN / 2
G.N/ there holds

 .a1 � � � � � aN / � max
˚
C1 .a1/; C

2
1  .a2/; : : : ;

: : : CN�2
1  .aN�2/; CN�1

1  .aN�1/; CN�1
1  .aN /

�

�
N�1X

iD1
C i
1 .ai /C CN�1

1  .aN / � CN�1
1

NX

iD1
 .ai /: (3.326)

On the other hand, for each ˇ 2 .0; .log2 C1/
�1� finite number and for each N 2 N

 .a1 � � � � � aN / � C2
1

(
NX

iD1
 .ai /

ˇ

) 1=ˇ

; 8 .a1; : : : ; aN / 2 G.N/: (3.327)

Thus, for each ˇ 2 �0;minf1; .log2 C1/
�1g
 Hölder’s inequality gives

 .a1 � � � � � aN / � C2
1

8
<

:

 
NX

iD1
. .ai /

ˇ/1=ˇ

!ˇ

�
�
N

1=ˇ�1
1=ˇ

�
9
=

;

1=ˇ

D C2
1 N

1=ˇ�1
(

NX

iD1
 .ai /

)

; 8 .a1; : : : ; aN / 2 G.N/: (3.328)

Note that while estimates (3.326) and (3.328) have the same format, the mul-
tiplicative constant on the right-hand side of (3.326) grows exponentially in N ,
whereas the multiplicative constant on the right-hand side of (3.328) grows only
polynomially in N .
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In relation to Theorem 3.28, we wish to note that, remarkably, the upper bound
ˇ � ˛ WD .log2 C1/

�1 guaranteeing that (compare with (3.322))

9C 2 Œ0;C1/ such that  .a1 � � � � � aN / � C

(
NX

iD1
 .ai /

ˇ

) 1
ˇ

(3.329)

for any N 2 N and any fai g1�i�N � G satisfying (3.323) is actually sharp, as seen
from the following proposition.

Proposition 3.30. There exists a semigroupoid .G;�/ with the property that for
any given C1 2 .1;C1/ the following statement holds: one can find a function
 W G ! Œ0;C1� that satisfies (3.314) for the given constant C1 such that if
(3.329) holds for some ˇ 2 .0;C1/, then necessarily ˇ � .log2C1/

�1.

Proof. Denote by G the collection of all subintervals of .0;C1� of the form I D
.x; y� for some 0 < x < y � C1. For each such interval set Ileft WD x, Iright WD y.
Call two intervals I; J 2 G composable if Iright D Jleft, and in such a case, define
I � J to be the interval I [ J D .Ileft; Jright� 2 G. Then .G;�/ is a semigroupoid
and

G.2/ D f.I; J / W I D .x; y�; J D .y; z� with 0 � x < y < z � C1g : (3.330)

Consider now an arbitrary, fixed constant C1 2 .1;C1/, and introduce the function
 W G ! Œ0;C1� by setting

 .I / WD Œlength of I �log2 C1; for each interval I 2 G: (3.331)

One may then verify without difficulty that the optimal constant for which an
estimate of the type (3.314) holds in the present setting is precisely the given number
C1. Having noted this, it remains to prove that the claim in (3.329) (corresponding
to the current case) fails for each exponent ˇ 2 .˛;C1/ where, as in (3.315), we
let ˛ WD .log2 C1/

�1. To see this, for each n 2 N take N WD 2n, and consider the
family of intervals in G given by

Ii WD ..i � 1/2�n; i2�n� ; i 2 f1; : : : ; N g: (3.332)

Then condition (3.323) is satisfied and, in fact,

I1 � � � � � IN D .0; 1�: (3.333)

Hence,  .I1 � � � � � IN / D 1, and if (3.329) were true, it would be possible to find
a constant C 2 Œ0;C1/ that is independent of n and has the property that

1 � C

(
2nX

iD1
Œlength.Ii /�

ˇ=˛

) 1
ˇ

: (3.334)
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However, given that ˇ > ˛, we have
2nP

iD1
Œlength.Ii /�

ˇ=˛ D
2nP

iD1
2�nˇ=˛ D

2n.1�ˇ=˛/ ! 0 as n ! 1, contradicting (3.334). �

The construction in the proof of Proposition 3.30 may also be used to show
that the value of ˛ in (3.315) is optimal vis-a-vis the validity of (3.318). This is
formulated precisely in the result below.

Proposition 3.31. There exists a semigroupoid .G;�/ with the property that for
any given C1 2 .1;C1/ the following statement holds: one can find a function
 W G ! Œ0;C1� that satisfies (3.314) for the given constant C1 such that if the
number ˇ 2 .0;C1/ and the function  ˇ W G ! Œ0;C1�, given by

 ˇ.a/ WD inf

8
<

:

 
NX

iD1
 .ai /

ˇ

! 1
ˇ

W N2N; .a1; : : : ; aN / 2 G.N/; a D a1 � � � � � aN
9
=

;

(3.335)

for each a 2 G, satisfy

9C 2 Œ0;C1/ such that  � C ˇ on G; (3.336)

then necessarily ˇ � .log2C1/
�1. In fact, there are examples for which  is a

function taking strictly positive values but  ˇ is identically zero whenever ˇ >

.log2C1/
�1.

Proof. Assume that an arbitrary constant C1 2 .1;C1/ has been given, and fix
a number ˇ 2 �

.log2 C1/
�1;C1�

. Let the semigroupoid .G;�/ and the function
 W G ! Œ0;C1� be as in the proof of Proposition 3.30. Then, as already noted,
(3.314) is satisfied (for the given constant C1), and we claim that (3.336) fails in
this case. To see this, let  ˇ be as in (3.335). Also, for an arbitrary n 2 N, consider
N WD 2n and recall the family of intervals in G from (3.332). Then, if (3.336) were
true, it would be possible to select some C 2 Œ0;C1/ with the property that for
each n 2 N we had (cf. (3.333) and (3.316))

1 D  ..0; 1�/ � C ˇ ..0; 1�/ � C

 
NX

iD1
 .Ii /

ˇ

! 1
ˇ

D C

(
2nX

iD1
Œlength.Ii /�

ˇ.log2 C1/

) 1
ˇ

D C

(
2nX

iD1
2�nˇ.log2 C1/

) 1
ˇ

D C 2n.ˇ
�1�log2 C1/: (3.337)
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However, this can never happen since the fact that we are assuming ˇ > .log2 C1/
�1

forces 2n.ˇ
�1�log2 C1/ ! 0 as n ! 1.

In fact, this reasoning shows that if ˇ > .log2 C1/
�1, then  ˇ ..0; 1�/ D 0, and

this type of argument may be naturally adapted to show that actually  ˇ.I / D 0 for
each I 2 G if ˇ > .log2 C1/

�1. �

The same circle of ideas may be further employed to show that, in the class of
semigroupoids, the largest exponent ˇ > 0 for which a quasisubadditive function
is equivalent (in a pointwise, uniform fashion) with some ˇ-subadditive function is
the reciprocal of the base-two logarithm of its quasisubadditivity constant. This is
made precise in the following proposition.

Proposition 3.32. There exists a semigroupoid .G;�/ with the property that for
any given C1 2 .1;C1/ the following statement holds: one can find a function
 W G ! Œ0;C1� that satisfies (3.314) for the given constant C1 and with the
property that the existence of a function e W G ! Œ0;C1� satisfying

9C 0; C 00 2 Œ0;C1/ such that C 0 � e � C 00 on G and (3.338)

9ˇ 2 .0;C1/ so that e .a � b/ˇ � e .a/ˇ C e .b/ˇ; 8 .a; b/ 2 G.2/; (3.339)

forces ˇ � .log2C1/
�1.

Proof. Fix an arbitrary constantC1 2 .1;C1/, and let the semigroupoid .G;�/ and
the function  W G ! Œ0;C1� be as in Proposition 3.31. In addition, assume that
there exists e W G ! Œ0;C1� such that the properties listed in (3.338) and (3.339)
hold. Finally, recall the piece of notation introduced in (3.335). Then, on the one
hand, C 0 ˇ � �

e 
�
ˇ

� C 00 ˇ by (3.338), while on the other hand,
�
e 
�
ˇ

D e 
by (3.339) (cf. Lemma 3.14 for more details). Based on these facts and (3.338), we
may therefore conclude that

 � .C 00=C 0/ ˇ on G: (3.340)

With this in hand, the conclusion in Proposition 3.31 forces ˇ � .log2C1/
�1. �

It is instructive to state separately Theorem 3.28 when the quasisubadditivity
condition (3.314) is formulated differently, as in the following corollary.

Corollary 3.33. Let .G;�/ be a semigroupoid, and assume that  W G ! Œ0;C1�

is a function with the property that there exists a finite constant C � 1 such that

 .a � b/ � C. .a/C  .b//; for all .a; b/ 2 G.2/: (3.341)

Introduce

˛ WD 1

1C log2 C
2 .0; 1�; (3.342)
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and define the function  # W G ! Œ0;C1� as in (3.316) (with ˛ as in (3.342)).
Then  # 	  . More specifically, with C the same constant as in (3.341), one has

.2C /�2 �  # �  on G: (3.343)

In particular, . #/
�1.f0g/ D  �1.f0g/. Furthermore, for every ˇ 2 .0; ˛� one has

 #.a � b/ˇ �  #.a/
ˇ C  #.b/

ˇ; 8 .a; b/ 2 G.2/; (3.344)

and  D  # on G if and only if  .a � b/˛ �  .a/˛ C  .b/˛ for all .a; b/ 2 G.2/.
Finally, estimates (3.322) and (3.324) hold (under the same algebraic conditions
as before) for any ˇ 2 �

0; .1C log2 C /
�1
, provided the constant C1 is replaced

by 2C .

This is a direct consequence of Theorem 3.28 (cf. also Remark 3.18 with p D 1).
Significantly, in Proposition 3.35 (stated and proved below), we will actually show
that, via an argument based on Fekete’s lemma, the value of the exponent ˛
from (3.342) is sharp in the context of Corollary 3.33.

In the last part of this subsection we will show that, in the class of all
semigroupoids, Corollary 3.33 is actually sharp. This is going to be a consequence
of the result proved in Lemma 3.34 below, dealing with the issue of growth for
quasisubadditive sequences. To set the stage, recall first that a sequence fxngn2N
of real, nonnegative numbers is said to be subadditive if xnCm � xn C xm
for all n;m 2 N. More generally, call a sequence of real, nonnegative numbers
fxngn2N quasisubadditive provided there exists a finite constant C > 0 with
the property that

xnCm � C.xn C xm/ for all n;m 2 N: (3.345)

For each given finite constant C > 0 let us denote by Q.C / the class of all
sequences with nonnegative terms that satisfy (3.345). We are now ready to state
and prove the following lemma.

Lemma 3.34. Fix an arbitrary, finite constant C � 1 and recall the class of
quasisubadditive sequences Q.C / just introduced. Then for any sequence fxngn2N
belonging to Q.C / one has

xn D O.n1Clog2 C / as n ! C1; (3.346)

and this rate of growth is optimal in the class Q.C /.
In addition, for each real number N > 0 the following three statements are

equivalent:

(I) N � 1C log2 C .
(II) For each sequence fxngn2N in Q.C / there exists a sequence fyngn2N of real,

nonnegative numbers satisfying
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yn 	 xn; uniformly for n 2 N; and (3.347)

fyˇn gn2N is subadditive; 8ˇ 2 .0; 1=N �: (3.348)

(III) For each sequence fxngn2N in Q.C / there exists a sequence fyngn2N of real,
nonnegative numbers satisfying

yn 	 xn; uniformly for n 2 N; and fy1=Nn gn2N is subadditive: (3.349)

Proof. Fix a finite constant C � 1 and assume that N 2 R is such that N �
1 C log2 C . Given a sequence fxngn2N belonging to the class Q.C /, consider  W
N ! Œ0;C1/ defined by  .n/ WD xn for each n 2 N. The incisive observation
is that .N;C/ is a semigroup and condition (3.345) implies that, in the framework
of this algebraic structure, the function  is quasisubadditive. More precisely,  
satisfies the version of (3.341) corresponding to the current context, with C the
constant fixed at the beginning of the proof.

Moving on, let us now define the function  # W N ! Œ0;C1/, according to the
recipe described in (3.316) for the exponent ˛ WD .1 C log2 C /

�1, and set yn WD
 #.n/ for each n 2 N. Then (3.343) implies that

.2C /�2 xn � yn � xn for every n 2 N; (3.350)

which shows that (3.347) holds. Next, fix ˇ 2 .0; 1=N �, and observe that the
assumptions on N and the choice of the exponent ˛ ensure that ˇ 2 .0; ˛�.
Consequently, by (3.344), the sequence fyˇn gn2N is subadditive, so (3.348) is valid
as well. This reasoning proves the implication .I / ) .II /.

That .II / ) .III / is obvious. The starting point in the proof of the implication
.III/ ) .I / is to recall the elementary inequality

.a C b/� � 2��1.a� C b� /; 8 � � 1; 8 a; b � 0: (3.351)

With ˛ D .1 C log2 C /
�1 2 .0; 1� as before, this readily implies that the sequence

fn 1
˛ gn2N belongs to the class Q.C /. Hence, givenN > 0 for which condition .III /

holds, it follows from this that there exists a sequence fyngn2N of real, nonnegative
numbers with the property that

yn 	 n
1
˛ ; uniformly for n 2 N; and fy1=Nn gn2N is subadditive: (3.352)

To proceed, we recall a result known as Fekete’s lemma, to the effect that if a
sequence fzngn2N of nonnegative numbers is subadditive, then

˚
zn
n

�
n2N is bounded

below and converges to inf
n2N

zn
n

. In particular, zn D O.n/ as n ! C1. In concert

with (3.352), this yieldsN � 1C log2 C , after some simple algebra. Thus, the proof
of the implication .III/ ) .I / is complete.
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Consider next the issue of estimating the growth of a sequence fxngn2N from
Q.C / as in (3.346). As a consequence of Fekete’s lemma (recalled above) and
the fact that, as we have just shown, there exists a nonnegative sequence fyngn2N
satisfying (3.352) for N WD 1 C log2C , we may write xn 	 yn D .y

1=N
n /N D

O.nN / D O.n1Clog2C / as n ! 1. This justifies (3.346). Finally, the fact
that (3.346) is optimal follows from the observation (made earlier) that the sequence
fn1Clog2C gn2N belongs to Q.C /. This completes the proof of the lemma. �

From Lemma 3.34 it is now immediate that, in the context of Corollary 3.33, the
value of the exponent ˛ in (3.342) is sharp, in the precise sense described in the next
result.

Proposition 3.35. There exists a semigroup .G;�/ with the property that if a given
function  W G ! Œ0;C1/ satisfies (3.341) for some finite constant C � 1, then
the existence of a function e W G ! Œ0;C1/ such that e 	  and for which there
exists ˇ > 0 with the property that

e .a � b/ˇ � e .a/ˇ C e .b/ˇ; 8 .a; b/ 2 G.2/; (3.353)

necessarily forces ˇ � .1C log2C /
�1.

Proof. Taking .G;�/ to be the semigroup .N;C/, the conclusion we seek is a direct
consequence of the equivalence .I / , .III / in Lemma 3.34. �

3.3.2 An Application to Analytic Capacity

Part of the motivation in considering the more general algebraic framework of
semigroupoids (compared with the setting of groupoids in which Theorem 3.26 has
been stated) stems from the realization that there are many interesting examples,
arising naturally in various applications, of quasisubadditive functions defined on
semigroupoids that lack a genuine groupoid structure. Below, we elaborate briefly
on one such instance, related to the notion of analytic capacity.

Recall that the analytic capacity of a compact set E � C was defined by Ahlfors
in the late 1940s as the quantity

�.E/ WD sup

�
f 0.1/ WD

ˇ̌
ˇ
ˇ lim
z!1 z.f .z/ � f .1//

ˇ̌
ˇ
ˇ W

f analytic on .C [ f1g/ n E and jf j � 1 on C nE
�
; (3.354)

where f .1/ stands for lim
jzj!1

f .z/. Its relevance is most apparent from a (by now

classical) theorem proved by Ahlfors in [1], to the effect that a compact set E �
C is removable relative to the class of bounded analytic functions if and only if
E has vanishing analytic capacity (i.e., �.E/ D 0). The longstanding, deep issue
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of deciding whether Ahlfors’s analytic capacity (3.354) is quasisemiadditive, i.e.,
whether

�.E [ F / � C.�.E/C �.F // for all compact sets E;F � C; (3.355)

for some C > 0 was relatively recently settled by Tolsa in [116], who showed that
there exists a finite, universal constant C > 1 such that (3.355) holds. In [117,
p. 1521], Tolsa also asks whether the analytic capacity � is subadditive, in the sense
that (3.355) is valid with C D 1. While this question remains open at the moment,
here we wish to note that it is possible to construct a version of Ahlfors’s analytic
capacity that is equivalent to it and that, when raised to an appropriate power,
becomes subadditive (cf. (3.359) below). Most significantly, based on our abstract
regularization procedure, we are able to obtain capacitary estimates for sequences
of compact subsets of the plane (cf. (3.361) and (3.362)).

Corollary 3.36. Define Tolsa’s constant as the number

CT WD sup
E;F�C

E,F compact

�
�.E [ F /

�.E/C �.F /

�
2 Œ1;C1/: (3.356)

Also, introduce the exponent ˛ WD .1 C log2 CT/
�1 2 Œ1;C1/, and define the

regularized analytic capacity of a compact set E � C as the quantity

�#.E/ WD inf

8
<

:

 
NX

iD1
�.Ei/

˛

! 1
˛

W N 2 N;

E1; : : : ; EN � C compact,E D
[

1�i�N
Ei

)

:

(3.357)

Then the following properties hold.

(1) The regularized analytic capacity considered in (3.357) is equivalent to
Ahlfors’s analytic capacity considered in (3.354). More precisely, for every
compact set E � C

.4C 2
T /

�1�.E/ � �#.E/ � �.E/I (3.358)

hence, for every compact setE � C one has �#.E/ D 0 if and only if �.E/ D 0.
(2) For each ˇ 2 .0; ˛� the regularized analytic capacity �# is ˇ-subadditive in the

sense that �#.E [ F /ˇ � �#.E/
ˇ C �#.F /

ˇ for all compact sets E;F � C. In
particular,

�#.E [ F /˛ � �#.E/
˛ C �#.F /

˛ for all compact sets E;F � C: (3.359)
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(3) One has �# D � if and only if � satisfies

�.E [ F /˛ � �.E/˛ C �.F /˛ for all compact sets E;F � C: (3.360)

(4) For any exponent ˇ 2 .0; ˛� and any finite family of compact subsets
E1; : : : ; EN of C there holds

�

 
N[

iD1
Ei

!

� 4C 2
T

(
NX

iD1
�.Ei/

ˇ

) 1
ˇ

: (3.361)

Moreover, for any sequence .Ei /i2N of compact subsets of C and any exponent
ˇ 2 .0; ˛� one has

lim
N!1 �

 
N[

iD1
Ei

!

� 4C 2
T

( 1X

iD1
�.Ei/

ˇ

) 1
ˇ

: (3.362)

Proof. It is clear that the family Comp .C/ of all compact subsets of the complex
plane becomes a semigroupoid when equipped with the usual union of sets (con-
sidered as the semigroupoid binary operation). Since by Tolsa’s result mentioned
in (3.355) the function � W Comp .C/ ! Œ0;C1� is quasisubadditive, the desired
conclusions, with the exception of (3.362), are direct consequences of their abstract
counterparts in Corollary 3.33. As regards (3.362), Corollary 3.33 only ensures that
for any sequence .Ei /i2N of compact subsets of C and any exponent ˇ 2 .0; ˛�

there holds

sup
N2N

�

 
N[

iD1
Ei

!

� 4C 2
1

( 1X

iD1
�.Ei/

ˇ

) 1
ˇ

: (3.363)

However, once this has been established, (3.362) follows since the analytic capacity
is monotone (cf., e.g., [42, Proposition 1.8]). �

The remarkable aspect of (3.361) is that the multiplicative constant on the right-hand
side of this estimate does not depend on N .

Incidentally, note that if CT D 1 (i.e., if Tolsa’s question has a positive answer),
then the regularized analytic capacity coincides with Ahlfors’s analytic capacity.
Also, it is clear that the regularization result described in (3.357) works equally well
for other types of capacities used in analysis (such as the electric intensity capacity;
cf. [89]).

Remark 3.37. Actually, Tolsa proved that the analytic capacity function � is
countably quasisemiadditive in the sense that there exists a finite constant C > 0

such that

�

 
[

i2N
Ei

!

� C
X

i2N
�.Ei/ (3.364)
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for any family .Ei /i2N of compact subsets of C. As a result, if for any compact set
E � C we define

e�.E/ WD inf

(
X

i2N
�.Ei/ W .Ei/i2N compact subsets of C

such that E D
[

i2N
Ei

)

; (3.365)

thene� 	 � in the sense that (with C as in (3.364))

C�1�.E/ �e�.E/ � �.E/ for each compact set E � C (3.366)

ande� is genuinely subadditive, i.e.,

e�.E [ F / �e�.E/Ce�.F / for all compact sets E;F � C: (3.367)

3.3.3 Metrization Results with Additional Constraints

The sharp metrization result proved in Theorem 3.28 in the abstract setting of
semigroupoids may be further adapted to accommodate additional conditions
imposed on the semigroupoid .G;�/ as well as the quasisubadditive function  
and its regularization  #. Schematically, the philosophy behind subsequent results
may be described as follows:

additional structure on G or properties for  

H) more information about the regularized version  # of  : (3.368)

We have already seen this principle at work in several instances so far. For
example, this is the way in which Theorem 3.26, where the assumption on G is
strengthened (compared to Theorem 3.28) by demanding that this be a groupoid
and where the quasisubadditive function  is also assumed to be quasisymmetric
and nondegenerate, is related to Theorem 3.28. Also, in the case of Theorem 3.27,
where the background semigroupoid is the underlying Abelian group of a vector
space X and the function  WD k � k is homogeneous if k � k is a quasinorm, the
regularized version k � k# of k � k (defined as in (3.284), which is consistent with
the recipe described in Theorem 3.28) is also homogeneous and, hence, ultimately,
a quasinorm. Finally, as will become apparent later, a similar principle is at work
in the statement and proof of Theorem 3.46 (sharpening the Macı́as–Segovia result
presented in Theorem 1.2).

Here we wish to further exemplify the manner in which the generic scheme
(3.368) may be implemented by proving several other metrization theorems with



128 3 Quantitative Metrization Theory

additional constraints. The first such result involves dealing with a background
partial order structure.

Theorem 3.38. Let .S;�/ be a semigroup, and suppose that � is a partial order
relation on the set S that is compatible with the semigroup multiplication operation
in the sense that

for any a; b; c; d 2 S satisfying a � b and c � d H) a � c � b � d:
(3.369)

In this context, assume that  W S ! Œ0;C1� is a function that is quasisubadditive,
i.e., there exists a constant C1 2 Œ1;C1/ such that

 .a � b/ � C1 max f .a/;  .b/g for all a; b 2 S; (3.370)

and that is quasimonotone, i.e., there exists a constant C2 2 .0;C1/ such that

 .a/ � C2 .b/ whenever a; b 2 S are such that a � b: (3.371)

Consider

˛ WD 1

log2 C1
2 .0;C1�; (3.372)

and define the regularization  ? W S ! Œ0;C1� of the function  by setting, for
each a 2 S ,

 ?.a/ WD inf

8
<̂

:̂

 
NX

iD1
 .ai /

˛

! 1
˛

W N 2 N; a1; : : : ; aN 2 S; a � a1 � � � � � aN

9
>=

>;
(3.373)

if ˛ < C1 and, corresponding to the case ˛ D C1,

 ?.a/ WD inf
�

max
1�i�N  .ai / W N 2 N; a1; : : : ; aN 2 S; a � a1 � � � � � aN

�
: (3.374)

Then, with C1; C2 the same constants as in (3.370) and (3.371), for every finite
number ˇ 2 .0; ˛� one has

C�1
2 C�2

1  �  ? �  pointwise on S; (3.375)

 ?.a � b/ˇ �  ?.a/
ˇ C  ?.b/

ˇ; 8 a; b 2 S; (3.376)

 ?.a/ �  ?.b/ for all a; b 2 S such that a � b: (3.377)

Proof. Viewing .S;�/ as a semigroupoid, define  # W S ! Œ0;C1� as in (3.316)–
(3.317) (with G replaced by S ). Then, from the manner in which the functions  #,
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 ? are designed, we obviously have (cf. also (3.318))

 ?.a/ �  #.a/ �  .a/; 8 a 2 S: (3.378)

Furthermore, given an arbitrary a 2 S , if a1; : : : ; aN 2 S are such that a � a1 �
� � � � aN , then, thanks to the quasimonotonicity of  , (3.318), and the definition of
 ?, we have, in the case ˛ < C1,

 .a/ � C2 .a1 � � � � � aN / � C2C
2
1  #.a1 � � � � � aN / � C2C

2
1

 
NX

iD1
 .ai /

˛

! 1
˛

:

(3.379)

If we take the infimum over all N 2 N and a1; : : : ; aN 2 S such that a � a1 � � � � �
aN , then estimate (3.379) yields

 .a/ � C2C
2
1  ?.a/: (3.380)

The same type of argument works in the case ˛ D C1 (this time using (3.374));
hence, ultimately,

 � C2C
2
1  ? on S: (3.381)

In concert with (3.378), this proves (3.375). Next, assume that a; b 2 S are such
that a � b. Then, if N 2 N and b1; : : : ; bN 2 S satisfy b � b1 � � � � � bN , then it
follows that a � b1 � � � � � bN ; hence, in the case ˛ < C1,

 ?.a/ �
 

NX

iD1
 .bi /

˛

! 1
˛

: (3.382)

Taking the infimum over all N 2 N and b1; : : : ; bN 2 S such that b � b1 � � � � � bN ,
we arrive at the conclusion that, if ˛ < C1, then

 ?.a/ �  ?.b/; 8 a; b 2 S; satisfying a � b: (3.383)

The same type of analysis works in the case when ˛ D C1, and this completes
the proof of (3.377). As far as (3.376) is concerned, pick two arbitrary elements
a; b 2 S and assume that a1; : : : ; aN1 2 S and b1; : : : ; bN2 2 S are such that

a � a1 � � � � � aN1 ; b � b1 � � � � � bN2: (3.384)
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Then (3.369) implies that a � b � a1 � � � � � aN1 � b1 � � � � � bN2 . In turn, in light
of (3.373), this forces (assuming that ˛ < C1)

 ?.a � b/ �
 
N1X

iD1
 .ai /

˛ C
N2X

iD1
 .bi /

˛

! 1
˛

: (3.385)

Taking the infimum over all finite families of elements a1; : : : ; aN1 2 S and
b1; : : : ; bN2 2 S satisfying (3.384) then leads to

 ?.a � b/ � . ?.a/
˛ C  ?.b/

˛/1=˛ : (3.386)

With this in hand, (3.377) readily follows in the case when 0 < ˇ � ˛ < C1. The
case ˛ D C1 is treated similarly, and this concludes the proof of the theorem. �

Examples of semigroups .S;�/ satisfying (3.369) include:

• Any semigroup .S;�/ equipped with the trivial partial order relation

a � b ” a D b; 8 a; b 2 S I (3.387)

• The underlying Abelian additive group of any partially ordered vector space;
• Any lattice .S;�;_;^/ (defining a � b WD a _ b for each a; b 2 S );
• More generally, let .S;�/ be a partially ordered set with the property that

sup fa; bg exists for each a; b 2 S ; then, if a � b WD sup fa; bg for each a; b 2 S ,
it follows that .S;�/ is a semigroup in which (3.369) is satisfied.

Parenthetically, we note that in the case of a semigroup .S;�/ equipped with the
trivial partial order relation (3.387), we have  ? D  #; hence Theorems 3.38 and
3.28 coincide in such a situation.

Our next theorem may be regarded as yet another generalization of the Aoki–
Rolewicz theorem (stated as Theorem 1.3).

Theorem 3.39. Let X be a vector space, and assume that k � k W X ! Œ0;C1� is a
function satisfying the following properties:

(1) (Quasisubaditivity) there exists a constant C0 2 Œ1;C1/ for which

kx C yk � C0 max fkxk; kykg; 8 x; y 2 X I (3.388)

(2) (Pseudohomogeneity) there exist C1 2 .0;C1/ and � 2 R such that

k�xk � C1j�j�kxk; 8 x 2 X; 8� 2 R n f0g: (3.389)
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Set

˛ WD 1

log2C0
2 .0;1�; (3.390)

and for each x 2 X define

kxk? WD sup
�2Rnf0g

inf

8
<

:
j�j��

 
NX

iD1
k�xik˛

! 1
˛

W N 2 N; and

x1; : : : ; xN 2 X are such that
NX

iD1
xi D x

9
=

;
(3.391)

if ˛ < C1 and, corresponding to the case ˛ D C1,

kxk? WD sup
�2Rnf0g

inf

(

j�j�� max
1�i�N k�xik W N 2 N; and

x1; : : : ; xN 2 X are such that
NX

iD1
xi D x

)

: (3.392)

Then k � k? W X ! Œ0;C1� satisfies

C�2
0 kxk � kxk? � C1kxk for all x 2 X; (3.393)

k� xk? D j�j�kxk? for all x 2 X and all � 2 R n f0g; (3.394)

kx C ykˇ? � kxkˇ? C kykˇ? for all x; y 2 X and each ˇ 2 .0; ˛� finite; (3.395)

kx C yk? � C0 max fkxk?; kyk?g; 8 x; y 2 X: (3.396)

Proof. To get started, denote by k � k# the regularization of the given k � k relative
to the group .X;C/, in the sense of Theorem 3.28, and observe that (3.391) and
(3.392) amount to

kxk? D sup
�2Rnf0g

	j�j��k�xk#



for all x 2 X: (3.397)

Now Theorem 3.28 gives

C�2
0 kxk � kxk# � kxk for all x 2 X; (3.398)

kx C ykˇ# � kxkˇ# C kykˇ# for all x; y 2 X and each ˇ 2 .0; ˛� finite: (3.399)
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Thus, on account of (3.398), taking � D 1 in the supremum process in (3.397) yields
that, on the one hand,

C�2
0 kxk � kxk# � kxk? for all x 2 X; (3.400)

and, on the other hand, (3.398) and the pseudohomogeneity condition permit us to
estimate

j�j��k�xk# � j�j��k�xk � C1kxk; 8 x 2 X; 8� 2 R n f0g; (3.401)

and by taking the supremum over all � 2 Rnf0g in the most extreme sides of (3.401)
we arrive at

kxk? � C1kxk for all x 2 X: (3.402)

Now, (3.393) follows from (3.400) and (3.402). Going further, given x 2 X , for
each fixed � 2 R n f0g we have

k� xk? D sup
�2Rnf0g

	j�j��k.��/xk#



D j�j� sup
�2Rnf0g

	j��j��k.��/xk#

 D j�j�kxk?; (3.403)

proving (3.394). Moving on, if x; y 2 X and ˇ 2 .0; ˛� is a finite number, then
(3.399) allows us to estimate, for each � 2 R n f0g,

	j�j��k�.x C y/k#

ˇ D j�j�ˇ�k�x C �ykˇ# � j�j�ˇ�k�xkˇ# C j�j�ˇ�k�ykˇ#

� kxkˇ? C kykˇ? : (3.404)

Taking the supremum over all � 2 R n f0g in the most extreme sides of (3.404)
produces (3.395). Finally, given any x; y 2 X , then for each number ˇ 2 .0; ˛/ we
have, thanks to (3.395),

kx C ykˇ? � 2 maxfkxkˇ?; kykˇ?g; 8 x; y 2 X: (3.405)

Hence, kx C yk? � 21=ˇ maxfkxk?; kyk?g for each x; y 2 X , and (3.396)
follows, on account of (3.390), by letting ˇ % ˛. This completes the proof of the
theorem. �

A natural context in which the pseudohomogeneity condition (3.389) from
Theorem 3.39 occurs is as follows. Let .X; k �k) be a quasinormed vector space, and
assume that k � k0 W X ! Œ0;C1/ is a function with the property that k � k0 	 k � k,
i.e., there exist constants c0; c1 2 .0;C1/ such that

c0kxk � kxk0 � c1kxk; 8 x 2 X: (3.406)
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While in general k � k0 itself might fail to be a quasinorm (since it may lack
homogeneity), we nonetheless have

k�xk0 � c1k�xk D c1j�jkxk � c�1
0 c1j�jkxk0; 8 x 2 X; 8� 2 R: (3.407)

Hence, (3.389) holds for k � k0 with C1 WD c�1
0 c1 and � WD 1. Another situation

where (3.389) occurs naturally is in considering powers of a given quasinorm.
We also note that our regularization scheme may be naturally adapted to other

types of settings. To illustrate this point, recall that an F-norm (short for Fréchet-
norm) on a vector space X is a function k � k W X ! Œ0;C1/ satisfying

kxk D 0 ” x D 0 for each x 2 X; (3.408)

kx C yk � kxk C kyk for all x; y 2 X; (3.409)

k�xk � kxk for all x 2 X if j�j � 1; (3.410)

k�nxk ! 0 for each fixed x 2 X if �n ! 0: (3.411)

A word of caution is in order here. Specifically, the reader is made aware that
frequently (cf., e.g., [74, p. 163], [91, p. 19]) authors impose an extra axiom in the
definition of an F-norm, namely,

k�xnk ! 0 for each fixed scalar � if kxnk ! 0: (3.412)

However, as the next lemma demonstrates, the latter axiom is redundant in the
context of (3.409) and (3.410).

Lemma 3.40. Let X be a vector space over C, and consider a function k � k W X !
Œ0;C1/ with the property that there exist c0; c1 2 Œ1;C1/ such that

k�xk � c0kxk; 8 x 2 X and 8� 2 C such that j�j � 1; (3.413)

kx C yk � c1 .kxk C kyk/ ; 8 x; y 2 X: (3.414)

Then

k�xk � c0c1
�
c0 C 4c21 j�j1Clog2 c1

� kxk; 8� 2 C and 8 x 2 X: (3.415)

In particular,

lim
n!1 k�xnk D 0; 8 fxngn2N � X such that lim

n!1 kxnk D 0 and 8� 2 C:

(3.416)
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Proof. En route to (3.415) we will first establish that

8� 2 C with j�j � 1 and 8 x 2 X there holds

c�1
0 k�xk � 



j�jx

 � c0k�xk: (3.417)

Clearly (3.417) is valid if � D 0. Assume next that � 2 C n f0g, and for any
arbitrarily fixed x 2 X write




j�jx

 D







� j�j
�

�
� �x






 � c0k�xk; (3.418)

where the inequality follows from property (3.413) since
ˇ
ˇ j�j
�

ˇ
ˇ D 1. Using again

(3.413) we have

k�xk D





�
�

j�j
�
.j�jx/





 � c0



j�jx

 (3.419)

since �
j�j 2 C satisfies

ˇ
ˇ
ˇ �j�j

ˇ
ˇ
ˇ D 1. In concert, (3.418) and (3.419) prove the claim

made in (3.417).
Moving on, we will prove that

8� 2 RC and 8 x 2 X there holds k�xk � c1
�
c0C4c21�1Clog2 c1

� kxk: (3.420)

To see this, fix � 2 RC and denote by N the greatest integer � �. Then

N 2 N [ f0g and N � � < N C 1: (3.421)

Next, for any x 2 X write

k�xk D k.� �N/x CNxk
� c1 .k.� �N/xk C kNxk/ � c1 .c0kxk C kNxk/ ; (3.422)

where the first inequality in (3.422) follows from (3.414), while the second
inequality uses (3.413) and (3.421). At this stage, bring in (3.287) to conclude that

kNxk D kx C � � � C xk � 4c21N
1Clog2 c1kxk: (3.423)

Together, (3.422), (3.423), and the fact that N � � prove (3.420).
After this preamble, (3.415) is obtained by writing, based on (3.417) and (3.420),

k�xk � c0



 j�jx

 � c0c1

�
c0 C 4c21 j�j1Clog2 c1

� kxk (3.424)
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for every � 2 C and every x 2 X . �

Of course, any norm on the vector space X is an F-norm on X . The “standard”
example of an F-norm is as follows: if .˙;M; 
/ is a finite measure space, and X
is the vector space of scalar-valued, M-measurable functions on ˙ that are finite

-a.e., then an F-norm on X is given by

kf k WD
Z

˙

jf .x/j
1C jf .x/j d
.x/; 8 f 2 X: (3.425)

It is then natural to consider the related, yet more flexible, notion of
quasi-F-norm, defined in a similar manner as before but with (3.409)
weakened to a quasitriangle inequality, and with (3.410) altered by allowing
a fixed multiplicative constant on the right-hand side (thus, in particular, any
quasinorm is a quasi-F-norm). Specifically, given a vector space X , assume that
k � k W X ! Œ0;C1/ is a function with the property that, for some constants
c0; c1 2 Œ1;C1/,

kxk D 0 ” x D 0 for each x 2 X; (3.426)

kx C yk � c0 .kxk C kyk/ for all x; y 2 X; (3.427)

k�xk � c1kxk for all x 2 X if j�j � 1; (3.428)

k�nxk ! 0 for each fixed x 2 X if �n ! 0: (3.429)

From Lemma 3.40 it follows that property (3.412) continues to hold even under
these more relaxed conditions.

To give an example of a quasi-F-norm, assume that .˙;M; 
/ is a finite measure
space, and, as before, denote byX the vector space of scalar-valued, M-measurable
functions on˙ , which are finite 
-a.e. on˙ . Then a quasi-F-norm onX is given by

kf k WD
Z

˙

' .jf .x/j/ d
.x/; 8 f 2 X; (3.430)

where ' W Œ0;C1/ ! Œ0;C1/ is a bounded function that vanishes continuously
at the origin, is strictly positive on .0;C1/, is Borel-measurable, and satisfies, for
some fixed constant C 2 Œ1;C1/,

'.�t/ � C'.t/; 8� 2 .0; 1/; 8 t 2 Œ0;C1/; (3.431)

'.t C s/ � C .'.t/C '.s// ; 8 t; s 2 Œ0;C1/: (3.432)

In relation to this, it is relevant to note that for a sequence ffngn2N � X one
has kfnk ! 0 as n ! 1 if and only if fn ! 0 in measure as n ! 1. Also, a
convenient way of producing examples of functions ' satisfying the aforementioned
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properties is to take

'.t/ WD
�

t

1C t

�
�.t/; 8 t � 0; (3.433)

where � is any Borel-measurable function bounded away from zero and infinity.
Observe that (3.425) corresponds to the recipe from (3.430) used with ' as in (3.433)
with �.t/ � 1, in which case (3.431) and (3.432) hold with C D 1. In general, if
1 � �.t/ � C for every t � 0, then this observation may be used to give a short
proof of the fact that (3.431) and (3.432) hold as stated whenever ' is as in (3.433).

Our next goal is to show that the properties of a given quasi-F-norm improve once
it undergoes a suitable regularization procedure in the spirit of the discussion in this
subsection. This is made precise in the theorem below. Before we state it, recall that
a p-norm (0 < p � 1) on a vector space X is a function k � k W X ! Œ0;C1/

satisfying

kxk D 0 ” x D 0 for each x 2 X; (3.434)

kx C yk � kxk C kyk for all x; y 2 X; (3.435)

k�xk D j�jpkxk for all x 2 X and all � 2 R: (3.436)

The following result may be regarded as a version of the Aoki–Rolewicz theorem in
the more general context of vector spaces equipped with quasi-F-norms.

Theorem 3.41. Let X be a vector space, and assume that k � k W X ! Œ0;C1/ is a
quasi-F-norm. That is, there exist c0; c1 2 Œ1;C1/ such that (3.426)–(3.429) hold.
Define

p WD 1

1C log2c0
2 .0; 1�; (3.437)

and for each x 2 X set

kxk� WD sup
j�j�1

inf

(
NX

iD1
k�xikp W N 2 N; x1; : : : ; xN 2 X with

NX

iD1
xi D x

)

:

(3.438)

Then k�k� W X ! Œ0;C1/ is a genuine F-norm, and k�k� 	 k�kp in the precise
sense that

4�1kxkp � kxk� � c
p
1 kxkp for all x 2 X: (3.439)

In addition,

k � k is a quasinorm on X H) k � k� is a p-norm on X: (3.440)
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This result is sharp, in the following sense. For any (nontrivial) normed vector
space X and any c0 2 Œ1;C1/ one can find a quasi-F-norm k � k on X that
satisfies (3.427) for the given constant c0, satisfies (3.428) with c1 WD 1, and has
the property that the existence of an F-norm k � k? on X such that k � kq 	 k � k? for
some q 2 .0;C1/ necessarily forces q � .1C log2c0/

�1.

Proof. Note that kx C yk � 2c0 maxfkxk; kykg D 21=p maxfkxk; kykg for all
vectors x; y 2 X . Denote by k � k# W X ! Œ0;C1/ the function obtained by
regularizing the quasisubadditive function k � k W X ! Œ0;C1/ relative to the
group .X;C/, as described in Theorem 3.28 with C1 WD 21=p and ˛ WD p (hence,
k � k# is defined as in (3.316) with ˛ WD p). Then, by design,

kxk� D sup
�2R; j�j�1

k�xkp# ; 8 x 2 X; (3.441)

while Theorem 3.28 ensures that

2�2=pkxk � kxk# � kxk for all x 2 X; (3.442)

kx C ykp# � kxkp# C kykp# for all x; y 2 X: (3.443)

As a result, k�xkp# � k�xkp � c
p
1 kxkp for every x 2 X and every � 2 R

with j�j � 1. Taking the supremum over all such � proves the second inequality
in (3.439). Also, taking � D 1 in the supremum process in (3.441) implies that
kxk� � kxkp# � 4�1kxk for each x 2 X . Thus, the first inequality in (3.439)
holds as well. Note that axioms (3.408) and (3.411), (3.412), formulated for
k � k�, subsequently follow from (3.439) with the help of (3.426), (3.429), and
Lemma 3.40. As regards the triangle inequality for k � k�, observe that if x; y 2 X ,
and if � 2 R satisfies j�j � 1, then

k�.x C y/kp# D k�x C �ykp# � k�xkp# C k�ykp# � kxk� C kyk�; (3.444)

by (3.443) and (3.441). Taking the supremum over all � 2 R with j�j � 1 then
yields kx C yk� � kxk� C kyk�, as desired.

At this point, as far as the claim that k � k� is an F-norm is concerned, it remains
to check the analog of (3.410) for k � k�. To this end, if x 2 X and �; � 2 R with
j�j � 1, j�j � 1 are arbitrary, then we have k.��/xkp# � kxk� thanks to (3.441) and
the fact that j��j � 1. Hence,

k�xk� D sup
�2R; j�j�1

k.��/xkp# � kxk�: (3.445)

This shows that k � k� W X ! Œ0;C1/ is a genuine F-norm. The implication
in (3.440) is then justified by observing that k�xk� D j�jpkxk� for all x 2 X

and all � 2 R by (3.441) if k � k is homogeneous since the latter condition forces
k � k# to be homogeneous as well.
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Finally, consider the claim pertaining to the optimality of the exponent p
from (3.437) formulated in the last part of the statement of the theorem. In this
regard, assume that .X; j � j/ is an arbitrary, nontrivial normed vector space, and,
given an arbitrary constant c0 2 Œ1;C1/, define k � k W X ! Œ0;C1/ by setting
kxk WD jxj1Clog2 c0 for each x 2 X . Then, clearly, k � k is a quasi-F-norm on X that
satisfies

kx C yk D jx C yj1Clog2 c0 � .jxj C jyj/1Clog2 c0 (3.446)

� 2log2 c0
�jxj1Clog2 c0 C jyj1Clog2 c0

� D c0 .kxk C kyk/ ; 8 x; y 2 X;

i.e., (3.427) holds for the given constant c0. Also, for each x 2 X and each � 2 R

with j�j � 1we have k�xk D j�xj1Clog2 c0 D j�j1Clog2 c0 jxj1Clog2 c0 � jxj1Clog2 c0 D
kxk, which shows that (3.428) is satisfied with c1 WD 1. Assume next that k � k? is an
F-norm onX such thatC�1k�k? � k�kq � Ck�k? onX for some q 2 .0;C1/ and
some finite constant C � 1. Fix a unit vector x 2 X , and for each n 2 N consider
the finite family of vectors xi WD 2�nx, i 2 f1; : : : ; 2ng. Then

1 D kxkq D





2nX

iD1
xi






q � C






2nX

iD1
xi






?

� C

2nX

iD1
kxik?

� C2

2nX

iD1
kxikq D C2

2nX

iD1
2�nq.1Clog2 c0/ D C2 2n�nq.1Clog2 c0/; (3.447)

which necessarily forces q � .1 C log2c0/
�1. This completes the proof of the

theorem. �

We wish to note that other variants of the notion of quasi-F-norm are amenable
to the same type of regularization procedure as in Theorem 3.41. For example, this
is the case for a notion of a quasi-Fréchet norm k � k on a vector space X satisfying
[for some fixed c 2 Œ1;C1/]

kxk 2 Œ0;C1/ and kxk D 0 , x D 0 for each x 2 X; (3.448)

kx C yk � c .kxk C kyk/ for all x; y 2 X; (3.449)

k�xk � ckxk for all x 2 X and scalars with j�j D 1; (3.450)

k�nxk ! 0 for each fixed x 2 X if �n ! 0; (3.451)

k�nxnk ! 0 if f�ngn bounded and kxnk ! 0: (3.452)

We conclude this section by presenting yet another example of the regularization
procedure under additional constraints. To set the stage, we make the following
definition.
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Definition 3.42. Let .H; ı/ be a group, and consider X an arbitrary set. A left
group action of H on X is a binary operation ˇ W H �X ! X satisfying the
following axioms:

(1) (Associativity)

.�1 ı �2/ˇ a D �1 ˇ .�2 ˇ a/; 8�1; �2 2 H and 8 a 2 X:
(3.453)

(2) (Identity)

eH ˇ a D a; 8 a 2 H; (3.454)

where eH denotes the identity element in H .

What follows is the statement of the regularization with constraints mentioned
earlier.

Theorem 3.43. Let .G;�/ be a semigroupoid, and consider .H; ı/ a group that
has a left group action ˇ W H �G ! H on the set G. In addition, suppose that ˇ
satisfies the following distributivity axiom:

.a; b/ 2 G.2/

� 2 H

)

H)
(
.�ˇ a; �ˇ b/ 2 G.2/ and

.�ˇ a/ � .�ˇ b/ D �ˇ .a � b/: (3.455)

Let ' W H ! .0;C1/ be a semigroup homomorphism, and assume that the
function  W G ! Œ0;C1� has the property that there exist two constants C0; C1 2
Œ1;C1/ such that

 .�ˇ a/ � C0'.�/ .a/; 8� 2 H and 8 a 2 G; (3.456)

 .a � b/ � C1 maxf .a/;  .b/g; 8 .a; b/ 2 G.2/: (3.457)

Define  ? W G ! Œ0;C1� by setting

 ?.a/ WD sup
�2H

	
'.��1/ .�ˇ a/



; 8 a 2 G; (3.458)

where ��1 denotes the inverse of � 2 H in the group .H; ı/, and introduce

 ?? WD . ?/#; (3.459)

where the subscript # denotes ˛-regularization as described in (3.316) and (3.317)
with

˛ WD 1

log2 C1
: (3.460)
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Then the following properties hold:

C�2
1  �  ?? � C0 on G; and in particular  ?? 	  I (3.461)

 ??.�ˇ a/ D '.�/ ??.a/; 8� 2 H and 8 a 2 GI (3.462)

 ??.a � b/ � C1 maxf ??.a/;  ??.b/g; 8 .a; b/ 2 G.2/I (3.463)

ˇ 2
�
0; .log2 C1/

�1i )  ??.a � b/ �
�
 ??.a/

ˇ C  ??.b/
ˇ
�1=ˇ

; 8 .a; b/ 2 G.2/:
(3.464)

Proof. We begin with a couple of useful observations. First, since ' W H !
.0;C1/ is a semigroup homomorphism, '.eH/ D '.eH ı eH/ D '.eH/'.eH /,
it follows that

'.eH/ D 1: (3.465)

Second, using identity (3.465), for each � 2 H we may write that 1 D '.eH / D
'.� ı ��1/ D '.�/'.��1/, from which we obtain that

'.��1/ D 1

'.�/
; 8� 2 H: (3.466)

Since e�1
H D eH , based on (3.465) and the identity axiom (3.454), we have

'.e�1
H / .eH ˇ a/ D  .a/; 8 a 2 G; (3.467)

and thus, using the definition of d? from (3.458),

 .a/ �  ?.a/; 8 a 2 G: (3.468)

Going further, using (3.456) for each � 2 H we may write

'.��1/ .�ˇ a/ � C0'.�
�1/'.�/ .a/ D C0 .a/; 8 a 2 G; (3.469)

and thus, taking the supremum over � 2 H in (3.469) allows us to conclude that

 ?.a/ � C0 .a/; 8 a 2 G: (3.470)

Next, for each � 2 H and each .a; b/ 2 G.2/, employing the distributivity
axiom (3.455), (3.457), and (3.458), there holds

'.��1/ .�ˇ .a � b// D '.��1/ ..�ˇ a/ � .�ˇ b//

� C1 max
˚
'.��1/ .�ˇ a/; '.��1/ .�ˇ b/

�

� C1 max f ?.a/;  ?.b/g : (3.471)
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Taking the supremum over � 2 H in (3.471) and using again the definition of d?
from (3.458) allows us to conclude that

 ?.a � b/ � C1 max f ?.a/;  ?.b/g ; 8 .a; b/ 2 G.2/: (3.472)

From Theorem 3.28 and the fact that # denotes ˛-regularization as described
in (3.316) and (3.317), with ˛ as in (3.460), estimate (3.472) further implies that

C�2
1  ? � . ?/# D  ?? �  ?: (3.473)

Consequently, using (3.473), (3.468), and (3.470) we obtain

 �  ? � C2
1 . ?/# and . ?/# �  ? � C0 : (3.474)

Now (3.461) immediately follows from the two sequences of estimates in (3.474).
Turning our attention to proving (3.462), we start by claiming that

 �.�ˇ a/ D '.�/ ?.a/; 8� 2 H and 8 a 2 G: (3.475)

To see this, fix � 2 H and a 2 G, and observe that since ' is a semigroup
homomorphism and .�ı�/�1 D ��1ı��1, there holds '.��1/ D '.�/'

�
.� ı �/�1�

for each � 2 H . As such, using this and the associativity axiom (3.453), for each
� 2 H we may write

'.�/'
�
.� ı �/�1

�
 ..� ı �/ˇ a/ D '.��1/ .�ˇ .�ˇ a// �  ?.�ˇ a/; (3.476)

where the inequality follows from the definition of  ? in (3.458). Given that the
mappingH 3 � ! � ı � 2 H is a bijection, if we take the supremum over � 2 H
in (3.476) and use again (3.458), then

'.�/ ?.a/ �  ?.�ˇ a/: (3.477)

On the other hand, it follows from the definition of  ? that, for each � 2 H , the first
term in (3.476) is � '.�/ ?.a/. Thus, using the identity from (3.476) we obtain
that

'.��1/ .�ˇ .�ˇ a// � '.�/ ?.a/; 8 � 2 H: (3.478)

Taking the supremum over � 2 H in (3.478) further implies

 ?.�ˇ a/ � '.�/ ?.a/: (3.479)

In concert, (3.477), (3.478), and the fact that � 2 H and a 2 G were arbitrary
give (3.475), as desired.
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Going further, fix again � 2 H and a 2 G, and recall ˛ from (3.460). Since by
definition  ?? is the ˛-regularization of  ?, it follows that

 ??.�ˇ a/ WD inf

8
<

:

 
NX

iD1
 �.ai /˛

!1=˛

W N 2 N; .a1; : : : ; aN / 2 G.N/;

and a1 � � � � � aN D �ˇ a

9
=

;
: (3.480)

Next, note that using repeatedly the distributivity axiom (3.455), for each N 2 N

there holds

.a1; : : : ; aN / 2 G.N/

a1 � � � � � aN D �ˇ a

)

H)
( �
��1 ˇ a1; : : : ; �

�1 ˇ aN
� 2 G.N/;

.��1 ˇ a1/ � � � � � .��1 ˇ aN / D a:
(3.481)

Indeed, an N -tuple .a1; : : : ; aN / belongs to G.N/ provided .ai ; aiC1/ 2 G.2/ for
each i 2 f1; : : : ; N �1g. Using (3.455) this further implies .��1ˇai ; ��1ˇaiC1/ 2
G.2/ for all i 2 f1; : : : ; N � 1g and, consequently,

�
��1 ˇ a1; : : : ; �

�1 ˇ aN
� 2

G.N/. If in addition to .a1; : : : ; aN / 2 G.N/ we also have that a1 � � � � � aN D
�ˇ a, then it follows from (3.455), a straightforward induction argument, and the
associativity axiom (3.453) that

.��1 ˇ a1/ � � � � � .��1 ˇ aN / D ��1 ˇ .a1 � � � � � aN / D ��1 ˇ .�ˇ a/ D a:

(3.482)

Hence, for every participant .a1; : : : ; aN / 2 G.N/ in the infimum defining  ??.�ˇ
a/ in (3.480), the N -tuple

�
��1 ˇ a1; : : : ; �

�1 ˇ aN
� 2 G.N/ is a participant in

the infimum defining  ??.a/. This and (3.475) give that for each N 2 N and
.a1; : : : ; aN / 2 G.N/ such that a1 � � � � � aN D �ˇ a there holds

 ??.a/ �
 

NX

iD1
 ?.�

�1 ˇ ai /
˛

!1=˛

D '.��1/
 

NX

iD1
 ?.ai /

˛

!1=˛

: (3.483)

Taking the infimum in (3.483) over N and all N -tuples .a1; : : : ; aN / 2 G.N/ such
that a1 � � � ��aN D �ˇa, and using that � 2 H and a 2 G are arbitrary, we obtain

 ??.a/ � '.��1/ ??.�ˇ a/; 8� 2 H and 8 a 2 G: (3.484)

Replacing first a by ��1ˇa in (3.484) and then ��1 by � allows us to establish that
also

 ??.�ˇ a/ � '.�/ ??.a/; 8� 2 H and 8 a 2 G: (3.485)
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Now (3.484) and (3.485) immediately give (3.462).
Next we will prove (3.463). To this end, consider .a; b/ 2 G.2/, and write

 ??.a � b/ D . ?/# .a � b/ � C1 max f. ?/# .a/; . ?/# .b/g
D C1 max f ??.a/;  ??.b/g ; (3.486)

where the first equality follows from the definition of  ?? in (3.459), the first
inequality follows from (3.472) and (3.321), and the last equality relies again on the
definition (3.459). This completes the proof of (3.463). Finally, (3.464) is a direct
consequence of the definition of  ?? in (3.459) and (3.472). �

Below we discuss a couple of concrete settings in which the regularization result
established in Theorem 3.43 applies.

Example 3.44. Let .X;C/ be an arbitrary Abelian group, and take .G;�/ to be the
pair semigroupoid associated with the set X . That is, G WD X � X , with the set
of composable pairs G.2/ WD f..x; y/; .y; z// W x; y; z 2 Xg and the semigroupoid
binary operation .x; y/ � .y; z/ WD .x; z/ for every ..x; y/; .y; z// 2 G.2/. Consider
the group .H; ı/ WD .X;C/ and its left group action ˇ W H � G ! G on G
defined by

�ˇ .x; y/ WD .x C �; y C �/; 8� 2 H and 8 .x; y/ 2 G; (3.487)

along with the semigroup homomorphism ' W H ! .0;C1/ given by '.�/ D 1

for each � 2 H . Then Theorem 3.43 applies and yields a regularization result for
any function  W X �X ! Œ0;C1� with the property that there exist two constants
C0; C1 2 Œ1;C1/ such that

 .x C z; y C z/ � C0'.z/ .x; y/; 8 x; y; z 2 X; (3.488)

 .x; y/ � C1 maxf .x; z/;  .z; y/g; 8 x; y; z 2 X; (3.489)

such that the regularization  ?? satisfies (3.488) with equality and C0 D 1, among
other things. �

Example 3.45. Let X be a vector space, and consider the semigroupoid .G;�/ as
in Example 3.44, along with the group .H; ı/ WD .R n f0g; �/, where � denotes the
multiplication of real numbers. Define the left group action ˇ ofH onG by setting

ˇ W H �G ! G; �ˇ .x; y/ WD .�x; �y/; 8� 2 R n f0g; 8 .x; y/ 2 G: (3.490)

Finally, let ' W H ! .0;C1/ be the semigroup homomorphism given by '.�/ WD
j�j for each � 2 H D R n f0g. Then, once again, Theorem 3.43 applies and yields
a regularization result for any function  W X �X ! Œ0;C1� that has the property
that there exist two constants C0; C1 2 Œ1;C1/ such that
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 .�x; �y/ � C0'.�/ .x; y/; 8� 2 R n f0g and 8 x; y 2 X; (3.491)

 .x; y/ � C1 maxf .x; z/;  .z; y/g; 8 x; y; z 2 X; (3.492)

such that the regularization  ?? satisfies (3.491) with equality and C0 D 1, among
other things. �

3.4 A Sharp Metrization Result for Quasimetric Spaces

Here we will specialize Theorem 3.26 to the case where the groupoid in question
is the pair groupoid associated with the ambient set X of a quasimetric structure
.X; 
/. As mentioned in Sect. 1, this yields a sharpened version of the Macı́as–
Segovia result presented in Theorem 1.2. Since the latter result has been hailed as a
cornerstone of the analysis on quasimetric spaces (cf. [122, p. 25], [123, p. 113],
etc.) and is a result of wide, independent interest, we will actually record the
most general and nuanced version that the current work yields. In particular, it is
now possible to further refine many of the existing results in the literature whose
proofs make use of Macı́as–Segovia’s theorem (cf. Theorem 1.2) by using instead
Theorem 3.46 below. The reader is referred to Sect. 4, where a large number of such
concrete examples are considered in detail.

Compared with the generic statement that the canonical topology induced by a
quasimetric is metrizable (which follows directly from the Alexandroff–Urysohn
theorem; cf. Theorem 1.1), our Theorem 3.46 gives a concrete formula for the
distance yielding the same topology as that induced by the original quasidistance
(see (3.519) below), which, in particular, makes it transparent how this distance is
related to the original quasidistance.

Theorem 3.46. Assume that X is an arbitrary, nonempty set. Given an arbitrary
function 
 W X �X ! Œ0;C1� and an arbitrary exponent ˛ 2 .0;C1�, define the
function


˛ W X �X �! Œ0;C1� (3.493)

by setting for each x; y 2 X


˛.x; y/ WD inf

8
<

:

 
NX

iD1

.�i ; �iC1/˛

! 1
˛

W N 2 N and �1; : : : ; �NC1 2 X

(not necessarily distinct) such that �1 D x and �NC1 D y

9
=

;
;

(3.494)
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whenever ˛ < C1 and its natural counterpart, corresponding to the case when
˛ D C1, i.e.,


1.x; y/ WD inf

�
max
1�i�N 
.�i ; �iC1/ W N 2 N and �1; : : : ; �NC1 2 X

(not necessarily distinct) such that �1 D x and �NC1 D y

�
: (3.495)

Then the following conclusions hold for any function 
 W X �X ! Œ0;C1� and
any exponent ˛ 2 .0;C1�.

(1) One has:


˛ is well defined and 
˛ � 
 on X �X I (3.496)

ˇ 2 .0; ˛� finite ) 
˛.x; y/ � �
Œ
˛.x; z/�

ˇCŒ
˛.z; y/�ˇ
� 1
ˇ ; 8 x; y; z 2 X I

(3.497)


1.x; y/ � max f
1.x; z/ ; 
1.z; y/g ; 8 x; y; z 2 X I (3.498)


˛.x; y/ � 21=˛ max f
˛.x; z/ ; 
˛.z; y/g ; 8 x; y; z 2 X: (3.499)

In addition, if ˛ < C1, then


 D 
˛ ” 
 is ˛-subadditive; (3.500)

i.e., 
.x; y/ � .
.x; z/˛ C 
.z; y/˛/
1
˛ ; 8 x; y; z 2 X:

Also,

.
˛/ˇ D 
˛ whenever ˇ 2 .0; ˛�; (3.501)

.
ˇ/˛ D .
˛ˇ/
ˇ whenever ˇ 2 .0;C1/; (3.502)

.�
/˛ D � 
˛ for each � 2 Œ0;C1/; (3.503)


˛ � 
0̨ for each 
0 W X �X ! Œ0;C1� such that 
 � 
0 on X: (3.504)

(2) Consider the function 
sym W X �X ! Œ0;C1� defined by


sym.x; y/ WD max f
.x; y/; 
.y; x/g; 8 x; y 2 X: (3.505)

Then


sym is symmetric, i.e., 
sym.x; y/ D 
sym.y; x/ for every x; y 2 X I (3.506)


 is symmetric ” 
 D 
symI (3.507)
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.
sym/sym D 
sym: (3.508)

Moreover, 
sym may be characterized as the smallest Œ0;C1�-valued function
defined on X �X that is symmetric and pointwise � 
.

(3) One has 
 	 
sym if and only if 
 is quasisymmetric, i.e., there exists a finite
constant C0 � 0 such that


.y; x/ � C0 
.x; y/; 8 x; y 2 X: (3.509)

Furthermore, in the case when (3.509) holds, one actually has


 � 
sym � max f1; C0g 
: (3.510)

(4) The function 
 is quasisymmetric if and only if there exists 
0 W X � X !
Œ0;C1� that is symmetric and such that 
 	 
0.

(5) If � W X �X ! X �X is defined by �.x; y/ WD .y; x/ for every x; y 2 X , then


˛ ı � D .
 ı �/˛ on X �X; (3.511)


 symmetric H) 
˛ symmetric; (3.512)


 quasisymmetric H) 
˛ quasisymmetric: (3.513)

Specifically, if 
 satisfies (3.509), then so does 
˛ , and with the same con-
stant C0.

Say that 
 W X �X ! Œ0;C1� satisfies a quasiultrametric condition if there exists
a finite constant C1 � 1 with the property that


.x; y/ � C1 max f
.x; z/; 
.z; y/g; 8 x; y; z 2 X: (3.514)

Moreover, whenever this is the case, define

˛ WD 1

log2 C1
2 .0;C1�: (3.515)

Then the following properties hold.

(6) If 
 W X � X ! Œ0;C1� satisfies the quasiultrametric condition (3.514),
then its symmetrized version, 
sym defined as in (3.505), also satisfies a
quasiultrametric condition and with the same constant as in the case of 
.

(7) If 
 W X �X ! Œ0;C1� satisfies the quasiultrametric condition (3.514), and
if ˛ is as in (3.515), then 
˛ 	 
. More specifically, with C1 the same constant
as in (3.514), one has

C �2
1 
 � 
˛ � 
 on X �X: (3.516)
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In particular, 
˛ is finite precisely when 
 is finite, and they vanish simultane-
ously, i.e.,

.
˛/
�1.f0g/ D 
�1.f0g/: (3.517)

(8) Conversely, if 
 W X � X ! Œ0;C1� is a function for which there exist some
exponent ˛0 2 .0;C1� and some finite constant C � 1 with the property that


 � C 
˛0 on X �X (3.518)

(hence 
 	 
˛0 since the estimate 
˛0 � 
 is always true), then 
 satisfies the
quasiultrametric condition (3.514) for the choice C1 WD C21=˛

0

.
(9) Assume that 
 W X�X ! Œ0;C1� is a function satisfying the quasiultrametric

condition (3.514) for some finite constant C1 � 1. Define ˛ as in (3.515) and
construct 
˛ as in (3.494) and (3.495). Finally, fix a finite number ˇ 2 .0; ˛�.
Then the function

d
;ˇ W X �X ! Œ0;C1�; d
;ˇ.x; y/ WD Œ
˛.x; y/�
ˇ ; 8 x; y 2 X;

(3.519)

satisfies the following properties:

d
;ˇ.x; y/ � d
;ˇ.x; z/C d
;ˇ.z; y/; 8 x; y; z 2 X I (3.520)


 satisfies (3.509) ) d
;ˇ.y; x/ � C
ˇ
0 d
;ˇ.x; y/ 8 x; y 2 X I

(3.521)


 symmetric ” d
;ˇ symmetricI (3.522)

C �2
1 
.x; y/ � 	

d
;ˇ.x; y/

1=ˇ � 
.x; y/; 8 x; y 2 X I (3.523)


�1.f0g/ D d�1

;ˇ.f0g/: (3.524)

(10) Assume that 
 W X � X ! Œ0;C1/ is a symmetric function satisfying the
quasiultrametric condition (3.514) for some finite constant C1 � 1. Define ˛
as in (3.515), construct 
˛ as in (3.494) and (3.495), and, for a fixed, arbitrary,
finite number ˇ 2 .0; ˛�, define the function d
;ˇ as in (3.519). Then


�1.f0g/ D diag .X/ ” d
;ˇ is a distance on X;

diag .X/ � 
�1.f0g/ ” d
;ˇ is a pseudodistance on X:
(3.525)

Also, if diag .X/ � 
�1.f0g/, then the pseudodistance d
;ˇ induces the same
topology on X as �
, where the latter is defined as the largest topology on X
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with the property that a fundamental system of neighborhoods for each point
x 2 X is given by the family of 
-balls

B
.x; r/ WD fy 2 X W 
.x; y/ < rg; (3.526)

indexed by all r 2 .0;C1/. Furthermore, if diag .X/ � 
�1.f0g/, then


˛ W �X �X; �
 � �

� �! Œ0;C1/ is continuous: (3.527)

(11) Assume that 
 W X � X ! Œ0;C1� satisfies both the quasiultrametric
condition (3.514) and the quasisymmetry condition (3.509). Introduce 
sym

as in (3.505), and, with ˛ as in (3.515), construct the canonical regularization
of 
, namely,


# WD .
sym/˛; (3.528)

as described in (3.494) and (3.495) but using 
sym instead of 
. Finally, let
ˇ 2 .0; ˛� be arbitrary. Then, with C0 and C1 denoting the same constants as
in (3.509) and (3.514), respectively, the following properties hold:


# is symmetricI (3.529)


# 	 
 in the precise sense that C�2
1 
 � 
# � max f1; C0g 
I (3.530)


�1
# .f0g/ D 
�1.f0g/I (3.531)


#.x; y/ � �

#.x; z/ˇ C 
#.z; y/ˇ

� 1
ˇ ; 8 x; y; z 2 X I (3.532)


#.x; y/ � C1 max f
#.x; z/ ; 
#.z; y/g ; 8 x; y; z 2 X I (3.533)

C1 D 1 H) 
# D .
sym/1 D 
sym: (3.534)

In addition, for any set Y ,

if � W Y ! X is a bijection, and ife
.x; y/ WD 
.�.x/; �.y//; 8x; y 2 Y

H) e
.y; x/ � C0e
.x; y/; e
.x; y/ � C1 max fe
.x; z/;e
.z; y/g ; 8 x; y; z 2 Y; (3.535)

and for every x; y 2 Y there holds .e
/#.x; y/ D 
#.�.x/; �.y//:

(12) Let 
 W X � X ! Œ0;C1/ be a function satisfying the quasiultrametric con-
dition (3.514), the quasisymmetry condition (3.509), and the nondegeneracy
condition 
�1.f0g/ D diag .X/. Define ˛ as in (3.515), and introduce 
#, the
canonical regularization of 
, as in (3.528).

Then the function 
# is a quasidistance on X (which is equivalent to 
).
In addition, the quasidistance 
# is actually a genuine distance on X if ˛ 2
Œ1;C1� (i.e., when C1 2 Œ1; 2�) and, in fact,
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 distance on X and ˛ D 1 (i.e., C1 D 2) H) 
# D 
: (3.536)

Furthermore, if for each finite number ˇ 2 .0; ˛� one considers the function

ed
;ˇ W X �X ! Œ0;C1/; ed
;ˇ.x; y/ WD Œ
#.x; y/�
ˇ ; 8 x; y 2 X;

(3.537)

thened
;ˇ is a distance onX that induces the same topology on X as 
 and, in
fact, has the property that

C �2
1 
.x; y/ �

h
ed
;ˇ.x; y/

i1=ˇ � max f1; C0g 
.x; y/; 8 x; y 2 X:
(3.538)

In particular,

the topological space .X; �
/ is metrizable. (3.539)

Moreover,


# W �X �X; �
 � �

� �! Œ0;C1/ is continuous: (3.540)

In fact, for each finite number ˇ 2 .0; ˛� the canonical regularization 
#

satisfies the following Hölder-type regularity condition of order ˇ in both
variables (simultaneously):

ˇ̌

#.x; y/ � 
#.w; z/

ˇ̌

� 1
ˇ

max
˚

#.x; y/

1�ˇ; 
#.w; z/
1�ˇ�

�
Œ
#.x;w/�

ˇ C Œ
#.y; z/�
ˇ
�

(3.541)

whenever x; y; z;w 2 X (with the understanding that when ˇ � 1, one also
imposes the conditions x 6D y and z 6D w). As a consequence, for each finite
number ˇ 2 .0; ˛� one has

ˇ
ˇ
#.x; y/ � 
#.x; z/

ˇ
ˇ � 1

ˇ
max

˚

#.x; y/

1�ˇ; 
#.x; z/
1�ˇ� Œ
#.y; z/�

ˇ (3.542)

whenever x; y; z 2 X (with the understanding that when ˇ � 1, one also
imposes the condition that x 62 fy; zg).

In addition,

B
.x; r/ is a neighborhood of x 2 X in �
 for every r > 0I (3.543)

B
 .x; r=C / � �
B
.x; r/

�ı
if C > C
; 8 x 2 X; 8 r > 0I (3.544)

B
.x; r=C / � B
.x; r/ if C > C
; 8 x 2 X; 8 r > 0; (3.545)
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where the interior .: : :/ı and closure .: : :/ are taken with respect to the
topology �
.

(13) The Hölder-type regularity result described in claim .12/ is sharp, in the
following precise sense. Given a finite number C1 > 1, there exist a nonempty
set X and a symmetric quasidistance 
 W X � X ! Œ0;C1/ satisfying the
quasiultrametric condition for the given C1 and having the property that if

0 W X �X ! Œ0;C1/ is such that 
0 	 
 and there exist ˇ 2 .0;C1/ and
C 2 Œ0;C1/ for which

ˇ
ˇ
0.x; y/ � 
0.x; z/

ˇ
ˇ � C max

˚

0.x; y/1�ˇ; 
0.x; z/1�ˇ

� 	

0.y; z/


ˇ
(3.546)

whenever x; y; z 2 X (and also x … fy; zg if ˇ � 1), then necessarily

ˇ � 1

log2 C1
: (3.547)

(14) If throughout all preceding claims the quasiultrametric condition (3.514) is
replaced by a condition stating that


.x; y/ � C2 .Œ
.x; z/�
p C Œ
.z; y/�p/1=p ; for all x; y; z 2 X; (3.548)

for some exponent p 2 .0;C1/ and some finite constant C2 � 2�1=p , then
the same conclusions as before hold if in place of (3.515) one defines ˛ to be

˛p WD p

1C p log2 C2
2 .0;C1�: (3.549)

Proof. With a couple of exceptions (treated separately below), this theorem is a
summary of the results proved in Sect. 3.2 in the particular case when the groupoid
G is the canonical pair groupoid onX �X , as described in Example 2.31, and when
the function  W X � X ! Œ0;C1� from Sect. 3.2 has been redenoted here as 
.
One of the exceptions mentioned above is (3.527) [which, in turn, has (3.540) as
a consequence]. However, this follows from part (ii) in Lemma 2.70 applied to the
pseudodistance d
;ˇ from (3.519), keeping in mind that �d
;ˇ D �.
˛/ˇ D �
˛ D
�
. The other exception referred to previously is (3.541) (which implies (3.542) by
making w WD x). To prove this, in the case when ˇ < 1, for arbitrary x; y;w; z 2 X
we write based on (3.537), (3.183), and (2.185)

j
#.x; y/�
#.w; z/jD
ˇ
ˇ	
#.x; y/

ˇ

 1
ˇ � 	
#.w; z/

ˇ

 1
ˇ
ˇ
ˇDˇˇed
;ˇ.x; y/ 1ˇ �ed
;ˇ.w; z/ 1ˇ

ˇ
ˇ

� 1
ˇ

ˇ
ˇed
;ˇ.x; y/ �ed
;ˇ.w; z/

ˇ
ˇ 	max

˚

#.x; y/

ˇ; 
#.w; z/
ˇ
�
 1

ˇ �1

� 1
ˇ

h
ed
;ˇ.x;w/Ced
;ˇ.y; z/

i
�
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� max
˚

#.x; y/

1�ˇ; 
#.w; z/
1�ˇ�

D 1
ˇ

	

#.x;w/

ˇ C 
#.y; z/
ˇ

 �

� max
˚

#.x; y/

1�ˇ; 
#.w; z/
1�ˇ� ; (3.550)

as desired. The case when ˇ � 1 is treated similarly, this time making use of (3.185).
This completes the proof of Theorem 3.46. �

In closing, we wish to note that a proof of conclusion .12/ in Theorem 3.46
appears in [59, Proposition 14.5, p. 110] and in [2], albeit for smaller values of the
exponent ˛ (specifically, for ˛ D .2 log2 C1/

�1 in [59], which is half the value of
˛ in (3.515), and for ˛1 D .log2 .3C

2
2 //

�1 in [2], which is strictly smaller than the
value ˛1 D .1C log2 C2/

�1 predicted by (3.549)). Under the stronger condition of
genuine symmetry for the function 
 and under the unnecessary restriction that ˛
from (3.515) is �1, this portion of our result has also been recently dealt with in
[93].2 The monograph [50] also contains an alternative proof of conclusion .11/ of
Theorem 3.46 (cf. Theorem 1.1.3 on p. 5 in [50]), but for the nonoptimal value of
the exponent ˛ given in (1.2).

2We became aware of this reference right after we had completed the present work.



Chapter 4
Applications to Analysis on Quasimetric Spaces

The metrization result contained in Theorem 3.46 leads to natural improvements for
a large number of basic results in the area of analysis on quasimetric spaces, and in
this chapter we single out several topics for which we intend to show that our work
so far has a significant impact. The presentation here underscores the thesis that a
considerable portion of the well-established body of results in the area of analysis
on metric spaces may be quite successfully developed in the more general context
of quasimetric spaces. This is relevant since not only is the category of quasimetric
spaces more inclusive than the category of metric spaces but, at the same time, the
former constitutes a more natural and flexible setting than the latter. For example,
the category of quasimetric spaces contains the family of all quasi-Banach spaces,
which in turn encompasses a multitude of function spaces (measuring smoothness,
on various scales) that are of fundamental importance in analysis. Also, as opposed
to the case of metric spaces, the category of quasimetric spaces is stable under any
positive “power dilation,” � 7! �˛ , of the quasimetric. Lastly, we wish to note
that while our results here are either generalizations of known facts or altogether
new, in all cases the emphasis is on the optimality of smoothness measured on the
Hölder scale.

4.1 Category of Quasimetric Spaces

We start with some preliminary considerations. For the remainder of our work, if
X is a given set of cardinality �2, then we denote by Q.X/ the collection of all
quasidistances on X . The reader is reminded that, as in (1.1), a quasidistance on
X is a function � W X � X ! Œ0;C1/ with the property that there exists a finite
constant c � 1 such that for every x; y; z 2 X one has

�.x; y/ D 0 ” x D y; �.x; y/ D �.y; x/; �.x; y/ � c.�.x; z/C �.z; y//:

(4.1)

D. Mitrea et al., Groupoid Metrization Theory, Applied and Numerical
Harmonic Analysis, DOI 10.1007/978-0-8176-8397-9 4,
© Springer Science+Business Media New York 2013

153



154 4 Applications to Analysis on Quasimetric Spaces

Next, for each � 2 Q.X/ define

C� WD sup
x;y;z2X

not all equal

�.x; y/

max f�.x; z/; �.z; y/g ; (4.2)

and note that

8 � 2 Q.X/ H) �.x; y/ � C� max f�.x; z/; �.z; y/g; 8 x; y; z 2 X; (4.3)

8 � 2 Q.X/ H) C� 2 Œ1;C1/; (4.4)

8 � 2 Q.X/; 8ˇ 2 .0;C1/ H) �ˇ 2 Q.X/ and C�ˇ D .C�/
ˇ; (4.5)

8 � 2 Q.X/; 8˛ 2 .0;C1� H) �˛ 2 Q.X/ and C�˛ � C�; (4.6)

where the last inequality is a consequence of (3.107).

Remark 4.1. (i) Recall that a distance d on the set X is called an ultrametric
provided the stronger version of the triangle inequality

d.x; y/ � max fd.x; z/; d.z; y/g for all x; y; z 2 X (4.7)

holds. Hence,

� ultrametric on X ” � 2 Q.X/ and C� D 1: (4.8)

In light of this observation, it is natural to refer to an inequality of the type (4.3)
as a quasi-ultrametric condition for �. Thus, C� from (4.2) is the
optimal constant appearing in a quasi-ultrametric condition for a given � 2
Q.X/.

(ii) If .X; d/ is an ultrametric space, then a number of highly specialized properties
hold:

(1) Each triangle in X is isosceles, i.e., for all x; y; z 2 X

d.x; y/ D max fd.x; z/; d.z; y/g whenever d.x; z/ 6D d.z; y/: (4.9)

(2) Every point inside a ball is its center, i.e., Bd .x; r/ D Bd .y; r/ for each
x; y 2 X and r > d.x; y/. In particular, a ball does not determine its
center uniquely.

(3) Intersecting balls are contained in each other. More precisely, if x; y 2
X and 0 < r � R < C1 are such that Bd.x; r/ \ Bd.y;R/ 6D ;,
then Bd.x; r/ � B.y;R/. In particular, intersecting balls of equal radii are
necessarily identical.

(4) All balls are both open and closed sets in the topology induced by the
ultrametric.
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Given any nonempty set X , the discrete distance on X , i.e., d.x; y/ WD 1

if x 6D y, and d.x; y/ WD 0 if x D y, is an ultrametric. Further examples of
utrametrics on X may be constructed starting with a function � W X ! Œ0;C1/

that vanishes at most once (i.e., #��1.f0g/ � 1) and then considering

d.x; y/ WD
(

max f�.x/; �.y/g if x 6D y;

0 if x D y;
8 x; y 2 X: (4.10)

In particular, given a quasimetric space .X; �/ and a fixed point xo 2 X , the function
d W X �X ! Œ0;C1/ given by

d.x; y/ WD
(

max f�.x; xo/; �.y; xo/g if x 6D y;

0 if x D y;
8 x; y 2 X; (4.11)

is an ultrametric on X that satisfies d � C�1
� �, though in general d and � are not

equivalent. In fact, in this scenario, the d -balls have the form

Bd.x; r/ D fxg if �.x; xo/ � r and Bd .x; r/ D B�.xo; r/ if �.x; xo/ < r:
(4.12)

Convention 4.2. Given a set X and � 2 Q.X/, it is agreed that for the remainder
of this work �# stands for �˛ , as defined in (3.494) and (3.495) for the value ˛ WD
Œlog2C��

�1, with C� as in (4.2).

Remark 4.3. In view of Convention 4.2, (3.502), and the last formula in (4.5), it
may be readily verified that for any set X and any quasidistance � 2 Q.X/,

.�� /# D .�#/
� ; 8 � 2 .0;C1/: (4.13)

Moreover, (4.6) entails

C�# � C�; (4.14)

whereas (3.530) yields

C�2
� � � �# � �: (4.15)

Recall that we have a natural equivalence relation on Q.X/, as described in
Definition 3.15, and we call each equivalence class q 2 Q.X/=� a quasimetric
space structure on X . Finally, for each � 2 Q.X/, denote by Œ�� 2 Q.X/=�
the equivalence class of �.

By a quasimetric space we will understand a pair .X;q/, whereX is a set
of cardinality � 2 and q 2 Q.X/=�. If X is a set of cardinality � 2 and � 2 Q.X/,
then we will frequently use the simpler notation .X; �/ in place of .X; Œ��/ and still
refer to .X; �/ as a quasimetric space. Finally, we note that any quasimetric space
.X;q/ has a canonical topology, denoted �q, that is (unequivocally) defined as the
topology �� naturally induced by a choice of a quasidistance � in q. As discussed
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in conclusion (10) of Theorem 3.46, the latter is defined as the largest topology
on X with the property that for each point x 2 X the family fB�.x; r/gr>0 is
a fundamental system of neighborhoods of x (here it is relevant to note that this
family of �-balls, defined in (3.526), satisfies axioms (i)–(iv) in Proposition 2.65;
cf. Proposition 2.66).

Call a sequence fxj gj2N of points in a quasimetric space .X;q/ Cauchy
provided that for some (hence, any) quasidistance � 2 q and any " > 0 there
exists N" 2 N with the property that �.xj ; xk/ < " whenever j; k 2 N are such that
minfj; kg � N". Also, call a quasimetric space .X;q/ complete provided any
Cauchy sequence in .X;q/ converges, in the topology �q, to a (unique, a posteriori)
point in X .

Given a quasimetric space .X;q/, call E � X bounded if E is contained in a
�-ball for some (hence all) � 2 q. In other words, a set E � X is bounded, relative
to the quasimetric space structure q on X , if and only if for some (hence all) � 2 q
we have diam�.E/ < C1, where

diam�.E/ WD sup
˚
�.x; y/ W x; y 2 E�: (4.16)

4.2 Extensions of Hölder Functions

We start with some preparations. Let X be a nonempty set and assume that � 2
Q.X/, ˇ 2 .0;C1/, and E � X has cardinality � 2. Given a real-valued function
f on E, define its Hölder seminorm (of order ˇ, relative to the quasidistance
�) by setting

kf k PC ˇ.E;�/ WD sup
x;y2E; x 6Dy

jf .x/ � f .y/j
�.x; y/ˇ

: (4.17)

Next, if q is a quasimetric space structure onX , then we define the homogeneous
Hölder space PC ˇ.E;q/ as

PC ˇ.E;q/ WD ˚
f W E ! R W kf k PC ˇ.E;�/ < C1 for some � 2 q

�

D ˚
f W E ! R W kf k PC ˇ.E;�/ < C1 for every � 2 q

�
: (4.18)

Given any ˇ > 0, it follows that fk � k PC ˇ.E;�/ W � 2 qg is a family of equivalent

seminorms on PC ˇ.E;q/. In the same setting, the space of Lipschitz functions and
the associated Lipschitz seminorm correspond to the case when ˇ D 1, i.e., are
defined as

Lip .E;q/ WD PC 1.E;q/; k � kLip .E;�/ WD k � k PC 1.E;�/; 8 � 2 q: (4.19)
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As far as these spaces are concerned, if � 2 Q.X/ is given, then we will
sometimes slightly simplify the notation and write PC ˇ.E; �/ and Lip .E; �/ in place
of PC ˇ.E; Œ��/ and Lip .E; Œ��/, respectively. Occasionally, we will refer to functions
in Lip .E; �/ as being �-Lipschitz on E. We continue our series of preparations by
proving the following result.

Lemma 4.4. Let .X; �/ be a quasimetric space, and suppose that the set E � X

and the index ˇ 2 .0;C1/ are fixed. Given a family ffi gi2I of real-valued
functions on E with the property that

M WD sup
i2I

kfik PC ˇ.E;�/ < C1; (4.20)

consider

f �.x/ WD sup
i2I

fi .x/; f�.x/ WD inf
i2I fi .x/; 8 x 2 E: (4.21)

Then the following conclusions hold.

(a) Either f �.x/ D C1 for every x 2 E or f � W E ! R is a well-defined
function satisfying kf �k PC ˇ.E;�/ � M .

(b) Either f�.x/ D �1 for every x 2 E or f� W E ! R is a well-defined function
satisfying kf�k PC ˇ.E;�/ � M .

Proof. Consider the conclusion in .a/. If f � is not identically C1 onE, then there
exists xo 2 E such that supi2I fi .xo/ < C1. On the other hand, condition (4.20)
entails that, for each i 2 I ,

fi .x/ � fi .y/CM�.x; y/ˇ; 8 x; y 2 E: (4.22)

Using (4.22) with y WD xo gives supi2I fi .x/ � supi2I fi .xo/ C M�.x; xo/
ˇ <

C1 for every x 2 E. Thus, f � W E ! R with f �.x/ WD supi2I fi .x/ for each
x 2 E is a well-defined function. Moreover, (4.22) readily implies that f �.x/ �
f �.y/ C M�.x; y/ˇ for all x; y 2 E; hence, ultimately, kf �k PC ˇ.E;�/ � M . This
completes the proof of .a/.

Finally, .b/ follows from .a/ used for the family f�fi gi2I . ut
Recall that a topological space .X; �/ is said to be normal if for each pair of

disjoint closed subsetsE0;E1 ofX there exist two disjoint open subsetsU0; U1 ofX
such that E0 � U0 and E1 � U1. A classical extension result is the Tietze–Urysohn
theorem, which states that a topological space .X; �/ is normal if and only if every
real-valued continuous function defined on a closed subset of X may be extended
to the entire space with preservation of continuity (cf., e.g., [95, Proposition 3.7,
p. 19], [44, Theorem 2.1.8]).

Assume that .X; �/ is a metrizable topological space, i.e., there exists a distance
d onX such that � D �d , the topology canonically induced on X by the distance d .
In this setting, for E � X and x 2 X define distd .x;E/ WD inf fd.x; y/ W y 2 Eg.
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Then, given two disjoint closed subsets E0;E1 of X , the function f W .X; �/ ! R

defined by

f .x/ WD distd .x;E1/

distd .x;E0/C distd .x;E1/
; 8 x 2 X; (4.23)

is continuous and has the property that f � 0 on E0 and f � 1 on E1.
Hence, if we define U0 WD f �1..�1; 1

2
// and U1 WD f �1.. 1

2
;C1//, then U0; U1

are disjoint open subsets of X satisfying E0 � U0 and E1 � U1. Since the
Alexandroff–Urysohn metrization theorem (cf. also Theorem 3.46) gives that the
topology induced by the quasimetric space structure on any given quasimetric space
is metrizable, this shows that

if .X;q/ is a quasimetric space, then .X; �q/ is a normal topological space: (4.24)

Of course, these considerations apply to metric spaces, and hence the Tietze–
Urysohn theorem yields an abstract extension procedure in such a setting. Inter-
estingly, however, in the case where E is a closed subset of a metric space .X; d/
and f W E ! R is a continuous function, a concrete formula for a continuous
extension of f to X is given by Hausdorff’s formula

F.x/ WD
8
<

:
inf
n
f .y/C d.x;y/

distd .x;E/
� 1 W y 2 E

o
if x 2 X nE;

f .x/ if x 2 E
(4.25)

(see e.g., [44, Exercise 4.1.F]). This result can be extended to the setting of
quasimetric spaces as follows.

Proposition 4.5. Assume that .X;q/ is a quasimetric space and that the quasidis-
tance � 2 q and the real number ˇ satisfy 0 < ˇ � Œlog2C��

�1. Also, recall
the regularized version �# of � defined as in Theorem 3.46. Finally, given a closed
subset E of .X; �q/ and a function f W E ! R that is continuous relative to the
topology induced by �q on E, define

F.x/ WD
8
<

:
inf
n
f .y/C

h
�#.x;y/

dist�# .x;E/

iˇ � 1 W y 2 E
o

if x 2 X n E;
f .x/ if x 2 E:

(4.26)

Then F W X ! R is a continuous extension of f.

Proof. This follows (after some minor adjustments) from Hausdorff’s for-
mula (4.25) used for .X; .�#/

ˇ/, which, by Theorem 3.46, is known to be a metric
space under the hypotheses of the current proposition, and after observing that
�.�#/ˇ

D �q. ut
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Note that, with the set E fixed, the extension operator f 7! F described in
Proposition 4.5 is nonlinear. A linear extension operator in the class of continuous
functions will be constructed later, in Theorem 4.11 below (based on ideas originally
introduced by H. Whitney), but for the more specialized setting of geometrically
doubling quasimetric spaces.

Passing from continuous to smoother functions, one has the basic result due to
McShane [81] and Whitney [129] to the effect that if .X; d/ is a metric space and
if E � X is an arbitrary nonempty set, then for any function g 2 Lip .E; d/ there
exists f 2 Lip .X; d/ such that f jE D g and kgkLip .E;d/ D kf kLip .X;d/. Indeed,
one may take

f .x/ WD inf
˚
g.y/C kgkLip .E;d/ d.x; y/ W y 2 E�; 8 x 2 X: (4.27)

However, as opposed to the setting of metric spaces (considered in [72, 81, 129])
where Lipschitz functions are abundant,1 the space of Lipschitz functions is often
trivial (i.e., it reduces to just constants) in the framework of quasimetric spaces. For
example, elementary calculus shows that this is the case for .Xo; �o/ if, for some
fixed � > 1, we take

Xo a nonempty, connected, open subset of Rn

and �o.x; y/ WD jx � yj� for every x; y 2 Xo:
(4.28)

In turn, the fact that the only functions that are globally Lipschitz on such a
quasimetric space .Xo; �o/ are constant functions shows that the extension problem
of Lipschitz functions fails to have a solution in this setting. Indeed, if the cardinality
of E � Xo is finite and � 2, then any nonconstant real-valued function f defined
on E is Lipschitz but does not extend to a Lipschitz function F on .Xo; �o/ since
the latter would have to be constant. The moral of this discussion is that once the
focus shifts from metric spaces to the more general category of quasimetric spaces,
one must necessarily formulate the extension problem for classes of functions other
than Lipschitz.

Below, the goal is to extend the aforementioned extension result of McShane and
Whitney to the more general context of Hölder scales of quasimetric spaces.

Theorem 4.6. Let .X;q/ be a quasimetric space, and assume that ˇ is a finite
number with the property that there exists a quasidistance � 2 q such that

0 < ˇ � �
log2C�

��1
: (4.29)

Finally, fix a nonempty set E � X . Then any function in PC ˇ.E;q/ may be extended
with preservation of the Hölder property to the entire set X , i.e., one has

PC ˇ.E;q/ D ff jE W f 2 PC ˇ.X;q/g: (4.30)

1Trivially, if .X; d/ is a metric space, then for each fixed xo 2 X the function d.�; xo/ W X ! R is
Lipschitz.
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Furthermore, the Hölder seminorm may be controlled in the process of extending
Hölder functions in the sense that there exists a finite constant C � 0 having the
property that

8 g 2 PC ˇ.E;q/ 9 f 2 PC ˇ.X;q/ such that

g D f jE and kf k PC ˇ.X;�/ � Ckgk PC ˇ.E;�/:
(4.31)

As a corollary, the space PC ˇ.X;q/ separates the points in X . In particular, the
space PC ˇ.X;q/ contains nonconstant functions.

Proof. Let X;q; ˇ; � be as in the statement of the theorem. Then it follows from
.12/ in Theorem 3.46 that there exists �# 2 q with the property that .�#/

ˇ is a
distance on X . Consequently, given an arbitrary nonempty set E � X , by virtue of
the discussion preceding the statement of the current theorem, we have

PC ˇ.E; �/ D PC ˇ.E; �#/ D Lip
�
E; .�#/

ˇ
�

D Lip
�
X; .�#/

ˇ
�ˇˇ
ˇ
E

D PC ˇ.X; �#/
ˇ
ˇ
ˇ
E

D PC ˇ.X; �/
ˇ
ˇ
ˇ
E

(4.32)

with control of seminorms. This proves (4.30) and (4.31). In fact, if � 2 q is such
that ˇ � Œlog2C��

�1, then two explicit extensions of a function f 2 PC ˇ.E; �/ to X
with preservation of Hölder regularity are f �, f� defined below. Concretely, upon
recalling that �# is the regularized version of � as defined in Theorem 3.46, we set

f �.x/ WD infz2E f C
z .x/; f�.x/ WD supz2E f �

z .x/; 8 x 2 X; where;

for each z 2 E, we define f ˙
z .x/ WD f .z/˙ C�#.x; z/ˇ; 8 x 2 X;

(4.33)

for some sufficiently large C > 0, to be specified shortly. Note that, by Theorem
3.46, each f ˙

z is .�#/
ˇ-Lipschitz on X with constant � C . Hence, choosing C �

C
2ˇ
� kf k PC ˇ.E;�/ ensures that f �

z � f � f C
z on E for every z 2 E. Since f ˙

z .z/ D
f .z/ for each z 2 E, (4.30) and (4.31) follow from this analysis and Lemma 4.4.

To justify the last claim in the statement of the theorem, given two distinct points
x0; x1 2 X , apply (4.31) in the case whereE WD fx0; x1g and f W E ! R is defined
as f .x0/ WD 0, f .x1/ WD 1. The desired conclusions follow. ut

Remark 4.7. Theorem 4.6 is sharp, in the sense that the upper bound in (4.29) is
optimal in the class of all quasimetric spaces. To see this, for some fixed � > 0

consider .Xo; �o/ as in (4.28) and note that, in this scenario, (4.29) becomes 0 <
ˇ � ��1. On the other hand, if ˇ > ��1, then, since Hölder functions of order ˇ
with respect to �o are Hölder functions of order ˇ� > 1 with respect to the standard
Euclidean distance in the nonempty, open, connected subsetXo of Rn, it follows that
this Hölder class contains only constant functions. Hence, much as in the discussion
following (4.28), the extension problem does not have a solution in this setting.
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According to the last part in Theorem 4.6, if .X;q/ is a quasimetric space, � 2 q,
and ˇ 2 R is such that 0 < ˇ � Œlog2C��

�1, then the Hölder space PC ˇ.X; �/

contains plenty of nonconstant functions. Note that the case Œlog2C��
�1 D C1

corresponds precisely to the situation when C� D 1, i.e., when � is an ultrametric.
In this scenario, there are nonconstant Hölder functions that are Hölder of any finite
order on X . This is made precise in the remark below.

Remark 4.8. Let X be a set, and assume that � is an ultrametric on X . Consider a
function � 2 C 1.R/ satisfying k�0k1 � 1, as well as

0 � � � 1; �.t/ D 1 for all t 2 Œ4; 8�; �.t/ D 0 for all t 2 R n Œ2; 16�: (4.34)

Finally, fix z 2 X and, for each r > 0, define

�z;r W X ! R; �z;r .x/ WD �
�
�.x; z/=r

�
; 8 x 2 X: (4.35)

Then, making use of (4.34), (4.35), and (3.542), it can be readily verified that

0 � �z;r � 1; �z;r D 1 on B�.z; 8r/ n B�.z; 4r/; (4.36)

�z;r D 0 on X n �B�.z; 16r/ n B�.z; 2r/
�
; (4.37)

and that for each real number ˇ > 1 there exists a finite constant C D C.ˇ/ > 0

with the property that

k�z;rk PC ˇ.X;�/ � Cr�ˇ: (4.38)

We proceed by discussing a version of Theorem 4.6 in which the issue is the
extension (with control) of functions satisfying a Hölder condition at a single point.

Theorem 4.9. Suppose that .X; �/ is a quasimetric space, E is a subset of X , and
xo is a fixed point in E. Let f W E ! R be a function with the property that there
exist an exponent ˛ 2 .0;C1/ and a constant C 2 Œ0;C1/ such that

jf .x/ � f .xo/j � C�.x; xo/
˛; 8 x 2 E: (4.39)

Then there exists F W X ! R such that F
ˇ
ˇ
E

D f and

jF.x/ � F.xo/j � Co�.x; xo/
˛; 8 x 2 X; (4.40)

where Co 2 Œ0;C1/ depends only on ˛, C , and �.

Proof. Let d be the ultrametric on X defined in relation to the quasidistance � and
the point xo as in (4.11). Then for each x; y 2 E with x 6D y we may estimate

jf .x/ � f .y/j � jf .x/ � f .xo/j C jf .y/ � f .xo/j
� 2max

˚jf .x/ � f .xo/j; jf .y/� f .xo/j
�

� 2C max
˚
�.x; xo/

˛; �.y; xo/
˛
� D 2C d.x; y/˛; (4.41)
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which proves that f W .E; d/ ! R is Hölder of order ˛ relative to the ultrametric
d . In fact, since d.x; xo/ D �.x; xo/ for any x 2 X , it follows that

the class of functions f satisfying an estimate

of the type (4.39) coincides with PC ˛.E; d/.
(4.42)

Next, since ˛ is a finite number with the property that 0 < ˛ � Œlog2Cd �
�1 D C1

(given that Cd D 1), Theorem 4.6 applies and gives a function F W X ! R such
that F

ˇ
ˇ
E

D f and (cf. (4.31))

kF k PC ˛.X;d/ � Cokf k PC ˛.E;d/; (4.43)

where Co 2 Œ0;C1/ depends only on ˛, C , and �. In turn, from (4.43) we deduce
that jF.x/ � F.xo/j � Cod.x; xo/

˛ D Co�.x; xo/
˛ for every x 2 X ; hence, (4.40)

follows. ut
In the last part of this section we wish to comment on the relationship between

our Theorem 4.6 and the technology developed by Whitney for extending functions
from rough subsets of R

n with preservation of smoothness. Specifically, recall
that if n 2 N and j � j denotes the standard Euclidean norm in R

n, then for any
closed subset E of R

n there exists a linear operator E with the property that if
0 < ˇ � 1, then E maps functions from PC ˇ.E; j � � � j/ into PC ˇ.Rn; j � � � j/,
with control of the Hölder seminorm, and which satisfies E f

ˇ
ˇ
E

D f for each

f 2 PC ˇ.E; j � � � j/. See [113, Theorem 3, p. 174] where it is also shown that
the norm of the operator E may be bounded independently of E � R

n. The proof
presented in [113, pp. 174–175] makes use of three basic ingredients, namely: (1)
the existence of a Whitney decomposition of the open set RnnE (into Whitney balls
of bounded overlap), (2) the existence of a smooth partition of unity subordinate
(in an appropriate, quantitative manner) to such an open cover of Rn n E, and (3)
differential calculus in open subsets of Rn (the mean-value theorem, to be precise).

The ingredients listed in items (1) and (2) have been subsequently extended
to the setting of spaces of homogeneous type, which raises the natural question
as to whether the approach in Stein’s book [113] may be adapted to this more
general framework. Of course, item (3) is utterly ill-suited in the named setting, so
the strategy outlined above must be suitably altered. We also wish to mentioned
that, as far as spaces of homogeneous type are concerned, the existence of a
doubling measure is an unnecessarily strong hypothesis, given the nature of the
problem at hand (e.g., the setup of Hölder spaces is free of any measure-theoretical
considerations and only requires a quasimetric space structure).

This point is underscored by the extension result discussed in Theorem 4.11
below, whose formulation is akin to the original result of Whitney (as presented
in [113, Theorem 3, p. 174]) and which is valid in the general framework of
geometrically doubling quasimetric spaces. The formal definition of the latter
concept is as follows.
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Definition 4.10. A quasimetric space .X;q/ is called geometrically
doubling if there exists � 2 q for which one can find a number N 2 N, called
the geometrically doubling constant of .X;q/, with the property that
any �-ball of radius r in X may be covered by at most N �-balls in X of radii r=2.
Finally, if X is an arbitrary, nonempty set and � 2 Q.X/, call .X; �/ geometrically
doubling if .X; Œ��/ is geometrically doubling.

Note that if .X;q/ is a geometrically doubling quasimetric space, then

8 � 2 q 8 � 2 .0; 1/ 9N 2 N such that any �-ball of radius r

in X may be covered by at most N �-balls in X of radii � r:
(4.44)

In particular, this ensures that the last part in Definition 4.10 is meaningful. Another
useful consequence of the geometrically doubling property for a quasimetric space
.X;q/ is as follows. Given " > 0 and � 2 q, a set E � X is said to be
."; �/-disperse provided

�.x; y/ � "; 8 x; y 2 E with x 6D y: (4.45)

Then, if .X;q/ is a geometrically doubling quasimetric space, � 2 q and " > 0,

any family of �-balls in X of bounded radii, and whose centers

make up an ."; �/-disperse subset of X , has bounded overlap
(4.46)

for some bound depending only on ", the bound on the radii of the �-balls in
question, and the geometrically doubling constant of the quasimetric space .X;q/.

Another point of view on this matter is as follows. Suppose that .X; �/ is a given
quasimetric space. Recall that the diameter of any nonempty set E of X (relative to
the quasidistance �) is defined as diam�.E/ WD sup f�.x; y/ W x; y 2 Eg and that a
subset E of X is called bounded if it has finite diameter. Finally, recall that a subset
of E of X is said to be totally bounded provided for every " > 0 there exist
some N D N."/ 2 N and x1; : : : ; xN 2 X such that E � S

1�i�N B�.xi ; "/. Then

a subset of a geometrically doubling quasimetric space

is bounded if and only if it is totally bounded:
(4.47)

Also, in the category of quasimetric spaces,

the geometric doubling property is a quantitative,

scale-invariant version of total boundedness:
(4.48)

Lastly, let us point out here that



164 4 Applications to Analysis on Quasimetric Spaces

if .X;q/ is a geometrically doubling quasimetric space;

then the topological space .X; �q/ is separable:
(4.49)

What follows is the extension theorem mentioned previously.

Theorem 4.11. Let .X;q/ be a geometrically doubling quasimetric space and
assume that E is a nonempty, closed subset of the topological space .X; �q/, where
�q is the topology canonically induced on X by the quasimetric space structure q.

Then there exists a linear operator E , extending real-valued continuous functions
defined on

�
E; �qjE

�
into continuous real-valued functions defined on .X; �q/, that

has the following property. Whenever � 2 q and ˇ 2 R are such that 0 < ˇ �
Œlog2C��

�1, then

E W PC ˇ.E; �/ �! PC ˇ.X; �/ (4.50)

is well defined and bounded. In addition, E also maps bounded functions on E into
bounded functions on X , without increasing the bound, i.e., for any f W E ! R

sup
x2X

jE f .x/j � sup
x2E

jf .x/j: (4.51)

In particular, E W C ˇ.E; �/ ! C ˇ.X; �/ linearly and boundedly for the same range
of ˇ as before.

The proof of Theorem 4.11 will be presented later, in the second part of Sect. 4.6,
after a number of necessary tools have been properly developed. At this point we
only wish to remark that, while Theorem 4.11 yields a stronger conclusion than
Theorem 4.6 (in the sense that in the former theorem we manufacture a linear
extension operator, compared to the nonlinear extension procedure in the latter
theorem), the setting in Theorem 4.11 is more restrictive than that in Theorem 4.6
as it presupposes that the quasimetric space in question is geometrically doubling.

4.3 Separation Properties of Hölder Functions

Here we will improve upon the separation property described in the last part
of Theorem 4.6 by establishing the separation result for Hölder functions on
quasimetric spaces described in Theorem 4.12. In particular, this result sheds light
on the structural richness of the space of Hölder functions (of a given order) on
a quasimetric space by specifying an order up to which the named spaces do not
reduce to just constant functions. Even though the issue of the triviality of the Hölder
spaces for large exponents has come up on earlier occasions (cf., e.g., the comment
on the footnote on p. 591 in [35]), to the best of our knowledge no attempt has been
made to quantify this statement in a satisfactory manner.

Before stating the aforementioned result, let us recall that, given a quasimetric
space .X; �/, the �-distance between two arbitrary, nonempty sets E;F � X is
defined as
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dist�.E; F / WD inf f�.x; y/ W x 2 E; y 2 F g: (4.52)

Corresponding to the case E D fxg for some x 2 X and F � X , we therefore have
dist�.x; F / D dist�.fxg; F /. Let us also note here that, as a corollary of Lemma 4.4,
if .X; �/ is a quasimetric space and if ˇ > 0 is a finite number, then for any f; g 2
PC ˇ.X; �/ it follows that

maxff; gg 2 PC ˇ.X; �/; minff; gg 2 PC ˇ.X; �/; (4.53)

and

max
n
k maxff; ggk PC ˇ.X;�/; k minff; ggk PC ˇ.X;�/

o
� max

˚kf k PC ˇ.X;�/; kgk PC ˇ .X;�/

�
:

(4.54)

What follows is the theorem mentioned previously, which should be thought of as
a quantitative version of the classical Urysohn’s lemma (cf., e.g., [87, Theorem 33.1,
p. 207]).

Theorem 4.12. Let .X;q/ be a quasimetric space, and assume that ˇ is a finite
number with the property that there exists a quasidistance � 2 q such that 0 < ˇ ��
log2C�

��1
. Assume that F0; F1 � X are two nonempty sets with the property that

dist�.F0; F1/ > 0. Then there exists  2 PC ˇ.X;q/ such that

0 �  � 1 on X;  � 0 on F0;  � 1 on F1; (4.55)

and for which there exists a finite constant C > 0, depending only on �, so that

k k PC ˇ .X;�/ � C
�
dist�.F0; F1/

��ˇ
: (4.56)

Proof. Let F0; F1 � X be two sets such that dist�.F0; F1/ > 0, and consider the
function ' W F0 [ F1 ! R given by

'.x/ WD
(
0 if x 2 F0;
1 if x 2 F1;

x 2 F0 [ F1: (4.57)

Notice that if either x; y 2 F0 or x; y 2 F1, then j'.x/ � '.y/j D 0 � �.x; y/ˇ .
Also, if either x 2 F0 and y 2 F1 or x 2 F1 and y 2 F0, then

j'.x/� '.y/j D 1 � .dist�.F0; F1//�ˇ�.x; y/ˇ (4.58)

since ˇ > 0 and, in the current case, �.x; y/ � dist�.F0; F1/ > 0. All together these
imply

' 2 PC ˇ.F0 [ F1; �/ and k'k PC ˇ.F0[F1;�/ � .dist�.F0; F1//�ˇ: (4.59)
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With this in hand, Theorem 4.6 then ensures the existence of a function Q' 2
PC ˇ.X; �/ that extends the function ' and has the property that there exists a finite

constant C D C.�/ > 0 such that

k Q'k PC ˇ.X;�/ � C.dist�.F0; F1//
�ˇ: (4.60)

At this stage, consider  W X ! R given by

 WD min
˚
maxf Q'; 0g; 1�: (4.61)

By design, the function  satisfies (4.55). Moreover, (4.53) and (4.54) yield
 2 PC ˇ.X; �/ and k k PC ˇ .X;�/ � Ck Q'k PC ˇ.X;�/. This and (4.60) then prove (4.56),
completing the proof of the theorem. ut

4.4 Density and Embedding Properties of Hölder Functions

Given a quasimetric space .X;q/, for each finite number ˇ > 0 define

PC ˇ
c .X;q/ WD ˚

f 2 PC ˇ.X;q/ W f vanishes outside of a bounded subset of X
�
:

(4.62)

Much as in the past, if � 2 Q.X/, then we will sometimes write PC
ˇ
c .X; �/ instead

of PC ˇ
c .X; Œ��/.

The first main result in this section is the following density theorem.

Theorem 4.13. Let .X;q/ be a quasimetric space, and let ˇ be a finite number with
the property that there exists a quasidistance � 2 q such that 0 < ˇ � �

log2C�
��1

.
Then, for every locally finite Borel regular measure 	 on .X; �q/, one has

PC ˇ
c .X;q/ ,! Lp.X;	/ densely for each p 2 .0;C1/: (4.63)

The proof of this theorem makes use of the following auxiliary result, which is
of interest in its own right.

Lemma 4.14. Let .X;q/ be a quasimetric space, and assume that � 2 q and ˇ 2 R

are such that 0 < ˇ � �
log2C�

��1
. Then for every set E � X that is closed in the

topology �q there exists a sequence of functions ffj gj2N � PC ˇ.X;q/ such that

0 � fj � 1 on X for each j2N and fj&1E pointwise as j ! 1: (4.64)

Furthermore, if the set E is bounded, then matters can also be arranged so that all
functions fj vanish outside a common bounded subset of X .

As a corollary, for every set O � X that is open in the topology �q there exists a
sequence of functions fhj gj2N � PC ˇ.X;q/ such that

0 � hj � 1 on X for each j 2 N; and hj % 1O pointwise as j ! 1: (4.65)
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Proof. With � 2 q and ˇ 2 R as in the statement of the lemma, let d be a distance on
X such that d 	 �ˇ (that such a distance exists is a consequence of Theorem 3.46),
and for each j 2 N consider the set

Oj WD fx 2 X W distd .x;E/ < 1=j g: (4.66)

Clearly Oj is an open subset of X in the topology �d for every j 2 N. Since
�d D ��, this implies that for every j 2 N the set Oj is open in .X; ��/. Also, based
on (4.66) we conclude that

OjC1 � Oj 8 j 2 N and E �
\

j2N
Oj D fx 2 X W distd .x;E/ D 0g: (4.67)

Using the last part of (4.67), the fact that d 	 �ˇ , and the definition of E (the
closure of the set E in the topology ��), we obtain that

E �
\

j2N
Oj D fx 2 X W dist�.x;E/ D 0g � E D E (4.68)

since we are assuming that E is closed in .X; ��/. Consequently, we haveT
j2NOj D E and, given that the sets Oj in (4.67) are a nested family, we

may ultimately conclude

Oj & E as j ! 1: (4.69)

This and the fact that d 	 �ˇ yield dist�.X nOj ; E/ 	 distd .X nOj ; E/ � 1=j for
each j 2 N, hence dist�.X nOj ; E/ > 0 for every j 2 N. We may therefore invoke
Theorem 4.12 to guarantee the existence of a sequence of functions gj W X ! R,
j 2 N, satisfying

gj 2 PC ˇ.X; �/; 0 � gj � 1 on X;

gj � 0 on X n Oj ; gj � 1 on E:
(4.70)

To proceed, define inductively

f1 WD g1 and fj WD minffj�1; gj g; 8 j 2 N; j � 2: (4.71)

Then, based on (4.70), (4.71), and (4.53), we conclude that, for every j 2 N,

fj 2 PC ˇ.X; �/; 1 � fj � fjC1 � 0 pointwise on X: (4.72)

Furthermore,

fj � 1 on E and fj � 0 on X n Oj ; 8 j 2 N; (4.73)
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where the fact that fj vanishes on X n Oj is a consequence of the inequality
0 � fj � gj and (4.70). In addition, (4.69) and the monotonicity of the
sequence ffj gj2N (cf. (4.72)) ensure that the pointwise convergence in (4.64) holds.
Moreover, if the set E is bounded in .X; �/, then the set O1 is �-bounded and all
functions fj vanish outside O1.

Finally, given an open set O � .X; �q/, if ffj gj2N � PC ˇ.X;q/ is the sequence as
in (4.64) for the closed setE WD XnO, then the functions hj WD 1�fj 2 PC ˇ.X;q/,
for j 2 N, satisfy (4.65). The proof of the lemma is therefore complete. ut

In general, we will denote by 1E the characteristic function of a set E. We are
now prepared to present the following proof.

Proof of Theorem 4.13. Let � 2 q and ˇ 2 R be such that 0 < ˇ � �
log2C�

��1
, and

fix an integrability exponent p 2 .0;C1/. The goal is to approximate arbitrarily
well in Lp.X;	/ a given function f 2 Lp.X;	/ with functions from PC

ˇ
c .X; �/.

Since simple functions are dense in Lp.X;	/, there is no loss of generality in
assuming that f D 1E , where E � X is 	-measurable and 	.E/ < C1. Because
	 is a Borel regular measure, we may further assume that, in fact, E is a Borel set
(relative to the topology ��) of finite measure. In this case, we have

	.E/ D sup
K�E;Kbounded

KDK
	.K/; (4.74)

so ultimately it suffices to approximate 1E in Lp.X;	/ with functions from
PC
ˇ
c .X; �/ in the case where E is a closed and bounded subset of X . At this point,

Lemma 4.14 applies and yields the desired conclusion. ut
The second main result in this section is the following density theorem.

Theorem 4.15. Assume that .X;q/ is a quasimetric space with the property that
�q (the topology canonically associated with the quasimetric space structure q on
X ) is locally compact. Let C0.X/ be the Banach space of real-valued, continuous
functions on .X; �q/ that vanish at infinity, equipped with the supremum norm.
Finally, assume that ˇ 2 R is such that there exists a quasimetric � 2 q for which
0 < ˇ � �

log2C�
��1

. Then

PC ˇ
c .X;q/ ,! C0.X/ densely: (4.75)

Proof. This follows from the Stone–Weierstrass theorem given that, as a conse-
quence of Theorem 4.12, PC

ˇ
c .X;q/ is a subalgebra of C0.X/ that separates points

and vanishes nowhere. ut
We conclude this subsection by discussing embedding properties for Hölder

spaces of functions on quasimetric spaces. To set the stage, consider a quasimetric
space .X; �/, and for each ˛ 2 .0;C1/ define the inhomogeneous Hölder
space C ˛.X; �/ as
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C ˛.X; �/ WD
n
f W X ! R W kf kC ˛.X;�/ WD sup

x2X
jf .x/j C kf k PC ˛.X;�/ < C1

o
:

(4.76)
Our last main result in this subsection then reads as follows.

Theorem 4.16. Let .X; �/ be a quasimetric space. Then the inclusion operator


 W C ˇ.X; �/ ,! C ˛.X; �/ is well defined

and compact whenever 0 < ˛ < ˇ < C1
(4.77)

if and only if .X; �/ is totally bounded.

Proof. The proof of the fact that (4.77) holds provided .X; �/ is totally bounded is
organized into two steps.

Step 1. The claim in (4.77) holds when .X; ��/ is a compact topological space. In
this setting, observe first that, x0 2 X having been fixed, the family of �#-balls˚
B�#.x0; j /

�
j2N constitutes an open cover of .X; ��/. Since .X; ��/ is compact, we

deduce from this and (4.15) that diam�.X/ < C1. Assume now that 0 < ˛ < ˇ <
C1. It is then clear from definitions that

kf kC ˛.X;�/ � max
n
1; diam�.X/

ˇ�˛okf kC ˇ.X;�/; 8 f 2 C ˇ.X; �/; (4.78)

which shows that the inclusion operator in (4.77) is well defined, linear, and
bounded. To prove that this operator is also compact, fix a bounded sequence
ffj gj2N � C ˇ.X; �/. Hence, there exists M 2 Œ0;C1/ with the property that

jfj .x/j � M; 8 x 2 X and 8 j 2 N; (4.79)

jfj .x/ � fj .y/j � M�.x; y/ˇ; 8 x; y 2 X and 8 j 2 N: (4.80)

Collectively, (4.79) and (4.80) show that the family of functions ffj gj2N is
pointwise uniformly bounded and equicontinuous on .X; ��/. Given that .X; ��/ is
a Hausdorff, compact topological space, Arzela’s theorem (cf., e.g., [87, Exercise 4,
p. 293]) may be used to conclude that there exists a subsequence of ffj gj2N that
converges uniformly on X to a continuous function f W .X; ��/ ! R. Without
loss of generality we will assume in what follows that this is the case for the entire
original sequence ffj gj2N.

Passing to limit j ! 1 in (4.79) and (4.80) then gives that kf kC ˇ.X;�/ � 2M .
In particular, f 2 C ˇ.X; �/ and, hence, f 2 C ˛.X; �/ by (4.78). As such, the
proof is completed the moment we show that kfj � f kC ˛.X;�/ ! 0 as j ! 1. In

this regard, fix an arbitrary number " > 0, and introduce r WD �
"=.2M/

�1=.ˇ�˛/ 2
.0;C1/. This choice of r ensures that, on the one hand,
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sup
x;y2X; x 6Dy

�.x;y/<r

j.fj � f /.x/ � .fj � f /.y/j
�.x; y/˛

� sup
x;y2X; x 6Dy

�.x;y/<r

jf .x/ � f .y/j
�.x; y/ˇ

� �.x; y/ˇ�˛

C sup
x;y2X; x 6Dy

�.x;y/<r

jfj .x/ � fj .y/j
�.x; y/ˇ

� �.x; y/ˇ�˛

< "; 8 j 2 N; (4.81)

and, on the other hand,

sup
x;y2X

�.x;y/�r

j.fj � f /.x/ � .fj � f /.y/j
�.x; y/˛

� 2r�˛ � sup
x2X

jfj .x/� f .x/j; 8 j 2 N:

(4.82)

Choose now jo 2 N such that the right-hand side of (4.82) is < " whenever j 2 N

satisfies j � jo. That this is possible is guaranteed by the fact that the sequence
ffj gj2N converges uniformly on X to f . Then from (4.81) and (4.82) we deduce
that kfj � f k PC ˛.X;�/ < 2" if j 2 N satisfies j � jo. Thus, ultimately we have
kfj � f kC ˛.X;�/ ! 0 as j ! 1, as desired.

Step 2. The claim in (4.77) holds whenever .X; �/ is totally bounded. Recall that
a quasimetric space . QX; Q�/ is said to be a completion of .X; �/ provided the
following conditions are satisfied:

X � QX and Q�jX 	 �, say c�1� � Q�jX � c�, for some c 2 Œ1;C1/; (4.83)

X is dense in . QX; � Q�/; (4.84)

. QX; Q�/ is complete: (4.85)

Then any quasimetric space .X; �/ has a completion . QX; Q�/. To see that this is the
case, given a quasimetric space .X; �/, associate to it the metric space .X; �ˇ# /,
where ˇ is a finite number belonging to the interval

�
0; .log2 C�/

�1�. Then, as is well
known (cf., e.g., [27, Theorem 1.5.10, p. 12], [74, p. 25]), there exists a metric space
. QX; d/ that is the completion of .X; �ˇ# / in the sense described in (4.83)–(4.85).
Then . QX; Q�/ with Q� WD d1=ˇ becomes a completion of the original quasimetric
space .X; �/.

In fact, it can be shown (either directly or by reducing matters as was done
previously to known results for metric spaces) that the completeness of a quasimetric
space .X; �/ is unique up to bi-Lipschitz homeomorphisms, in the sense that for any
two completions . QX1; Q�1/ and . QX2; Q�2/ of the given quasimetric space .X; �/ there
exists a bi-Lipschitz homeomorphismˆ W . QX1; Q�1/ ! . QX2; Q�2/ such that ˆjX is the
identity mapping of X .
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We next claim that

if a quasimetric space .X; �/ is totally bounded;

then its completion . QX; Q�/ is also totally bounded.
(4.86)

To see that this is the case, pick an arbitrary " > 0 and select C 2 �
0; .C Q�/2 � c�,

where c is as in (4.83). Since .X; �/ is totally bounded, there exist x1; : : : ; xN 2 X
such that

X �
[

1�i�N
B�.xi ; "=C /: (4.87)

Select an arbitrary point x� 2 QX . By (4.84), it is possible to find a sequence
fyngn2N � X such that

yn �! x� in � Q� as n ! 1: (4.88)

Note that since by (4.87) the set X is covered by the finite family of �-balls˚
B�.xi ; "=C /

�
1�i�N , there exist io 2 f1; : : : ; N g and a subsequence fynkgk2N of

fyngn2N with the property that ynk 2 B�.xio ; "=C / for every k 2 N. Then

Q�.x�; xio / � .C Q�/2 Q�#.x�; xio / D .C Q�/2 lim
k!1 Q�#.ynk ; xio /

� .C Q�/2 lim sup
k!1

Q�.ynk ; xio / � .C Q�/2c lim sup
k!1

�.ynk ; xio / < "; (4.89)

where the first inequality uses (4.15), the subsequent equality is based on (4.88) and
the fact that Q�# is continuous, the second inequality once again follows from (4.15),
the third inequality is a consequence of (4.83), and the last inequality is implied
by the choice of the subsequence fynkgk2N and of the constant C . Estimate (4.89)
proves that x� 2 B Q�.xio ; "/; hence, ultimately,

QX �
[

1�i�N
B Q�.xi ; "/; (4.90)

completing the proof of (4.86).
Going further, fix an exponent ˇ 2 .0;C1/, and note that, thanks to (4.83) and

(4.84), any function f 2 C ˇ.X; �/ extends uniquely to a function Qf 2 C ˇ. QX; Q�/
in such a way that

the operator C ˇ.X; �/ 3 f 7! Qf 2 C ˇ. QX; Q�/
is well defined, linear, and bounded.

(4.91)

To see this, given f 2 C ˇ.X; �/, define Qf W QX ! R by setting
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Qf .x�/ WD lim
n!1f .xn/ whenever x� 2 QX and fxngn2N � X

are such that xn ! x� in � Q� as n ! 1:
(4.92)

Given that any Hölder function maps Cauchy sequences to Cauchy sequences we
deduce that the limit in (4.92) exists. Furthermore, by interlacing sequences it
follows that this limit is unambiguously defined under the conditions stipulated
in (4.92). As a byproduct, we obtain that Qf jX D f . Finally, to see that Qf 2
C ˇ. QX; Q�/ with control of the norm, pick two arbitrary points Qx; Qy 2 QX along with
two sequences

fxngn2N; fyngn2N � X such that xn ! Qx and yn ! Qy in � Q� as n ! 1: (4.93)

Then we may estimate (based on the continuity of Q�#)

j Qf .Qx/� Qf . Qy/j D ˇ
ˇ lim
n!1

f .xn/� lim
n!1

f .yn/
ˇ
ˇ D lim

n!1

jf .xn/� f .yn/j

� kf k
PCˇ.X;�/ lim sup

n!1

�.xn; yn/
ˇ � cˇkf k

PCˇ.X;�/ lim sup
n!1

Q�.xn; yn/ˇ

� cˇ.C
Q�/
2kf k

PCˇ.X;�/ lim sup
n!1

Q�#.xn; yn/
ˇ D cˇ.C

Q�/
2kf k

PCˇ.X;�/ Q�#.Qx; Qy/ˇ

� cˇ.C
Q�/
2kf k

PCˇ.X;�/ Q�.Qx; Qy/ˇ; (4.94)

which goes to show that

k Qf k PC ˇ. QX; Q�/ � cˇ.C Q�/2kf k PC ˇ.X;�/: (4.95)

Moreover,

j Qf . Qx/j D ˇ
ˇ lim
n!1f .xn/

ˇ
ˇ D lim

n!1 jf .xn/j � sup
x2X

jf .x/j; (4.96)

so that

sup
Qz2 QX

j Qf .Qz/j � sup
x2X

jf .x/j: (4.97)

Hence, the boundedness of the operator in (4.91) follows from (4.95) and (4.97).
We are now in a position to justify the claim made at the beginning of Step 2.

To this end, assume that 0 < ˛ < ˇ < C1, and consider a bounded sequence
of functions ffngn2N � C ˇ.X; �/. Then, thanks to (4.91), the sequence f Qfngn2N
is bounded in C ˇ. QX; Q�/. Since from (4.86) and (4.85) we know that . QX; Q�/ is both
totally bounded and complete, it follows that . QX; � Q�/ is a compact topological space.
As such, the result proved in Step 1 applies and yields the existence of some function
Qf 2 C ˇ. QX; Q�/ with the property that, for some subsequence f Qfnkgk2N of f Qfngn2N,
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lim
k!1 k Qfnk � Qf kC ˛. QX; Q�/ D 0: (4.98)

Consequently, if f WD Qf jX 2 C ˇ.X; �/, then we deduce from (4.98) that

lim
k!1 kfnk � f kC ˛.X;�/ D lim

k!1
�
� Qfnk jX � Qf jX

�
�

C ˛.X;�/

� c˛ lim
k!1 k Qfnk � Qf kC ˛. QX; Q�/ D 0: (4.99)

Thus, fnk ! f in C ˛.X; �/ as k ! 1, completing the proof of the claim made in
Step 2.

Let us now consider the converse implication, i.e., that if (4.77) holds, then .X; �/
is necessarily totally bounded. Fix an arbitrary " > 0 and use Zorn’s lemma to
construct a family of points fxj gj2J � X , where J is a set of indexes, such that

�.xi ; xj / > "=2; 8 i; j 2 J with i 6D j; (4.100)

which is maximal, with respect to the partial order induced by the inclusion of
subsets of X , with this property. In particular, by the maximality property, this
family of points satisfies

X �
[

j2J
B�.xj ; "/: (4.101)

Also, since the topological space .X; ��/ is separable (cf. (4.49)), we may actually
assume that J is at most countable; hence, in the case when J is infinite there is no
loss of generality in assuming that J D N. In this scenario, select a finite number ˇ
such that 0 < ˇ � �

log2C�
��1

, and invoke Theorem 4.12 to construct a sequence of
functions ffj gj2N � C ˇ.X; �/ with the property that, for each j 2 N,

0 � fj � 1 on X; fj � 0 on X n B�.xj ; "=2/;
and fj � 1 on B�

�
xj ; "=.2C�/

�
;

(4.102)

and such that, for some finite constant C > 0, depending only on �,

kfj k PC ˇ.X;�/ � C
�
dist�

�
X n B�.xj ; "=2/; B�.xj ; "=.2C�//

���ˇ
: (4.103)

That this is possible is ensured by observing that each ball B�
�
xj ; "=.2C�/

�
is

nonempty (since it contains its center), each set of the form X n B�.xj ; "=2/ is
nonempty (since xk 2 X n B�.xj ; "=2/ for every k 2 N n fj g), and

dist�
�
X n B�.xj ; "=2/; B�

�
xj ; "=.2C�/

�� � "=.2C�/: (4.104)
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The last inequality is justified by noting that for any points y 2 B�
�
xj ; "=.2C�/

�

and z 2 X n B�.xj ; "=2/ we have

�.xj ; y/ < "=.2C�/ and "=2 � �.xj ; z/ � C� max f�.xj ; y/; �.y; z/
�
: (4.105)

Based on (4.105), we obtain �.y; z/ � "=.2C�/, and (4.104) follows. Going further,
from (4.104), (4.103), and (4.102) we deduce that

kfj kC ˇ.X;�/ � 1C C.2C�/
ˇ"�ˇ; 8 j 2 N: (4.106)

Thus, ffj gj2N is bounded in C ˇ.X; �/. If we now pick some ˛ 2 .0; ˇ/, then it
follows from this and (4.77) that there exist a subsequence ffjkgk2N of ffj gj2N and
a function f 2 C ˛.X; �/ with the property that lim

k!1 kfjk � f kC ˛.X;�/ D 0. In

particular,
sup
x2X

ˇ
ˇfjk .x/ � f .x/ˇˇ �! 0 as k ! 1: (4.107)

Then for each k; k0 2 N with k 6D k0 we have jk 6D jk0 and, hence, �.xjk ; xjk0

/ >

"=2. In particular, xjk 2 X n B�.xjk0

; "=2/, hence fjk0

.xjk / D 0. Keeping k 2 N

fixed and letting k0 ! 1 then yields

jf .xjk /j D jf .xjk /�fjk0

.xjk /j � sup
x2X

jf .x/�fjk0

.x/j ! 0 as k0 ! 1 (4.108)

on account of (4.107). Consequently, f .xjk / D 0 for every k 2 N. In turn, this
implies that, on the one hand,

1 D jfjk .xjk /j D jf .xjk /� fjk .xjk /j � sup
x2X

jf .x/ � fjk .x/j for every k 2 N;

(4.109)

and, on the other hand, by (4.107), the supremum in the rightmost side of (4.109)
goes to zero as k ! 1, a contradiction. This proves that the sequence of points
fxj gj2J � X satisfying (4.100) is necessarily finite. Together with (4.101), this
implies that .X; �/ is totally bounded, as desired. ut

4.5 Regularized Distance Function to a Set

Given a set X , a quasidistance � 2 Q.X/, and a nonempty set E � X , define

dist�.x;E/ WD inf f�.x; y/ W y 2 Eg; 8 x 2 X: (4.110)

If � is actually a metric, then dist�.�; E/ W X ! R is a Lipschitz function (with
Lipschitz constant � 1). In the general case corresponding to � being merely
a quasidistance on X , the function dist�.�; E/ may even fail to be continuous
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(this is the case even in such simple instances as when the set E is a singleton).
The issue that arises is whether there exists a nonnegative function on X that is
pointwise equivalent to dist�.�; E/ and exhibits better regularity properties. When
the quasimetric space in question is R

n equipped with the standard Euclidean
distance and when “regularity” is understood in the differential sense, this is a
classical problem, and the reader is referred to, e.g., [113, Theorem 2, p. 171] for
an excellent exposition. Here the goal is to explore the extent to which a result of
this flavor is valid in the setting of general quasimetric spaces. Specifically, we have
the following theorem.

Theorem 4.17. Suppose that .X;q/ is a quasimetric space,E is a nonempty subset
of X , and � 2 q. Then there exist a function ıE W X ! Œ0;C1/ and two constants
c0; c1 2 .0;C1/, which depend only on C�, such that

c0 dist�.x;E/ � ıE.x/ � c1 dist�.x;E/; 8 x 2 X: (4.111)

Furthermore, if ˇ 2 R is such that 0 < ˇ � Œlog2C��
�1, then ıE satisfies the

following properties:

(1) If E is a closed, proper subset of .X; �q/, then ıE 2 PC
ˇ

loc.X n E; �/ in the
quantitative sense that for every " 2 .0; C�1

� / there exists C 2 .0;C1/,
depending only on C�, ˇ, and ", such that

sup

� jıE.x/ � ıE.y/j
�.x; y/ˇ

W x; y 2 B�
�
z; " dist�.z; E/

�
; x 6D y

	

� C
�
dist�.z; E/

�1�ˇ
for all z 2 X n E: (4.112)

(2) If 0 < ˇ � 1, then there exists C 2 .0;C1/, which depends only on C� and ˇ
such that

jıE.x/ � ıE.y/j
�.x; y/ˇ

� C


�.x; y/C max fdist�.x;E/ ; dist�.y;E/g

�1�ˇ

(4.113)
for all x; y 2 X with x 6D y.

Proof. Suppose that � 2 q, and for now assume that E is a fixed, arbitrary,
nonempty subset ofX . If �# denotes the regularized version of � as in Theorem 3.46
and we define

ıE.x/ WD inf f�#.x; y/ W y 2 Eg; 8 x 2 X; (4.114)

then (4.111) follows by virtue of the fact that �# 2 Œ��.
Let ˇ 2 R be such that 0 < ˇ � Œlog2C��

�1. Fix x; y 2 X and select a sequence
of points fzngn2N in E with the property that

�#.y; zn/ ! ıE.y/ as n ! 1: (4.115)
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Making use of (3.542), for each n 2 N we then write

ıE.x/ � �#.x; zn/ � �#.y; zn/C j�#.x; zn/� �#.y; zn/j

� �#.y; zn/C 1
ˇ

max
˚
�#.x; zn/

1�ˇ; �#.y; zn/
1�ˇ���#.x; y/

�ˇ
; (4.116)

with the understanding that when ˇ � 1, we also assume that zn 62 fx; yg.
To treat the claim made in .1/, consider now the case when E is a nonempty,

proper, closed subset of .X; �q/. Choose " 2 .0; C�1
� /, and fix some point z 2 X nE.

Then

r WD dist�.z; E/ > 0 (4.117)

since X nE is open in .X; �q/. Finally, assume that x; y 2 B�.z; "r/. We then claim
that

C�3
� r � ıE.x/ � C�r and C�3

� r � ıE.y/ � C�r: (4.118)

To justify (4.118), fix an arbitrary � > 1 and select w 2 E with the property that
�.z;w/ < � r (here, the fact that r > 0 is used). Then, by (3.530),

ıE.x/ � �#.x;w/ � C� max f�#.x; z/; �#.z;w/g
� C� max f�.x; z/; �.z;w/g � C� max f"r; � rg D C�� r: (4.119)

Passing to the limit as � & 1 then yields ıE.x/ � C�r , as desired. In the opposite
direction, for every w 2 E we may write

r D dist�.z; E/ � �.z;w/ � C� max f�.z; x/; �.x;w/g � C� max f"r; �.x;w/g;
(4.120)

which, given that C�" < 1, yields r � C��.x;w/. Hence, C�1
� r � �.x;w/ �

C2
� �#.x;w/ for every w 2 E; thus, ultimately, C�1

� r � C2
� ıE.x/. This completes

the proof of the first double inequality in (4.118). The second double inequality
in (4.118) is proved similarly, completing the proof of (4.118).

Let us also note that if x; y 2 B�.z; "r/, then �.x; z/; �.y; z/ < "r and, as a
result,

�#.x; y/ � �.x; y/ � C� max f�.x; z/; �.z; y/g � "C�r: (4.121)

Returning now to the context in which (4.116) was derived, observe that, by (4.118)
and (4.121), whenever x; y 2 B�.z; "r/, we may write

C�3
� r � ıE.x/ � �#.x; zn/ � C� max f�#.x; y/; �#.y; zn/g

� C� max f"C�r; �#.y; zn/g; 8 n 2 N: (4.122)
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In light of (4.115) and (4.118), this further implies

C�3
� r � lim inf

n!C1�#.x; zn/ � lim sup
n!C1

�#.x; zn/

� C� max f"C�r; ıE.y/g � C2
� r (4.123)

whenever x; y 2 B�.z; "r/. In a similar fashion,

C�3
� r � lim inf

n!C1�#.y; zn/ � lim sup
n!C1

�#.y; zn/ � C2
� r (4.124)

if y 2 B�.z; "r/. From (4.123) and (4.124) we deduce that if x; y 2 B�.z; "r/, then,
for n large,

max
˚
�#.x; zn/

1�ˇ; �#.y; zn/
1�ˇ���#.x; y/

�ˇ 	 r1�ˇ�.x; y/ˇ; (4.125)

with proportionality constants depending only on C� and ˇ. Collectively, (4.115),
(4.116), and (4.125) allow us to deduce that

ıE.x/ � ıE.y/C Cr1�ˇ�.x; y/ˇ; 8 x; y 2 B�.z; "r/; (4.126)

for some finite C � 0 that depends only on C� and ˇ. From (4.126) and its version
with x and y interchanged we finally conclude that

jıE.x/ � ıE.y/j � Cr1�ˇ�.x; y/ˇ; 8 x; y 2 B�.z; "r/; (4.127)

with C as before. Given that r D dist�.z; E/, this completes the proof of (4.112).
To treat the claim made in .2/, suppose now that E is a nonempty subset of X .

Also, assume this time that 0 < ˇ � 1 and that x; y 2 X are arbitrary. Of course,
the considerations pertaining to (4.114)–(4.116) remain valid, and we augment these
by noting that �#.x; zn/ � C� max f�#.x; y/; �#.y; zn/g for all n 2 N. Hence,

lim sup
n!C1

�#.x; zn/ � C� max f�#.x; y/; ıE.y/g; (4.128)

which, when used back in (4.116) and after passing to limit n ! C1, yields, on
account of (4.115) and the fact that ˇ 2 .0; 1�,

ıE.x/ � ıE.y/C 1
ˇ
C 1�ˇ
� max f�#.x; y/

1�ˇ; ıE.y/1�ˇg��#.x; y/
�ˇ

� ıE.y/C C max f�.x; y/1�ˇ; ıE.y/1�ˇg�.x; y/ˇ: (4.129)

As a consequence, for each x; y 2 X we see that

ıE.x/ � ıE.y/C C


�.x; y/C max fıE.x/; ıE.y/g

�1�ˇ
�.x; y/ˇ: (4.130)
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Now, (4.113) follows from this, its version written with x and y interchanged, as
well as (4.111). This completes the proof of the theorem. ut

A conceptually different proof of a slight variant of Theorem 4.17, more akin to
that of [113, Theorem 2, p. 171], but in the more specialized setting of geometrically
doubling quasimetric spaces, will be presented in the next section, following a
discussion of Whitney-like decompositions of open sets and partitions of unity in
the said setting.

4.6 Whitney-Like Partitions of Unity via Hölder Functions

An important tool in harmonic analysis is the Whitney decomposition of a
nonempty, proper, open subset O of a quasimetric space .X; �/ into balls whose
distance to the complement of O in X is proportional to the radius of the ball in
question. Frequently, given such a Whitney decomposition, it is useful to have a
partition of unity subordinate to it, which is quantitative in the sense that the size of
the functions involved is controlled in terms of the size of their respective supports.
Details in the standard setting of Rn may be found in [113, p. 170].

More recently, such quantitative Whitney partitions of unity have been con-
structed on general metric spaces (see [73, Lemma 2.4, p.339], [51]) and on
quasimetric spaces, as in [80, Lemma 2.16, p. 278]. Here we wish to improve upon
the latter result both by allowing a more general set-theoretic framework and by
providing a transparent description of the order of smoothness of the functions
involved in such a Whitney-like partition of unity for an arbitrary quasimetric space.

Theorem 4.18. Let .X;q/ be a quasimetric space, and assume that ˇ is a finite
number with the property that there exists a quasidistance � 2 q such that 0 < ˇ ��
log2C�

��1
. In this setting, assume that fEj gj2I , feEj gj2I and fbEj gj2I are three

families of nonempty proper subsets of X satisfying the following properties:

(a) For each j 2 I one has Ej � eEj � bEj , rj WD dist�.Ej ;X n eEj / > 0 and

dist�.eEj ;X n bEj / 	 rj uniformly for j 2 I : (4.131)

(b) One has ri 	 rj uniformly for i; j 2 I such that bEi \ bEj ¤ ;.

(c) There exists N 2 N such that
X

j2I
1bEj � N .

(d) One has
S
j2I Ej D S

j2I bEj .

Then there exist a finite constant C � 1, depending only on �, ˇ, N , and the
proportionality constants in (a) and (b) above, along with a family of real-valued
functions f'j gj2I on X such that the following conditions are valid:

(1) For each j 2 I one has
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'j 2 PC ˇ.X;q/ and k'j k PC ˇ.X;�/ � Cr
�ˇ
j : (4.132)

(2) For every j 2 I one has

0 � 'j � 1 on X; 'j � 0 on X n eEj ; and 'j � 1=C on Ej : (4.133)

(3) One has
X

j2I
'j D 1S

j2I Ej
D 1S

j2IeEj D 1S
j2IbEj .

Proof. Fix � and ˇ as in the statement of the theorem. Based on Theorem 4.12 and
property .a/, for each j 2 I there exists a function  j 2 PC ˇ.X;q/ such that

.i/  j � 1 on Ej ; .i i/  j � 0 on X n eEj ; .i i i/ 0 �  j � 1 on X;

(4.134)
and

k j k PC ˇ.X;�/ � Cr
�ˇ
j ; (4.135)

where C > 0 is a finite constant depending only on � and ˇ. Consider next the
function

‰ W
[

j2I
Ej �! R; ‰ WD

X

j2I
 j ; (4.136)

and note that ‰ is well defined and satisfies

1 � ‰ � N on
[

j2I
Ej : (4.137)

Indeed, the fact that ‰ is well defined follows from .c/ and .i i i/ in (4.134), the
first inequality is due to .i/ and .i i i/ in (4.134), and the second inequality is a
consequence of .i i i/ in (4.134), the fact that Ej � bEj for each j 2 I , and
statement .c/ in the hypotheses. Going further, for each j 2 I introduce the function

'j W X �! R; 'j WD
(
 j =‰ on

S
i2I Ei ;

0 on X n �Si2I Ei
�
:

(4.138)

By the discussion pertaining to the nature of ‰, for each j 2 I the function 'j is
well defined and, thanks to (4.138), the first inequality in (4.137), and .i i/ in (4.134),
satisfies

0 � 'j � 1 on X; 'j � 0 on X n eEj : (4.139)

This proves the first two assertions in .2/ in the conclusion of the theorem. Also,
employing (4.138), .i/ in (4.134), and the second inequality in (4.137), we may
conclude that

'j D  j =‰ D 1=‰ � 1=N on Ej : (4.140)
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This completes the proof of .2/ provided one chooses C � N . Going further, by
.c/, the sum

P
j2I 'j is meaningfully defined and, using (4.138) and (4.136), is

identically equal to one on
S
j2I Ej , thus proving conclusion .3/ from the statement

of the theorem.
It remains to prove .1/. To this end, as a preliminary step we will show that there

exists a finite constant C > 0, depending only on �, ˇ, and the proportionality
constants in .a/ and .b/, such that, for each j 2 I , there holds

j j .x/ �  j .y/j � Cr
�ˇ
j �.x; y/ˇ

�
1bEj .x/C 1bEj .y/

�
; 8 x; y 2 X: (4.141)

To prove (4.141), fix j 2 I and, based on  j 2 PC ˇ.X; �/ and (4.135), estimate

j j .x/ �  j .y/j � k j k PC ˇ.X;�/�.x; y/
ˇ � Cr

�ˇ
j �.x; y/ˇ; 8 x; y 2 X: (4.142)

By construction,  j � 0 on X n eEj so that if x; y 2 X n eEj , then (4.141) is
obviously true. In the case when either x 2 eEj or y 2 eEj , using the fact that
eEj � bEj we may write

1bEj .x/C 1bEj .y/ � 1; (4.143)

and thus (4.141) follows from (4.143) and (4.142).
Having disposed of (4.141) we focus on proving .1/, i.e., show that for each fixed

index j 2 I we have

j'j .x/ � 'j .y/j � Cr
�ˇ
j �.x; y/ˇ; 8 x; y 2 X; (4.144)

for some finite constant C > 0, depending only on �, ˇ, N , as well as the
proportionality constants implicit in conditions .a/ and .b/. Fix j 2 I and note
that (4.144) is obviously true whenever x; y 2 X n �Si2I Ei

�
as the left-hand

side in (4.144) vanishes in this case [cf. (4.138)]. Consider next the case when
x; y 2 Si2I Ei , in which scenario we write

j'j .x/ � 'j .y/j D
ˇ
ˇ
ˇ
ˇ
 j .x/

‰.x/
� � j .y/

‰.y/

ˇ
ˇ
ˇ
ˇ D

ˇ
ˇ
ˇ
ˇ
 j .x/‰.y/ �  j .y/‰.x/

‰.x/‰.y/

ˇ
ˇ
ˇ
ˇ

� j j .x/‰.y/�  j .y/‰.x/j
� j j .x/� j .y/j‰.y/Cj‰.x/�‰.y/j j .y/
� N j j .x/� j .y/jCj‰.x/�‰.y/j1eEj .y/ DW I1CI2: (4.145)

Here, the first inequality follows from the first inequality in (4.137), the second
estimate is a consequence of the triangle inequality, and the third one follows
from (4.137) and .i i/–.i i i/ in (4.134). Moving on, (4.142) immediately gives

I1 � CNr
�ˇ
j �.x; y/ˇ; 8 x; y 2 X: (4.146)
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As for I2, we make the claim that there exists a finite constant C > 0, depending
only on �, ˇ, N , and the proportionality constants in conditions .a/ and .b/ from
the hypotheses, such that

I2 � Cr
�ˇ
j �.x; y/ˇ; 8 x; y 2

[

i2I
Ei : (4.147)

To justify this claim, observe that if y 2 �S
i2I Ei

� n eEj , then I2 D 0, so
estimate (4.147) is trivially true. Consider next the case when y 2 �Si2I Ei

�\eEj ,
and denote by c > 0 the lower proportionality constant in (4.131). If �.x; y/ � c rj ,

then, on the one hand, r�ˇ
j �.x; y/ˇ � cˇ , while on the other hand I2 � 2N by the

second inequality in (4.137). Hence, (4.147) holds in this case as well. Suppose now
that

x 2
[

i2I
Ei and y 2


[

i2I
Ei

�
\ eEj are such that �.x; y/ < c rj : (4.148)

Given that y 2 eEj , and since by (4.131) and (4.148) we have

dist�.eEj ;X n bEj / � crj > �.y; x/; (4.149)

we deduce that x 2 bEj . Based on this, the triangle inequality, and (4.141), it follows
that

I2 D j‰.x/ �‰.y/j1bEj .x/1bEj .y/ �
X

i2I
j i.x/ �  i .y/j1bEj .x/1bEj .y/

� C�.x; y/ˇ
X

i2I
r

�ˇ
i

�
1bEi .x/C 1bEi .y/

�
1bEj .x/1bEj .y/

� C�.x; y/ˇ
˚
I 0
2 C I 00

2

�
whenever x; y are as in (4.148); (4.150)

where

I 0
2 WD

X

i2I
r

�ˇ
i 1bEi .x/1bEj .x/ and I 00

2 WD
X

i2I
r

�ˇ
i 1bEi .y/1bEj .y/: (4.151)

For each nonzero term in I 0
2 we necessarily have x 2 bEi \bEj ; hence, bEi \bEj ¤ ;,

which further forces ri 	 rj , by condition .b/ in the hypotheses. Thus, using this
and property .c/ from the hypotheses,

I 0
2 � Cr

�ˇ
j

X

i2I
1bEi .x/ � CNr

�ˇ
j ; (4.152)
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where C > 0 is a finite constant that depends only on the proportionality constant
in .b/. Similarly, I 00

2 � Cr
�ˇ
j for some finite constant C > 0 depending only on

N and the proportionality constant in .b/. Granted the discussion in the paragraph
preceding (4.148), it follows from this and (4.150) that (4.147) holds as stated.

In summary, this analysis shows that the estimate in (4.144) holds whenever
either x; y 2 X n �Si2I Ei

�
or x; y 2 S

i2I Ei . Therefore, to complete the proof
of (4.144), it remains to consider the case when

x 2
[

i2I
Ei and y 2 X n


[

i2I
Ei

�
; (4.153)

or vice versa. Concretely, assume that (4.153) holds (the other case is treated
similarly). Then (4.144) is clear when x 62 eEj since in such a scenario we have
'j .x/ D 'j .y/ D 0 by the second property in (4.139) and the second condition
in (4.153). Thus matters have been reduced to considering the case when

x 2

[

i2I
Ei

�
\ eEj and y 2 X n


[

i2I
Ei

�
D X n


[

i2I
bEi

�
; (4.154)

where the aforementioned equality is a consequence of condition .d/ in the
hypotheses. In particular, x 2 eEj and y 2 X n bEj , and, hence, based on .a/,
we have

�.x; y/ � dist�.eEj ;X n bEj / � crj ; (4.155)

where, as before, c > 0 is the lower proportionality constant in (4.131). In this
situation, using the definition of 'j from (4.138) and (4.155) we may estimate

j'j .x/ � 'j .y/j D 'j .x/ D  j .x/

‰.x/
�  j .x/ � 1 � c�ˇr�ˇ

j �.x; y/ˇ: (4.156)

This proves the last case in the analysis of (4.144), completing the proof of .1/ in
the conclusion of the theorem. The proof of Theorem 4.18 is now complete. ut

There are several important instances where the hypotheses of Theorem 4.18 are
satisfied; in Comments 4.19, 4.20, and 4.22 we discuss three such scenarios.

Comment 4.19. Let .X; �/ be a quasimetric space, and fix two finite real constants
C0; C1 such that C1 � C� and C0 � C�C1. Also, assume that fB�.xj ; rj /gj2I is a
family of �-balls in X satisfying

0 < rj < C0 diam�.X/; 8 j 2 I; (4.157)

as well as

fB�.xj ; rj /gi2I have finite overlap,
S
j2I B�.xj ; rj =C0/ D X; and

ri 	 rj uniformly for i; j 2 I such that B�.xi ; ri / \ B�.xj ; rj / ¤ ;:
(4.158)
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Then taking

Ej WD B�.xj ; rj =C0/; eEj WD B�.xj ; rj =C1/; bEj WD B�.xj ; rj /; 8 j 2 I;
(4.159)

yields a triplet of families fEj gj2I , feEj gj2I , and fbEj gj2I satisfying the conditions
stipulated in Theorem 4.18 (with the radii rj playing the role of the parameters rj
in the statement of this theorem).

A concrete situation when a family fB�.xj ; rj /gj2I satisfying (4.157) and
(4.158) arises naturally in practice is as follows. Assume that .X;q/ is a geometri-
cally doubling quasimetric space, and fix some quasidistance � 2 q. Also, let C0; C1
be as before, and pick a real number r such that 0 < r < C0 diam�.X/. In this
setting, suppose that fxj gj2N is an at most countable family of points in X , which
is .r=C0; �/-disperse and such that this family is maximal among all collections
of points in X with this property (maximality is understood with respect to the
partial order induced by inclusion on the collection of subsets of X ). That such a
family always exists is a consequence of Zorn’s lemma (note that, here, (4.49) is
also used in order to ensure that such a family is at most countable). If we then take
B�.xj ; rj / WD B�.xj ; r/ for each j 2 I , then properties (4.157) and (4.158) are
readily verified with the help of (4.46). �

Another situation where the hypotheses of Theorem 4.18 are verified is described
next. Note that, in contrast to the case presented in the last part in Comment 4.19,
this time we do not assume that the quasimetric space in question is geometrically
doubling.

Comment 4.20. Suppose that .X; �/ is a quasimetric space and that C0; C1 are two
fixed, finite real numbers with the property that C1 � C� and C0 � C�C1. Pick an
arbitrary point xo 2 X along with a real number r such that 0 < r < C0 diam�.X/;
then define

E1 WD B�.xo; r/; eE1 WD B�.xo; C1r/; bE1 WD B�.xo; C0r/; (4.160)

and, for each j 2 N, j � 2,

Ej WD B�.xo; 2
j r/ n B�.xo; 2j�1r/;

eEj WD B�.xo; 2
jC1r/ n B�.xo; 2j�1C�1

1 r/; (4.161)

bEj WD B�.xo; 2
jC0r/ n B�.xo; 2j�1C�1

0 r/:

Finally, consider I WD fj 2 N W Ej 6D ;g. Then fEj gj2I , feEj gj2I , fbEj gj2I
is a triplet of families satisfying the conditions formulated in the statement of
Theorem 4.18 (with the parameters rj in the statement of this theorem given by
rj WD 2j�1r , j 2 N). �

Yet, perhaps the most basic setting in which families of sets fEj gj2I , feEj gj2I ,
and fbEj gj2I satisfying the conditions hypothesized in Theorem 4.18 arise in a
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natural fashion is in relation to the Whitney decomposition of an open subset of
a geometrically doubling quasimetric space (for more details see Comment 4.22
below).

A statement of the Whitney decomposition theorem, which extends work in [34,
Theorem 3.1, p. 71] and [35, Theorem 3.2, p. 623] done in the context of bounded
open sets in spaces of homogeneous type, is recorded next. Note that we only
assume that .X; �/ is a geometrically doubling quasimetric space and, perhaps most
importantly, our open set O is not assumed to be bounded. From the point of view of
the strategy of the proof, our approach is entirely self-contained and, as opposed to
[35], makes no use of Vitali’s covering lemma. This is relevant since the demand of
the boundedness of the open sets for which a Whitney-type decomposition is shown
to exist in [34, Theorem 3.1, p. 71] and [35, Theorem 3.2, p. 623] is an artifact of the
use of Vitali’s covering lemma (which applies to families of balls of bounded radii).
In this regard, our proof is more akin to that in the classical setting of Euclidean
spaces from [113, Theorem 1.1, p. 167].

Theorem 4.21 (Whitney’s decomposition). Let .X; �/ be a geometrically doubling
quasimetric space. Then for each � 2 .1;C1/ there exist ƒ 2 .�;C1/ and
M 2 N, both depending only on C�; � and the geometrically doubling constant of
.X; �/ and which have the following significance.

For each open, nonempty, proper subset O of the topological space .X; ��/ there
exist a sequence of points fxj gj2N in O along with a family of real numbers rj > 0,
j 2 N, for which the following properties are valid:

(1) O D S

j2N
B�.xj ; rj /.

(2)
P

j2N
1B�.xj ;�rj / � M on O. In fact, there exists " 2 .0; 1/, which depends only

on C�; � and the geometrically doubling constant of .X; �/, with the property
that for any xo 2 O one has

#
n
j 2 N W B�

�
xo; " dist�.xo; X n O/� \ B�.xj ; �rj / 6D ;

o
� M: (4.162)

(3) B�.xj ; �rj / � O and B�.xj ;ƒrj /\ �
X n O� 6D ; for every j 2 N.

(4) ri 	 rj uniformly for i; j 2 N such that B�.xi ; �ri /\ B�.xj ; �rj / 6D ;.

Proof. Set F WD X nO, so that F is a nonempty, proper, closed subset of .X; ��/. In
a first stage, we will decompose O into a family of mutually disjoint dyadic layers
.Ln/n2Z defined as

Ln WD fx 2 O W 2�n�1 � dist�.x; F / < 2�ng; 8 n 2 Z: (4.163)

Clearly, Ln \Lm D ; for any two distinct integers n;m, and we claim that

O D
[

n2Z
Ln: (4.164)



4.6 Whitney-Like Partitions of Unity via Hölder Functions 185

Indeed, the right-to-left inclusion is a direct consequence of (4.163). To justify the
left-to-right inclusion, pick an arbitrary point x 2 O. Since O is open in .X; ��/, it
follows that there exists r > 0 with the property that B�.x; r/ � O. In particular,
we have dist�.x; F / � r > 0. Since F 6D ;, this further forces

dist�.x; F / 2 .0;C1/ D
[

n2Z
Œ2�n�1; 2�n/; (4.165)

from which the desired conclusion readily follows. This completes the proof
of (4.164).

Moving on, assume next that a parameter � 2 .1;C1/ has been given, and fix
some number " that satisfies

0 < " < 2�1.�C 3
� /

�1: (4.166)

For each n 2 Z use Zorn’s lemma to construct a family of points

fxnj gj2In � Ln; (4.167)

where In is a set of indexes such that

�.xni ; x
n
j / > "C�2

�n�1; 8 i; j 2 In with i 6D j; (4.168)

which is maximal, with respect to the partial order induced by the inclusion of
subsets of Ln, with this property. Observe that since the topological space .X; ��/ is
separable (cf. (4.49)), we may assume that In is at most countable. We then claim
that for each n 2 Z we have

˚
B�.x

n
j ; "2

�n�1/
�
j2In are mutually disjoint; (4.169)

Ln � S
j2In B�.x

n
j ; "C�2

�n/: (4.170)

To justify these properties, note that if n 2 Z is such that one can find two indexes
i; j 2 In with the property that there exists x 2 B�.xni ; "2�n�1/ \ B�.x

n
j ; "2

�n�1/,
then �.xni ; x/ < "2

�n�1 and �.xnj ; x/ < "2
�n�1, which further imply

�.xni ; x
n
j / � C� max f�.xni ; x/; �.xnj ; x/g < "C�2�n�1; (4.171)

in contradiction with (4.168). This proves (4.169). As far as (4.170) is concerned,
from the maximality of the family fxnj gj2In in the sense described above it follows
that for each x 2 Ln there exists j 2 In with �.x; xnj / � "C�2

�n�1. Hence x 2
B�.x

n
j ; "C�2

�n/, proving (4.170).
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To proceed, we introduce

bLn WD fx 2 X W dist�.x; Ln/ < "�C
2
� 2

�ng; 8 n 2 Z; (4.172)

then note that, by (4.167) and (4.172), we have

[

j2In
B�.x

n
j ; "�C

2
� 2

�n/ � bLn; 8 n 2 Z: (4.173)

The claim we make at this stage is that

bLn � fx 2 X W C�1
� 2�n�1 � dist�.x; F / � C�2

�ng; 8 n 2 Z: (4.174)

To prove this claim, fix n 2 Z, pick an arbitrary point xo 2 bLn, and note that this
entails dist�.xo; Ln/ < "�C 2

� 2
�n. From this and (4.163) it follows that there exist

x 2 Ln and z 2 F satisfying

2�n�1 � �.x; z/ < 2�n and �.x; xo/ < "�C
2
� 2

�n: (4.175)

Thanks to (4.166), on the one hand we then have

dist�.xo; F / � �.xo; z/ � C� max f�.xo; x/; �.x; z/g
� C� max f"�C 2

� 2
�n; 2�ng D C�2

�n; (4.176)

which suits our purposes. On the other hand, for every w 2 F we may write

2�n�1 � dist�.x; F / � �.x;w/ � C� max f�.x; xo/; �.xo;w/g
� max f"�C 3

� 2
�n; C��.xo;w/g: (4.177)

In turn, given that "�C 3
� 2

�n < 2�n�1, this implies �.xo;w/ � C�1
� 2�n�1 for all

w 2 F . Thus, ultimately,

dist�.xo; F / � C�1
� 2�n�1; (4.178)

and (4.174) follows from (4.176) and (4.178).
Let us now consider the family of intervals .Jn/n2Z, where

Jn WD ŒC�1
� 2�n�1; C�2�n�; 8 n 2 Z; (4.179)

and note that

n;m 2 Z and Jn \ Jm 6D ; H) jn �mj � 1C 2 log2C�: (4.180)
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As a consequence,

the largest number of intervals in the family fJn W n 2 Zg
that have a nonempty intersection is � 4.1C log2C�/:

(4.181)

Going further, for every x 2 O define

N.x/ WD ˚
n 2 Z W C�1

� 2�n�1 � dist�.x; F / � C�2
�n� and n.x/ WD infN.x/:

(4.182)

Thus,
N.x/ D fn 2 Z W dist�.x; F / 2 Jng; 8 x 2 O; (4.183)

which, when used in concert with (4.181), gives the following estimate for the
cardinality of N.x/:

#
�
N.x/

� � 4.1C log2C�/; 8 x 2 O: (4.184)

Together, (4.180), (4.182), and (4.184) imply that for any x 2 O we have

0 � n � n.x/ � 1C 2 log2C� for any n 2 N.x/: (4.185)

Suppose next that an arbitrary point xo 2 O has been fixed. We then claim that

whenever n 2 Z and j 2 In are such that

B�.xo; "�C�2
�n/\ B�.x

n
j ; "�C�2

�n/ 6D ;;
then B�.x

n
j ; "2

�n�1/ � B�.xo; "�C
3
� 2

�n.xo//:

(4.186)

To prove this claim, assume that n 2 Z has the property that there exists some
j 2 In for which one can find y 2 X such that y 2 B�.xo; "�C�2

�n/ and y 2
B�.x

n
j ; "�C�2

�n/. Then

�.xo; x
n
j / � C� max f�.xo; y/; �.y; xnj /g < "�C 2

� 2
�n; (4.187)

which permits us to conclude that

xo 2 B�.xnj ; "�C 2
� 2

�n/: (4.188)

By virtue of (4.173), (4.174), (4.182), and (4.188), we may, in a first stage, deduce

n 2 N.xo/: (4.189)

In a second stage, we note that if z 2 B�.x
n
j ; "2

�n�1/, then �.z; xnj / < "2�n�1 and,
hence,

�.xo; z/ � C� max f�.xo; xnj /; �.xnj ; z/g � C� max f"�C 2
� 2

�n; "2�n�1g

D "�C 3
� 2

�n � "�C 3
� 2

�n.xo/; (4.190)
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where the last inequality is a consequence of (4.189) and (4.182). This completes
the proof of the claim made in (4.186). Let us augment this result by observing that,
as seen with the help of (4.189) and (4.185), the ratio of the radii of the two balls in
the third line of (4.186) satisfies

"2�n�1

"�C 3
� 2

�n.xo/ D 2n.xo/�n�1.�C 3
� /

�1 2 �.4�C 5
� /

�1 ; 2�1.�C 3
� /

�1�: (4.191)

At this stage, a combination of (4.169), (4.184), (4.189), (4.191), and (4.44)
shows that there exists a constant M 2 N, depending only on C�; � and the
geometrically doubling constant of .X; �/, which has the property that for every
xo 2 O we have

#
n
.n; j / W n 2 Z; j 2 In and B�.xo; "�C�2�n/\ B�.x

n
j ; "�C�2

�n/ 6D ;
o

� M:

(4.192)

Hence, in particular,

X

n2Z and j2In
1B�.xnj ; "�C�2�n/ � M on O: (4.193)

Furthermore, from (4.173) and (4.174) we may also deduce that

B�.x
n
j ; "�C�2

�n/ � O whenever n 2 Z and j 2 In: (4.194)

Also, (4.164), (4.170), and (4.194) entail

O D
[

n2Z and j2In
B�.x

n
j ; "C�2

�n/: (4.195)

Finally, from (4.167) and (4.163) we conclude that

2�n�1 � dist�.x
n
j ; X n O/ < 2�n; 8 n 2 Z and 8 j 2 In; (4.196)

which further implies the existence of a number ƒ 2 .�;C1/, depending only on
C�; � and the geometrically doubling constant of .X; �/, with the property that

B�.x
n
j ; "ƒC�2

�n/\ �
X n O� 6D ;; 8 n 2 Z and 8 j 2 In: (4.197)

Thus, properties .1/–.3/ in the statement of the theorem are going to be ver-
ified if we take fB�.xj ; rj /gj2N to be a relabeling of the countable family˚
B�.x

n
j ; "C�2

�n/
�
n2Z; j2In . Property .4/ is also implicit in the preceding construc-

tion. This completes the proof of Theorem 4.21. ut
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Comment 4.22. In the setting of Theorem 4.21, if for some fixed numbers �; �0 >
1 with the property that C� < �0 and �0C� < � we take Ej WD B�.xj ; rj /, eEj WD
B�.xj ; �

0rj / and bEj WD B�.xj ; �rj / for each j 2 N, then conditions .a/–.d/
in Theorem 4.18 are valid for the families fEj gj2N, feEj gj2N, fbEj gj2N (with the
radii rj playing the role of the parameters rj from the statement of Theorem 4.18).

�

All ingredients are now in place for presenting the proof of Theorem 4.11.

Proof of Theorem 4.11. Suppose .X;q/ is a geometrically doubling quasimetric
space, and fix an arbitrary nonempty, closed subset E of .X; �q/. Also, suppose that
� 2 q and ˇ 2 R are such that 0 < ˇ � Œlog2C��

�1. If E D X , then we take E to
be the identity operator, so we assume in what follows that E 6D X . Pick a constant
� > C2

� , and consider the Whitney decomposition X n E D S
j2NB�.xj ; rj / as

in Theorem 4.21. Next, select �0 2 .C�; �=C�/ and define the families feEj gj2N,
fbEj gj2N as in Comment 4.22, corresponding to this choice of constants. Then,
as already noted, the hypotheses of Theorem 4.18 are satisfied, and we consider
a partition of unity f'j gj2N satisfying the properties listed in the conclusion of
Theorem 4.18. Finally, for each j 2 N choose a point pj 2 E with the property
that

1

2
dist�

�
pj ; B�.xj ; �

0rj /
� � dist�

�
E;B�.xj ; �

0rj /
� � dist�

�
pj ; B�.xj ; �

0rj /
�
:

(4.198)

Hence, since by .3/ in Theorem 4.21

dist�
�
E;B�.xj ; �

0rj /
� 	 rj ; uniformly in j 2 N; (4.199)

it follows from this and (4.198) that

dist�
�
pj ; B�.xj ; �

0rj /
� 	 rj uniformly in j 2 N: (4.200)

Given an arbitrary continuous function f W E ! R, we then proceed to define

.E f /.x/ WD

8
<̂

:̂

f .x/ if x 2 E;
P

j2N
f .pj /'j .x/ if x 2 X n E; 8 x 2 X; (4.201)

and note that, in light of (4.133) and (2) in the conclusion of Theorem 4.21, we
have that E f W X ! R is a well-defined function. Also, (4.51) is clear from the
preceding definition.

We next propose to show that the operator

E W PC ˇ.E; �/ �! PC ˇ.X; �/ is well defined, linear, and bounded: (4.202)
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Hence, the goal is to prove that there exists a finite constantC � 0with the property
that for any f 2 PC ˇ.E; �/ there holds

ˇ
ˇ.E f /.x/ � .E f /.y/

ˇ
ˇ � Ckf k PC ˇ.E;�/ �.x; y/

ˇ; 8 x; y 2 X: (4.203)

Obviously, the estimate in (4.203) holds if C � 1 whenever x; y 2 E. Consider
next the case when x 2 X n E and y 2 E. As a preliminary matter, we claim that

j 2 N and x 2 B�.xj ; �0rj / H) �.x; pj / 	 rj ; (4.204)

with the proportionality constant depending only on �. To justify the claim
in (4.204), note that if x 2 B�.xj ; �rj / for some j 2 N, then

�.x; z/ � C� max f�.x; xj /; �.xj ; z/g < �C� rj ; 8 z 2 B�.xj ; �rj /I (4.205)

hence, further, for every z 2 B�.xj ; �rj /,

�.x; pj / � C� max f�.x; z/; �.z; pj /g < C� max f�C� rj ; �.z; pj /g: (4.206)

Taking the infimum over all z 2 B�.xj ; �rj / and keeping in mind (4.200) we
therefore arrive at the conclusion that

�.x; pj / � C� max
n
�C�rj ; dist�

�
pj ; B�.xj ; �rj /

�o

� C� max
n
�C�rj ; dist�

�
pj ; B�.xj ; �

0rj /
�o

� Crj : (4.207)

In summary, this analysis shows that there exists C D C.�/ 2 .0;C1/ for which

j 2 N and x 2 B�.xj ; �rj / H) �.x; pj / � Crj ; (4.208)

which is a slightly stronger version than what is really needed in (4.204) (however,
this will be useful later on). In the opposite direction, if x 2 B�.xj ; �0rj / for some
j 2 N, then

�.x; pj / � dist�
�
pj ; B�.xj ; �

0rj /
� � c rj ; (4.209)

by appealing once more to (4.200). Since, as before, c D c.�/ 2 .0;C1/, this
concludes the proof of (4.204). As a consequence of (4.204) and (4.199) we then
obtain

�.x; pj / 	 dist�
�
E;B�.xj ; �

0rj /
�

uniformly in j 2 N and x 2 B�.xj ; �0rj /:

(4.210)
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Going further, whenever y 2 E and x 2 B�.xj ; �
0rj / for some j 2 N, (4.210)

allows us to estimate

�.y; pj / � C� max f�.y; x/; �.x; pj /g
� C max

n
�.y; x/ ; dist�

�
E;B�.xj ; �

0rj /
�o � C�.y; x/: (4.211)

Hence, for some finite C D C.�/ > 0, independent of x; y; j , we have

y 2 E; j 2 N and x 2 B�.xj ; �0rj / H) �.y; pj / � C�.x; y/: (4.212)

Based on (4.212), the fact that f 2 PC ˇ.E; �/, and the properties of the functions
f'j gj2N, whenever x 2 X n E and y 2 E, we may therefore write

j.E f /.y/�.E f /.x/j D
ˇ̌
ˇf .y/�

X

j2N

f .pj /'j .x/
ˇ̌
ˇD
ˇ̌
ˇ
X

j2N

.f .y/�f .pj //'j .x/
ˇ̌
ˇ

�
X

j2N

jf .y/�f .pj /j 'j .x/D
X

j2N such that
x2B�.xj ;�0rj /

jf .y/�f .pj /j 'j .x/

� Ckf k
PC ˇ.E;�/

X

j2N such that
x2B�.xj ;�0rj /

�.y; pj /
ˇ'j .x/

� Ckf k
PC ˇ.E;�/�.x; y/

ˇ (4.213)

since 0 � 'j � 1 for every j 2 N and since

the cardinality of fj 2 N W x 2 B�.xj ; �0rj /g is � M: (4.214)

Of course, estimate (4.213) suits our purposes. The situation when y 2 X n E and
x 2 E is handled similarly, so it remains to treat the case when x; y 2 X nE, which
we now consider. We will investigate two separate subcases.

Subcase I: Assume that the points x; y 2 X n E are such that

�.x; y/ < " dist�.x;E/; where 0 < " <
�

C�.ƒC2
� C �/

: (4.215)

The relevance of the choice made for " will become more apparent later. For now,
we wish to mention that such a choice forces " 2 .0; 1=C�/. To get started in earnest,
we make the claim that in the current scenario we have

dist�.x;E/ �

 C�

1 � "C�

�
dist�.y;E/: (4.216)
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Indeed, for every z 2 E we may write

dist�.x;E/ � �.x; z/ � C�
�
�.x; y/C �.y; z/

� � C�
�
" dist�.x;E/C �.y; z/

�
;

(4.217)

hence .1 � "C�/ dist�.x;E/ � C� �.y; z/. Taking the infimum over all z 2
E , (4.216) follows. Moving on, observe that

.E f /.x/ � .E f /.y/ D
X

j2N
.f .pj / � f .z//.'j .x/ � 'j .y//; 8 z 2 E: (4.218)

Choose now z 2 E such that

1

2
�.x; z/ � dist�.x;E/ � �.x; z/; (4.219)

and note that this forces �.x; z/ 	 dist�.x;E/ � �.x; pj /. In concert with (4.208),
this implies

j 2 N and x 2 B�.xj ; �rj / H) �.pj ; z/ � C� max f�.pj ; x/; �.x; z/g � Crj :

(4.220)

Having established (4.220), we next write formula (4.218) for z 2 E as in (4.219)
and make use of fact that f 2 PC ˇ.E; �/, along with the properties of f'j gj2N, to
estimate

j.E f /.x/� .E f /.y/j � X

j2N

jf .pj /� f .z/jj'j .x/� 'j .y/j

�Ckf k
PCˇ.E;�/ �.x; y/

ˇ
X

j2N

�.pj ; z/
ˇk'jk

PCˇ.X;�/

�
1B�.xj ;�0rj /.x/C1B�.xj ;�0rj /.y/

�

� Ckf k
PCˇ.E;�/ �.x; y/

ˇ
�
Ax CAy

�
; (4.221)

where

Ax WD
X

j2N such that

x2B�.xj ;�0rj /

�.pj ; z/
ˇ r

�ˇ
j and Ay WD

X

j2N such that

y2B�.xj ;�0rj /

�.pj ; z/
ˇ r

�ˇ
j : (4.222)

Now, (4.214) and (4.220) give thatAx � C for some finite constantC D C.�/ � 0.
To derive a similar estimate for Ay , assume that

j 2 N is such that y 2 B�.xj ; �0rj /: (4.223)

Then, by (4.216), (4.223), and the fact that B�.xj ;ƒrj / \E 6D ;, we have

dist�.x;E/ �

 C�

1 � "C�

�
dist�.y;E/ � ƒ


 C2
�

1 � "C�
�
rj : (4.224)
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In turn, (4.224) permits us to deduce that

�.x; xj / � C� max f�.x; y/; �.y; xj /g � C� max
n
" dist�.x;E/ ; �

0rj
o

� C� � max
n
"ƒ



C2�

1�"C�
�
; �0o � rj

< �rj ; (4.225)

where the last inequality is a consequence of the fact that �0C� < � and the way "
has been chosen in (4.215). Estimate (4.225) shows that

if j is as in (4.223), then x 2 B�.xj ; �rj /: (4.226)

With (4.226) in hand, a reference to (4.220) then gives

if j is as in (4.223), then �.z; pj / � Crj whenever z 2 E is as in (4.219) (4.227)

for some finite C D C.�/ � 0. With (4.227) having been proved, the estimate
Ay � C for some C D C.�/ < C1 follows as in the case of Ax , already treated.
All together, this proves that Ax CAy � C D C.�/ < C1, which, in combination
with (4.221), shows that j.E f /.x/ � .E f /.y/j � Ckf k PC ˇ.E;�/ �.x; y/

ˇ under
the hypotheses specified in Subcase I. This bound is of the right order, and this
completes the treatment of Subcase I.

Subcase II:With the parameter " > 0 as in Subcase I, assume that x; y 2 XnE
are such that �.x; y/ � " dist�.x;E/. Consider a point z 2 E as in (4.219)
and note that, in the current situation, this forces �.x; z/ � 2 dist�.x;E/ �
2"�1�.x; y/. Hence, we also have �.y; z/ � C� max f�.x; y/; �.x; z/g � C�.x; y/.
Consequently,

ˇ
ˇ.E f /.x/ � .E f /.y/ˇˇ � ˇ

ˇ.E f /.x/ � .E f /.z/
ˇ
ˇC ˇ

ˇ.E f /.z/ � .E f /.y/ˇˇ

� Ckf k PC ˇ.E;�/ �.x; z/
ˇ C Ckf k PC ˇ.E;�/ �.z; y/

ˇ

� Ckf k PC ˇ.E;�/ �.x; y/
ˇ; (4.228)

by what we have established in the first part of the proof (i.e., using (4.213) twice,
once for x 2 X n E and z 2 E and a second time for y 2 X n E and z 2 E).

In summary, the analysis so far proves that there exists C D C.�/ 2 .0;C1/

with the property that for every f 2 PC ˇ.E; �/ we have

ˇ̌
.E f /.x/ � .E f /.y/

ˇ̌ � Ckf k PC ˇ.E;�/ �.x; y/
ˇ; 8 x; y 2 X: (4.229)

This shows that the operator (4.50) is well defined, linear, and bounded.
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At this stage, it remains to prove that the operator E defined in (4.201) has the
property that

E f is continuous on X whenever f W E ! R is continuous: (4.230)

To this end, fix an arbitrary continuous function f W E ! R and note that, by
design, E f is continuous on the open set X nE (since the sum in (4.201) is locally
finite and the functions 'j are continuous). It remains to show that E f is continuous
at any point in E . Furthermore, since (as seen from Theorem 3.46) the topology �q

is metrizable, we may use the sequential characterization of continuity. Fix z 2 E

and assume that fxngn2N is a sequence of points in X that converges to z in the
topology �q. IntroduceN1 WD fn 2 N W xn 2 Eg and N2 WD fn 2 N W xn 2 X nEg.
Then, on the one hand,

lim
N13n!1.E f /.xn/ D lim

N13n!1f .xn/ D f .z/ (4.231)

since f is continuous onE. On the other hand, for each n 2 N2, much as in (4.213),
we may estimate

ˇ
ˇ.E f /.xn/ � .E f /.z/ˇˇ �

X

j2N such that

xn2B�.xj ;�0rj /

jf .z/ � f .pj /j: (4.232)

Let us also note that the version of (4.212) in the notation currently employed reads

j 2 N and xn 2 B�.xj ; �0rj / H) �.z; pj / � C�.xn; z/ (4.233)

for some finite C D C.�/ > 0, independent of n 2 N2. Fix an arbitrary " > 0 and,
based on the continuity of f at z, pick ı > 0 with the property that

jf .z/ � f .w/j < " whenever w 2 E is such that �.z;w/ < ı: (4.234)

Since lim
N23n!1 xn D z, it follows that there existsm 2 N with the property that

�.xn; z/ < ı=C for each n 2 N2 with the property that n � m; (4.235)

where the constant C is as in (4.233). Thus,
ˇ
ˇ.E f /.xn/ � .E f /.z/ˇˇ � M"; for every n 2 N2 with n � m; (4.236)

by (4.232)–(4.234) and (4.214). Since " > 0 was arbitrary, it follows from (4.231)
and (4.236) that E f is continuous at z. This completes the justification of (4.230)
and completes the proof of Theorem 4.11. ut

We conclude this section by discussing a version of Theorem 4.17 for closed
subsets of geometrically doubling quasimetric spaces that makes critical use of
the tools developed in the first part of this section and is more in line with [113,
Theorem 2, p. 171], dealing with the case of closed subsets of an Euclidean space.
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Theorem 4.23. Suppose that .X;q/ is a geometrically doubling quasimetric space
and thatE is a nonempty, proper, closed subset of .X; �q/. In addition, suppose that
� 2 q and ˇ 2 R are such that 0 < ˇ � Œlog2C��

�1. Let

X nE D
[

j2N
B�.xj ; rj / (4.237)

be the Whitney decomposition given by Theorem 4.21 of the open, nonempty, proper
subset X n E of .X; �q/, and denote by .'j /j2N the Whitney partition of unity
associated with the decomposition (4.237) of the open set X n E (in the manner
described in Comment 4.22). Finally, pick an arbitrary number � 2 R and define

�E;� .x/ WD
X

j2N
r
�
j 'j .x/; 8 x 2 X n E: (4.238)

Then the function�E;� W X n E ! Œ0;C1/ satisfies the following properties:

(i) There exist two constants c0; c1 2 .0;C1/ that depend only on C� and ˇ; �
such that

c0
�
dist�.x;E/

�� � �E;� .x/ � c1
�
dist�.x;E/

��
; 8 x 2 X n E: (4.239)

(ii) One has �E;� 2 PC
ˇ

loc.X n E; �/ in the quantitative sense that for every " 2
.0; C�1

� / there exists C 2 .0;C1/, depending only on C�, ˇ, � and ", such
that

sup

� j�E;� .x/ ��E;� .y/j
�.x; y/ˇ

W x; y 2 B�



z; " dist�.z; E/
�
; x 6D y

	

� C
�
dist�.z; E/

���ˇ
; 8 z 2 X n E:

(4.240)

Proof. Fix two constants �; �0 as in Comment 4.22. To prove .i/, observe that based
on properties .2/–.4/ from Theorem 4.21 we may write for each x 2 X n E that

�E;� .x/ D
X

j2N such that

x2B�.xj ;�rj /

r
�
j 'j .x/ �

X

j2N such that

x2B�.xj ;�rj /

r
�
j � C

�
dist�.x;E/

��
(4.241)

for some finite constant C > 0 depending only on C� and � . In the opposite
direction, for every x 2 X n E there exists jo 2 N such that x 2 B�.xjo ; rjo/.
Then rjo 	 dist�.x;E/ by Theorem 4.21 and 'jo.x/ � 1=C by the last condition
in (4.133). Consequently, since all functions 'j are nonnegative,

C�1 �dist�.x;E/
�� � r

�
jo
=C � r

�
jo
'jo.x/ �

X

j2N
r
�
j 'j .x/ D �E;� .x/: (4.242)
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Now (4.239) follows from (4.241) and (4.242), completing the proof of .i/. As
regards .i i/, if " 2 .0; C�1

� / and z 2 X n E are fixed, then (4.111), (4.118),
and (4.117) give that

dist�.x;E/ 	 dist�.z; E/ 	 dist�.y;E/;

uniformly for x; y 2 B�
�
z; " dist�.z; E/

�
;

(4.243)

with the proportionality constants independent of z. Based on this, and on Theo-
rems 4.18 and 4.21, for every x; y 2 B�

�
z; " dist�.z; E/

�
we may write

j�E;� .x/ ��E;� .y/j �
X

j2N
r
�
j j'j .x/ � 'j .y/j

� C�.x; y/ˇ
X

j2N
r
�
j � r�ˇ

j

�
1B�.xj ;�rj /.x/C 1B�.xj ;�rj /.y/

�

� C�.x; y/ˇ
X

j2N such that

x2B�.xj ;�rj /

r
��ˇ
j C C�.x; y/ˇ

X

j2N such that

y2B�.xj ;�rj /

r
��ˇ
j

� C�.x; y/ˇ
�
dist�.z; E/

���ˇ
; (4.244)

where C 2 .0;C1/ depends only on C�, ˇ, and ". This concludes the justification
of (4.240) and completes the proof of the theorem. ut

4.7 Smoothness Indexes of a Quasimetric Space

The goal here is to introduce some new, natural concepts of lower and upper
smoothness indexes for a quasimetric space (along with some other related notions)
and to highlight the basic role they play in describing the structural richness of
Hölder spaces. We indicate how these indexes compare to one another and study
their relationship with Assouad’s convexity index introduced in [10], as well as
with Rolewicz’s modulus of concavity for locally bounded topological vector spaces
from [104].

To get started, assume that X is a fixed set of cardinality �2. For each � 2 Q.X/
we then define

c� WD inf
x;y2X

x 6Dy

�
sup
z2X

�.x; y/

maxf�.x; z/; �.z; y/g


: (4.245)

Recall the constant C� introduced earlier in (4.2). It is then readily seen from
definitions that

8 � 2 Q.X/ H) c� 2 Œ1; C��; (4.246)

� ultrametric on X H) c� D 1; (4.247)

8 � 2 Q.X/; 8ˇ 2 .0;C1/ H) c�ˇ D .c�/
ˇ: (4.248)
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Let us point out that, in general, it may happen that � 2 Q.X/ is such that c� < C�;
see the discussion in Comment 4.29 below. To make the relationship between c� and
C� more transparent, we introduce the following definition.

Definition 4.24. Let X be a given set of cardinality �2. For each � 2 Q.X/ define

�mid.x; y/ WD inf
z2X
�
maxf�.x; z/; �.z; y/g�; 8 x; y 2 X; (4.249)

and refer to the function �mid W X � X ! Œ0;C1/ defined as in (4.249) as the
midpoint version of the quasidistance �.

The terminology introduced in this definition is suggested by formula (4.250) below.

Proposition 4.25. Let X be a given set of cardinality �2, and assume that � 2
Q.X/. Then the midpoint version of the quasidistance � satisfies

�mid.x; y/ D inf
˚
r > 0 W B�.x; r/ \ B�.y; r/ 6D ;�; 8 x; y 2 X; (4.250)

and
.�ˇ/mid D .�mid/

ˇ; 8ˇ 2 .0;C1/: (4.251)

Also, �mid 2 Q.X/ and �mid 	 �. More precisely, with c� and C� as in (4.245)
and (4.2), respectively, there holds

c� � �.x; y/

�mid.x; y/
� C�; 8 x; y 2 X with x 6D y; (4.252)

and the constants involved are optimal in this context, in the sense that

c� D inf
x;y2X

x 6Dy

�
�.x; y/

�mid.x; y/



and C� D sup

x;y2X

x 6Dy

�
�.x; y/

�mid.x; y/



: (4.253)

Proof. All claims are straightforward consequences of definitions. ut
Definition 4.26. The upper smoothness index of a given quasimetric space
.X;q/ is defined as

Ind .X;q/ WD inf
˚
Œlog2c��

�1 W � 2 q
� 2 Œ0;C1�; (4.254)

where, for every � 2 Q.X/, the constant c� was introduced in (4.245). In addition,
define the lower smoothness index of .X;q/ by setting

ind .X;q/ WD sup
˚
Œlog2C��

�1 W � 2 q
� 2 .0;C1�; (4.255)

where, for every � 2 Q.X/, the constant C� was introduced in (4.2).
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Finally, if X is an arbitrary set of cardinality � 2 and � 2 Q.X/, then abbreviate
Ind .X; �/ WD Ind .X; Œ��/ and ind .X; �/ WD ind .X; Œ��/.

Some elementary properties of the upper and lower smoothness indexes are recorded
next.

Proposition 4.27. For any set X (of cardinality � 2)

� ultrametric on X H) ind .X; �/ D C1; (4.256)

� distance on X H) ind .X; �/ � 1; (4.257)

X finite and � 2 Q.X/ H) ind .X; �/ D C1: (4.258)

Furthermore, for each quasidistance � 2 Q.X/ and any ˛ 2 .0;C1/ one has

ind .X; �˛/ D 1
˛

ind .X; �/ and Ind .X; �˛/ D 1
˛

Ind .X; �/; (4.259)

and the following bounds hold:

Œlog2C��
�1 � ind .X; �/; Ind .X; �/ � Œlog2c��

�1: (4.260)

Moreover, given a quasimetric space structure q on X , one has Ind .X;q/ D
C1 if and only if for every � 2 q there exist two sequences fxj gj2N; fyj gj2N � X

such that xj 6D yj for each j 2 N and

sup
z2X

�.xj ; yj /

maxf�.xj ; z/; �.z; yj /g & 1 as j ! C1: (4.261)

Consequently, given � 2 Q.X/, one has

Ind .X; �/ D C1 if 9 x�; y� 2 X such that inf
x;y2X
not equal

�.x; y/ D �.x�; y�/ > 0:

(4.262)
In particular,

X finite and � 2 Q.X/ H) Ind .X; �/ D C1: (4.263)

Proof. These are all more or less straightforward consequences of definitions
(for (4.262), note that (4.261) is satisfied with xj WD x� and yj WD y� for each
j 2 N). ut
Proposition 4.28. Let N 2 N be fixed and assume that .Xi ; �i /, 1 � i � N , are
quasimetric spaces. DefineX WD X1�� � ��XN and consider � W X�X ! Œ0;C1/

given by

�.x; y/ WD max
1�i�N �i .xi ; yi / for all x D .x1; : : : ; xN /; y D .y1; : : : ; yN / 2 X:

(4.264)
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Then � 2 Q.X/ and
ind .X; �/ D min

1�i�N ind .Xi ; �i /: (4.265)

Proof. The fact that � 2 Q.X/ is clear from definitions. Let us also note that
whenever � 2 Q.X/ is related to �i 2 Q.Xi/, 1 � i � N , as in (4.264), then

C� D max
1�i�N C�i : (4.266)

To see why this is the case, set C� WD max
1�i�N C�i and note that for every x; y; z 2 X

with x D .x1; : : : ; xN /, y D .y1; : : : ; yN /, and z D .z1; : : : ; zN / we have

�.x; y/ D max
1�i�N �i .xi ; yi / � max

1�i�N C�i maxf�i .xi ; zi /; �i .yi ; zi /g

� C� max
1�i�N maxf�i.xi ; zi /; �i .yi ; zi /g

D C� max
n

max
1�i�N �i .xi ; zi /; max

1�i�N �i .yi ; zi /
o

D C� max
˚
�.x; z/; �.z; y/

�
: (4.267)

Thus, on the one hand, C� � C�. On the other hand, if io 2 f1; : : : ; N g is a fixed,
arbitrary number and if w D .w1; : : : ;wN / 2 X is a fixed point, then for every
xio ; yio ; zio 2 Xio we have

�io .xio ; yio / D �
�
.w1; : : : ;wio�1; xio ;wioC1; : : : ;wN /; .w1; : : : ;wio�1; yio ;wioC1; : : : ;wN /

�

� C� max
n
�
�
.w1; : : : ;wio�1; xio ;wioC1; : : : ;wN /; .w1; : : : ;wio�1; zio ;wioC1; : : : ;wN /

�
;

�
�
.w1; : : : ;wio�1; zio ;wioC1; : : : ;wN /; .w1; : : : ;wio�1; yio ;wioC1; : : : ;wN /

�o

D C� max
˚
�io .xio ; zio /; �io .zio ; yio /

�
; (4.268)

which proves that C�io � C�. As a result, C� D max
1�i�N C�i � C�, and (4.266)

follows. In turn, (4.266) entails

�
log2 C�

��1 D �
log2 C�

��1 D



max
1�i�N

�
log2 C�i

���1 D min
1�i�N

�
log2 C�i

��1
:

(4.269)

After these preparations, we are ready to tackle (4.265). Specifically, for each
number i 2 f1; : : : ; N g, consider a sequence Q�.n/i 2 Q.Xi/, n 2 N, such that

Q�.n/i 	 �i , n 2 N, and

�
log2 C Q�.n/i

��1 �! ind .Xi ; �i / as n ! 1: (4.270)
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Fix n 2 N and define

Q�.n/.x; y/ WD max
1�i�N Q�.n/i .xi ; yi / (4.271)

for every x D .x1; : : : ; xN /; y D .y1; : : : ; yN / 2 X . Then, as noted before, we have
Q�.n/ 2 Q.X/, Q�.n/ 	 � and, by the reasoning that lead to (4.269),

�
log2 C Q�.n/

��1 D min
1�i�N

�
log2 C Q�.n/i

��1
: (4.272)

Hence, we may write, based on (4.255), (4.272), (4.270), and the continuity of the
minimum function, that

ind .X; �/ � �
log2 C Q�.n/

��1
(4.273)

D min
1�i�N

�
log2 C Q�.n/i

��1 ! min
1�i�N ind .Xi ; �i / as n ! 1:

Thus, ind .X; �/ � min1�i�N ind .Xi ; �i /, and to complete the proof of the
proposition there remains to establish the opposite inequality. To this end, pick a
sequence �.n/ 2 Q.X/, n 2 N, with the property that

�.n/ 	 � for each n 2 N; and
�
log2 C�.n/

��1 �! ind .X; �/ as n ! 1:

(4.274)

To proceed, fix an arbitrary point w D .w1; : : : ;wN / 2 X . Then, if for each n 2 N

and i 2 f1; : : : ; N g we define

�
.n/
i .xi ; yi / W D�.n/�.w1; : : : ;wi�1; xi ;wiC1; : : : ;wN /; .w1; : : : ;wi�1; yi ;wiC1; : : : ;wN /

�

(4.275)

for every xi ; yi 2 Xi , then it follows from (4.275) and the fact that �.n/ 	 � that
�
.n/
i 2 Q.Xi/ and �.n/i 	 �i for each n 2 N and i 2 f1; : : : ; N g. Moreover, as a

direct consequence of (4.275), we also have that

C
�
.n/
i

� C�.n/ ; for each n 2 N and each i 2 f1; : : : ; N g: (4.276)

In turn, this implies that for each n 2 N and each i 2 f1; : : : ; N g we have

ind .Xi ; �i / � �
log2 C�.n/i

��1 � �
log2 C�.n/

��1
: (4.277)

In concert, (4.277) and (4.274) imply that

min
1�i�N ind .Xi ; �i / � �

log2 C�.n/
��1 �! ind .X; �/ as n ! 1: (4.278)
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This shows that min1�i�N ind .Xi ; �i / � ind .X; �/, completing the proof of the
proposition. ut
Comment 4.29. Recall from (4.260) that, by design, for any � 2 Q.X/ we have
the lower bound ind .X; �/ � Œlog2C��

�1. However, as a simple example shows,
it may be the case that � 2 Q.X/ is such that ind .X; �/ is substantially larger
than Œlog2C��

�1. To see this, for each fixed parameter � > 0, consider the case when
X WD fx1; x2; x3g equipped with the quasidistance �� W X �X ! Œ0;C1/ given by

��.x1; x2/ WD ��.x2; x1/ WD �;

��.x1; x3/ WD ��.x3; x1/ WD 1;

��.x2; x3/ WD ��.x3; x2/ WD 1;

��.x1; x1/ WD ��.x2; x2/ WD ��.x3; x3/ WD 0:

(4.279)

Hence, corresponding to � D 1, �1 is the discrete metric on X , i.e., �1.xj ; xk/ D
1 � ıjk for j; k 2 f1; 2; 3g (where ıjk denotes the usual Kronecker symbol). Then,
on the one hand, �� 	 �1 for every � > 0, which, in light of (4.256), gives that for
each � > 0 one has ind .X; ��/ D ind .X; �1/ D C1. On the other hand, if � > 1,
then C�� D �, and, hence, Œlog2C���

�1 ! 0 as � ! C1. In the same setting,
it may be verified that c� D 1 whenever the quasidistance � 2 Q.X/ is such that
� 	 ��. Note that this entails c�� < C�� when � > 1. �

The upper smoothness index is explicitly computed below in the case where the
ambient set is a union of two disjoint, nonadjacent intervals on the real line. In this
scenario, the aforementioned index turns out to be C1. This should be contrasted
with the fact that the upper smoothness index of an interval on the real line is 1
(as proved later, in (4.302)) and goes to show that the upper smoothness index is
sensitive to the presence of “holes” in the ambient set.

Comment 4.30. Assume that a; b; c; d are four real numbers with the property that
a < b < c < d . Consider the set X WD Œa; b� [ Œc; d � � R, equipped with the
distance �.x; y/ WD jx � yj for each x; y 2 X . Taking xj WD b and yj WD c for
each j 2 N, a straightforward calculation shows thats

sup
z2X

�.xj ; yj /

maxf�.xj ; z/; �.z; yj /g D 1; 8 j 2 N: (4.280)

Hence, condition (4.261) is satisfied and, as such,

Ind
�
Œa; b� [ Œc; d �; j � � � j� D C1: (4.281)

Moreover, a similar reasoning yields

Ind
�
.a; b/[ .c; d /; j � � � j� D C1; (4.282)

this time verifying (4.261) by taking xj % b and yj & c as j ! 1. �
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Comment 4.31. We claim that if C3 denotes the Cantor ternary set obtained by
repeatedly deleting the open middle thirds of a collection of line segments, starting
with Œ0; 1�, then

ind
�
C3; j � � � j� D C1: (4.283)

To justify this claim, it is convenient to use the following analytic description of the
Cantor ternary set:

C3 WD
(

x 2 Œ0; 1� W x D
1X

iD1
xi
3i

where xi 2 f0; 2g for each i 2 N

)

: (4.284)

That is, C3 consists of numbers from Œ0; 1� whose digital writing in base 3 uses
only 0s and 2s. Given two such numbers, say x D P1

iD1
xi
3i

and y D P1
iD1

yi
3i

,
define the quantity L.x; y/ WD inffi 2 N W xi 6D yi g, with the understanding that
inf ; WD C1, and set

d.x; y/ WD 3�L.x;y/: (4.285)

Since L.x; y/ � minfL.x; z/; L.z; y/g for every x; y; z 2 C3, it follows that d is an
ultrametric on C3. Furthermore, for any x D P1

iD1
xi
3i

and y D P1
iD1

yi
3i

in C3 we
have

x � y D
1X

iDL.x;y/
xi�yi
3i

D ˙ 2

3L.x;y/
C

1X

iDL.x;y/C1
xi�yi
3i

(4.286)

with
ˇ
ˇ
ˇ̌
ˇ
ˇ

1X

iDL.x;y/C1
xi�yi
3i

ˇ
ˇ
ˇ̌
ˇ
ˇ

�
1X

iDL.x;y/C1
2
3i

D 1

3L.x;y/
: (4.287)

In concert, (4.286) and (4.287) then prove that

d.x; y/ D 3�L.x;y/ � jx � yj � 31�L.x;y/ D 3 d.x; y/; 8 x; y 2 C3: (4.288)

This shows that, when restricted to C3, the standard distance on the real line is
equivalent to the ultrametric d defined in (4.285). In turn, this and (4.256) allow us
to conclude that (4.283) holds. �

In particular, (4.283) shows that, as opposed to, say, the case of
�
Œ0; 1�; j � � � j�,

where any Hölder function of order > 1 is constant, there are plenty of Hölder
functions of any order on .C3; j � � � j/.
Definition 4.32. Given two arbitrary quasimetric spaces .Xj ;qj /, j D 0; 1, a
mapping ˆ W .X0;q0/ ! .X1;q1/ is called bi-Lipschitz provided for some
(hence, any) �j 2 qj , j D 0; 1, one has �1.ˆ.x/;ˆ.y// 	 �0.x; y/, uniformly for
x; y 2 X0.
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Of course, in the context of this definition, the specific choice of the quasidis-
tances �j 2 qj , j D 0; 1, used to define the notion of bi-Lipschitzianity is
immaterial. In particular, being bi-Lipschitz is a quality that intrinsically depends
only on the quasimetric space structures of the spaces involved. Let us also note
that, given a set X and �0; �1 2 Q.X/, we have

�0 	 �1 ” identity W .X; �0/ �! .X; �1/ is bi-Lipschitz: (4.289)

This explains why the terminology “�0 is bi-Lipschitz equivalent to �1” is sometimes
used (cf., e.g., [59]) to signify that, in our sense, �0 	 �1.

Our next result shows (among other things) that the lower smoothness index is
invariant under bi-Lipschitz homeomorphisms.

Proposition 4.33. If .Xj ;qj /, j D 0; 1, are quasimetric spaces for which there is
a bi-Lipschitz mapping ˆ W .X0;q0/ ! .X1;q1/, then ind .X0;q0/ � ind .X1;q1/.
Consequently, if two quasimetric spaces are bi-Lipschitz homeomorphic, then they
have the same lower smoothness index.

As a corollary, if .X; �/ is a quasimetric space and Y � X has cardinality � 2,
then ind .Y; �/ � ind .X; �/.

Proof. For every � 2 q1 define Q� W X0 � X0 ! Œ0;C1/ by setting Q�.x; y/ WD
�.ˆ.x/;ˆ.y// for each x; y 2 X0. The fact that ˆ is bi-Lipschitz implies that
Q� 2 q0. Also, by design, C Q� � C�. Hence,

ind .X0;q0/ D ind .X0; Q�/ � Œlog2C Q���1 � Œlog2C��
�1: (4.290)

Taking the supremum over all � 2 q1 then yields ind .X0;q0/ � ind .X1;q1/.
To prove the last claim in the statement of the proposition, observe that the

canonical inclusion map 
 W .Y; �/ ,! .X; �/ is bi-Lipschitz. Consequently,
ind .Y; �/ � ind .X; �/ by what we have proved in the first part. ut

We continue by discussing how the upper and lower smoothness indexes are
related. As a preamble, we first establish the following characterization of the lower
smoothness index.

Proposition 4.34. If X is an arbitrary set of cardinality � 2, then for every
quasidistance � 2 Q.X/ one has

ind .X; �/ D sup
˚
Œlog2C�0 ��1 W �0 2 Œ���

D sup
�WX�X!R

0 < inf � � sup � < C1

2

4log2



sup
x;y;z2X

not all equal

.��/.x; y/

maxf.��/.x; z/; .��/.y; z/g
�
3

5

�1

: (4.291)

Proof. The first equality in (4.291) is just a rewriting of the definition (4.255). Also,
the fact that the first supremum in (4.291) is dominated by the second supremum
in (4.291) follows from conclusion .i/ of Remark 3.16. Consider next a function
� W X �X ! R with the property that 0 < inf � � sup � < C1 and set �0 WD ��.
Then, by conclusion .6/ in Theorem 3.46, .�0/sym is a quasidistance on X with
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C.�0/sym D C�0 . Also, by conclusion .3/ in Theorem 3.46, we have .�0/sym 	 �0 	 �.
Consequently, ind .X; �/ � Œlog2C�0 ��1, which proves that the second supremum
in (4.291) is majorized by ind .X; �/. The desired conclusion follows. ut

Here is the theorem alluded to previously; it asserts that, for any quasimetric
space, the lower smoothness index is less than or equal to the upper smoothness
index.

Theorem 4.35. For any quasimetric space .X;q/ one has ind .X;q/ � Ind .X;q/.

Proof. Fix some � 2 q and consider a function � W X � X ! R with the property
that 0 < inf � � sup � < C1. Thus, if we set M WD sup f�.x; y/ W x; y 2
X; x 6D yg, then it follows that 0 < M < C1. Fix an arbitrary " 2 .0; 1/ and
select x"; y" 2 X such that x" 6D y" and �.x"; y"/ > M � ". Use the definition of c�
from (4.245) to conclude that there exists some z" 2 X for which

�.x"; y"/

maxf�.x"; z"/; �.z"; y"/g > c� � ": (4.292)

In the case when z" 6D x", z" 6D y", we have 0 < �.x"; z"/ � M and
0 < �.z"; y"/ � M , which, together with the previous observations, allow us to
estimate

.��/.x"; y"/

max f.��/.x"; z"/; .��/.z"; y"/g >
.M � "/�.x"; y"/

M maxf�.x"; z"/; �.z"; y"/g

>


1 � "

M

�
.c� � "/: (4.293)

This implies that

.��/.x"; y"/

max f.��/.x"; z"/; .��/.z"; y"/g >


1 � "

M

�
.c� � "/ (4.294)

whenever z" … fx"; y"g. However, in the case when z" D x", or z" D y",
estimate (4.294) follows directly from (4.292). Thus, (4.294) holds in all cases and
we may conclude, based on it, that

sup
x;y;z2X

not all equal

.��/.x; y/

max f.��/.x; z/; .��/.y; z/g � c�: (4.295)

Hence, since � was arbitrarily chosen from among the class of functions with the
specified properties, it follows from (4.295) that

sup
�WX�X!R

0< inf �� sup � < C1

2

4log2



sup
x;y;z2X

not all equal

.��/.x; y/

maxf.��/.x; z/; .��/.y; z/g
�
3

5

�1

�Œlog2c��
�1:

(4.296)
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Having established this, Proposition 4.34 then gives ind .X; �/ � Œlog2c��
�1, which

further yields ind .X; �/ � Ind .X; �/ after taking the infimum over all � 2 q. ut
An equivalent way of expressing the conclusion in Theorem 4.35 is to say that

c�1 � C�2 for all �1; �2 2 q: (4.297)

In particular, one always has Ind .X;q/ > 0. Also, it follows from (4.256) and
(4.257) and Theorem 4.35 that for any set X we have

� ultrametric on X H) Ind .X; �/ D C1; (4.298)

� distance on X H) Ind .X; �/ � 1: (4.299)

Other significant consequences are discussed in the following corollary.

Corollary 4.36. If .X;q/ is a quasimetric space with the property that there exists
� 2 q such that

8 x; y 2 X 9 z 2 X with �.x; z/ � 1

2
�.x; y/ and �.z; y/ � 1

2
�.x; y/;

(4.300)

then Ind .X;q/ � 1. In particular, if .X; k � k/ is a normed vector space and if q
stands for the quasimetric space structure induced by the norm k � k, then

ind .Y;q/ D Ind .Y;q/ D 1

for any convex subset Y of X of cardinality � 2:
(4.301)

As a consequence, for any n 2 N one has

ind .Rn; j � � � j/ D Ind .Rn; j � � � j/ D 1;

ind .Œ0; 1�n; j � � � j/ D Ind .Œ0; 1�n; j � � � j/ D 1;
(4.302)

where j � j denotes the standard Euclidean norm in R
n.

Proof. If � 2 q satisfies (4.300), then �mid � 1
2
�. In concert with (4.253), this forces

c� � 2; hence, further, Ind .X;q/ � 1. This proves the first claim in the statement
of the corollary. Note that, when used together with Theorem 4.35, this gives that
ind .X;q/ � Ind .X;q/ � 1. Next, if Y is a convex subset of a normed vector
space .X; k � k/, then for any x; y 2 Y we have xCy

2
2 Y and kx � .

xCy
2
/k D

ky � .
xCy
2
/k D 1

2
kx � yk. This shows that, if q denotes the quasimetric space

structure induced by the norm, then Ind .X;q/ � 1 by what we have proved so
far. When combined with Theorem 4.35 and (4.257), this shows that ind .X;q/ D
Ind .X;q/ D 1, as claimed. Finally, (4.302) is an obvious consequence of the more
general situation considered earlier in the proof. ut
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Corollary 4.37. Let .X; k � k/ be a normed vector space, and assume that Y � X

contains a convex subset Z of cardinality � 2. Then, if q is the quasimetric space
structure induced by the norm k � k on Y , then one has

ind .Y;q/ D 1: (4.303)

Proof. On the one hand, from the last part of Proposition 4.33 and (4.301) we see
that ind .Y;q/ � ind .Z;q/ D 1. On the other hand, since d.x; y/ WD kx � yk for
each x; y 2 X is a distance, we have ind .Y;q/ D ind .Y; d/ � 1 by (4.257), and
the desired conclusion follows. ut
Comment 4.38. Let a; b; c; d be four real numbers with the property that
a < b < c < d . Then, on the one hand, it was shown in (4.281) that
Ind

�
Œa; b� [ Œc; d �; j � � � j� D C1. On the other hand, Corollary 4.37 gives that

ind
�
Œa; b� [ Œc; d �; j � � � j� D 1: (4.304)

This shows that the inequality ind .X;q/ � Ind .X;q/ proved in Theorem 4.35 for
any quasimetric space .X;q/ can be strict. �

The next definition is a natural adaptation of a similar concept introduced by
David and Semmes (cf. [38]) in the setting of metric spaces.

Definition 4.39. Call a quasimetric space .X;q/ uniformly disconnected
if one can find � 2 q and "o > 0 with the following significance. For no pair
of distinct points x; y 2 X does there exist a finite chain, z1; : : : ; zN 2 X , such
that z1 D x and zN D y, with the property that �.zi ; ziC1/ < "o�.x; y/ for all
i 2 f1; : : : ; N � 1g.

For example, when equipped with the metric space structure induced by the
standard metric space structure on the real line, the Cantor ternary set is uniformly
disconnected, whereas the set fn�1 W n 2 Ng is not.

The equivalence in the theorem below generalizes [38, Proposition 15.7, p. 161],
which deals with metric spaces.

Theorem 4.40. For any quasimetric space .X;q/ one has

.X;q/ is uniformly disconnected ” q contains an ultrametric

H) ind .X;q/ D C1
H) Ind .X;q/ D C1: (4.305)

Proof. If .X;q/ is uniformly disconnected, then, from Definition 4.39, we deduce
that there exist � 2 q and "o > 0 with the property that if x; y 2 X are any two
distinct points, then
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8 z1; : : : ; zN 2 X such that x1 D x and zN D y

H) max
1�i�N�1 �.zi ; ziC1/ � "o�.x; y/:

(4.306)

To proceed, recall the function �1 W X � X ! Œ0;C1/ from (3.495) and note
that (4.306) entails

"o�.x; y/ � �1.x; y/; 8 x; y 2 X: (4.307)

Based on this, (3.498), and (3.512), we deduce that �1 is an ultrametric on X .
Furthermore, from (3.496) and (4.307) we also deduce that "o� � �1 � �, so
� 	 �1. Hence, ultimately, �1 2 q. Conversely, if � 2 q is an ultrametric, then for
any x; y 2 X and any z1; : : : ; zN 2 X such that x1 D x, zN D y, it follows that

�.x; y/ � max
1�i�N�1 �.zi ; ziC1/: (4.308)

This shows that the conditions stipulated in Definition 4.39 hold if, e.g., we take
"o WD 1. Thus, .X;q/ is uniformly disconnected, completing the proof of the
first equivalence in (4.305). Next, the fact that q contains an ultrametric implies
ind .X;q/ D C1 is contained in (4.256). Also, ind .X;q/ D C1 forces
Ind .X;q/ D C1 by Theorem 4.35. This completes the proof of the theorem. ut

By an embedding we will understand a mapping between two topological
spaces that is a homeomorphism onto its image.

Corollary 4.41. If the interval Œ0; 1� may be bi-Lipschitzly embedded into the
quasimetric space .X;q/, then ind .X;q/ � 1.

Also, if .X;q/ is a quasimetric space with the property that ind .X;q/ < 1, then
.X;q/ cannot be bi-Lipschitzly embedded into some Rn, n 2 N.

Proof. Both claims in the statement of the corollary are consequences of the last
part of Proposition 4.33 and (4.302). ut

Moving on, we recall the notion of convexity index (l’indice de convexité)
introduced by Assouad in [10, Définition 3, p. 732].

Definition 4.42. Assouad’s convexity index of a quasimetric space .X;q/ is
defined as

Cv .X;q/ WD inf
˚
p 2 .0;C1/ W 9 � 2 q such that

�1=p is equivalent to a distance on X
�
: (4.309)

Also, if X is a set and � 2 Q.X/, then set Cv .X; �/ WD Cv .X; Œ��/.

Our next result is the following theorem asserting that, for any quasimetric space,
our lower smoothness index coincides with the reciprocal of Assouad’s convexity
index.
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Theorem 4.43. For any quasimetric space .X;q/ one has

ind .X;q/ D 1

Cv .X;q/
: (4.310)

Proof. Let p 2 .0;C1/ be such that there exists � 2 q and a distance d on X with
the property that �1=p 	 d . It follows that dp 2 q and Cdp D .Cd /

p � 2p since
Cd � 2 given that d is a distance. This proves that ind .X;q/ � Œlog2Cdp �

�1 � 1=p

hence, ultimately, ind .X;q/ � ŒCv .X;q/��1. In the opposite direction, pick � 2 q
and assume that 0 < ˇ < Œlog2C��

�1. Then part .12/ in Theorem 3.46 shows
that there exists a distance d on X with the property that d1=ˇ 2 q. In turn, after
unraveling definitions, this condition readily implies 1=ˇ � Cv .X;q/. This forces
Œlog2C��

�1 � ŒCv .X;q/��1, hence ind .X;q/ � ŒCv .X;q/��1. All in all, (4.310)
follows. ut

Given a metric space .X; d/ and a number " 2 .0; 1/, call the metric space
.X; d "/ the "-snowflaked version of .X; d/. This terminology is suggested
by the fact that for each " 2 . 1

2
; 1/ the quasimetric space .R; j � � � j"/ admits a

bi-Lipschitz embedding into R
2 whose image is reminiscent of the boundary of a

domain depicting a snowflake (recall that an embedding is a mapping between two
topological spaces that is a homeomorphism onto its image).

Corollary 4.44. A quasimetric space is bi-Lipschitz homeomorphic to a snowflaked
version of a metric space if and only if its lower smoothness index is > 1.

Proof. Assume the quasimetric space .X;q/ and the metric space .Y; d/ are
such that there exists " 2 .0; 1/ with the property that .X;q/ and .Y; d "/

are bi-Lipschitz homeomorphic. Then Proposition 4.33 gives that ind .X;q/ D
ind .Y; d "/ > "�1, where the last inequality follows from (4.255), after observing
that Cd" D .Cd /

" � 2". This proves the right-pointing implication in the statement
of the corollary. As regards the opposite implication, note that if .X;q/ is a
quasimetric space satisfying ind .X;q/ > 1, then, by Theorem 4.43, we have
Cv .X;q/ < 1. Hence, upon recalling (4.309), it follows that there exist � 2 q,
p 2 .0; 1/, and a distance d on X with the property that �1=p 	 d . Thus, the
identity mapping is a bi-Lipschitz homeomorphism of .X;q/ onto the snowflaked
version .X; dp/ of the metric space .X; d/. ut

Our next theorem contains an intrinsic description of the lower smoothness index
of a quasimetric space.

Theorem 4.45. Assume that X is an arbitrary set and that � 2 Q.X/. Denote by
P.X; �/ the infimum of all numbers p 2 .0;C1/ for which the following condition
is satisfied: there exists cp > 0 such that for each x; y 2 X one has

inf

 
NX

iD1
�.zi ; ziC1/1=p

!p

� cp �.x; y/; (4.311)
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where the infimum is taken over all N 2 N and all z1; : : : ; zNC1 2 X with z1 D x

and zNC1 D y. Then

ind .X; �/ D 1

P.X; �/
: (4.312)

Proof. Thanks to (4.310), it suffices to show that P.X; �/ D Cv .X; �/. To this end,
assume first that p 2 .0;C1/ is such that there exists �0 2 Q.X/ satisfying �0 	 �

and such that .�0/1=p is equivalent to a distance d onX . Then one can find a constant
c 2 Œ1;C1/ with the property that

c�1�.x; y/1=p � d.x; y/ � c�.x; y/1=p; 8 x; y 2 X: (4.313)

In turn, given two arbitrary points x; y 2 X , for any N 2 N and any z1; : : : ; zNC1 2
X with z1 D x, zNC1 D y, (4.313) allows us to estimate

 
NX

iD1
�.zi ; ziC1/1=p

!p

� c�p
 

NX

iD1
d.zi ; ziC1/

!p

� c�pd.x; y/p � c�2p�.x; y/:

(4.314)

This proves that (4.311) holds, with cp WD c�2p > 0, for each x; y 2 X . Hence,
based on this, (4.309), and definitions, we obtain that Cv.X; �/ � P.X; �/. To
establish the opposite inequality, suppose that p 2 .0;C1/ is such that there
exists cp > 0 with the property that (4.311) holds for each x; y 2 X . Using
notation introduced in (3.494), the latter condition amounts to having �1=p.x; y/ �
cp �.x; y/ for all x; y 2 X . Since, by (3.496), we always have �1=p.x; y/ � �.x; y/

for all x; y 2 X , we arrive at the conclusion that

�1=p 	 �: (4.315)

In particular, .�1=p/�1.f0g/ D diag.X/. In turn, in combination with (3.512)
and (3.497), this implies that .�1=p/1=p is a distance on X . Consequently, from the
definitions of Cv.X; �/ andP.X; �/we obtain Cv.X; �/ � P.X; �/. This completes
the proof of the theorem. ut
Corollary 4.46. For any quasimetric space .X; �/ one has

ind .X; �/ D sup

(

˛ 2 .0;C1/ W inf
x;y2X
not equal


�˛.x; y/
�.x; y/

�
> 0

)

D sup
˚
˛ 2 .0;C1/ W �˛ 	 �

�
; (4.316)

where �˛ is defined as in (3.494). Moreover,

the set
˚
˛ 2 .0;C1/ W �˛ 	 �

�
is either

the interval
�
0; ind .X; �/

�
or the interval

�
0; ind .X; �/

�
:

(4.317)
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In particular,

�˛ 	 � for each ˛ 2 �0; ind .X; �/
�
: (4.318)

Proof. The first equality in (4.316) follows upon observing that, by (4.311)
and (4.312),

ind .X; �/ D sup
˚
1
p

W p 2 .0;C1/ such that �1=p � cp �; for some cp > 0
�
:

(4.319)
In turn, the second equality in (4.316) follows from the first equality in (4.316) and
the last formula in (3.103). Finally, the claim in (4.317) is a consequence of the first
equality in (4.316) and the first formula in (3.103), whereas the claim in (4.318)
readily follows from (4.317). ut
Comment 4.47. It is instructive to note that

ind


Lp.R/; k � � � kLp.R/

�
D min f1; pg for any p 2 .0;C1� (4.320)

and that the supremum that defines the index on the left-hand side (cf. the general
definition in (4.255)) is attained. To see that this is the case, consider first the

situation where p 2 .0; 1�. In this scenario, we have ind


Lp.R/; k���kLp.R/

�
D p,

and if we set �.f; g/ WD kf � gkLp.R/ for every f; g 2 Lp.R/, then .log2 C�/
�1 D

p. Indeed, all these claims follow from the discussion just after the statement of
Theorem 3.27 and Corollary 4.46. The claim for the case p 2 Œ1;C1� follows
from (4.301) and the fact that, this time, .log2 C�/

�1 D 1. Of course, similar
properties hold for the sequence space `p , if p 2 .0;C1�. �

The characterization of the lower smoothness index established in Corollary 4.46
suggests making the following definition.

Definition 4.48. Given a quasimetric space .X; �/, set

ind0.X; �/ WD inf
n
˛ 2 .0;C1/ W 8 x; y 2 X and 8 " > 0 9 
1; : : : ; 
NC1 2 X

such that 
1 D x, 
NC1 D y and
NX

iD1
�.
i ; 
iC1/˛ < "

o
; (4.321)

with the agreement that inf ; WD C1.

Hence, if .X; �/ is an arbitrary quasimetric space and if �˛ is defined as
in (3.494), then

ind0.X; �/ D inf
˚
˛ 2 .0;C1/ W �˛ D 0 on X �X�: (4.322)

In concert with Lemma 3.14 [which guarantees that � 	 �0 H) �˛ 	 �0̨ for any
�; �0 2 Q.X/ and ˛ 2 .0;C1�], it follows that we may unambiguously define
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ind0.X; Œ��/ WD ind0.X; �/; 8 � 2 Q.X/: (4.323)

Let us also point out here that, together with the formula proved in part .9/ of
Lemma 3.14, (4.322) also makes it clear that

ind0.X; �
ˇ/ D 1

ˇ
ind0.X; �/; 8ˇ 2 .0;C1/: (4.324)

Remark 4.49. Let a; b; c; d be four real numbers with the property that a < b <

c < d . Then it follows from Definition 4.48 (cf. the convention in the last part of its
statement) that

ind0
�
Œa; b� [ Œc; d �; j � � � j� D C1: (4.325)

Let us also note here that while for any quasimetric space .X; �/ we have �˛ 	 �

for any ˛ 2 �
0; ind .X; �/

�
and �˛ D 0 for any ˛ 2 �

ind0.X; �/;C1�
, in the case

when X D Œa; b� [ Œc; d � and � D j � � � j the ˛-regularization �˛ of � becomes
degenerate without vanishing identically when ˛ belongs to the “transition” interval�
ind .X; �/; ind0.X; �/

�
. Indeed, as may be readily seen from definitions, in this

situation for each ˛ 2 .1;C1/ (recall that ind
�
Œa; b�[ Œc; d �; j �� � j� D 1), we have

�˛.x; y/ D
(
0; if x; y 2 Œa; b�, or x; y 2 Œc; d �,
c � b; if x 2 Œa; b� and y 2 Œc; d �, or y 2 Œa; b� and x 2 Œc; d �.

(4.326)

In what follows, we estimate the index introduced in Definition 4.48 for a Jordan
curve (i.e., a non-self-intersecting continuous loop in the Euclidean space) equipped
with the standard Euclidean distance.

Proposition 4.50. Let a; b 2 R, a < b, and assume that f W Œa; b� ! R
n is a

continuous injective function. Then, if † WD f
�
Œa; b�

� � R
n, it follows that

1 � ind0
�
†; j � � � j� � n: (4.327)

Proof. The first inequality in (4.327) is a direct consequence of the last part of
Proposition 4.33 and (4.302). As far as the second inequality in (4.327) is concerned,
according to (4.321) it suffices to show that for each t0; t1 2 Œa; b� with t0 < t1 and
any " > 0 there exist points 
1; : : : ; 
NC1 2 Œa; b� with the property that t0 D 
1 <


2 < � � � < 
N < 
NC1 D t1 and
NP

iD1
jf .
i / � f .
iC1/jn < ". When t0 D 0 and

t1 D 1, this is a deep result of Besicovitch and Schoenberg (cf. [17, Theorem 3,
p. 115]) in the two-dimensional setting (i.e., when n D 2), which was subsequently
extended to arbitrary space dimensions by Katznelson (cf. the discussion in [11,
Sect. 4.13, p. 447]). Of course, this result holds, via an affine rescaling, for arbitrary
t0; t1 2 Œa; b� with t0 < t1, and the desired conclusion follows. ut
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Definition 4.51. Let .X; �/ be a quasimetric space. Given any N 2 N, for each
x; y 2 X define

�.N/.x; y/ WD inf
n
r > 0 W 9 
1; : : : ; 
NC1 2 X such that


1 D x; 
NC1 D y and max
1�i�N �.
i ; 
iC1/ < r

o
: (4.328)

Proposition 4.52. Given a quasimetric space .X; �/ and N 2 N, one has �.N/ 2
Q.X/ and

C1�N
� � � �.N/ � �.N�1/ � � � � � �.2/ D �mid � �.1/ D � on X �X; (4.329)

where �mid is as in (4.250). In particular,

�.N/ 	 �; 8N 2 N: (4.330)

Proof. All the claims in the statement of the proposition are direct consequences of
definitions. ut
Definition 4.53. Let .X; �/ be a quasimetric space. For each N 2 N consider

c.N/� WD inf
x;y2X

x 6Dy


 �.x; y/

�.N/.x; y/

�
2 �1; CN�1

�

�
; (4.331)

then define

Ind0.X; �/ WD inf
n�

logN c
.N/

�0

��1 W N 2 N with N � 2, and �0 2 Œ��
o
: (4.332)

Our next result may be regarded as a refinement of the inequality established
earlier in Theorem 4.35.

Theorem 4.54. For any quasimetric space .X; �/ there holds

ind .X; �/ � ind0.X; �/ � Ind0.X; �/ � Ind .X; �/: (4.333)

Furthermore,

the set
˚
˛ 2 .0;C1/ W �˛ D 0 on X �X� is either

the interval
�
ind0.X; �/;C1�

or the interval
�
ind0.X; �/;C1�

:
(4.334)

Consequently,

�˛ D 0 on X �X for each ˛ 2 R with ˛ > ind0.X; �/ (4.335)
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and, as a corollary of (4.335) and (4.333),

�˛ D 0 on X �X for each ˛ 2 R with ˛ > Ind0.X; �/: (4.336)

Proof. Consider first the middle inequality in (4.333). If Ind0.X; �/ D C1, then
there is nothing to prove, so assume that Ind0.X; �/ < C1. To proceed, suppose
that ˇ 2 R is such that ˇ > Ind0.X; �/. Then (cf. (4.332)) there exist N 2 N with
N � 2 and �0 2 Œ�� with the property that ˇ >

�
logN c

.N/

�0

��1 2 Œ0;C1/. Hence,

N1=ˇ < c
.N/

�0

, which means that we can select � 2 .0; ˇ/ with the property that

N1=� < c
.N/

�0

. Based on this, (4.331), and (4.328), it follows that if � WD N�1=� , then

8 .x; y/ 2 X �X n diag .X/ 9 
1; : : : ; 
NC1 2 X distinct such that


1 D x; 
NC1 D y and max1�i�N �0.
i ; 
iC1/ � ��0.x; y/:
(4.337)

Consider now an arbitrary pair of distinct points in X , say x; y 2 X with x 6D y.
For each number M 2 N, making repeated use of (4.337) we obtain a family of
points fzi 2 X W 1 � i � NM C 1g satisfying

z1 D x; zNMC1 D y and �0.zi ; ziC1/ � �M�0.x; y/ if 1 � i � NM: (4.338)

Next, using (4.338) and the fact that �0 	 �, we may write

NMX

iD1
�.zi ; ziC1/ˇ � C

NMX

iD1
�0.zi ; ziC1/ˇ D C�0.x; y/ˇ.N�ˇ/M : (4.339)

Note that the fact that 0 < � < ˇ forces N�ˇ D N1�ˇ=� 2 .0; 1/ and, hence,
.N�ˇ/M ! 0 as M ! C1. Thus, ˇ is a participant in the infimum process
described in (4.321) and, as such, we necessarily have ˇ � ind0.X; �/. Given that
this happens for each ˇ 2 R satisfying ˇ > Ind0.X; �/, we conclude that the middle
inequality in (4.333) holds.

Moving on, using the fact that c.2/�0

D c�0 for any �0 2 Q.X/ [which is seen
by comparing (4.253) with (4.331)], we deduce from (4.254) and (4.332) that
the last inequality in (4.333) is valid. Next, the first formula in (3.103), together
with (4.322), readily yields the claim in (4.334), which in turn proves (4.335).
Finally, the first inequality in (4.333) follows from (4.335) and (4.317). ut
Remark 4.55. Let .X;q/ be a quasimetric space with ind .X;q/ D Ind .X;q/ <
C1. Then, if ˛X 2 .0;C1/ denotes the common value of these indexes, it follows
from Corollary 4.46 and Theorem 4.54 that, for each � 2 q ,

�˛ 	 � for each ˛ 2 .0; ˛X/ and �˛ � 0 for each ˛ 2 .˛X ;C1/; (4.340)

where �˛ is defined as in (3.494).

The following comment complements the analysis in Comment 4.47.



214 4 Applications to Analysis on Quasimetric Spaces

Comment 4.56. For any p 2 .0;C1/ one has

ind0


Lp.R/; k � � � kLp.R/

�
D min f1; pg: (4.341)

Indeed, granted (4.320), (4.333), (4.301), and (4.322), it suffices to show that if
p 2 .0; 1/ and �.f; g/ WD kf � gkLp.R/ for each f; g 2 Lp.R/, then

�˛ � 0 for any ˛ > p: (4.342)

With this goal in mind, let f 2 Lp.R/ be given, and fix an arbitrary " > 0. By
Lebesgue’s dominated convergence theorem, there exists r > 0 large enough so that

�
�f � f � 1Œ�r;r�

�
�
Lp.R/

< "=3; (4.343)

and there exists M > 0 large enough so that

�
�f � 1fx2Œ�r;r�W jf .x/j>M g

�
�
Lp.R/

< "=3: (4.344)

Fix r;M > 0 such that (4.343) and (4.344) hold. For each N 2 N consider the
family of functions ffi g0�i�NC1 given by

fi WD

8
ˆ̂
<

ˆ̂
:

f � f � 1Œ�r;r� if i D 0;

f � 1fx2Œ�rC.i�1/ 2rN ;�rCi 2rN �W jf .x/j�M g if 1 � i � N;

f � 1fx2Œ�r;r�W jf .x/j>M g if i D N C 1:

(4.345)

It is straightforward to check that f D
NC1P
iD0

fi and that, in the notation in-

troduced in (4.345), estimates (4.343) and (4.344) imply kf0kLp.R/ < "=3 and
kfNC1kLp.R/ < "=3. From (4.345) we also have

kfikLp.R/ � M.2r/1=p

N 1=p
; 8 i 2 f1; : : : ; N g; (4.346)

and consequently


NC1X

iD0
kfik˛

�1=˛ �


2
�
"
3

�˛ CM � .2r/1=p �N1�˛=p
�1=˛

: (4.347)

In particular, since ˛ > p, it follows that

NC1P
iD0

kfik˛
�1=˛ � " if N is large enough.

This shows that for each f 2 Lp.R/ there holds
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inf

(
 NX

iD1
kfik˛

� 1
˛ W N 2 N; fi 2 Lp.R/; 1 � i � N; with

NX

iD1
fi D f

)

D 0:

(4.348)

Now the claim (4.342) follows immediately from (4.348) and the fact that for each
˛ > 0 the quasidistance �˛ is translation invariant. �

Definition 4.57. The Hölder index of a given a quasimetric space .X;q/ is
defined as

indH.X;q/ WD sup
˚
˛ 2 .0;C1/ W PC ˛.X;q/ 6D R

� 2 .0;C1�: (4.349)

Moreover, given an arbitrary set X of cardinality � 2 and given � 2 Q.X/,
abbreviate indH.X; �/ WD indH.X; Œ��/.

A couple of comments are in order here.

Remark 4.58. (i) From Theorem 4.6 we know that the space PC ˛.X;q/ contains
nonconstant functions if ˛ > 0 is small enough. Hence, the Hölder index defined
in (4.349) is well defined (recall that, unless otherwise noted, we always assume that
the cardinality of X is � 2).
(ii) It is clear from Definition 4.57 that for any quasimetric space .X; �/ there holds

indH.X; �
ˇ/ D 1

ˇ
indH.X; �/; 8ˇ 2 .0;C1/: (4.350)

Next, we propose to study the significance of the upper and lower smoothness
indexes in relation to the structural richness of the space of Hölder functions on
a quasimetric space. Our main result pertaining to the notion of Hölder index is
contained in the theorem below.

Theorem 4.59. For any quasimetric space .X; �/ there holds

indH.X; �/ D ind0.X; �/: (4.351)

Proof. As a first step we will show that

˛ 2 .0;C1/ and �˛ D 0 on X �X H) PC ˛.X; �/ D R: (4.352)

Seeking a contradiction, assume that there exists ˛ 2 .0;C1/ such that �˛ D 0

on X � X and yet PC ˛.X; �/ 6D R. Then there exists f 2 PC ˛.X; �/ that is not
constant, say f .x/ 6D f .y/ for some x; y 2 X . Set C WD kf k PC ˛.X;�/ 2 .0;C1/

and introduce " WD �
C�1jf .x/�f .y/j�1=˛ > 0. Then for every collection of points


1; : : : ; 
NC1 2 X such that 
1 D x and 
NC1 D y we may write

C"˛ D jf .x/ � f .y/j �
NX

iD1
jf .
i /� f .
iC1/j �

NX

iD1
C�.
i ; 
iC1/˛: (4.353)
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In turn, this implies

 NP

iD1
�.
i ; 
iC1/˛

�1=˛ � ", which, after taking the infimum over

all 
i ’s as above, yields �˛.x; y/ � " > 0. This contradicts the fact that �˛ D 0 on
X � X , completing the proof of (4.352). Having established (4.352), we have from
this and (4.334) that indH.X; �/ � ind0.X; �/.

Hence, to complete the proof of the theorem, it remains to prove the opposite
inequality. With this in mind, fix an arbitrary number ˛ > 0 such that ind0.X; �/ >
˛. Then (4.334) entails that �˛ does not vanish identically on X �X . In particular,
there exist xo; yo 2 X such that �˛.xo; yo/ > 0. To proceed, observe that

0 � �˛ � � on X �X; (4.354)

�˛ � 0 on diag .X/; (4.355)

�˛ is symmetric; (4.356)
�
�˛.x; y/

�˛ � �
�˛.x; z/

�˛ C �
�˛.z; y/

�˛
for all x; y; z 2 X: (4.357)

Indeed, (4.354) follows from property .1/ in Lemma 3.14, (4.355) is implied
by (4.354), (4.356) is based on property .1/ in Lemma 3.22, and (4.357) is a
consequence of property .3/ in Lemma 3.14.

Let us now define f W X ! R by setting f .x/ WD �
�˛.x; yo/

�˛
for every x 2 X .

Then, by design, f .xo/ D �
�˛.xo; yo/

�˛
> 0, while f .yo/ D 0 by (4.355). In

particular, the function f is not constant. Moreover, for every x; y 2 X , we have

jf .x/ � f .y/j D ˇ
ˇ��˛.x; yo/

�˛ � �
�˛.y; yo/

�˛ˇˇ � �
�˛.x; y/

�˛ � �
�.x; y/

�˛
;

(4.358)

by (4.356), (4.357), and (4.354). This proves that f 2 PC ˛.X; �/. All together, this
analysis establishes the existence of a nonconstant function in PC ˛.X; �/. As such,
we conclude that indH.X; �/ � ˛. With this in hand, upon letting ˛ % ind0.X; �/
yields indH.X; �/ � ind0.X; �/. The two inequalities for indexes then combine to
give (4.351). ut
Corollary 4.60. For any quasimetric space .X;q/ there holds

ind .X;q/ � indH.X;q/ � Ind0.X;q/ � Ind .X;q/: (4.359)

As a consequence, if ˇ > Ind0.X;q/, then PC ˇ.X;q/ contains only constant
functions; in particular, this is the case whenever ˇ > Ind .X;q/.

Proof. This is a direct consequence of Theorems 4.59 and 4.54. ut
Recall from [59, Sect. 11.1, p. 88] that a metric space .X; d/ is said to be

uniformly perfect provided there exists C 2 .1;C1/ so that

X n Bd .x; r/ 6D ; H) Bd.x; r/ n Bd.x; r=C / 6D ;; 8 x 2 X; 8 r 2 .0;C1/:

(4.360)
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Note that the condition of uniform perfectness forbids the existence of islands that
are too isolated from the rest of the space, relative to their size, in a scale-invariant
fashion. This suggests introducing the following definition.

Definition 4.61. Call a quasimetric space .X;q/ imperfect provided there exist
a quasidistance � 2 q, a point xo 2 X , and a number r 2 .0;C1/, with the
property that

X n B�.xo; r/ 6D ; and inf
y2XnB�.xo;r/; z2B�.xo;r/

�.y; z/ > 0: (4.361)

Proposition 4.62. If .X;q/ is an imperfect quasimetric space, then ind0.X;q/ D
C1. In particular, Ind .X;q/ D C1 in this case.

Proof. Seeking a contradiction, suppose that .X;q/ is an imperfect quasimetric
space for which ind0.X;q/ < C1. It is then possible to pick ˇ 2 R such that
ˇ > ind0.X;q/. Also, there exist � 2 q, xo 2 X , and r 2 .0;C1/ with the
property that (4.361) holds. Then, on the one hand, the function

f W X �! R; f � 1 on B�.xo; r/ and f � 0 on X n B�.xo; r/ (4.362)

is, thanks to (4.361), a nonconstant function in PC ˇ.X; �/. On the other hand,
from Corollary 4.60 we know that PC ˇ.X; �/ contains only constant functions. This
contradiction proves the proposition. ut

Given a quasimetric space .X;q/, consider next the question whether the
supremum that defines the lower smoothness index in (4.255) is attained. That is,
the issue is whether

9 � 2 q such that Œlog2C��
�1 D ind .X;q/: (4.363)

A first result in this direction is offered by the following theorem, according to
which, given a quasimetric space .X;q/, a necessary and sufficient condition for the
supremum that defines the lower smoothness index of .X;q/ to be attained is that

� ind .X;q/ 	 � for some (or any) � 2 q: (4.364)

Theorem 4.63. Let .X;q/ be a quasimetric space and set ˛� WD ind .X;q/ 2
.0;C1�. Then the following statements are equivalent:

(1) �˛
�

	 � for each quasidistance � 2 q .
(2) There exists a quasidistance � 2 q with the property that �˛

�

	 �.
(3) The supremum that defines the lower smoothness index in (4.255) is attained in

the sense that (4.363) holds.

Proof. Obviously, .1/ ) .2/. To prove that .2/ ) .3/, suppose that � 2 q is
a quasidistance with the property that �˛

�

	 �. Then C�˛
�

� 21=˛� by (3.499);
hence, further, ˛� � Œlog2C�˛

�

��1 � ind .X;q/ D ˛�, where the second inequality
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uses (4.255), and the last equality is just the definition of ˛�. Thus, (4.363) holds
(for the choice � WD �˛

�

), completing the proof of the fact that .2/ ) .3/. Finally,
consider the implication .3/ ) .1/. To set the stage, assume that there exists � 2 q
such that Œlog2C��

�1 D ˛� and pick an arbitrary �0 2 q. Then, on the one hand,
�˛

�

	 � by (3.515) and (3.516), while on the other hand, �0 	 �. Consequently,
.�0/˛

�

	 �˛
�

	 � 	 �0 by (3.124), which shows that, ultimately, .�0/˛
�

	 �0. Thus,
.1/ holds, and this completes the proof of the theorem. ut

A moment’s reflection shows that (4.363) is further equivalent to the question of
whether

inf
˚
C� W � 2 q

�
is attained: (4.365)

Later on, in Corollary 4.69, we will show that there exist quasimetric spaces for
which the question posed in (4.365) has a negative answer. For now, our goal is
to establish a related positive result, stated in Theorem 4.64 below. As a preamble,
we make some comments motivating the setting in the aforementioned theorem.
Specifically, let X be an arbitrary set. For each fixed � 2 Œ1;C1/ consider the
following (symmetric and reflexive) relation on Q.X/:

�
�	 �0 def” ��1�.x; y/ � �0.x; y/ � ��.x; y/ for all x; y 2 X: (4.366)

Also, given � 2 Q.X/, define

�
Œ��
�
�

WD
n
�0 2 Q.X/ W �0 �	 �

o
: (4.367)

Hence,
�
Œ��
�
�1

� �
Œ��
�
�2

whenever 1 � �1 � �2 < C1: (4.368)

Recall next that if � 2 Q.X/, then Œ�� denotes the equivalence class of � with respect
to the equivalence relation introduced in Definition 3.15, and note that

Œ�� D
[

��1

�
Œ�0�
�
�

for all �; �0 2 Q.X/ satisfying � 	 �0: (4.369)

In particular, given � 2 Q.X/, if ˛ WD .log2 C�/
�1 and �˛ 2 Q.X/ is as

in (3.494), then

Œ�� D
[

��1

�
Œ�˛�

�
�
; (4.370)

by (3.516) and (4.369). As a consequence of this and (4.368), we therefore have

inf
˚
C�0 W �0 2 �Œ�˛�

�
�

� & inf
˚
C�0 W �0 2 Œ��� as � % C1: (4.371)

The theorem below addresses the issue of whether the individual infima in the left-
hand side of (4.371) are attained for each given � 2 Œ1;C1/.
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Theorem 4.64. Suppose that .X; �/ is a quasimetric space with the property that
.X; ��/ is a separable topological space. Set ˛ WD .log2 C�/

�1 2 .0;C1� and
consider �˛ 2 Q.X/ as in (3.494). Then

inf
˚
C�0 W �0 2 �Œ�˛�

�
�

�
is attained for every � 2 Œ1;C1/: (4.372)

Proof. Fix some � 2 Œ1;C1/ and abbreviate A WD inf
˚
C�0 W �0 2 �

Œ�˛�
�
�

� 2
Œ1;C1/. Hence C�˛ � A, and if C�˛ D A, then there is nothing to prove (since
�˛ 2 �

Œ�˛�
�
�
). It remains to consider the case when A < C�˛ . Note that, in this

scenario, (4.6) forces C� � C�˛ > 1, so that, necessarily, ˛ 2 .0;C1/. Next, select
a sequence

f�j gj2N � �
Œ�˛�

�
�

such that C�˛ > C�j & A as j ! 1: (4.373)

In particular, ��1�˛ � �j � ��˛ on X � X , for every j 2 N, which by (3.501),
(3.503), (3.504), and (3.496) further entails

��1�˛ � .�j /˛ � ��˛ � �� on X �X for every j 2 N: (4.374)

In addition, by (4.373), for each j 2 N and every x; y; z 2 X we have

�j .x; y/ � C�j max
˚
�j .x; z/; �j .z; y/

�
< C� max

˚
�j .x; z/; �j .z; y/

�
: (4.375)

Fix ˇ 2 �
0;minf˛; 1g�. We then deduce from (4.375), (3.541), and (4.374) that for

each j 2 N and any x; y; z;w 2 X we have

ˇ
ˇ.�j /˛.x; y/ � .�j /˛.w; z/

ˇ
ˇ

� 1
ˇ

max
˚
.�j /˛.x; y/

1�ˇ; .�j /˛.w; z/1�ˇ
���
.�j /˛.x;w/

�ˇ C �
.�j /˛.y; z/

�ˇ�

� �
ˇ

max
˚
�.x; y/1�ˇ; �.w; z/1�ˇ

��
�.x;w/ˇ C �.y; z/ˇ

�

� �
ˇ

max
n
�.x; y/1�ˇ; C� max

˚
�.w; x/1�ˇ; �.x; z/1�ˇ

�o�
�.x;w/ˇ C �.y; z/ˇ

�

� �
ˇ

max
n
C2
� �.x; y/

1�ˇ; C��.x;w/1�ˇ; C 2
� �.y; z/

1�ˇo��.x;w/ˇ C �.y; z/ˇ
�
:

(4.376)

Having established this, we may then conclude that the family of functions

.�j /˛ W �X �X; �� � ��/ �! Œ0;C1/; j 2 N; (4.377)

is equicontinuous. In addition, the family
˚
.�j /˛

�
j2N is also pointwise bounded on

X � X , thanks to (4.374), and our hypotheses imply that
�
X � X; �� � ��/ is a

separable topological space. As such, Ascoli’s theorem (cf., e.g., [106, Theorem 33,
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p. 179]) may be invoked to conclude that there exists a subsequence
˚
.�jk /˛

�
k2N of˚

.�j /˛
�
j2N and a continuous function

�� W �X �X; �� � ��/ �! Œ0;C1/ (4.378)

with the property that

.�jk /˛ �! �� as k ! C1
uniformly on compact subsets of .X �X; �� � ��/:

(4.379)

In particular,

lim
k!1.�jk /˛.x; y/ D ��.x; y/; 8 x; y 2 X: (4.380)

Collectively, (4.380), (4.374), (4.375), and (4.373) then imply that

�� 2 �Œ�˛�
�
�

and ��.x; y/ � Amax
˚
��.x; z/; ��.z; y/

�
; 8 x; y; z 2 X:

(4.381)

Hence, A � C�
�

� A, which shows that A D C�
�

2 ˚
C�0 W �0 2 �

Œ�˛�
�
�

�
, as

desired. ut
Our strategy for proving the existence of quasimetric spaces for which the

question formulated in (4.365) has a negative answer (cf. Corollary 4.69) involves
relating our lower smoothness index associated with a quasinormed vector space to
the so-called modulus of concavity of the space in question. This is accomplished in
Theorem 4.68 below, whose statement and proof require some preliminaries, which
we dispense with first.

Let X be a vector space. Following [104, p. 89], call a set U � X starlike
if �U � U for every � 2 .0; 1�. The modulus of concavity of a starlike set
U � X is then defined as

c.U / WD inf f� 2 .0;C1/ W U C U � �U g; (4.382)

with the convention that inf ; WD C1. Call a starlike set U � X pseudoconvex
provided U 6D ; and c.U / < C1.

Lemma 4.65. Let X be a vector space.

(i) For any pseudoconvex set U � X one has

U C U � c.U /U: (4.383)

(ii) For any pseudoconvex set U � X such that U 6D f0g one has c.U / � 2.
(iii) If U � X is convex and U 6D f0g, then c.U / D 2.
(iv) If X is a topological vector space and U � X is a starlike set that is either

closed or open and satisfies c.U / D 2, then U is convex.
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Proof. The aforementioned properties follow easily from definitions (cf. also [104,
pp. 89–90] for more details). ut

Recall that a topological vector space is said to be locally bounded provided there
exists a (topologically) bounded neighborhood of the zero vector (i.e., the set in
question is absorbed by each neighborhood of zero). Also, a set U in a vector space
is said to be balanced if �U � U for every scalar � with j�j � 1. It follows that any
nonempty, open, (topologically) bounded, balanced set U � X is pseudoconvex.

Definition 4.66. Assume that .X; �/ is a locally bounded topological vector
space. Define Rolewicz’s logarithmic modulus of concavity of
the space .X; �/ as

indR.X; �/ WD sup
˚�

log2 c.U /
��1 W 0 2 U � X;

U open, (topologically) bounded, and balanced
�
: (4.384)

The rationale for the piece of terminology is that, up to taking the logarithm and
reciprocating, the index introduced in Definition 4.66 coincides with the notion of
modulus of concavity of a locally bounded topological vector space .X; �/
defined by Rolewicz in [104, p. 96] as

c.X; �/ WD inf
˚
c.U / W 0 2 U � X

U open, (topologically) bounded, and balanced
�
: (4.385)

See also [74, p. 161] in this regard. Given a locally bounded topological vector space
.X; �/, the significance of the number indR.X; �/ stems from the observation (cf.,
e.g., [74, (5) p. 161]) that

for each p 2 �0; indR.X; �/
�

there exists a p-norm

on X that yields the same topology on X as �:
(4.386)

Definition 4.67. Given a vector space X , call a quasidistance � 2 Q.X/
translation invariant provided

�.x C z; y C z/ D �.x; y/ for any x; y; z 2 X: (4.387)

Also, call � 2 Q.X/ homogeneous provided

�.�x; �y/ D j�j�.x; y/ for any � 2 R: (4.388)

Moving on, assume that .X; k � k/ is a quasinormed vector space. Then the
function

�k�k W X �X ! Œ0;C1/; �k�k.x; y/ WD kx � yk; 8 x; y 2 X; (4.389)
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is a quasidistance on X [i.e., �k�k 2 Q.X/] and has the property that ��
k�k

coincides
with the topology �k�k canonically induced by the quasinorm k�k onX . Furthermore,
�k�k is translation invariant and homogeneous (in the sense of (4.387) and (4.388)).

Theorem 4.68. For any quasinormed vector space .X; k � k/ there holds

ind
�
X; �k�k

� D indR.X; �k�k/ 2 .0; 1�: (4.390)

Furthermore, the supremum defining the lower smoothness index on the left-hand
side of (4.390) (compare with (4.255)) is attained if and only if the supremum
defining Rolewicz’s logarithmic modulus of concavity on the right-hand side
of (4.390) (cf. (4.384)) is attained.

Proof. That indR.X; �k�k/ 2 .0; 1� is clear from (4.384) and item .ii/ in Lemma 4.65.
We divide the remaining part of the proof into a number of steps.

Step 1. Assume that .X; �/ is a topological vector space and suppose that U �
X is an open, (topologically) bounded, balanced set (in particular, a neighborhood
of the zero vector 0 2 X ). If k � kU stands for the Minkowski gauge function of U ,
i.e.,

kxkU WD inf
˚
� 2 .0;C1/ W x=� 2 U �; 8 x 2 X; (4.391)

then

x 2 U ” kxkU < 1; 8 x 2 X; (4.392)

kx C ykU � c � max
˚kxkU ; kykU

�
; 8 x; y 2 X ” c � c.U /; (4.393)

k � kU is a quasinorm on X , and k � kU 	 k � k; (4.394)

C�
k�kU

D c.U /; (4.395)

where �k�kU is as in (4.389) corresponding to the quasinorm (4.391) (recall that, in
general, C� was introduced in (4.2)).

To justify the first claim, fix an arbitrary number x 2 X and define f W R ! X

by setting f .�/ WD �x for all � 2 R. Then, since .X; �/ is a topological vector
space, it follows that f is continuous. Moreover, if x 2 U , then f .1/ 2 U , and
since U is open in .X; �/, we deduce that there exists " 2 .0; 1/ such that f .�/ 2 U
for every � 2 .1 � "; 1 C "/. In particular, there exists � > 1 such that �x 2 U ,
which shows that kxkU � ��1 < 1, as desired. Conversely, if kxkU < 1, pick
� 2 �kxkU ; 1

�
. Then kxkU < � implies the existence of some �o 2 .0; �/ such that

x=�o 2 U . Now, the fact that U is balanced entails x D �o.x=�0/ 2 U , given that
�0 2 .0; 1/. This completes the proof of (4.392).

Assume next that x; y 2 X are given, and fix an arbitrary number �o >

max
˚kxkU ; kykU

�
. Then there exists � 2 .0; �o/with the property that x=�; y=� 2
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U . In turn, this implies .xC y/=� 2 U CU � c.U /U , so that .xCy/=.�c.U // 2
U C U � U . Consequently, kx C ykU � �c.U / < �0c.U /. Since the number
�o > max

˚kxkU ; kykU
�

was arbitrarily chosen, this proves that

kx C ykU � c.U / max
˚kxkU ; kykU

�
; 8 x; y 2 X: (4.396)

In particular, kx C ykU � c max
˚kxkU ; kykU

�
for all x; y 2 X , provided c �

c.U /. Assume next that c 2 .0;C1/ is such that kxCykU � c max
˚kxkU ; kykU

�

for all x; y 2 X . Taking x; y 2 U arbitrary, it follows from (4.392) that kxkU < 1

and kykU < 1. Also, by the assumption just made, kx C ykU � c. Hence, if
c0 > c is arbitrary, then we deduce from this and (4.392) that .x C y/=c0 2 U or,
equivalently, x C y 2 c0U . Since x; y 2 U were arbitrarily chosen, this proves
that U C U � c0U . With this in hand, (4.382) gives c.U / � c0. Since c0 > c was
arbitrary, we arrive at the conclusion that c � c.U /, as desired. This completes the
proof of (4.393).

Going further, we claim that

k�xkU D j�jkxkU ; 8 x 2 X; 8� 2 R: (4.397)

Indeed, this is clear if � D 0, whereas for � 2 R n f0g we may write (for each
x 2 X )

k�xkU D inf
˚
� > 0 W �x=� 2 U � D inf

˚
� > 0 W x=.�=�/ 2 U �

D inf
˚
� > 0 W x=.�=j�j/ 2 U � D j�j inf

˚

 > 0 W x=
 2 U �

D j�jkxkU ; (4.398)

where the first equality is a consequence of (4.391), the second one is obvious, the
third one uses the fact that U is balanced, and the last one is seen by introducing

 WD �=j�j > 0. This proves (4.397).

Consider next B WD fx 2 X W kxk < 1g. Then B is a bounded neighborhood of
the zero vector and, since U is (topologically) bounded, there exists M 2 .0;C1/

such that U=M � B . In turn, this entails kxk � M for every x 2 U . Fix now
x 2 X . Then, if � > kxkU is arbitrary, it follows that there exists �o 2 .0; �/ such
that x=�o 2 U . Hence, by what we have just proved, kx=�ok � M or, equivalently,
kxk � �oM . Hence, kxk � �M , and since � > kxkU was arbitrarily chosen,
we may conclude that kxk � M kxkU . Conversely, since U is a neighborhood of
the origin, there exists " > 0 with the property that fx 2 X W kxk < 2"g � U .
Thus, for any x 2 X n f0g we have "x=kxk 2 U , which, in light of (4.391), further
implies that kxkU � "�1kxk. At this stage, the results established so far permit us
to conclude that the claims made in (4.394) hold.
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We are left with proving (4.395). In one direction, observe that for each triplet
x; y; z 2 X we have

�k�kU .x; y/ D kx � ykU D k.x � z/ � .y � z/kU
� c.U / � maxfkx � zkU ; ky � zkU g
D c.U / � maxf�k�kU .x; z/; �k�kU .z; y/g; (4.399)

which proves that C�
k�kU

� c.U /. In the opposite direction, start from the fact that
�k�kU .x; y/ � C�

k�kU
maxf�k�kU .x; z/; �k�kU .z; y/g for each x; y; z 2 X . Specializing

this to the case where z D 0 and y is replaced by �y yields

kx C ykU � C�
k�kU

� maxfkxkU ; kykU g; 8 x; y 2 X: (4.400)

With this in hand, (4.393) then gives C�
k�kU

� c.U /, which completes the proof
of (4.395).

Step 2. Assume that X is a vector space and suppose that � 2 Q.X/ is a
quasidistance that is quasi translation invariant and quasihomogeneous, in the
sense that there exists C 2 Œ1;C1/ such that

�.x C z; y C z/ � C�.x; y/ and �.�x; �y/ � C j�j�.x; y/ (4.401)

for every x; y; z 2 X and � 2 R. Then

�?.x; y/ WD sup
z2X;�2Rnf0g

h
j�j����1x C z; ��1y C z

�i
; 8 x; y 2 X; (4.402)

satisfies (cf. Definition 4.67)

�? 2 Q.X/; �? 	 �; C�? � C�; and (4.403)

�? is translation invariant and homogeneous: (4.404)

From the definition of �? and (4.401) one readily obtains that � � �? � C2�

on X � X . Moreover, since � is symmetric, so is �?, and, as such, it follows that
�? 2 Q.X/ and �? 	 �. Next, for each x; y; z;w 2 X and � 2 R n f0g we write

j�j����1x C z; ��1y C z
�

� C� max
˚j�j����1x C z; ��1w C z

�
; j�j����1w C z; ��1y C z

��

� C� max
˚
�?.x;w/; �?.w; y/

�
: (4.405)

Taking the supremum over all z 2 X and � 2 R n f0g then yields
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�?.x; y/ � C� max
˚
�?.x;w/; �?.w; y/

�
; 8 x; y;w 2 X; (4.406)

hence C�? � C�, as desired. To prove that �? is translation invariant, note that for
each x; y;w 2 X we have

�?.x C w; y C w/ D sup
z2X;�2Rnf0g

h
j�j����1x C .��1w C z/; ��1y C .��1w C z/

�i

D sup
v2X; �2Rnf0g

h
j�j����1x C v; ��1y C v

�i

D �?.x; y/; (4.407)

as desired. Finally, the fact that �? is homogeneous follows by writing, for each
x; y 2 X and each � 2 R n f0g,

�?.�x; �y/ D sup
z2X; �2Rnf0g

h
j�j��.�=�/�1x C z; .�=�/�1y C z

�i

D j�j sup
z2X; 
2Rnf0g

h
j
j��
�1x C z; 
�1y C z

�i

D j�j�?.x; y/: (4.408)

This completes the treatment of the claims made in Step 2.

Step 3. Let X be a vector space and assume that � 2 Q.X/ is a translation-
invariant and homogeneous quasidistance. Then

�# is also translation invariant and homogeneous: (4.409)

This follows directly from the definition of �# from (3.528), (3.494), and (3.495),
by observing that, given any two vectors x; y 2 X , if 
1; : : : ; 
NC1 2 X is a “chain”
between x and y (i.e., 
1 D x and 
NC1 D y), then for any z 2 X the family

1 C z; : : : ; 
NC1 C z constitutes a chain between x C z and y C z, while for every
� 2 R the family �
1; : : : ; �
NC1 forms a chain between �x and �y.

Step 4. For any quasinormed vector space .X; k � k/ there holds

ind
�
X; �k�k

� � indR.X; �k�k/: (4.410)

To justify this claim, observe that if U � X is an open, (topologically) bounded,
balanced neighborhood of the zero vector 0 2 X , then �k�kU 2 Q.X/, �k�kU 	 �k�k
by (4.394), hence

ind
�
X; �k�k

� � �
log2 C�

k�kU

��1 D �
log2 c.U /

��1
; (4.411)
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by (4.395). Then (4.410) follows by taking the supremum in (4.411) over all suchU .

Step 5. For any quasinormed vector space .X; k � k/ there holds

ind
�
X; �k�k

� � indR.X; �k�k/: (4.412)

To see this, pick an arbitrary �0 2 Q.X/ with the property that �0 	 �k�k. Since
�k�k is translation invariant and homogeneous, it follows that �0 is quasi translation
invariant and quasihomogeneous. Consider .�0

?/# 2 Q.X/, the regularization as
in (3.528), (3.494), and (3.495), of the quasidistance �0

? (in turn, defined according
to formula (4.402), relative to �0); then introduce

kxk0 WD .�0
?/#.x; 0/; 8 x 2 X: (4.413)

From the results proved in Steps 2–3 it follows that k � k0 is a quasinorm on X and,
thanks to (3.530), (4.403), definitions, and assumptions, we have

kxk0 D .�0
?/#.x; 0/ 	 �0

?.x; 0/ 	 �0.x; 0/ 	 �k�k.x; 0/ D kxk (4.414)

uniformly in x 2 X . Hence,

k � k0 	 k � k: (4.415)

At this stage, introduce

U WD fx 2 X W kxk0 < 1g � X: (4.416)

Since k � k0 is a quasinorm that is equivalent to the original k � k, it follows that U is a
(topologically) bounded, balanced subset ofX , which contains the zero vector. Also,
since the function .�0

?/# W X �X ! R is continuous when X �X is equipped with
the product topology �k�k � �k�k (cf. (3.540)), and since U D .�0

?/#.�; 0/�1.�1; 1/,
we deduce that U is open in .X; �k�k/. Moreover,

k � kU D k � k0 (4.417)

since

kxkU D inf f� > 0 W x=� 2 U g D inf f� > 0 W kx=�k0 < 1g
D inf f� > 0 W kxk0 < �g D kxk0; 8 x 2 X; (4.418)

and

�k�k0 D .�0
?/# (4.419)

since by (4.413) and (4.409)

�k�k0.x; y/ D kx � yk0 D .�0
?/#.x � y; 0/ D .�0

?/#.x; y/; 8 x; y 2 X: (4.420)
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Consequently,

c.U / D C�
k�kU

D C�
k�k

0

D C.�0

?/# � C�0

?
� C�0 ; (4.421)

by (4.395), (4.417), (4.419), (4.14), and (4.403). As a result,

indR.X; �k�k/ � �
log2 c.U /

��1 � �
log2 C�0

��1
; (4.422)

and taking the supremum over all �0 2 Q.X/ with the property that �0 	 �k�k
yields (4.412).

Together, (4.410) and (4.412) prove (4.390).

Step 6.The proof of the last claim in the statement of Theorem 4.68. Suppose
that the supremum defining Rolewicz’s logarithmic modulus of concavity on the
right-hand side of (4.390) is attained. Thus, by (4.384), there exists a U� open,
(topologically) bounded, balanced neighborhood of the zero vector in X , with the
property that

�
log2 c.U�/

��1 D indR.X; �k�k/: (4.423)

Then, based on this, (4.390), and (4.411), it follows that

indR.X; �k�k/ D ind .X; �k�k/ � �
log2 C�

k�kU
�

��1

D �
log2 c.U�/

��1 D indR.X; �k�k/: (4.424)

Hence, necessarily,
�
log2 C�

k�kU
�

��1 D ind .X; �k�k/; (4.425)

which, given that �k�kU
�

2 Q.X/ satisfies �k�kU
�

	 �k�k (cf. (4.394)), shows that
the supremum defining the lower smoothness index on the left-hand side of (4.390)
(cf. (4.255)) is also attained.

Conversely, suppose that the supremum defining the lower smoothness index on
the left-hand side of (4.390) is attained. Then there exists �0 2 Q.X/ satisfying
�0 	 �k�k and with the property that

�
log2 C�0

��1 D ind .X; �k�k/: (4.426)

If U is as in (4.416) (with k � k0 as in (4.413)), then it follows that U is an open,
(topologically) bounded, balanced neighborhood of the zero vector in X . Then,
based on (4.390), (4.426), and (4.422), we may write

ind .X; �k�k/ D indR.X; �k�k/ � �
log2 c.U /

��1 � �
log2 C�0

��1 D ind .X; �k�k/:

(4.427)

This proves that, necessarily, indR.X; �k�k/ D �
log2 c.U /

��1
, and the desired

conclusion follows. ut



228 4 Applications to Analysis on Quasimetric Spaces

Having dealt with Theorem 4.68 we may now return to the question raised
in (4.365) and prove the following result.

Corollary 4.69. There exists a quasimetric space .X;q/ for which the question
posed in (4.365) has a negative answer.

Proof. For each given po 2 .0; 1�, an example of a locally bounded topological
vector space .X; �/ was constructed in [104, Proposition 3.4.8, p. 115], which has
the following property (recall (4.382) and (4.385)):

c.X; �/ D 21=po ; but c.U / > 21=po for any open, bounded, starlike set U � X:

(4.428)

See also the discussion in [74, p. 162] in this regard. Granted this, the fact that the
question posed in (4.365) has a negative answer in general follows from the last part
in the statement of Theorem 4.68. ut

In the last part of this section we study the correlation between the size of the
lower smoothness index of a quasimetric space and the Hausdorff dimension of the
space itself or the Hausdorff dimension of continuous paths joining various points
in the space in question. We begin this discussion by establishing the following
definition.

Definition 4.70. Let .X; �/ be a quasimetric space, and fix d � 0. Given a set
E � X , for every ı > 0 define

Hd
X;�;ı.E/ WD inf

8
<

:

1X

jD1
rdj W E �

1[

jD1
B�.xj ; rj / and rj � ı for every j

9
=

;

(4.429)

(with the convention that inf ; WD C1); then define the d -dimensional
Hausdorff outer measure in .X; �/ of the set E as

Hd
X;�.E/ WD lim

ı!0C

Hd
X;�;ı.E/ D sup

ı>0

Hd
X;�;ı.E/ 2 Œ0;C1�: (4.430)

Also, define the Hausdorff dimension in .X; �/ of the set E by the formula

dimH
X;�.E/ WD inf

˚
d � 0 W Hd

X;�.E/ D 0
�
; (4.431)

again with the convention that inf ; WD C1.

In the context of Definition 4.70, observe that for each ı > 0 and � > 0 we have

Hd
X;�� ;ı.E/ D Hd�

X;�;ı=� .E/; 8E � X I (4.432)
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hence,

Hd
X;�� .E/ D Hd�

X;�.E/; 8E � X: (4.433)

Recall next that a topological space .X; �/ is called pathwise connected
provided that for any x; y 2 X there exists a continuous function f W Œ0; 1� ! X

such that f .0/ D x and f .1/ D y. We will refer to the set � WD f
�
Œ0; 1�

� � X as
a continuous path joining x and y.

Theorem 4.71. Let .X; �/ be a quasimetric space with the property that there exists
d 2 Œ0;C1/ satisfying

8 x; y 2 X 9� continuous path joining x and y with dimH
X;�.�/ � d (4.434)

(thus, in particular, the topological space .X; ��/ is pathwise connected). Then

ind0.X; �/ � d: (4.435)

In the proof of this theorem the following lemma will be useful.

Lemma 4.72. Assume that .Oi/i2I is a family of open subsets of R with the
property that Œ0; 1� � S

i2I
Oi . Then there exist N 2 N [ f0g, 0 D t0 < t1 <

� � � < tN < tNC1 D 1, and a function � W f1; : : : ; N C 1g ! I such that

t0 2 O�.1/; tNC1 2 O�.NC1/; tj 2 O�.j / \O�.jC1/; 8 j 2 f1; : : : ; N g:
(4.436)

Proof. Invoking Lebesgue’s number lemma (cf., e.g., [27]), it is possible to select a
small r > 0 with the property that

8 t 2 Œ0; 1� 9 it 2 I such that Œt � r; t C r� � Oit : (4.437)

Then takeN 2 N large enough so that there exist 0 D t0 < t1 < � � � < tN < tNC1 D
1 satisfying

tjC1 � tj < r; 8 j 2 f0; 1; : : : ; N g: (4.438)

With the correspondence Œ0; 1� 3 t 7! it 2 I as in (4.437), set �.j / WD itj�1 for
each j 2 f1; : : : ; N C 1g. Thanks to (4.437) and (4.438), this ensures that

tj 2 Œtj�1 � r; tj�1 C r� � O�.j /; 8 j 2 f1; : : : ; N C 1g: (4.439)

Since this forces tj 2 O�.j / \ O�.jC1/ for each j 2 f1; : : : ; N g, the desired
conclusion follows. ut

After this preamble, we return to Theorem 4.71.

Proof of Theorem 4.71. Fix two distinct points x; y 2 X and pick an arbitrary
number " > 0. Also, let f W Œ0; 1� ! .X; ��/ be a continuous function with the
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property that f .0/ D x and f .1/ D y. Set � WD f
�
Œ0; 1�

�
, fix an arbitrary number

d 0 > d , and note that this forces Hd 0

X;�.�/ D 0. Based on this and (4.430), we then

obtain Hd 0

X;�;ı.�/ D 0 for every ı > 0. In concert with (4.429), this allows us to
conclude that, with some ı > 0 having been fixed, there exist fxj gj2N � X and
frj gj2N � .0; ı� with the property that

� �
1[

jD1
B�.xj ; rj / and

1X

jD1
rd

0

j < "=C 3
� : (4.440)

Upon recalling the fact that �# � �, the first formula in (4.440) yields

� �
1[

jD1
B�#.xj ; rj /: (4.441)

Hence, if for every j 2 N we define Oj WD f �1�B�#.xj ; rj /
�
, then it follows

that each Oj is a relatively open subset of Œ0; 1� and Œ0; 1� � S

j2N
Oj . Bring in

Lemma 4.72 according to which there existN 2 N[f0g, 0 D t0 < t1 < � � � < tN <
tNC1 D 1, and a function � W f1; : : : ; N C 1g ! N such that

t0 2 O�.1/; tNC1 2 O�.NC1/; ti 2 O�.i/ \O�.iC1/; 8 i 2 f1; : : : ; N g:
(4.442)

To proceed, introduce 
i WD f .ti / 2 X for each i 2 f0; 1; : : : ; N C 1g so that, in
particular, 
0 D x and 
NC1 D y. Moreover, for each i 2 f1; : : : ; N g,


i 2 f �O�.i/
� \ f

�
O�.iC1/

� � B�#.x�.i/; r�.i// \ B�#.x�.iC1/; r�.iC1//; (4.443)

so that


i ; 
iC1 2 B�#.x�.iC1/; r�.iC1//; 8 i 2 f0; 1; : : : ; N g: (4.444)

Consider now the ordered sequence of balls

B�#.x�.1/; r�.1//; B�#.x�.2/; r�.2//; : : : ; B�#.x�.NC1/; r�.NC1//: (4.445)

Since the mapping � W f1; : : : ; N C 1g ! N is not necessarily injective,
this may contain repetitions. Concretely, suppose that the integers i; j are such
that 1 � i < j � N C 1 and B�#.x�.i/; r�.i// D B�#.x�.j /; r�.j //. If this is the
case, throw away B�#.x�.j /; r�.j // and discard the points 
i ; 
iC1; : : : ; 
j�1. Repeat
this process (finitely many times) until all repetitions have been eliminated, then
relabel the remaining 
i in a consecutive manner. This yields a sequence of points

0; 
1; : : : ; 
MC1 2 X , where M 2 f1; : : : ; N g, with the property that 
0 D x,

MC1 D y, and
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i ; 
iC1 2 B�#.xQ�.iC1/; rQ�.iC1//; 8 i 2 f0; 1; : : : ;M g; (4.446)

where, this time,

Q� W f1; : : : ;M C 1g ! N is an injective function: (4.447)

Note that (4.446) entails

�.
i ; 
iC1/ � C2
� �#.
i ; 
iC1/ � C3

� max
˚
�#.
i ; xQ�.iC1//; �#.xQ�.iC1/; 
iC1/

�

� C3
� rQ�.iC1/; 8 i 2 f0; 1; : : : ;M g: (4.448)

Hence,

MX

iD0
�.
i ; 
iC1/d

0 � C3
�

MX

iD0

�
rQ�.iC1/

�d 0 � C3
�

MX

j2N
rd

0

j � "; (4.449)

by (4.448), (4.447), and (4.440). In turn, from (4.321) and (4.449) we deduce that
ind0.X; �/ � d 0, and since d 0 > d was arbitrary, this ultimately yields (4.435). ut
Definition 4.73. Call a quasimetric space .X; �/ upper d-Ahlfors regular
(for some d � 0) provided there exists a constant C 2 Œ0;C1/ such that

Hd
X;�

�
B�.x; r/

� � Crd ; 8 x 2 X; 8 r > 0; (4.450)

and call .X; �/ lower d-Ahlfors regular provided there exists c 2
.0;C1/ such that

crd � Hd
X;�

�
B�.x; r/

�
for all x 2 X and all finite r 2 �0; diam�.X/

�
: (4.451)

Corollary 4.74. (i) For any quasimetric space .X; �/ satisfying (4.434) there holds

ind .X; �/ � d: (4.452)

(ii) For any pathwise-connected quasimetric space .X; �/ that is upper d -Ahlfors
regular there holds ind0.X; �/ � d . In particular, (4.452) holds in this case as well.

Proof. Inequality (4.452) in part .i/ is an immediate consequence of (4.435)
and (4.333). As for the claim made in part .i i/, if � D f

�
Œ0; 1�

�
is an arbitrary

continuous path in X , then it follows that � is a compact set in .X; ��/. Hence,
having fixed some point xo 2 X , we have that there exists R 2 .0;C1/ with
the property that � � B�.x0; R/. In light of condition (4.450), this implies that
Hd
X;�.�/ � CRd < C1, which further entails diamH

X;�.�/ � d . With this in hand,
(4.435) gives ind0.X; �/ � d , as desired. ut
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Definition 4.75. Given a quasimetric space .X; �/, a number � 2 .0;C1/, and
two points x; y 2 X , call � � X a �-Hölder path connecting x and y

provided there exists a function f W Œ0; 1� ! X such that f .0/ D x, f .1/ D y, and
� D f

�
Œ0; 1�

�
and for which there exists a constant C 2 Œ0;C1/ satisfying

�
�
f .t1/; f .t2/

� � C jt1 � t2j� for every t1; t2 2 Œ0; 1�: (4.453)

Note that if .X; �/ is actually a metric space, then any rectifiable path � � X is
1-Hölder (taking f .t/ WD s.Lt/, 0 � t � 1, where L denotes the length of � and
where s is the arc-length parameterization of �).

Corollary 4.76. Let .X; �/ be a quasimetric space with the property that there
exists a number � 2 .0;C1/ such that

8 x; y 2 X 9� � -Hölder path joining x and y (4.454)

(thus, in particular, the topological space .X; ��/ is pathwise connected). Then

ind0.X; �/ � ��1: (4.455)

Hence, in particular, ind .X; �/ � ��1 in this case.

Proof. This follows from Theorem 4.71 upon observing that if � is as in Definition
4.75, then H1=�

X;�.�/ � C1=�H1=�

R;j���j
�
Œ0; 1�

�
< C1, hence dimH

X;�.�/ � 1=� . ut
Recall from part .i i/ of Corollary 4.74 that ind .X; �/ � d for any

pathwise-connected quasimetric space .X; �/ that is upper d -Ahlfors regular.
It turns out that the pathwise-connectivity assumption is indispensable for this
type of inequality. Indeed, in Proposition 4.77 below we provide an example of an
ultrametric space that is actually both upper and lower 1-Ahlfors regular. Hence, the
lower smoothness index of such a space is C1, and the aforementioned inequality
fails in this case. Looking for such an example in the category of ultrametric spaces
is justified since these spaces happen to be totally disconnected (thus, in particular,
they fail to be pathwise connected).

Proposition 4.77. Let

X WD ˚
a D .a.i//i2N W a.i/ 2 f0; 1g for each i 2 N

�
; (4.456)

and define d W X �X ! Œ0;C1/ by setting

d.a; b/ WD 2�D.a;b/; 8 a D .a.i//i2N 2 X; 8 b D .b.i//i2N 2 X;
where D.a; b/ WD inf

˚
i 2 N W a.i/ 6D b.i/

�
;

(4.457)

with the convention that inf ; D C1.
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Then .X; d/ is a compact ultrametric space that is both upper and lower
1-Ahlfors regular. In particular, .X; �d / is totally disconnected and, as such, any
continuous path in .X; �d / reduces to just a point.

Proof. Note that since D.a; b/ 2 N [ fC1g, we have

d.a; b/ 2 f0g [ f2�k W k 2 Ng � Œ0; 1=2� for every a; b 2 X: (4.458)

Clearly d is symmetric and, for each a; b 2 X , there holds d.a; b/ D 0 if and only
if a D b. Moreover,

D.a; b/ � minfD.a; c/;D.c; b/g; 8 a; b; c 2 X: (4.459)

Indeed, this inequality is immediate if c D a or c D b. Suppose now that c 6D a and
c 6D b. Without loss of generality we may assume that D.a; c/ � D.c; b/. Then
there exist k1; k2 2 N such that k1 � k2 and a.i/ D c.i/ for i D 1; : : : ; k1 � 1

and a.k1/ 6D c.k1/, while b.i/ D c.i/ for i D 1; : : : ; k2 � 1. Hence, a.i/ D b.i/ for
i D 1; : : : ; k1 � 1, so D.a; b/ � k1 D D.a; c/ D minfD.a; c/;D.c; b/g. From this
and (4.459) it follows that

d.a; b/ � maxfd.a; c/; d.c; b/g for every a; b; c 2 X: (4.460)

Hence, d is an ultrametric on X . Also, from (4.458) we have diamd .X/ � 1
2
.

Next, fix a D .a.i//i2N 2 X . Then, given a number r 2 .0; 1=2/, there exists a

unique ko 2 N such that
�
1
2

�koC1 � r <
�
1
2

�ko . We claim that, in this scenario,

Bd .a; r/ D ˚
b D .b.i//i2N 2 X W b.i/ D a.i/; i D 1; : : : ; ko

�
: (4.461)

To justify this claim, observe that given any b 2 X , we have d.a; b/ < r if and only
if 2�D.a;b/ � 2�.koC1/ or, equivalently,D.a; b/ � ko C 1. From this, (4.461) readily
follows.

The next claim we make is that

.X; d/ is complete: (4.462)

To see this, suppose faj gj2N is a Cauchy sequence in X , with aj D .a
.i/
j /i2N for

j 2 N. Thus, for every " > 0 there exists N" 2 N such that d.aj ; ak/ < " for every
j; k � N". In particular, for each ` 2 N there exists N 0̀ 2 N such that d.aj ; ak/ <
2�` whenever j; k � N 0̀. Hence, if we now define Nn WD maxfN 0

1; : : : N
0
ng for each

n 2 N, then it follows that

Nn 2 N; NnC1 � Nn; and d.aj ; ak/ < 2
�n�1; 8 n 2 N: (4.463)

Combining (4.463) with (4.461) we obtain that

a
.i/
j D a

.i/

k for i D 1; : : : ; n; 8 j; k � Nn: (4.464)
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Next, define

a.n/ WD a
.n/
Nn
; 8 n 2 N; and set a WD .a.n//n2N 2 X: (4.465)

Note that since for each i 2 N with i � nwe haveNi � Nn, from (4.465) we obtain

a
.i/
Ni

D a
.i/
Nn

for each i 2 f1; : : : ; ng: (4.466)

Fix now an arbitrary number n 2 N. Then, on the one hand, (4.466) permits us
to write

a D �
a
.1/
N1
; a

.2/
N2
; : : : ; a

.n/
Nn
; a

.nC1/
NnC1

; : : :
� D �

a
.1/
Nn
; a

.2/
Nn
; : : : ; a

.n/
Nn
; a

.nC1/
NnC1

; : : :
�
: (4.467)

On the other hand, by once again relying on (4.464), for every j � Nn we may write

aj D �
a
.1/
j ; a

.2/
j ; : : : ; a

.n/
j ; a

.nC1/
j ; : : :

� D �
a
.1/
Nn
; a

.2/
Nn
; : : : ; a

.n/
Nn
; a

.nC1/
j ; : : :

�
:

(4.468)

Collectively, (4.467) and (4.468) imply that D.a; aj / � n C 1 whenever j � Nn.
Thus, d.a; aj / � 2�n�1 for j � Nn. This proves that aj converges to a as j ! 1
in the topology �d on X , completing the proof of (4.462).

Moving on, we claim that

.X; d/ is totally bounded: (4.469)

Recall that (4.469) amounts to showing that for every " > 0 there exists a finite set
X" � X that is "-dense in X , i.e., distd .a;X"/ < " for every a 2 X . In turn, the
latter condition will follow once we prove that for every n 2 N there exists a finite
set Xn � X that is 2�n-dense in X . With this goal in mind, fix n 2 N and consider
the set

Xn WD ˚
.a.1/; a.2/; : : : ; a.n/; 0; 0; : : : / W a.i/ 2 f0; 1g; i D 1; : : : ; n

� � X:

(4.470)

The cardinality of Xn is equal to 2n; thus the set Xn is finite. In addition, given
any point a D .a.i//i2N in X , if we let a� WD .a.1/; a.2/; : : : ; a.n/; 0; 0; : : : /, then
a� 2 Xn and D.a; a�/ � n C 1, hence d.a; a�/ � 2�n�1 < 2�n, as desired. This
completes the proof of the claim made in (4.469).

Given that the metric space .X; d/ is complete and totally bounded, [27,
Theorem 1.6.5, p. 14] implies that

.X; �d / is compact: (4.471)

We now focus on showing that

.X; d/ is both upper and lower 1-Ahlfors regular: (4.472)
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To this end, let H1
X;d be the 1-dimensional Hausdorff outer measure induced by d

on X (cf. Definition 4.70). Also, fix a 2 X as well as r 2 .0; 1=2/, and let N be
the unique natural number for which 2�N�1 � r < 2�N . Fix some M 2 N with
M > N and assume that the sequences faj gj2N � X and frj gj2N � .0; 2�M/

are such that Bd .a; r/ �
1S
jD1

Bd .aj ; rj / (where the closure is taken in .X; �d /).

By (4.471) we have that Bd .a; r/ is compact; hence there exists a finite set J � N

such that

Bd.a; r/ �
[

j2J
Bd .aj ; rj /: (4.473)

For each j 2 J pickmj 2 N such that 2�mj�1 � rj < 2
�mj and setm0 WD max

j2J mj .

Hence, in particular,m0 � M > N . Also, for each

b WD .b1; : : : ; bm0�N / 2 f0; 1gm0�N (4.474)

define the following subset of X :

Cb WD˚
.a.1/; : : : ; a.N/; b1; : : : ; bm0�N ; cm0C1; cm0C2; : : : / W cm0Ck 2 f0; 1g; 8 k 2 N

�
:

(4.475)

Hence, recalling (4.473) and (4.461) we have

Cb � Bd .a; r/ �
[

j2J
Bd .aj ; rj / for every b as in (4.474): (4.476)

Assume now that some j 2 J has been fixed, and ask: for how may b as in (4.474)
does the ball Bd .aj ; rj / intersect Cb? Since membership to Bd .aj ; rj / fully deter-
mines the firstmj components of a sequence inX (cf. (4.461)) wheneverBd .aj ; rj /
intersects Cb, it follows that the components b1; : : : ; bmj�N of b are predetermined
(recall that mj > N ). Hence, the number of b as in (4.474) for which Cb is
intersected by Bd.aj ; rj / is bounded by the number of choices of the remaining
components of b, i.e., by the number of ways in which bmj�NC1; : : : ; bm0�N 2
f0; 1g may be selected. The conclusion is that each Bd.aj ; rj / can intersect at most
2m0�mj sets of the form (4.475). Given that, by (4.476), the Bd.aj ; rj / with j 2 J
intersect all the Cb defined as in (4.475), we see that, necessarily,

X

j2J
2m0�mj � cardinality of

˚Cb W b as in (4.474)
� D 2m0�N : (4.477)

Hence, upon recalling that rj � 2�mj�1 for every j 2 N, we conclude
from (4.477) that

X

j2J
rj � 2�m0�1X

j2J
2m0�mj � 2�N�1 � 1

2
r: (4.478)
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In light of (4.429), this shows that H1
X;d;2�M

�
Bd.a; r/

� � 1
2
r , which ultimately

implies (cf. (4.430))

H1
X;d

�
Bd .a; r/

� � 1

2
r: (4.479)

Since d is a metric on X , it follows that Bd.a; �r/ � Bd.a; r/ for every � 2 .0; 1/.
Consequently, for every � 2 .0; 1/ we may write, based on (4.479) and the fact that
�r 2 .0; 1

2
/,

H1
X;d

�
Bd.a; r/

� � H1
X;d

�
Bd.a; �r/

� � �

2
r: (4.480)

Upon letting � % 1, this finally yields

H1
X;d

�
Bd.a; r/

� � 1

2
r; (4.481)

proving the lower 1-Ahlfors regularity condition stated in (4.472).
To establish the upper 1-Ahlfors regularity condition stated in (4.472), start by

fixing a; r;N to be as before. Next, for each M 2 N with M > N consider the set

FM WD ˚
Bd .c; 2

�M / W c 2 X; c.i/ D a.i/; i D 1; : : : ;M; and c.j / D 0; j > M
�
:

(4.482)

Then the cardinality of FM is equal to 2M�N , and we claim that

Bd.a; r/ �
[

B2FM

B: (4.483)

To justify (4.483), pick an arbitrary b 2 Bd.a; r/. If we then set

c WD .a.1/; a.2/; : : : ; a.N/; b.NC1/; : : : ; b.M/; 0; : : : ; 0; : : : / 2 X; (4.484)

then D.b; c/ � M C 1; thus d.b; c/ � 2�M�1 < 2�M , so b 2 Bd.c; 2�M / 2 FM ,
as desired. Going further, note that

X

B2FM

radius.B/ D .cardinality of FM/ � 2�M D 2M�N � 2�M D 2�N � 2r:

(4.485)

From (4.485) and (4.429) we may then conclude that H1
X;d;2�M

�
Bd.a; r/

� � 2r .
Consequently,

H1
X;d

�
Bd.a; r/

� � 2r; (4.486)

by what we have just proved and (4.430). This completes the proof of (4.472).
At this stage, to complete the proof of the theorem, we will show that ultrametric

spaces are totally disconnected, i.e.,



4.7 Smoothness Indexes of a Quasimetric Space 237

if .X; d/ is an ultrametric space, then the only

connected sets in .X; �d / consist of singletons:
(4.487)

That any continuous path in .X; �d / is constant is then a simple consequence
of (4.487) and the fact that any continuous function maps connected sets into
connected sets.

To prove (4.487), reason by contradiction and assume that .X; d/ is an ultramet-
ric space and that O is a connected subset of .X; �d / containing two distinct points,
x; y. Then r WD d.x; y/ 2 .0;C1/, and we consider the family of all d -balls of
radius r , say F WD fBd.z; r/ W z 2 Xg. From Zorn’s lemma and the discussion in
part (ii) of Remark 4.1 it is possible to find Z � X such that

F D fBd.z; r/ W z 2 Zg and

Bd.z1; r/ \ Bd.z2; r/ D ; 8 z1; z2 2 Z; with z1 6D z2:
(4.488)

Now, since O is a connected subset of .X; �d / and

O � X D
[

B2F
B D

[

z2Z
Bd .z; r/; (4.489)

we deduce (with the help of the last line in (4.488)) that there exists zo 2 Z such
that O � Bd.zo; r/. In turn, this forces d.x; y/ � max fd.x; zo/; d.zo; y/g < r ,
contradicting the original definition of r . This proves (4.487). ut

The example presented in Proposition 4.77 may be further refined to yield
ultrametric spaces that are Ahlfors regular of any dimension, as discussed in the
following corollary.

Corollary 4.78. Assume that X; d are as in Proposition 4.77. Then for each
number � 2 .0;C1/ it follows that .X; d�/ is a compact ultrametric space (thus,
in particular, ind .X; �d� / D C1), which is both upper and lower ��1-Ahlfors
regular.

Proof. This is a direct consequence of the fact that any positive power of an
ultrametric is still an ultrametric, the result proved in Proposition 4.77, and the
observation that

H1
X;d .E/ D H1=�

X;d� .E/; 8E � X; (4.490)

thanks to (4.433). ut
We will describe next a phenomenon similar to that presented in Proposition 4.77,

this time in the context of the so-called four-corner planar Cantor set. To this end,
consider E0 WD Œ0; 1�2, the unit square in R

2, and let C1 be the set consisting of
the four (closed) squares fQj

1 gjD1;:::;4, of side length 4�1, which are located in the
corners of E0, and set E1 WD S4

jD1 Q
j
1 . Iteratively, for each n 2 N we let Cn denote

the nth generation of squares defined as the collection of 4n squares fQj
ngjD1;:::;4n ,
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of side length `.Qj
n/ D 4�n, which are located in the corners of En�1 (i.e., each

Q
j
n , j D 1; : : : ; 4n, is located in one of the corners of the square Qk

n�1 for some
k 2 f1; : : : ; 4n�1g), and set En WD S4n

jD1 Q
j
n . Having introduced this notation, the

four-corner Cantor set in R
2 is then given by

E WD
1\

nD0
En: (4.491)

The first four iterations in the construction of the four-corner planar Cantor set
We will prove the following result.

Proposition 4.79. The four-corner planar Cantor set E from (4.491) is both upper
and lower 1-Ahlfors regular. Moreover, while the Euclidean distance restricted toE
is not an ultrametric, there exists an ultrametric on E which is equivalent to it.

Proof. Using notation introduced in connection with the definition of the four-
corner planar Cantor set, we start by making the claim that for each N 2 N [ f0g
the following holds: for each a 2 R

2 we have

#
n
j 2 f1; : : : ; 4ng W Qj

n \ B.a; 4�N / ¤ ;
o

� 4n�N

for every n 2 N [ f0g such that n � N:
(4.492)

In the preceding expression, #F stands for the cardinality of a set F , and all balls
considered in this proof are with respect to the Euclidean distance. Having fixedN 2
N[f0g arbitrary, we will prove the cardinality estimate in the first line of (4.492) by
induction on n 2 N[f0g, n � N . Since squares in a given generation Cn, n 2 N, are
disjoint and have side length 4�n, the cardinality estimate in (4.492) is clearly true
when n D N . Assume next that the cardinality estimate in (4.492) holds for some
n 2 N[f0g, n � N , and let j 2 f1; : : : ; 4nC1g be such thatQj

nC1\B.a; 4�N / ¤ ;.

Then by constructionQj
nC1 � Qk

n for some k 2 f1; : : : ; 4ng. In particular, we have
Qk
n \ B.a; 4�N / ¤ ;. Since each square from Cn gives rise to four squares in CnC1

(of which all four, or fewer, may intersect B.a; 4�N /), this discussion shows that
n
j 2 f1; : : : ; 4nC1g W Qj

nC1 \ B.a; 4�N / ¤ ;
o

� 4 � #

�
k 2 f1; : : : ; 4ng W Qk

n \ B.a; 4�N / ¤ ;
	
: (4.493)
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Based on this and using the induction hypothesis, we then obtain

#

�
j 2 f1; : : : ; 4nC1g W Q \ B.a; 4�N / ¤ ;

	
� 4nC1�N ; (4.494)

as desired. This completes the proof of the claim.
Going further, we claim that for each N 2 N [ f0g the following implication

holds:

a 2 E ) #
n
j 2 f1; : : : ; 4ng W Qj

n � B.a; 4�N /
o

� 4n�N�1; 8 n2N; n�NC1:
(4.495)

To see this, observe from (4.491) that, given a 2 E, there exists a sequence of
squares fQjn

n gn2N, such that 1 � jn � 4n andQjn
n 2 Cn for each n 2 N, that satisfy

Q
jn�1

n�1 � Qjn
n ; 8n 2 N; and

\

n2N
Qjn
n D fag: (4.496)

Then
Qjn
n � B.a; 4�N / whenever n > N C 4�1: (4.497)

Indeed if n > NC4�1, then, since `.Qjn
n / D 4�n, it follows that

p
2 `.Q

jn
n / < 4

�N .
In concert with the fact that a 2 Q

jn
n , this guarantees the inclusion in (4.497). In

particular,
Q
jNC1

NC1 � B.a; 4�N /: (4.498)

As such, for each integer n � N C1, the squareQ
jNC1

NC1 gives rise to 4n�N�1 squares
in Cn, all of which will also be contained in B.a; 4�N /. This completes the proof
that for each N 2 N [ f0g implication (4.495) holds.

We turn now to proving that E is lower 1-Ahlfors regular, i.e.,

9 c > 0 such that H1
�
B.a; r/ \ E

� � cr 8 a 2 E and 8 r 2 .0; 1/;
(4.499)

where H1 denotes the one-dimensional Hausdorff outer measure in R
2, considered

with respect to the standard Euclidean distance in the plane. Since for each r > 0

we trivially have H1
�
B.a; r/ \E� � H1

�
B.a; r=2/\E�, proving (4.499) reduces

to showing that

9 c > 0 such that H1
�
B.a; r/ \E� � cr 8 a 2 E and 8 r 2 .0; 1/:

(4.500)

To this end, recall from Definition 4.70 that, given a set F � R
2, one has

H1
�
F / D lim

ı!0C

H1
ı

�
F /; (4.501)
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where

H1
ı .F / D inf

nX

j2N
rj W F �

[

j2N
B.aj ; rj /; with aj 2 R

2; 0 < rj � ı; j 2 N

o
:

(4.502)

Next, fix ı > 0 and r 2 .0; 1/ and let faj gj2N � R
2 and 0 < rj < minfı; 4�2g,

j 2 N, be such that B.a; r/ \ E � S
j2NB.aj ; rj /. Since the set B.a; r/ \ E is

compact (given that, by design, the set E is closed), there exists a finite set J � N

for which
B.a; r/ \E �

[

j2J
B.aj ; rj /: (4.503)

To proceed, for each j 2 J let mj 2 N be such that

4�mj�1 � rj < 4
�mj ; (4.504)

and set
mo WD max

j2J mj : (4.505)

In particular, mo 2 N and mo � 2. On account of (4.504) and (4.492), for each
numberN 2 N [ f0g we have

X

j2N
rj �

X

j2J
rj �

X

j2J
4�mj�1 D 4�mo�N�1X

j2J
4mo�mjCN

� 4�mo�N�1X

j2J
#
n
k 2 f1; : : : ; 4moCN g W Qk

moCN \ B.aj ; 4
�mj / ¤ ;

o
:

(4.506)

Note that (4.504) entails B.aj ; rj / � B.aj ; 4
�mj /, hence

n
k 2 f1; : : : ; 4moCN g W Qk

moCN \ B.aj ; rj / ¤ ;
o

�
n
k 2 f1; : : : ; 4moCN g W Qk

moCN \ B.aj ; 4
�mj / ¤ ;

o

(4.507)

for each j 2 J and N 2 N [ f0g. Consequently,

#
n
k 2 f1; : : : ; 4moCN g W Qk

moCN \ B.aj ; rj / ¤ ;
o

� #
n
k 2 f1; : : : ; 4moCN g W Qk

moCN \ B.aj ; 4�mj / ¤ ;
o

(4.508)
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for each j 2 J andN 2 N[f0g. Going further, sinceE\B.a; r/ �
[

j2J
B.aj ; rj /,

for each N 2 N [ f0g we obtain that
n
k 2 f1; : : : ; 4moCN g W Qk

moCN � B.a; r/
o

�
[

j2J

n
k 2 f1; : : : ; 4moCN g W Qk

moCN \ B.aj ; rj / ¤ ;
o
;

(4.509)

and thus

#
n
k 2 f1; : : : ; 4moCN g W Qk

moCN � B.a; r/
o

�
X

j2J
#
n
k 2 f1; : : : ; 4moCN g W Qk

moCN \ B.aj ; rj / ¤ ;
o
:

(4.510)

Based on (4.506), (4.508), and (4.510), we may therefore conclude that for each
numberN 2 N [ f0g there holds

X

j2N
rj � 4�mo�N�1 � #

n
k 2 f1; : : : ; 4moCN g W Qk

moCN � B.a; r/
o
: (4.511)

Pick Nr 2 N [ f0g such that [recall that r 2 .0; 1/]
4�Nr�1 � r < 4�Nr ; (4.512)

and note that this forces B.a; 4�Nr�1/ � B.a; r/. Hence, applying (4.511), (4.495),
and (4.512) for the choice n WD moCNr andN WD Nr C1 (note thatmo � 2 forces
n � N C 1) yields

X

j2N
rj � 4�mo�Nr�1 � #

n
k 2 f1; : : : 4moCNr g W Qk

moCNr � B.a; 4�Nr�1/
o

� 4�mo�Nr�1 � 4moCNr�Nr�2 D 4�Nr�3 � 4�3r: (4.513)

This shows that for any r 2 .0; 1/ and ı > 0 there holds

H1
ı .B.a; r/ \E/ � 4�3r: (4.514)

Based on this and (4.501), the claim made in (4.500) readily follows. Thus (4.499)
holds and, as such, E is lower 1-Ahlfors regular.

We claim next that the set E is also upper 1-Ahlfors regular, i.e.,

9 C > 0 such that H1.B.a; r/ \E/ � Cr; 8 a 2 E and 8 r 2 .0; 1/:
(4.515)
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To prove this, fix a 2 E, and for each r 2 .0; 1/ letNr 2 N[f0g be such that (4.512)
is satisfied. Then, for each n � Nr consider the set

Fn WD
n
j 2 f1; : : : ; 4ng W Qj

n \ B.a; r/ ¤ ;
o
: (4.516)

Since by (4.512) we have B.a; r/ � B.a; 4�Nr /, it follows that

Fn �
n
j 2 f1; : : : ; 4ng W Qj

n \ B.a; 4�Nr / ¤ ;
o
; (4.517)

and thus, based on (4.492), we may write

#Fn � #
n
j 2 f1; : : : ; 4ng W Qj

n \ B.a; 4�Nr / ¤ ;
o

� 4n�Nr whenever n 2 N is such that n � Nr: (4.518)

Going further, fix n � Nr , and for each j 2 Fn consider the ball B
�
x
Q
j
n
; 4�nC 1

4

�
,

where x
Q
j
n

denotes the center of the square Qj
n . Then, since E � En WD S4n

jD1 Q
j
n

and since Qj
n � B

�
x
Q
j
n
; 4�nC 1

4

�
for each j 2 f1; : : : ; 4ng, we may write

B.a; r/ \ E � B.a; r/ \

 4n[

jD1
Qj
n

�
�
[

j2Fn

Qj
n �

[

j2Fn

B
�
x
Q
j
n
; 4�nC 1

4
�
; (4.519)

where the second inclusion follows from discarding those squares from Cn (the nth
generation of squares from the construction of E) that are disjoint from B.a; r/.
This shows that the collection of balls fB.x

Q
j
n
; 4�nC 1

4 /gj2Fn covers B.a; r/ \ E.
At the same time, the sum of the radii of the balls in this collection satisfies, thanks
to (4.518) and the fact that n � Nr ,

X

j2Fn

4�nC 1
4 D .#Fn/ � 4�nC 1

4 � 4n�Nr � 4�nC 1
4 D 4�NrC 1

4 � 45=4r: (4.520)

Since the radii of the balls in fB.x
Q
j
n
; 4�nC 1

4 /gj2Fn can be made arbitrarily small
by taking n large enough, using the definition (4.502), we may conclude that for
each ı > 0 there holds

H1
ı

�
B.a; r/ \E� � 45=4r: (4.521)

By once again appealing to (4.501), this shows that

H1
�
B.a; r/ \E� � 45=4r: (4.522)

Since a 2 E and r 2 .0; 1/ were arbitrarily chosen, (4.515) follows.
We turn our attention now to showing that, while the Euclidean distance j � � � j

in R
2 restricted to E is not an ultrametric, there exists an ultrametric on E that is

equivalent to j � � � jˇˇ
E

. First, it is easy to see that
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x WD .0; 0/; y WD .1; 0/ and z WD .1=4; 3=4/ satisfy x; y; z 2 E (4.523)

since they are corner points of squares from C1. However,

1 D jx � yj > maxfjx � zj; jy � zjg; (4.524)

showing that j � � � jˇˇ
E

fails to be an ultrametric.
Next, introduce the function d? W E �E ! Œ0;1/ given by

d?.x; y/ WD inf
n
r > 0 W 9 
1; : : : ; 
NC1 2 E; N 2 N; such that (4.525)

x D 
1; y D 
NC1 and j
i � 
iC1j < r; 8 i 2 f1; : : : ; N g
o

for each x; y 2 E . It is clear from this definition that

d? is nonnegative and symmetric and d?.x; y/ � jx � yj; 8 x; y 2 E: (4.526)

Going further, we claim that

d?.x; y/ � maxfd?.x; z/; d?.z; y/g; 8 x; y; z 2 E: (4.527)

To justify (4.527), fix x; y; z 2 E, and let frngn2N; fr 0
ngn2N � .0;C1/ be such

that rn & d?.x; z/ and r 0
n & d?.z; y/ as n ! 1, and with the property that for

each n 2 N there exist N.n/;N.n/0 2 N and 
ni ; �
n
j 2 E, i 2 f1; : : : ; N.n/g and

j 2 f1; : : : N 0.n/g, satisfying


n1 D x; 
nN.n/C1 D z; and j
ni � xniC1j < rn;
8 i 2 f1; : : : ; N.n/g and 8 n 2 N;

(4.528)

and
�n1 D z; �nN 0.n/C1 D y; and j�ni � �niC1j < r 0

n;

8 i 2 f1; : : : ; N 0.n/g and 8 n 2 N:
(4.529)

For each n 2 N consider then the sequence of points f!nj gj2f1;:::;N.n/CN 0.n/C2g � E

defined by

!nj WD 
nj ; 8 j 2 f1; : : : ; N.n/C 1g;
and !nj D �nj�N.n/�1; 8 j 2 fN.n/C 2; : : : ; N.n/CN 0.n/C 2g:

(4.530)

Then, using (4.528)–(4.530), we obtain

!n1 D x; !nN.n/CN 0.n/C2 D z; and

j!nj � !njC1j < maxfrn; r 0
ng; 8 j 2 f1; : : : ; N.n/CN 0.n/C 1g:

(4.531)
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Hence, combined with the definition of d? from formula (4.525), this implies that
d?.x; y/ � maxfrn; r 0

ng for all n 2 N. By passing to the limit as n ! 1 and using
that x; y; z 2 E were arbitrarily chosen, (4.527) follows.

It remains to show that d? bounds from below, up to a multiplicative constant,
the Euclidean distance restricted to E, i.e.,

9 c > 0 such that d?.x; y/ � cjx � yj; 8 x; y 2 E: (4.532)

Note that once (4.532) has been justified, it follows that

d? is nondegenerate, i.e., d�1
? .f0g/ D diag .E/: (4.533)

Together, (4.526), (4.528), (4.527), (4.532), and (4.533) show that, as desired,

d? is an ultrametric on E that is equivalent to j � � � jˇˇ
E
: (4.534)

Turning our attention to establishing (4.532), start by fixing x; y 2 E such that
x ¤ y, and let n 2 N be the largest subscript of a generation of squares Cn that has
as an element a square containing both x and y. That is, suppose n 2 N is such that

x; y 2 Qjo
n for some jo 2 f1; : : : ; 4ng and

k 2 f1; : : : ; 4nC1g does not exist such that x; y 2 Qk
nC1:

(4.535)

Since squares in the generation CnC1 separate the points x and y, and since by
construction the distance between squares in this generation is � 4�n�1, we deduce
that

jx � yj � 4�n�1: (4.536)

Consider next N 2 N and f
i giD1;:::;NC1 � E such that 
1 D x and 
NC1 D
y. It follows that there exists k 2 f1; : : : ; N g such that the points 
k and 
kC1
are separated by squares in CnC1 [since, otherwise, both x and y would belong to
some fixed square in CnC1, violating (4.535)]. Consequently, j
k � 
kC1j � 4�n�1.
Since N 2 N and f
igiD2;:::;N � E were arbitrarily chosen (with the convention
that this collection of points in E is an empty set when N D 1), it follows from
definition (4.525) that, on the one hand,

d?.x; y/ � 4�n�1; (4.537)

while on the other hand, since x; y 2 Qjo
n , it follows that

jx � yj � diam .Qjo
n / D p

2 `.Qjo
n / D 4�nC 1

4 : (4.538)

Combining (4.537) and (4.538) we obtain

d?.x; y/ � 4�5=4jx � yj: (4.539)
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Since x; y 2 E such that x ¤ y were arbitrarily chosen, and since obviously (4.539)
also holds for x; y 2 E with x D y, the proof of (4.532) is completed, as c WD 4�5=4
does the job. This completes the proof of the proposition. ut

Proposition 4.79 may be further refined as in the following corollary.

Corollary 4.80. Let E be the four-corner planar Cantor set, and assume that d? is
the ultrametric on E defined as in (4.525). Then, for any � > 0 the space .E; d�? /
is a compact, ultrametric space that is both upper and lower 1=� -Ahlfors regular.

Proof. This is established much as Corollary 4.78, using Proposition 4.79. ut
Another example of an ultrametric on the four-corner Cantor set that is equivalent

to the restriction of the Euclidean distance to this set is presented below.

Comment 4.81. Given a dyadic square Q in R
2 (always considered to be closed),

denote by eQ the set consisting of Q with the upper horizontal and right vertical
sides removed. In particular, for every n 2 Z the plane R

2 decomposes into the
disjoint union of all eQ, where Q runs through the collection of all dyadic cubes
with side length 2�n. In turn, this observation may be used to justify that the function
ed W R2 � R

2 ! Œ0;C1/ given by

ed.x; y/ WD inf
˚
`.Q/ W Q dyadic cube such that x; y 2 eQ

�
; 8 x; y 2 R

2;

(4.540)

is well defined. In relation to this function, we make the following claims:

ed is an ultrametric in R
2; (4.541)

and, with E denoting the four-corner planar Cantor set and with d? as in (4.525),

ed
ˇ̌
E

	 d?: (4.542)

To justify (4.541), we start by noting that, given any points x; y; z 2 R
2 and any

dyadic cubesQ1;Q2;Q3 in R
2,

`.Q1/ � `.Q2/ � `.Q3/

x; y 2 eQ1; y; z 2 eQ2; z; x 2 eQ3

)

H) Q1 � Q2 � Q3: (4.543)

This follows from the general observation that for any dyadic cubes Q0;Q00 in
R
2 with the property that fQ0 \ fQ00 6D ; one necessarily has either Q0 � Q00

or Q00 � Q0. Having established (4.543), we deduce from this that whenever the
points x; y; z 2 R

2 and dyadic cubes Q1;Q2;Q3 in R
2 are as on the left-hand

side of (4.543), it follows that x; y; z 2 eQ2. Granted this, the ultrametric triangle
inequality is readily verified for the function (4.540). Since this function is clearly
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symmetric and nondegenerate, the claim in (4.541) is proved. Let us also note here
that for each x; y 2 R

2 contained in some eQ one has `.Q/ � 2�1=2 diam .Q/ �
2�1=2jx � yj, hence

ed.x; y/ � 2�1=2jx � yj; 8 x; y 2 R
2: (4.544)

As regards the claim in (4.542), observe that the estimates in (4.544) and (4.526)
give ed

ˇ̌
E

� 2�1=2d?. Finally, the fact that there exists some finite constant c > 0

such that ed
ˇ
ˇ
E

� c d? is a consequence of (4.535) and (4.536). This concludes the
proof of (4.542). �

Of course, the claims established in Comment 4.81 have natural formulations in
all space dimensions. In particular, a result related to the one-dimensional version
reads as follows.

Proposition 4.82. Let X WD Œ0; 1/, and for each x; y 2 X set

d.x; y/ WD
(
`.x; y/ if x ¤ y;

0 if x D y;
(4.545)

where, for x; y 2 X such that x ¤ y,

`.x; y/ is the length of the smallest dyadic interval
�
k
2n
; kC1
2n

�

containing both x and y, where k 2 N is such that 1 � k � 2n � 1:
(4.546)

Then .X; d/ is an ultrametric space.

4.8 Distribution Theory on Quasimetric Spaces

Let .X;q/ be a quasimetric space. Then for each � 2 q define the class of test
functions on X as

D.X; �/ WD
\

0<ˇ<Œlog2C���1

PC ˇ
c .X; �/; (4.547)

equipped with a certain topology, �D , which we will describe momentarily. For
now, we wish to note that D.X; �/ is a rich set since, for example, the functions
in D.X; �/ separate the points in X (cf. the last part in Theorem 4.6, as well as
Remark 4.8).

Turning to the issue of defining the topology �D on D.X; �/, fix a nested family
fKngn2N of �-bounded subsets of X with the property that any �-ball is contained
in one of the Kn sets. Hence, in particular, [n2NKn D X . Next, for each n 2 N,
denote by Dn.X; �/ the collection of functions from D.X; �/ that vanish in X nKn.
With k � k1 standing for the supremum norm on X , this becomes a Fréchet space
when equipped with the topology �n induced by the family of norms
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˚k � k1 C k � k PC ˇ .X;�/ W ˇ rational number such that 0 < ˇ < Œlog2C��
�1�: (4.548)

That is, Dn.X; �/ is a Hausdorff topological space, whose topology is induced by
a countable family of seminorms, and which is complete (as a uniform space with
the uniformity canonically induced by the aforementioned family of seminorms as
in Example 2.75 or, equivalently, as a metric space when endowed with a metric
yielding the same topology as �n; cf. Theorem 1.1). Since for any n 2 N the
topology induced by �nC1 on Dn.X; �/ coincides with �n, we may turn D.X; �/
into a topological space, .D.X; �/; �D/, by regarding it as the strict inductive limit
of the family of topological spaces

˚
.Dn.X; �/; �n/

�
n2N.

Theorem 4.83. Assume that .X;q/ is a quasimetric space. Then for each � 2 q the
class of test functions D.X; �/, equipped with the topology �D (defined as above),
satisfies the following properties.

(1) The topology �D is independent of the particular choice of a family of sets
fKngn2N with the properties specified above. Also, in general, �D is not
metrizable.

(2) .D.X; �/; �D/ is a Hausdorff, locally convex, topological vector space. Also,
for every n 2 N, the topology induced by �D on Dn.X; �/ coincides with �n.

(3) .D.X; �/; �D/ has the Heine–Borel property [i.e., a subset of D.X; �/ is
compact in �D if and only if it is closed and bounded].

(4) The topology �D on D.X; �/ is the final topology of the nested family of
metrizable topological spaces

˚
.Dn.X; �/; �n/

�
n2N and, hence, .D.X; �/; �D/

is an LF-space.
(5) A convex and balanced subset O of D.X; �/ is open in �D if and only if the set

O \ Dn.X; �/ is open in �n for every n 2 N, i.e., if and only if

8 n 2 N 9 " > 0 9ˇ 2 .0; Œlog2C��
�1/ such that

˚
� 2 D.X; �/ W � D 0 on X nKn and k�k1 C k�k PC ˇ.X;�/ < "

� � O:
(4.549)

(6) One has

f�j gj2N � D.X; �/ converges to zero in �D ” 9n 2 N such that

f�j gj2N � Dn.X; �/ and f�j gj2N converges to zero in �n;

(4.550)

i.e., there exists n 2 N with the property that �j D 0 onX nKn for every j 2 N

and lim
j!1

�k�j k1 C k�j k PC ˇ.X;�/

� D 0 whenever 0 < ˇ < Œlog2C��
�1.

(7) A sequence f�j gj2N � D.X; �/ is Cauchy (in the sense of topological vector
spaces) if and only if there exists n 2 N with the property that �j D 0 onX nKn

for every j 2 N and whenever 0 < ˇ < Œlog2C��
�1, one has k�j � �kk1 C

k�j � �kk PC ˇ.X;�/ ! 0 as j; k ! C1.
(8) D.X; �/ is sequentially complete, in the sense that any Cauchy sequence in

D.X; �/ converges to a (unique) function from D.X; �/ in the topology �D .



248 4 Applications to Analysis on Quasimetric Spaces

(9) A set B � D.X; �/ is bounded (i.e., any neighborhood of the origin in this
topological vector space contains a positive dilate of B) if and only if there
exists n 2 N with the property that

� D 0 on X nKn for each � 2 B; and

sup
˚k�k1 C k�k PC ˇ.X;�/ W � 2 B

�
< C1 (4.551)

whenever ˇ 2 R satisfies 0 < ˇ < Œlog2C��
�1:

Proof. This is proved along the lines of [108, Theorems 6.4–6.5, pp. 152–153]. ut
Moving on, given a quasimetric space .X;q/, for each � 2 q we define the

space of distributionsD 0.X; �/ onX as the (topological) dual of D.X; �/
and denote by h�; �i the natural duality pairing between distributions in D 0.X; �/ and
test functions in D.X; �/.

Theorem 4.84. Let .X;q/ be a quasimetric space and fix some � 2 q. Then for a
linear mapping f W D.X; �/ ! R the following conditions are equivalent.

(1) f belongs to D 0.X; �/.
(2) f maps bounded subsets of the topological vector space .D.X; �/; �D/ into

bounded subsets of R.
(3) If a sequence f�j gj2N � D.X; �/ converges to zero in the topological vector

space .D.X; �/; �D/, then hf; �j i ! 0 as j ! C1 in R.
(4) For each n 2 N, the restriction of f to .Dn.X; �/; �n/ is continuous.
(5) For every n 2 N there exist C 2 .0;C1/ and ˇ 2 �

0; Œlog2C��
�1� with the

property that
ˇ
ˇhf; �iˇˇ � C

�k�k1 C k�k PC ˇ.X;�/

�
; 8� 2 Dn.X; �/: (4.552)

Proof. This is proved by reasoning much as in [108, Theorems 6.6 on p. 155 and
Theorem 6.8 on p. 156]. ut

Given a quasimetric space .X;q/ and � 2 q, it follows that D 0.X; �/ has a natural
vector space structure. We will equip this space with the weak-topology �D 0 , i.e., the
topology induced by the family of seminorms fp�g�2D.X;�/ on D 0.X; �/, where for
each � 2 D.X; �/ and f 2 D 0.X; �/ we defined p�.f / WD jhf; �ij. Thus, for a
sequence ffj gj2N � D 0.X; �/ and a distribution f 2 D 0.X; �/,

lim
j!1fj D f in �D 0 ” lim

j!1hfj ; �i D hf; �i in R for each � 2 D.X; �/:

(4.553)

The space of distributions on a quasimetric space is sequentially complete, in the
sense made precise in the theorem below.

Theorem 4.85. Suppose that .X;q/ is a quasimetric space and that � 2 q. If a
sequence ffj gj2N � D 0.X; �/ has the property that
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lim
j!1hfj ; �i exists in R for each � 2 D.X; �/; (4.554)

then the functional that associates to each test function � 2 D.X; �/ the number
defined as the limit in (4.554) is a distribution f 2 D 0.X; �/ that satisfies the
following properties.

(1) lim
j!1fj D f in �D 0 .

(2) For every n 2 N there exist C 2 .0;C1/ and ˇ 2 �0; Œlog2C��
�1� such that

ˇ
ˇhfj ; �iˇˇ � C

�k�k1 Ck�k PC ˇ.X;�/

�
for all � 2 Dn.X; �/ and all j 2 N. (4.555)

(3) lim
j!1hfj ; �j i D hf; �i for every sequence f�j gj2N � D.X; �/ converging in

�D to a limit � 2 D.X; �/.

Proof. This is essentially a consequence of the Banach–Steinhaus principle of
uniform boundedness (cf. [61, Theorems 2.1.8, pp. 38–39] for details in the standard
Euclidean setting). ut

As in the classical Euclidean setting, any nonnegative distribution on a locally
compact quasimetric space is given by integration against a Borel regular measure.
More precisely, the following theorem holds.

Theorem 4.86. Assume that .X;q/ is a quasimetric space for which �q, the
topology canonically induced by the quasimetric space structure q on X , is locally
compact. Fix � 2 q. Then for any distribution f 2 D 0.X; �/ with the property that

hf; �i � 0 for every � 2 D.X; �/ such that � � 0 (4.556)

there exists a (unique) locally finite Borel measure 	 on the locally compact
topological space .X; �q/ such that

hf; �i D
Z

X

�.x/ d	.x/ for every � 2 D.X; �/ (4.557)

and that satisfies the following regularity conditions:

	.E/ D inf f	.U / W E � U � X; U openg for every Borel set E � X

(4.558)
and

	.E/ D sup f	.K/ W K � E; K compact subset of Xg (4.559)

whenever E � X is either open or a Borel set of finite measure.

Proof. Denote by C 0
c .X/ the space of continuous, real-valued functions of compact

support inX . We claim that for each ' 2 C 0
c .X/ there exists a sequence f�j gj2N �

D.X; �/ with the property that all functions �j vanish outside a common compact
subset K of X and �j ! ' uniformly on X as j ! C1. When C� > 1, this
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follows from Theorems 4.15 and 4.12 (used with ˇ WD Œlog2C��
�1). The case C� D

1, i.e., when � is an ultrametric, is handled similarly, with the help of Remark 4.8.
To proceed, assume for a moment that for each compact set K � X there exists

a finite constant CK � 0 with the property that

jhf; �ij � CKk�k1 for every � 2 D.X; �/ vanishing on X nK: (4.560)

Since this entails jhf; �j i�hf; �kij � CKk�j ��kk1 for every j; k 2 N, it follows
that

ƒ.'/ WD lim
j!1hf; �j i exists in R for every ' 2 C 0

c .X/: (4.561)

Furthermore, by mixing sequences, we see that the value of this limit is independent
of the choice of the approximating sequence f�j gj2N with the specified properties.
Moreover, since matters may be arranged so that each �j is nonnegative if ' � 0

to begin with, we ultimately deduce that ƒ is a well-defined, nonnegative linear
functional on C 0

c .X/ with the property that ƒ.'/ D hf; 'i whenever ' 2 D.X; �/.
At this stage, the existence of a locally finite Borel measure 	 satisfying (4.557)–
(4.559) becomes a consequence of Riesz’s representation theorem.

We are therefore left with verifying the claim made in (4.560). To this end, fix a
compact set K � X and choose some � 2 D.X; �/ that vanishes in X nK . Based
on Theorem 4.12 (cf. also Remark 4.8), it is possible to produce a nonnegative
function � 2 D.X; �/ such that �.x/ D 1 for every x 2 K . Then, it follows that
�˙ WD k�k1� ˙ � 2 D.X; �/ and �˙ � 0. In concert with (4.556), this yields
0 � hf; �˙i D k�k1hf; �i ˙ hf; �i. Hence, (4.560) holds with CK WD hf; �i, and
this completes the proof of the theorem. ut

4.9 Hardy Spaces on Ahlfors-Regular Quasimetric Spaces

Let .X;q/ be a quasimetric space, and suppose that 	 is a measure on X with the
property that the following Ahlfors-regularity condition holds:

there exist d 2 .0;C1/ and �o 2 q such that

all �o-balls are 	-measurable, and 	
�
B�o.x; r/

� 	 rd uniformly

for every x 2 X and every finite number r 2 .0; diam�o.X/�:

(4.562)

It is not difficult to check that the Ahlfors-regularity condition (4.562) implies that
.X;q/ is geometrically doubling (in the sense of Definition 4.10). Consequently,
if we equip X with the topology �q, naturally induced by the quasimetric space
structure q on X , it follows from property .1/ in Theorem 4.21 that

	 is a Borel measure on .X; �q/: (4.563)
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In such a setting, if

� 2 q and 0 < � <
�
log2C�

��1
; (4.564)

then for each x 2 X we define the class T �
� .x/ of .�; �/-normalized bump functions

supported near x according to

T �
� .x/ WD

n
 2 D.X; �/ W 9 r > 0 such that  D 0 on X n B�.x; r/ and

k k1 C r�k k PC � .X;�/ � r�d
o
: (4.565)

Next, given a quasidistance � and a number � as in (4.564), define the grand
maximal function of a distribution f 2 D 0.X; �/ by setting (with the duality
paring understood as before)

f �
�;� .x/ WD sup

 2T �
� .x/

ˇ
ˇhf; iˇˇ; 8 x 2 X: (4.566)

Lemma 4.87. Assume .X;q/ is a quasimetric space and 	 is a measure on X that
satisfies (4.562). Also, suppose that the quasidistance � and the number � are as
in (4.564). Finally, recall the regularized version �# of � as defined in Theorem 3.46.
Then there exist two finite constants C0; C1 > 0, depending only on � and � , with
the property that for any f 2 D 0.X; �/ one has

C0 f
�
�#;�
.x/ � f �

�;� .x/ � C1 f
�
�# ;�
.x/ for all x 2 X: (4.567)

Furthermore, for each distribution f 2 D 0.X; �/,

the function f �
�# ;�

W .X; �q/ ! Œ0;C1� is lower semicontinuous: (4.568)

As a corollary of this and (4.563), for each distribution f 2 D 0.X; �/ the function
f �
�#;�

is 	-measurable.

Proof. As a preamble, let us note that if �; �0 2 q, then there exists
C 2 .0;C1/ with the property that for each x 2 X and each number
� 2 �0;min fŒlog2C�

��1
; Œlog2C�0

��1g� we have

 2 T �
� .x/ H)  =C 2 T �

�0

.x/: (4.569)

In turn, this shows that

if �; �0 2 q and 0 < � < min fŒlog2C�
��1
; Œlog2C�0

��1g, then

f �
�;� .x/ 	 f �

�0 ;� .x/ uniformly in x 2 X and f 2 D 0.X; �/ \ D 0.X; �0/:
(4.570)
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From (3.533) in conclusion .11/ of Theorem 3.46 it follows that the regularized
version �# of � satisfies �# 2 q and C�# � C�. Granted this, (4.567) becomes a
consequence of (4.570). Consider now the claim made in (4.568) for an arbitrary
distribution f 2 D 0.X; �/. Let a � 0, and define O WD .f �

�#;�
/�1
�
.a;C1/

� � X .
Thus, if we fix xo 2 O, then there exists  2 T �

�#.xo/ such that b WD jhf; ij > a.
Assume that r > 0 is such that  is supported in B�#.xo; r/ and is normalized as
in (4.565) relative to this number. Then the desired conclusion follows as soon as
we show that

there exists " D ".�; d; �; r; a; b/ > 0 such that B�#.xo; "/ � O: (4.571)

To proceed, fix an index 0 < ˇ < min f1; Œlog2C��
�1g and use the Hölder

condition (3.542) for �# to conclude that there exists a constant C D C.�; ˇ/ > 0

with the property that

" 2 .0; r/ and x 2 B�#.xo; "/ H)
(
B�#.xo; r/ � B�#.x;R/;

where R WD r C Cr1�ˇ"ˇ:
(4.572)

Let " and x be as on the left-hand side of (4.572). Then definition (4.565) and the fact
that B�#.xo; r/ � B�#.x;R/ with R � r readily imply that .r=R/dC� 2 T �

�#.x/.
Hence, f �

�#;�
.x/ � jhf; .r=R/dC� ij D .r=R/dC�b. Given that b > a and that R is

related to r and " as in (4.572), it follows that there exists " D ".�; d; �; r; a; b/ > 0

such that f �
�#;�
.x/ > a whenever x 2 B�#.xo; "/. This justifies the claim made

in (4.571) and completes the proof of the lemma. ut
Lemma 4.88. Let .X;q/ be a quasimetric space, and suppose that 	 is a measure
on X that satisfies (4.562). Also, assume that � 2 q, p 2 .0; 1� and � 2 R are such
that 0 < � < Œlog2C��

�1. Finally, consider a sequence ffj gj2N � D 0.X; �/ with
the property that

8 " > 0 9N" 2 N such that k.fj � fk/��#;�
kLp.X;	/ < " whenever j; k � N":

(4.573)
Then there exists a (unique) distribution f 2 D 0.X; �/ for which

lim
j!1fj D f in D 0.X; �/ and lim

j!1 k.f � fj /��#;�
kLp.X;	/ D 0: (4.574)

Proof. With the goal of eventually employing Theorem 4.85, in a first stage we
propose to show that
˚hfj ; �i�

j2N is a Cauchy sequence in R for each fixed � 2 D.X; �/: (4.575)

To see this, pick an arbitrary � 2 D.X; �/ � PC
�
c .X; �/. In particular, there exist

xo 2 X and r > 0 such that � vanishes in X n B�#.xo; r/. Hence, we can select
a finite constant C� > 0 with the property that �=C� 2 T �

�# .x/ for every point
x 2 B�#.xo; r/. Consequently, for each j; k 2 N we may write

jhfj � fk; �ij � C .fj � fk/��# ;�
.x/; 8 x 2 B�#.xo; r/: (4.576)
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In turn, raising both sides of this inequality to the pth power and integrating in
x 2 B�#.xo; r/ with respect to 	 yields

jhfj � fk; �ijp	�B�#.xo; r/
� � C

p
 

Z

B�# .xo;r/

.fj � fk/
�
�#;�
.x/p d	.x/; (4.577)

and hence

jhfj � fk; �ij � C ;rk.fj � fk/
�
�#;�

kLp.X;	/; 8 j; k 2 N: (4.578)

Now, (4.575) follows from this and (4.573). Thus, Theorem 4.85 applies and gives
the existence of a distribution f 2 D 0.X; �/ for which lim

j!1fj D f in D 0.X; �/.
We are therefore left with showing that .f �fj /��#;�

! 0 inLp.X;	/ as j ! 1.
To this end, pick an arbitrary " > 0 and, based on (4.573), select N" 2 N with
the property that k.fj � fk/

�
�#;�

kLp.X;	/ < " if j; k � N". By once again relying
on (4.573), we may inductively construct a subsequence ffjngn2N of the original
sequence of distributions such that

Z

X

.fjn � fjnC1
/��#;�

.x/p d	.x/ < 2�n; 8 n 2 N: (4.579)

Finally, consider a natural number i � N" and pick ` 2 N so that j` � N" and
2�` < ". Since we have

f � fi D fj` � fi C
1X

nD`
.fjnC1

� fjn/ in D 0.X; �/; (4.580)

it follows that for every x 2 X

.f � fi /��#;�
.x/ � .fj` � fi /��# ;�

.x/C
1X

nD`
.fjnC1

� fjn/
�
�#;�
.x/: (4.581)

Given that 0 < p � 1, this and (4.568) in Lemma 4.87 further imply that

k.f � fi /��# ;�
kpLp.X;	/ � k.fj` � fi /��#;�

kpLp.X;	/ C
1X

nD`
k.fjnC1

� fjn/
�
�# ;�

kpLp.X;	/:

(4.582)

Finally, on account of (4.579) and the choices we have made on the parametersN",
i , `, we obtain from (4.582) that k.f � fi /

�
�# ;�

kpLp.X;	/ � 3". With this in hand, the
desired conclusion (i.e., the last condition in (4.574)) follows. ut

In the setting described at the beginning of this section, consider next a real
number

p 2

 d

d C ind .X;q/
; 1
i
; (4.583)
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and observe that this membership amounts to demanding that 0 < p � 1 together
with the existence of some � 2 q with the property that d.1=p � 1/ < Œlog2C��

�1.
For each such index p and quasidistance � define the Hardy spaceHp.X; �; 	/

by setting

Hp.X; �; 	/ WD
n
f 2 D 0.X; �/ W 8 � 2 R so that d

�
1
p

� 1
�
< � < Œlog2C��

�1;

it follows that f �
�# ;�

2 Lp.X;	/
o
: (4.584)

A closely related version of this Hardy space is eHp.X; �; 	/, with p and � as before,
defined as

eHp.X; �; 	/ WD
n
f 2 D 0.X; �/ W 9 � 2 R so that d

�
1
p

� 1
�
< � < Œlog2C��

�1

and with the property that f �
�# ;�

2 Lp.X;	/
o
: (4.585)

From this discussion it follows that Hp.X; �; 	/ � eHp.X; �; 	/, and our goal is
to prove that one actually has equality. This is done in Theorem 4.91 below and, as
preamble, it requires that we discuss the notions of atom and atomic Hardy space.

Specifically, given an exponent p 2 .0; 1� and assuming that (4.562) holds, call a
function a 2 L1.X;	/ a p-atom, provided there exist x 2 X and a real number
r > 0 with the property that (with d 2 .0;C1/ as in (4.562))

supp a � B�o.x; r/; kakL1.X;	/ � r�d=p;
Z

X

a d	 D 0: (4.586)

In the case when 	.X/ < C1, it is also agreed that the constant function given by

a.x/ WD �
	.X/

��1=p
, for each x 2 X , is a p-atom. Then, for each p 2 .0; 1�, the

atomic Hardy spaceHp
at .X/ WD H

p
at .X;q; 	/ is introduced as

H
p
at .X; q; 	/ WD

n
f 2 � PC d.1=p�1/.X; q/

�� W 9 f�j gj2N 2 `p.N/ and p-atoms faj gj2N

such that f D
X

j2N
�j aj in

� PC d.1=p�1/.X; q/
��o

: (4.587)

Also, consider the quasinorm k � kHp
at .X/

defined for each f 2 Hp
at .X/ by

kf kHp
at .X/

WD inf

8
<

:


X

j2N
j�j jp

�1=p W f D
X

j2N
�jaj as in (4.587)

9
=

;
: (4.588)
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It is worth noting that, in the preceding context, for any quasidistance � 2 q with
the property that d.1=p � 1/ < Œlog2C��

�1 we have

H
p
at .X;q; 	/ � � PC d.1=p�1/.X; �/

��
,! D 0.X; �/I (4.589)

hence, in such a scenario, the elements in Hp
at .X;q; 	/ may be naturally viewed as

distributions on X .
Let us momentarily digress for the purpose of establishing that the atomic Hardy

space Hp
at .X;q; 	/ from (4.587) becomes trivial if p 2 .0; 1� is small enough. To

state a result to this effect, recall (4.323) (cf. also (4.333) in this regard).

Proposition 4.89. Assume that .X;q/ is a quasimetric space and that 	 is a
measure on X satisfying (4.562). Then, if d 2 .0;C1/ is as in (4.562), it follows
that

0 < p <
d

d C ind0.X;q/
H) H

p
at .X;q; 	/ D

( f0g if 	.X/ D C1;

R if 	.X/ < C1:
(4.590)

Proof. Fix p 2 R with

0 < p <
d

d C ind0.X;q/
; (4.591)

and observe that this condition is equivalent to ind0.X;q/ < d.1=p � 1/. Then, by
Theorem 4.59 and Definition 4.57, we have PC d.1=p�1/.X;q/ D R as vector spaces.
First suppose that 	.X/ D C1, and recall that in this situation PC d.1=p�1/.X;q/ is
regarded as a normed space modulo constant functions. Hence,

H
p
at .X;q; 	/ � � PC d.1=p�1/.X;q/

�� D f0g; (4.592)

which completes the proof of (4.590) in the case when 	.X/ D C1. Next, assume

that 	.X/ < C1. In this scenario, the constant function a.x/ WD �
	.X/

��1=p
, for

x 2 X , is by definition a p-atom and, hence, Hp
at .X;q; 	/ 6D f0g. On the other

hand, when 	.X/ < C1, we have PC d.1=p�1/.X;q/ D R as normed vector spaces.
Thus,

H
p
at .X;q; 	/ � � PC d.1=p�1/.X;q/

�� D R
� D R; (4.593)

forcingHp
at .X;q; 	/ D R in this case. This completes the proof of the proposition.

ut
Returning to the topic of studying the relationship between H

p
at .X/ and

Hp.X; �; 	/, one inclusion between these spaces is established in the next lemma.
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Lemma 4.90. Assume that .X;q/ is a quasimetric space and that 	 is a measure
onX satisfying (4.562). Then for each p as in (4.583) and each quasidistance � 2 q
for which d.1=p � 1/ < Œlog2C��

�1 there holds

H
p
at .X/ � Hp.X; �; 	/: (4.594)

Proof. Fix p as in (4.583) along with a quasidistance � 2 q and some index � 2 R

satisfying d.1=p�1/ < � < Œlog2C��
�1. Also, suppose that a is a p-atom supported

in B�o.x�; r�/. Our goal is to show that there exists a finite constant C > 0 that is
independent of the atom a, with the property that

ka�
�# ;�

kLp.X;	/ � C: (4.595)

Then, in the last part of the proof, we will indicate how (4.594) may be derived
from (4.595) and Lemma 4.88.

Note that, by replacing � with its regularized version �# as defined in Theo-
rem 3.46 [which is known to satisfy C�# � C�; cf. (3.533)], there is no loss of
generality in assuming that � D �#. Granted this, it follows that � is continuous in
each of its variables. In particular, all �-balls are open and, hence, 	-measurable
by (4.563) (the relevance of this comment will become apparent shortly).

To prove (4.595), pick an arbitrary point x 2 X and suppose that  2 T �
� .x/ is

supported in B�.x; r/ for some real number r > 0 and is normalized as in (4.565)
relative to r . Then, since � 	 �o and B�.x; r/ is 	-measurable, we have

ˇ
ˇha; iˇˇ �

Z

B�.x;r/

ja.y/jj .y/j d	.y/ � kakL1.X;	/k kL1.X;	/ 	
�
B�.x; r/

�

� Cr
�d=p� r�d	

�
B�o.x; C r/

� � Cr
�d=p� r�d rd D Cr

�d=p� (4.596)

for some finite constant C D C.�; �o; 	/ > 0 independent of a and  .
Consequently, for each x 2 X we obtain

a�
�;� .x/D sup

 2T �
� .x/

ˇ
ˇha; iˇˇ�Cr�d=p� ; (4.597)

with C > 0 as before. If we now pick a sufficiently large constantM > 1 (which is
allowed to depend only on �), then we may estimate

Z

B�o .x�

;Mr
�

/

ja�
�;� .x/jp d	.x/ � C.r

�d=p
� /p	

�
B�o.x�;Mr�/

� � C; (4.598)

again, for some finite constant C > 0 that is independent of a.
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To estimate the contribution away from the support of the atom, for each k 2 N

let us introduce Ak WD B�o.x�;M kC1r�/ n B�o.x�;M kr�/. To proceed, pick an
arbitrary point x 2 X n B�o.x�;Mr�/ and suppose that  2 T �

� .x/ is supported in
B�.x; r/ for some real number r > 0 and is normalized as in (4.565) relative to r .
Then there exists k 2 N so that x 2 Ak , and we claim that there exist two constants
c D c.�; �o/ > 0 and C D C.�; �o/ > 0, independent of a; ; k; r; r�, with the
property that

B�o.x�; r�/\ B�.x; r/ 6D ; H) r > cMk�1r�: (4.599)

To justify this claim, note that if there exists y 2 B�o.x�; r�/ \ B�.x; r/, then we
may write (keeping in mind that � 	 �o)

Mkr� � �o.x; x�/ � C�.x; x�/ � C
�
�.x; y/C �.y; x�/

� � C
�
r C �.y; x�/

�

� C
�
r C C 0�o.y; x�/

� � C 00r C C 000r�; (4.600)

where all constants involved depend only on the proportionality factors of � and �o.
Hence, by eventually increasing M (in a manner that depends only on � and �o),
we may deduce from (4.600) that r > cMk�1r�, where c D c.�; �o/ > 0. This
proves (4.599).

Next, based on the size, support, and cancellation conditions for the atom a, as
well as the Hölder bound for the bump function  , we may write (keeping in mind
that �.�; x�/ is continuous, hence 	-measurable; cf. (4.563))

ˇ
ˇha; iˇˇ D

ˇ
ˇ
ˇ
Z

X

a.y/. .y/ �  .x�// d	.y/
ˇ
ˇ
ˇ

D
ˇ
ˇ̌
Z

B�o .x�

;r
�

/

a.y/. .y/ �  .x�// d	.y/
ˇ
ˇ̌

� k k PC � .X;�/kakL1.X;	/

Z

B�o .x�

;r
�

/

�.y; x�/� d	.y/

� Ck k PC � .X;�/kakL1.X;	/

Z

B�o .x�

;r
�

/

�o.y; x�/� d	.y/

� Cr�d�� r�d=p� r
�� 	
�
B�o.x�; r�/

� � Cr�d�� r�d=pC�Cd� : (4.601)

In turn, (4.601), (4.599), and support considerations imply that, for every k 2 N, we
have

a�
�;� .x/ � CM.k�1/.�d��/r�d=p

� whenever x 2 Ak; (4.602)

where C is a positive, finite constant independent of a and k. Having established
this, we may then proceed to estimate
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Z

XnB�o .x�

;Mr/

ja�
�;� .x/jp d	.x/ D

X

k2N

Z

Ak

ja�
�;� .x/jp d	.x/

� C
X

k2N
M.k�1/.�dp��p/r�d� 	

�
B�o.x�;M kC1r�/

�

� C
X

k2N
M.k�1/.�dp��p/r�d� .MkC1r�/d

D C
X

k2N
M�k.�dC�pCdp/ < C1 (4.603)

since M > 1 and since � > d.1=p � 1/ entails �d C �p C dp > 0. In
concert, (4.598) and (4.603) imply (4.595).

To complete the proof of the lemma, it remains to indicate how (4.594) may be
derived from (4.595) and Lemma 4.88. In concrete terms, consider f 2 H

p
at .X/.

Hence, f 2 � PC d.1=p�1/.X; �/
��

, and there exist a numerical sequence f�j gj2N 2
`p.N/ and a sequence of p-atoms faj gj2N with the property that f D P

j2N �j aj
in
� PC d.1=p�1/.X; �/

��
. For each n 2 N introduce fn WD Pn

jD1 �j aj and notice that,
on the one hand,

lim
n!1fn D f in D 0.X; �/: (4.604)

On the other hand, thanks to (4.595), whenever n;m 2 N are such that m � n, we
have

k.fn � fm/
�
�#;�

kpLp.X;	/ �
mX

jDn
j�j jpk.aj /��# ;�

kpLp.X;	/ � C

mX

jDn
j�j jp: (4.605)

Together, (4.604), (4.605), and Lemma 4.88 then show that

lim
n!1 k.f � fn/

�
�#;�

kLp.X;	/ D 0: (4.606)

In turn, since (4.595) also gives that for each n 2 N we have

k.fn/��#;�
kLp.X;	/ � C


 nX

jD1
j�j jp

�1=p
; (4.607)

with C 2 .0;C1/ independent of n, we deduce from (4.606) and (4.607) that

kf �
�# ;�

kLp.X;	/ � C

 1X

jD1
j�j jp

�1=p
(4.608)

for some finite constant C > 0 that is independent of f . Hence, f �
�#;�

2 Lp.X;	/,
which proves (4.594). ut
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To summarize, the analysis so far shows that Hp
at .X/ � Hp.X; �; 	/ �

eHp.X; �; 	/. Thus, to prove that all these spaces coincide (i.e., may be identified
with one another in a natural fashion), it suffices to check that the injection
H
p
at .X/ ,! eHp.X; �; 	/ suffices. We will do so using a power-rescaling argument

to reduce matters to the special case of the so-called normal spaces considered
in [79].

Theorem 4.91. Assume that .X;q/ is a quasimetric space and 	 is a measure on
X satisfying (4.562), and fix

p 2

 d

d C min fd ; ind .X;q/g ; 1
i
; (4.609)

where d 2 .0;C1/ is as in (4.562). Suppose that

� 2 q is such that d
�
1
p

� 1
�
< min

˚
d; Œlog2C��

�1� (4.610)

and, for every functional f 2 H
p
at .X/, denote by ef the distribution in D 0.X; �/

defined as the restriction of f to D.X; �/. Then the assignment f 7! ef induces
a well-defined, injective linear mapping from H

p
at .X/ onto the space eHp.X; �; 	/.

Moreover, for each

� 2 q and � 2 R with d
�
1
p

� 1� < � < min
˚
d; Œlog2C��

�1� (4.611)

there exist two finite constants c1; c2 > 0 such that

c1kf kHp
at .X/

� k.ef /��#;�
kLp.X;	/ � c2kf kHp

at .X/
for all f 2 Hp

at .X/: (4.612)

Consequently, the spaces Hp.X; �; 	/ and eHp.X; �; 	/ are naturally identified
with Hp

at .X/. In particular, they do not depend on the particular choice of the
quasidistance � and index � as in (4.610), and their notation will be abbreviated
to simply Hp.X/ and eHp.X/. Hence,Hp.X/ D eHp.X/ D H

p
at .X/, and also

�
Hp.X/

�� D PC d.1=p�1/.X; �/ if
d

d C min fd; ind .X;q/g < p < 1: (4.613)

As a corollary, whenever (4.611) holds, one can find a finite constant c D
c.p; �; �/ > 0 such that for every distribution f 2 D 0.X; �/ with the property
that its grand maximal function f �

�# ;�
belongs to Lp.X;	/ there exist a sequence of

p-atoms faj gj2N on X and a numerical sequence f�j gj2N 2 `p.N/ for which

f D
X

j2N
�j aj in D 0.X; �/ (4.614)
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and 
X

j2N
j�j jp

�1=p � ckf �
�# ;�

kLp.X;	/: (4.615)

Finally, whenever (4.611) holds, one can find a finite constant c0 D c0.p; �; �/ > 0
such that, given a distribution f 2 D 0.X; �/, a sequence of p-atoms faj gj2N, and
a numerical sequence f�j gj2N 2 `p.N/ such that (4.614) holds, then

kf �
�# ;�

kLp.X;	/ � c0

X

j2N
j�j jp

�1=p
: (4.616)

Proof. Assume that � and � are as in (4.611), and note that these conditions imply
that

p 2

 1

1C d�1Œlog2C�;d ��1
; 1
i
; where C�;d WD max fC�; 21=d g: (4.617)

Since C�;d � C� and d > 0, it follows that �d is a quasidistance on X satisfying

�.x; y/d � .C�;d /
d maxf�.x; z/d ; �.y; z/d g; 8 x; y; z 2 X: (4.618)

Consider now the triplet .X; .�d /#; 	/, where .�d /# is the canonical regularization
of the d th power of the original quasidistance �, in the sense of (3.528). From
conclusion .12/ in Theorem 3.46 we know that .�d /# 	 �d and that .�d /# satisfies
a Hölder regularity condition as in (3.542) for any ˇ 2 .0; ˛�, where

˛ WD Œlog2.C�;d /
d ��1 2 .0; 1�: (4.619)

This expression of ˛ is derived from (3.514) and (3.515), used in the context
of (4.618), while the fact that ˛ � 1 is ensured by our choice of C�;d in (4.617).

Furthermore, since by conclusion .12/ in Theorem 3.46 the function .�d /# is
continuous in each of its variables on the topological space .X; �q/, it follows that
for every x 2 X and r > 0 the set B.�d /#.x; r/ is open in �q, hence 	-measurable
by (4.563). In turn, this and condition (4.562) then allow us to write

	
�
B.�d /#.x; r/

� 	 	
�
B�do .x; r/

� D 	
�
B�o.x; r

1=d /
� 	 .r1=d /d D r (4.620)

uniformly for x 2 X and 0 < r � diam�o.X/. This analysis then shows that
.X; .�d /#; 	/ becomes a normal space of order ˛ WD Œlog2.C�;d /

d ��1 2 .0; 1�,
as defined in [80, p. 272] (we wish to stress that it is the condition ˛ � 1 that
allows us to derive the analog of the estimate [80, (1.9), p. 272] for .�d /# from the
aforementioned Hölder regularity condition satisfied by this function). Also, there
exist C1; C2 2 .0;C1/ with the property that for each x 2 X we have
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 2 T �
� .x/ H)  =C1 2 T �=d

.�d /#
.x/;

 2 T �=d

.�d /#
.x/ H)  =C2 2 T �

� .x/:
(4.621)

Last, observe that our conditions on p and � imply that

0 < �=d < ˛ and
1

1C .�=d/
< p � 1: (4.622)

Then all claims in the statement of the theorem, with the exception of (4.613),
follow from [80, Theorem 5.9, p. 306] (cf. also [80, Theorem 4.13, p. 299]) used
for .X; .�d /#; 	/, and after rewriting the corresponding conclusions in terms of the
quasidistance �.

Finally, the duality formula (4.613) is a consequence of the identification of
H
p
at .X/ with Hp.X/ proved earlier, and of [35, Theorem B, p. 593]. ut
We close this section by noting that if .X;q/ is a quasimetric space, 	 is a

measure on X satisfying (4.562), and � 2 q and � 2 R are such that

0 � d


1
p

� 1
�
< � < min

˚
d; Œlog2C��

�1�; (4.623)

then Theorem 4.91 shows that

H
p
at .X;q; 	/ D

n
f 2 D 0.X; �/ W f �

�#;�
2 Lp.X;	/

o
: (4.624)

4.10 Approximation to the Identity on Ahlfors-Regular
Quasimetric Spaces

Here we are concerned with the smoothness (measured on Hölder scales) of
approximations to the identity on Ahlfors-regular quasimetric spaces. Our main
result in this section, Theorem 4.93, extends similar results established in [37, p. 40],
[39, p. 16], [56, pp. 10–11], [80, Lemma 3.15, pp. 285–286] to the optimal range of
smoothness. To get started, we record the following definition.

Definition 4.92. Assume that .X;q/ is a quasimetric space, and suppose that kX is
a finite integer if diamX < C1 and kX WD �1 if diamX D C1 (for example,
pick kX 2 Z [ f�1g such that diamX � 2�kX � 2 � diamX ). Also, let 	 be a
measure on X satisfying the Ahlfors-regularity condition stated in (4.562). In this
context, call a family fSkgk2Z; k�kX of integral operators

Skf .x/ WD
Z

X

Sk.x; y/f .y/ d	.y/; x 2 X; (4.625)
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with integral kernels Sk W X � X ! R, an approximation to the
identity of order " > 0 provided there exist � 2 q and C 2 .0;C1/

such that, for every k 2 Z with k � kX , the following properties hold (recall that
d > 0 is as in (4.562)):

(i) 0 � Sk.x; y/ � C2kd for all x; y 2 X , and Sk.x; y/ D 0 if �.x; y/ � C2�k.
(ii) jSk.x; y/ � Sk.x0; y/j � C2k.dC"/�.x; x0/" for every x; x0; y 2 X .

(iii)
ˇ
ˇŒSk.x; y/�Sk.x0; y/��ŒSk.x; y0/�Sk.x0; y0/�

ˇ
ˇ � C2k.dC2"/�.x; x0/"�.y; y0/"

for every x; x0; y; y0 2 X .
(iv) Sk.x; y/ D Sk.y; x/ for every x; y 2 X , and

R
X
Sk.x; y/ d	.y/ D 1 for every

x 2 X .

Clearly, if the operators fSkgk2Z; k�kX form an approximation to the identity of
certain order " > 0, then their integral kernels continue to satisfy .i/–.iv/ with �
replaced by any other quasidistance �0 2 q.

Theorem 4.93. Let .X;q/ be a quasimetric space, and assume that 	 is a measure
on X that satisfies the d -dimensional Ahlfors-regularity condition stated in (4.562)
for some d 2 .0;C1/. Then for any number "o such that

0 < "o < min
˚
d C 1; ind .X;q/

�
(4.626)

there exists a family fSkgk2Z; k�kX of integral operators on X constituting an
approximation to the identity (in the sense of Definition 4.92) of any order " 2
.0; "o�.

Furthermore, given p 2 Œ1;1� and f 2 Lp.X;	/, it follows that any
approximation to the identity fSkgk2Z; k�kX , of any positive order ", satisfies

sup
k2Z; k�kX

��Sk
��
Lp.X;	/!Lp.X;	/

< C1; (4.627)

�
�Skf

�
� PC ".X;q/ � C2k."Cd=p/kf kLp.X;	/; 8 k 2 Z; k � kX ; (4.628)

sup
k2Z; k�kX

�
�Sk

�
� PC ".X;q/! PC ".X;q/ < C1; (4.629)

sup
k2Z; k�kX

�
�Sk

�
�

C ".X;q/!C ".X;q/ < C1; (4.630)

limk!C1 Skg D g in PC ˛.X;q/ for any g 2 PC ".X;q/ and ˛ 2 .0; "/; (4.631)

limk!C1 Skg D g in C ˛.X;q/ for any g 2 C ".X;q/ and ˛ 2 .0; "/: (4.632)

In addition, if the measure 	 is actually Borel regular on .X; �q/ and 1 � p < 1,
then

lim
k!C1Skf D f in Lp.X;	/; (4.633)
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whereas if diamX D C1 and 1 < p < 1, then any approximation to the identity
satisfies

lim
k!�1Skf D 0 in Lp.X;	/: (4.634)

Proof. We revisit an approach originally due to Coifman (see the discussion on [37,
pp. 16–17 and p. 40]) with the goal of monitoring the maximal amount of Hölder
regularity for the integral kernels in the setting we are considering. We will first
treat the case when diamX D C1, in which scenario kX D �1. To get started,
fix some number "o 2 �0;min

˚
dC1; ind .X;q/

��
and select � 2 q with the property

that 0 < "o < Œlog2C��
�1 [cf. (4.255)]. Also, fix an arbitrary number " 2 .0; "o�.

Next, let �# be the regularized version of � as described in conclusion .11/ of
Theorem 3.46 and recall from (3.530) that �# 2 q. In addition, from conclusion
.12/ of Theorem 3.46 (cf. (3.542)) we have

ˇ
ˇ�#.x; y/ � �#.x; z/

ˇ
ˇ � 1

"
max

˚
�#.x; y/

1�"; �#.x; z/
1�"���#.y; z/

�"
(4.635)

whenever x; y; z 2 X (with the understanding that x 62 fy; zg when " > 1). The
idea now is to consider a nonnegative function h 2 C 1.R/ with the property that
h � 1 on Œ�1=2; 1=2� and h � 0 on R n .�2; 2/ and, for each k 2 Z, let Tk be
the integral operator on .X;	/ with integral kernel 2kdh

�
2k�#.x; y/

�
for x; y 2 X .

Based on properties of the function h and the Ahlfors-regularity condition for 	, it
is straightforward to check that there exists a finite constant Co � 1 such that

C�1
o � .Tk1/.x/ � Co for each x 2 X and each k 2 Z: (4.636)

Keeping this in mind, for each k 2 Z it is then meaningful to define

Sk.x; y/ WD 22kd

.Tk1/.x/.Tk1/.y/

Z

X

h
�
2k�#.x; z/

�
h
�
2k�#.z; y/

�

Tk



1
Tk1

�
.z/

d	.z/ (4.637)

for each x; y 2 X . Also, for �o 2 q as in (4.562) we have

0 �
Z

X

h
�
2k�#.x; z/

�
h
�
2k�#.z; y/

�

Tk



1
Tk1

�
.z/

d	.z/ � C

Z

X

h
�
2k�#.x; z/

�
d	.z/

� C	
�
B�o.x; C2

�k/
� � C2�kd ;

(4.638)

by the choice of h, the Ahlfors-regularity condition for 	, and (4.636). With this
in hand, the properties listed in .i/ are direct consequences of (4.637), (4.636),
and (4.638). In turn, it is easy to check that .i/ implies .i i/ in the case when y 2 X
and x; x0 2 X satisfy �#.x; x

0/ � co2
�k for some fixed co 2 .0;C1/. Hence, as
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far as property .i i/ is concerned, there remains to check the case when y 2 X and
x; x0 2 X satisfy �#.x; x

0/ < co2�k for some fixed co 2 .0;C1/. To this end, write

Sk.x; y/ � Sk.x
0; y/ D I C II; (4.639)

where I; II are given respectively by

22kd

.Tk1/.y/


 1

.Tk1/.x/
� 1

.Tk1/.x0/

� Z

X

h
�
2k�#.x; z/

�
h
�
2k�#.z; y/

�

Tk



1
Tk1

�
.z/

d	.z/ (4.640)

and

22kd

.Tk1/.y/.Tk1/.x0/

Z

X

�
h
�
2k�#.x; z/

� � h
�
2k�#.x

0; z/
��
h
�
2k�#.z; y/

�

Tk



1
Tk1

�
.z/

d	.z/:

(4.641)

Going further, for some constant C 2 .0;C1/ sufficiently large relative to co, we
estimate

ˇ
ˇ
ˇ

1

.Tk1/.x/
� 1

.Tk1/.x0/

ˇ
ˇ
ˇ � C

ˇ
ˇ.Tk1/.x/�.Tk1/.x0/

ˇ
ˇ (4.642)

� C2kd
Z

X

ˇ
ˇh
�
2k�#.x; y/

��h�2k�#.x
0; y/

�ˇˇ d	.y/

D C2kd
Z

D

ˇ
ˇh
�
2k�#.x; y/

��h�2k�#.x
0; y/

�ˇˇ d	.y/;

where D WD fy 2 X W 2k�#.x; y/ < 2 or 2k�#.x
0; y/ < 2g, by the support

condition on h. In particular, given that we are assuming �#.x; x
0/ < co2

�k , it
follows that

D � B�#.x; C2
�k/\ B�#.x

0; C 2�k/ (4.643)

for some finite, large constant C > 0. Consequently, using the mean value theorem
and (4.635), the last expression in (4.642) may be further bounded by

C"�12k.dC1/kh0kL1.R/

�
�#.x; x

0/
�"
Z

D

max
˚
�#.x; y/

1�"; �#.x
0; y/1�"

�
d	.y/

� C2k.dC1/��.x; x0/
�"
Z

D

˚
�#.x; y/

1�" C �#.x
0; y/1�"

�
d	.y/
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� C2k.dC1/��#.x; x
0/
�" �

�
nZ

B�# .x;C2
�k/

�#.x; y/
1�" d	.y/C

Z

B�# .x
0;C2�k/

�#.x
0; y/1�" d	.y/

o
;

(4.644)

by (4.643). On the other hand, if �o 2 q is as in (4.562), then

Z

B�# .x;C2
�k/

�#.x; y/
1�" d	.y/ � C

Z

B�o .x;C2
�k/

�o.x; y/
1�" d	.y/

� C

C1X

jD0

Z

2�j�1.C2�k/��o.x;y/<2�j .C2�k/

�o.x; y/
1�" d	.y/

� C

C1X

jD0

�
2�j .C2�k/

�1�"�
2�j .C2�k/

�d D C.2�k/1�"Cd (4.645)

for some C 2 .0;C1/, given that " < d C 1. In concert, (4.642)–(4.645) give that
ˇ
ˇ̌ 1

.Tk1/.x/
� 1

.Tk1/.x0/

ˇ
ˇ̌ � C2k.dC1/��.x; x0/

�"
.2�k/1�"Cd D C2k"

�
�.x; x0/

�"
:

(4.646)

Hence, all together, from (4.640), (4.636), (4.638), and (4.646) we deduce that

jI j � C2k.dC"/��.x; x0/
�"
; (4.647)

which is of the right order. Moreover, based on the same ingredients, we may also
show that jII j � C2k.dC"/��.x; x0/

�"
, completing the proof of .i i/ in the statement

of the theorem.
Moving on, the estimate in part .i i i/ of the statement of the theorem is justified

by first observing that if k 2 Z, then for every x; x0; y; y0 2 X we have

ŒSk.x; y/ � Sk.x
0; y/� � ŒSk.x; y0/� Sk.x

0; y0/�

D
Z

X

h 2kd

.Tk1/.x/
h
�
2k�#.x; z/

� � 2kd

.Tk1/.x0/
h
�
2k�#.x

0; z/
�i �

�
2

4 2kdh
�
2k�#.z; y/

�

.Tk1/.y/Tk



1
Tk1

�
.z/

� 2kdh
�
2k�#.z; y0/

�

.Tk1/.y0/Tk



1
Tk1

�
.z/

3

5 d	.z/ (4.648)

and then estimating the two expressions in the square brackets using the same type
of ideas as in the first part of the proof. Finally, the algebraic identities in part .iv/
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of the statement of the theorem are seen directly from (4.637) and Fubini’s theorem.
This concludes the proof of the fact that the family of integral operators (4.625) with
kernels as in (4.637) is an approximation to the identity of order ".

We will now turn to the proof of (4.627). With this goal in mind, givenp 2 Œ1;1�

and f 2 Lp.X;	/, the properties listed in .i/ give that for each k 2 Z and x 2 X ,

jSkf .x/j � C

Z
�
B�# .x;C2

�k/

jf j d	

� C sup
r>0


Z
�
B�# .x;r/

jf j d	
�

DW .M�#f /.x/; (4.649)

i.e., jSkf j is pointwise dominated by a fixed multiple (which is independent of k)
of M�#f , the Hardy–Littlewood maximal operator of f (constructed in relation to
�#). Then (4.627) follows from this and the boundedness of M�# on Lp.X;	/ in
the case when p > 1. If p D 1, then we may directly estimate, based on Fubini’s
theorem and properties .i/; .i i i/ from Definition 4.92,

kSkf kL1.X;	/ �
Z

X


Z

X

Sk.x; y/jf .y/j d	.y/
�

d	.x/

D
Z

X


Z

X

Sk.x; y/ d	.x/
�
jf .y/j d	.y/ D kf kL1.X;	/:

(4.650)

Note that the fact that jSkf .x/j < C1 for 	-a.e. x 2 X is implicit in this estimate.
Incidentally, this also shows (via interpolation between p D 1 and p D 1) that the
supremum in (4.627) is dominated by a constant independent of p 2 Œ1;1�.

Consider now estimate (4.628). To set the stage, fix k 2 Z satisfying k � kX ,
along with x; x0 2 X , and note that Sk.x; y/ D 0 for each y 2 X n B�#.x; C2

�k/
and that Sk.x0; y/ D 0 for each y 2 X n B�#.x

0; C 2�k/. Assume first that
�#.x; x

0/ < C2�k. In this scenario, B�#.x
0; C 2�k/ � B�#.x; C�C2

�k/; hence if
p0 2 Œ1;1� is such that 1=p C 1=p0 D 1, then by this observation, properties .i/
and .i i/ in Definition 4.92, and Hölder’s inequality we may estimate

jSkf .x/ � Skf .x0/j

D
ˇ
ˇ
ˇ
Z

B�# .x;C�C2
�k/

Sk.x; y/f .y/ d	.y/ �
Z

B�# .x;C�C2
�k /

Sk.x
0; y/f .y/ d	.y/

ˇ
ˇ
ˇ

�
Z

B�# .x;C�C2
�k/

jSk.x; y/ � Sk.x
0; y/jjf .y/j d	.y/

� C2k.dC"/�.x; x0/"
Z

B�# .x;C�C2
�k/

jf .y/j d	.y/
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� C2k.dC"/�.x; x0/"

Z

X

jf .y/jp d	.y/
�1=p

	
�
B�#.x; C�C2

�k/
�1=p0

� C2k.dC"/2�kd=p0

�.x; x0/"kf kLp.X;	/: (4.651)

Hence,

jSkf .x/ � Skf .x0/j � C2k."Cd=p/�.x; x0/"kf kLp.X;	/ if �#.x; x
0/ < C2�k:

(4.652)

Let us now consider the situation when �#.x; x
0/ � C2�k. Granted this, we may

write

jSkf .x/ � Skf .x0/j
�.x; x0/"

� C2k"
�jSkf .x/j C jSkf .x0/j�

� C2k"

Z

�
B�# .x;C2

�k/

jf j d	C
Z
�
B�# .x

0;C2�k /

jf j d	
�

� C2k" � 2kd=pkf kLp.X;	/ (4.653)

by the first line in (4.649) and Hölder’s inequality. Thus,

jSkf .x/ � Skf .x0/j � C2k."Cd=p/�.x; x0/"kf kLp.X;	/ if �#.x; x
0/ � C2�k;

(4.654)

and (4.628) now follows from (4.652) and (4.654).
As regards (4.629), pick some k 2 Z with k � kX , fix two arbitrary points

x; x0 2 X , and select an arbitrary function f 2 PC ".X; �/. When �.x; x0/ � C2�k ,
proceeding as in the first part of (4.651) and keeping in mind property .iv/ from
Definition 4.92, we obtain

jSkf .x/ � Skf .x0/j

D
ˇ̌
ˇ
Z

B�# .x;C�C2
�k/

Sk.x; y/f .y/ d	.y/ �
Z

B�# .x;C�C2
�k /

Sk.x
0; y/f .y/ d	.y/

ˇ̌
ˇ

D
ˇ
ˇ
ˇ
Z

B�# .x;C�C2
�k/

�
Sk.x; y/ � Sk.x

0; y/
�
.f .y/ � f .x// d	.y/

ˇ
ˇ
ˇ

�
Z

B�# .x;C�C2
�k/

jSk.x; y/ � Sk.x
0; y/jjf .y/� f .x/j d	.y/

� C2k.dC"/�.x; x0/"2�kd 2�k"kf k PC ".X;�/ D C�.x; x0/"kf k PC ".X;�/; (4.655)
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where we have also used properties .i/ and .i i/ from Definition 4.92. Furthermore,

jSkf .x/�Skf .x0/j�ˇˇ�Skf .x/�f .x/
� � �Skf .x0/�f .x0/

�ˇˇCjf .x/ � f .x0/j
� ˇ
ˇSkf .x/ � f .x/

ˇ
ˇC ˇ

ˇSkf .x0/� f .x0/
ˇ
ˇC �.x; x0/"kf k PC ".X;�/; (4.656)

and when �.x; x0/ � C2�k , we have, thanks to property .i/ in Definition 4.92,

ˇ
ˇSkf .x/ � f .x/ˇˇ D

ˇ
ˇ
ˇ
Z

B�# .x;C�C2
�k/

Sk.x; y/.f .y/ � f .y// d	.y/
ˇ
ˇ
ˇ

� C2kd2�kd2�k"kf k PC ".X;�/ � C�.x; x0/"kf k PC ".X;�/; (4.657)

with a similar estimate for
ˇ
ˇSkf .x0/ � f .x0/

ˇ
ˇ. All together, this analysis proves

that
�
�Skf

�
� PC ".X;�/

� Ckf k PC ".X;�/ for some finite constant C > 0, independent
of k 2 Z with k � kX . Hence, (4.629) follows. In turn, (4.630) is a consequence
of (4.629) and (4.627) with p D 1.

Turning our attention to (4.631), assume that ˛ 2 .0; "/, and fix an arbitrary
function g 2 PC ".X; �/, along with x; x0 2 X and k 2 Z with k � kX . When
�.x; x0/ � C2�k, from (4.656) and (4.657) we have

ˇ
ˇ�Skg � g

�
.x/ � �Skg � g�.x0/j � C�.x; x0/"kgk PC ".X;�/

� C�.x; x0/˛ 2�k."�˛/kgk PC ".X;�/; (4.658)

whereas when �.x; x0/ � C2�k , from (4.657) we have

ˇ
ˇ�Skg � g

�
.x/ � �Skg � g�.x0/j � C2�k"kgk PC ".X;�/

� C�.x; x0/˛ 2�k."�˛/kgk PC ".X;�/: (4.659)

Combining (4.658) and (4.659) we therefore arrive at the conclusion that

�
�Skg � g�� PC ˛.X;�/

� C2�k."�˛/kgk PC ".X;�/; (4.660)

which readily yields (4.631). In fact, since, much as in (4.657),

sup
x2X

ˇ̌�Skg � g�.x/ˇ̌ � C2�k"kgk PC ".X;�/; (4.661)

formula (4.632) subsequently follows from (4.661) and (4.631).
We next establish (4.634) while continuing to assume that diamX D C1. For

starters, given p 2 Œ1;1/ and f 2 Lp.X;	/, the properties listed in .i/ give that
for each k 2 Z and x 2 X ,
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jSkf .x/j � C

Z
�
B�# .x;C2

�k/

jf j d	 � C

Z

�
B�# .x;C2

�k/

jf jp d	
�1=p

� C2kd=p

Z

X

jf jp d	
�1=p ! 0 as k ! �1: (4.662)

Since by (4.649) we have jSkf j � CM�#f pointwise onX for someC 2 .0;C1/

independent of k 2 Z and since M�#f 2 Lp.X;	/ if 1 < p < 1, (4.634) follows
with the help of Lebesgue’s Dominated Convergence Theorem.

Moving on, in the situation when diamX < C1, we proceed analogously, and
properties .i/–.iv/ in Definition 4.92, as well as (4.627), are established in a similar
fashion (given that now k � kX 2 Z forces k to stay away from �1). It remains
to prove that if 	 is actually Borel regular on .X; �q/, then (4.633) holds whenever
f 2 Lp.X;	/, 1 � p < 1. To justify this in the case when 1 < p < 1, based on
.i/ and .iv/ we may write

Z

X

jSkf � f jp d	 � C

Z

X

h Z
�
B�# .x;C2

�k/

jf .y/� f .x/j d	.y/
ip

d	.x/: (4.663)

With this in hand, the boundedness of M�# on Lp.X;	/, together with Lebesgue’s
differentiation theorem (which, through the use of the density result from The-
orem 4.13, presupposes that 	 is a locally finite Borel regular measure) then
yields (4.633).

When p D 1, given any ı > 0, we may invoke Theorem 4.13 (recall that the
measure 	 is both locally finite and Borel regular on .X; �q/) to obtain a function

g 2 PC
ˇ
c .X;q/, where ˇ is a finite number with the property that 0 < ˇ ��

log2C�
��1

, satisfying
kf � gkL1.X;	/ < ı: (4.664)

Then, for some finite constant C > 0 independent of k, g, and x 2 X , we have
(much as in (4.663))

j.Skg/.x/ � g.x/j � C

Z
�
B�# .x;C2

�k/

jg.y/ � g.x/j d	.y/ � Ckgk PC
ˇ
c .X;q/

2�kˇ;

(4.665)
which shows that, on the one hand, kSkg � gkL1.X;	/ � Ckgk PC

ˇ
c .X;q/

2�kˇ , while,
on the other hand, given that g vanishes outside of a �-bounded subset of X , it
follows from property .i/ in Definition 4.92 that there exists a bounded subset B of
X outside of which Skg vanishes for all k 2 N. From this analysis, and the fact that
	 is locally finite, we may therefore conclude that

lim
k!C1 kSkg � gkL1.X;	/ D 0: (4.666)

Since, thanks to (4.664) and (4.627) (with p D 1),
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kSkf � f kL1.X;	/ � kSk.f � g/kL1.X;	/ C kSkg � gkL1.X;	/ C kg � f kL1.X;	/
� Cı C kSkg � gkL1.X;	/; (4.667)

it follows from (4.666) that lim
k!C1 kSkf � f kL1.X;	/ D 0, as desired. This

completes the justification of (4.633) and completes the proof of Theorem 4.93.
ut

Remark 4.94. In the context of Theorem 4.93, if the Borel measure 	 is not
necessarily Borel regular, then the same proof that we saw previously yields, in
place of (4.633), that for each p 2 Œ1;1� one has

lim
k!C1Skf D f in Lp.X;	/ for each function f

belonging to the closure of PC ".X;q/ in Lp.X;	/:
(4.668)

4.11 Bi-Lipschitz Euclidean Embeddings of Quasimetric
Spaces

Before presenting an application dealing with bi-Lipschitz Euclidean embeddings
of quasimetric spaces, we review a few definitions and results.

Definition 4.95. Assume that .X; �/ is a quasimetric space.

(1) Given s 2 Œ0;C1�, call .X; �/ s-homogeneous if there exists a finite
constant c � 0 with the property that whenever Y � X is such that there
exist b � a > 0 satisfying a � �.x; y/ � b for all x; y 2 Y with x 6D y, then
the cardinality of Y is � c

�
b
a

�s
.

(2) The Assouad dimension of .X; �/ is

dimA.X; �/ WD inf
˚
s 2 Œ0;C1� W .X; �/ is s-homogeneous

�
: (4.669)

Given a quasimetric space .X; �/, it follows that dimA.X; �/ < C1 if and only
if there exist C � 1 and s 2 Œ0;C1/ such that, for every x 2 X and for any real
numbers R; r with diam�.X/ � R � r > 0, the �-ball B�.x;R/ can be covered
by at most C

�
R
r

�s
�-balls of radii � r . The latter property is equivalent to the

geometrically doubling condition (4.44), hence

a quasimetric space is geometrically doubling

if and only if it has finite Assouad dimension:
(4.670)

In turn, since any space of homogeneous type is geometrically doubling, (4.670)
gives that



4.11 Bi-Lipschitz Euclidean Embeddings of Quasimetric Spaces 271

.X; �; 	/ space of homogeneous type H) dimA.X; �/ < C1: (4.671)

In this vein, it is important to note that while there exist quasimetric spaces with
finite Assouad dimension that do not carry a doubling measure, the following result,
generalizing earlier work in the context of metric spaces, holds.

Theorem 4.96. Any complete quasimetric space of finite Assouad dimension
.X; �/ carries a doubling measure. More precisely, for each exponent ˛ 2�
dimA.X; �/;C1�

there exists a Borel measure 	 on .X; ��/ with the property
that, for some constant C 2 .0;C1/,

0 < 	
�
B�.x;R/

circ� � C

R
r

�˛
	
�
B�.x; r/

circ� < C1
for all x 2 X and 0 < r � R < C1;

(4.672)

where, generally speaking, Ecirc denotes the interior, in the topology ��, of a set
E � X .

The completeness assumption is indispensable in the context of the foregoing
theorem. For example, .Q; j � � � j/ is a geometrically doubling quasimetric space
that does not carry a doubling measure (since, in fact, no uniformly perfect,
geometrically doubling metric space of zero Hausdorff dimension does; cf. the
discussion in [59, p. 102]). The case of compact metric spaces has been dealt with
by Vol’berg and Konyagin in [127], while the setting of complete metric spaces has
been handled by Luukkainen and Saksman in [78]; see also the exposition in [59,
Theorems 13.3, 13.5, pp. 103–104]. In the proof of the foregoing theorem, as well
as for other subsequent considerations, the following lemma will be useful.

Lemma 4.97. Let .X; �/ be a quasimetric space. Then the following statements are
true.

(i) For every ˛ 2 .0;C1/ there holds dimA.X; �
˛/ D 1

˛
dimA.X; �/.

(ii) If �0 is a quasidistance onX such that �0 	 �, then dimA.X; �/ D dimA.X; �
0/.

(iii) For every set eX � X there holds dimA.eX; �/ � dimA.X; �/. Moreover, if eX is
a dense subset of X , then actually dimA.eX; �/ D dimA.X; �/.

(iv) The Assouad dimension is invariant under bi-Lipschitz surjections, in the sense
that if .Xj ; �j /, j D 0; 1, are two quasimetric spaces and if ˆ W .X0; �0/ !
.X1; �1/ is a bi-Lipschitz surjection, then dimA.X0; �0/ D dimA.X1; �1/.

(v) For every n 2 N one has dimA.R
n; j �� � j/ D n, where j � j denotes the standard

Euclidean norm in R
n.

Proof. All the previously listed properties can be verified directly from definitions
(cf. also [10, Proposition 2, p. 733], as well as [11, (a)–(c), p. 435] in the case of
metric spaces). ut

We are now prepared to give the proof of Theorem 4.96.
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Proof of Theorem 4.96. Assume that .X; �/ is a complete quasimetric space with
the property that diamA.X; �/ < C1, and fix a finite number ˇ 2 �0; .log2 C�/

�1�.
From the discussion in conclusion .12/ of Theorem 3.46 we know that

�
X; .�#/

ˇ
�

is
a metric space. Given that

�
X; �.�#/ˇ

� D .X; ��/ (again, see Theorem 3.46), and since
we are assuming that .X; �/ is complete, it follows that the metric space

�
X; .�#/

ˇ
�

is complete. In addition,

dimA

�
X; .�#/

ˇ
� D 1

ˇ
dimA

�
X; �#

� D 1

ˇ
dimA

�
X; �

�
< C1; (4.673)

by .i/, .i i/ in Lemma 4.97, and Theorem 3.46. Hence, if dimA

�
X; �

�
< ˛ < C1,

then it follows from [59, Theorem 13.5, p. 104] that there exists a Borel measure 	
on .X; ��/ with the property that, for some finite constant C > 0,

0 < 	


B.�#/ˇ

.x;R/
�

� C

R
r

�˛=ˇ
	


B.�#/ˇ

.x; r/
�
< C1 (4.674)

for each x 2 X and 0 < r � R < C1. In turn, this implies that

0 < 	


B�#.x;R/

�
� C


R
r

�˛
	


B�#.x; r/

�
< C1 (4.675)

for all x 2 X and 0 < r � R < C1. From (4.15) and the fact that the �#-balls are
open in �� we also deduce that

B�#.x; r/ � B�.x; r/
circ � B�#

�
x; C 2

� r
�
; 8 x 2 X; 8 r 2 .0;C1/: (4.676)

Now, (4.672) readily follows from (4.675) and (4.676). ut
Moving on, thanks to property .i i/ in Lemma 4.97, the following definition is

meaningful.

Definition 4.98. For an arbitrary quasimetric space .X;q/ define its Assouad
dimension as dimA.X;q/ WD dimA.X; �/ for some (hence, any) � 2 q.

Assouad’s embedding theorem (cf. [9, Proposition 1.30, p. I.29], [10, Remar-
que 2, p. 732], and [11, Proposition 2.6, p. 436]) asserts that each snowflaked version
of a metric space of finite Assouad dimension admits a bi-Lipschitz embedding
into some (finite-dimensional) Euclidean space. We may now state and prove an
extension of this result to the setting of quasimetric spaces of finite Assouad
dimension. Our theorem shows that the example of a subset of some R

n endowed
with a power of the standard Euclidean distance is prototypical (i.e., always
realizable, up to a bi-Lipschitz homeomorphism) in the class of all quasimetric
spaces of finite Assouad dimension.

Theorem 4.99. Let .X;q/ be a quasimetric space. Then the following three
conditions are equivalent:
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(1) For any ˇ 2 R satisfying 0 < ˇ < ind .X;q/ there exist a number n 2 N, a set
eX � R

n, a quasidistance � 2 q, and a bi-Lipschitz homeomorphism

ˆ W .X; �/ �! .eX; j � � � j1=ˇ/; (4.677)

where j � j denotes the standard Euclidean norm in R
n.

(2) The same embedding property as in .1/ but for just some number ˇ 2 R

satisfying 0 < ˇ < ind .X;q/.
(3) .X;q/ is of finite Assouad dimension, i.e., dimA.X;q/ < C1.

Proof. That .1/ ) .2/ is obvious. As regards the implication .2/ ) .3/, note that
for the given ˇ, �, and eX we may write

dimA.X; �/ D dimA.eX; j � � � j1=ˇ/ D ˇ dimA.eX; j � � � j/
� ˇ dimA.R

n; j � � � j/ D ˇn < C1; (4.678)

by .iv/, .i/, .i i i/, and .v/ in Lemma 4.97. The desired conclusion follows.
To justify the implication .3/ ) .1/, given ˇ 2 �

0; ind .X;q/
�
, consider a

quasidistance � 2 q with the property that 0 < ˇ < Œlog2C��
�1 and select

" 2 .0; 1/ such that ˇ=" < Œlog2C��
�1. Then, if �# is the regularized version of

� as in .12/ of Theorem 3.46, then we may conclude that .X; .�#/
ˇ="/ is a metric

space. Furthermore, thanks to the properties .i/ and .i i/ listed in Lemma 4.97, we
have dimA.X; .�#/

ˇ="/ < C1. Hence, Assouad’s embedding theorem cited earlier
ensures the existence of some n 2 N and of a bi-Lipschitz function from the "-
snowflaked version of .X; .�#/

ˇ="/ into .Rn; j � � � j/. Thus, ˆ satisfies

jˆ.x/ �ˆ.y/j 	 Œ�.x; y/�ˇ uniformly for x; y 2 X; (4.679)

so that, in particular, H maps X homeomorphically onto its image. Consequently,
taking eX WD ˆ.X/ � R

n, the implication .3/ ) .1/ follows. ut
Remark 4.100. (i) In general, it is not true that any metric space admits a bi-

Lipschitz embedding into some finite-dimensional Euclidean space endowed
with its standard Euclidean distance. A counterexample is offered by the
Heisenberg group Hn equipped with the Carnot metric from (3.307). This
follows from the work in [94] (cf. also the discussion in [59, p. 99]).

(ii) Given two quasimetric spaces .X; �/, .Y; %/, it is natural to refer to a function
ˆ W X ! Y with the property that there exists ˇ 2 .0;C1/ such that

%
�
ˆ.x/;ˆ.y/

� 	 �.x; y/ˇ uniformly in x; y 2 X; (4.680)

as being ˇ-bi-Hölder. With this piece of terminology, (4.679) expresses the
fact that ˆ is a ˇ-bi-Hölder embedding of .X; �/ into .Rn; j � � � j/. Thus, at
least heuristically, any quasimetric space of finite Assouad dimension may be
regarded as a Hölder manifold.
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Theorem 4.99 extends [123, Theorem 1.192, p. 114], where a smaller range for
ˇ has been treated (more specifically, 0 < ˇ < ˛, where ˛ is as in (1.2)). As is
apparent from the work in [123] (and the references therein), the significance of such
an embedding result stems from the fact that this allows one to transport classes of
smoothness and their properties from Euclidean spaces onto the quasimetric space,
much as local coordinate charts are used to define smoothness spaces on a manifold.
For example, Theorem 4.99 readily yields the following corollary.

Corollary 4.101. Let .X;q/ be a complete quasimetric space with the property
that dimA.X;q/ < C1. Then the topology �q is both locally compact and sigma-
compact.

Proof. Pick ˇ 2 �0; ind .X;q/
�
. From Theorem 4.99 and the current assumptions it

follows that there exist a number n 2 N, a set eX � R
n, a quasidistance � 2 q, and a

bi-Lipschitz homeomorphismˆ W .X; �/ ! .eX; j���j1=ˇ/. In particular, the fact that
.X;q/ is complete forces eX to be closed in R

n. Hence, .eX; �j���j1=ˇ / D .eX; �j���j/ is
a topological space that is both locally compact and sigma-compact, and the desired
conclusion follows by noting that these properties may be transported back to .X;q/
via the homeomorphismˆ. ut

Another concrete example, addressed in Theorem 4.102 below, deals with the
issue of interpolation of Hölder spaces in the context of quasimetric spaces of finite
Assouad dimension.

Theorem 4.102. Let .X;q/ be a quasimetric space of finite Assouad dimension,
and let E � X be an arbitrary nonempty set. Then

˚ PC ˛.E/
�
0<˛<ind .X;q/ is a real interpolation scale; (4.681)

in the sense that whenever 0 < ˛0; ˛1 < ind .X;q/, and � 2 .0; 1/, one has

� PC ˛0 .E/ ; PC ˛1 .E/
�
�;1 D PC ˛.E/; ˛ WD .1� �/˛0 C �˛1: (4.682)

Furthermore, a similar result is valid for the inhomogeneous Hölder scale.

Proof. Thanks to the existence of the linear, bounded, universal extension operator
E from Theorem 4.11, it follows that the scale

˚ PC ˛.E/
�
0<˛<ind .X;q/ is a retract

of the scale
˚ PC ˛.X/

�
0<˛<ind .X;q/. As such, abstract interpolation results (cf. [16,

Exercise 18(a), p. 81]) show that it suffices to establish (4.682) when E WD X . In
such a scenario, fix two exponents 0 < ˛0; ˛1 < ind .X;q/ and pick a quasidistance
� 2 q and a number ˇ with the property that max f˛0; ˛1g < ˇ < Œlog2C��

�1.
Next, consider the bi-Lipschitz homeomorphism ˆ W .X; �/ ! .ˆ.X/; j � � � j1=ˇ/
from (4.677) in Theorem 4.99. Then the operator T W PC ˛.X/ ! PC ˛=ˇ.ˆ.X//,
given by Tf WD f ı ˆ�1, acts isomorphically for each ˛ 2 .0; ˇ/. Indeed, if
f 2 PC ˛.X/, then for each x; y 2 ˆ.X/
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jTf .x/ � Tf .y/j D jf .ˆ�1.x// � f .ˆ�1.y//j � kf k PC ˛.X/�
�
ˆ�1.x/;ˆ�1.y/

�˛

	 kf k PC ˛.X/jx � yj˛=ˇ; (4.683)

which shows that Tf 2 PC ˛=ˇ.ˆ.X// and kTf k PC ˛=ˇ.ˆ.X// � Ckf k PC ˛.X/. In a

similar manner, one can then check that the inverse of T , namely, T �1f D f ı ˆ,
is well defined and bounded from PC ˛=ˇ.ˆ.X// into PC ˛.X/.

At this stage, given the goal we have in mind, matters have been reduced to
proving (4.682) when E � R

n and ˛0; ˛1 2 .0; 1/. Going further, much as in the
first part of the proof (based on the universal extension operator E and abstract
retract results), there is no loss of generality in assuming that E D R

n. However, in
this latter context the interpolation result in question is well known (see, e.g., [16,
Theorem 6.4.5(1), p. 152], [119, Sect. 2.7.2, p. 201]; this also follows from [96], or
[60, (4.18), p. 193] and the reiteration theorem for the real method of interpolation
from [16, Theorem 3.5.3, p. 50]).

Finally, the case of the inhomogeneous Hölder scale is treated similarly. ut
Theorem 4.99 may also be used to construct examples of subsetsK of Euclidean

spaces that are homeomorphic to a unit cube and such that the upper smoothness
index of K (viewed as metric space when equipped with the Euclidean distance) is
larger than any a priori given bound. The relevance of such examples is substantiated
in [54]. What follows is the precise statement of the result sketched above.

Corollary 4.103. Let .X;q/ be a quasimetric space of finite Assouad dimension,
and assume that � 2 .0;C1/ has the property that there exists � 2 q such that
log2C� < � . Then there exist n 2 N, Y � R

n, a finite constant C � 0, and a
function f W Y ! X , which is a homeomorphism and satisfies

�.f .x/; f .y// � C jx � yj� ; 8 x; y 2 Y: (4.684)

In particular, for every m 2 N and � 2 .0;C1/ there exist n 2 N and a compact
set K � R

n with the property that K is homeomorphic to Œ0; 1�m and there are
nonconstant, real-valued Hölder functions of order � defined on K . Consequently,
ind0.K; j � � � j/ � � ; hence, in particular, Ind .K; j � � � j/ � � .

Proof. The claim in the first part of the statement of the corollary follows from
Theorem 4.99 by taking f WD ˆ�1, ˇ WD 1=� and Y WD eX . The second claim is a
consequence of this result, specialized to the case when .X;q/ WD .Œ0; 1�m; j � � � j/
andK WD ˆ.Œ0; 1�m/. Finally, the fact that ind0.K; j � � � j/ � � is seen with the help
of Corollary 4.60. ut

Assouad has conjectured that any metric space of finite Assouad dimension may
be bi-Lipschitzly embedded into some R

n [i.e., one may take ˇ D 1 in (4.677)].
However, the Heisenberg group, with its Carnot metric, is a counterexample to this
conjecture (see the discussion in [59, p. 99], as well as [110]), and in [59, p. 99]
J. Heinonen raises the following question:
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Open problem. Characterize the metric spaces that can be embedded bi-Lipschitzly
into some Euclidean space.

An inspection of the proof of the implication .2/ ) .3/ in Theorem 4.99
shows that a necessary condition for a quasimetric space .X; �/ to be embedded
bi-Lipschitzly into some Euclidean space is that dimA.X; �/ < C1. Moreover, it
is implicit in Assouad’s work (cf. [10, Remarque 2 on p. 732, and Proposition 3(g)
on p. 733]) that any ultrametric space (i.e., � is a metric for which C� D 1) of finite
Assouad dimension may be embedded bi-Lipschitzly into some Euclidean space.
See also [77, Proposition 3.3, p. 186] for an explicit argument. Below, we extend
this result to a larger class of quasimetric spaces.

Theorem 4.104. If .X;q/ is a quasimetric space of finite Assouad dimension
satisfying ind .X;q/ > 1, then there exists n 2 N with the property that .X;q/
may be embedded bi-Lipschitzly into R

n. Conversely, if a quasimetric space .X;q/
is embedded bi-Lipschitzly into some finite-dimensional Euclidean space, then
ind .X;q/ � 1.

As a corollary, if .X; �/ is a quasimetric space of finite Assouad dimension that
has the property that

sup
x;y;z2X

not all equal

�.x; y/

maxf�.x; z/; �.y; z/g < 2; (4.685)

then .X; �/ may be embedded bi-Lipschitzly into some finite-dimensional Euclidean
space. Hence, in particular, any ultrametric space may be embedded bi-Lipschitzly
into some finite-dimensional Euclidean space.

Proof. The claim in the first part of the statement of the theorem follows from
Theorem 4.99 after observing that condition ind .X;q/ > 1 permits us to select
ˇ D 1 in (4.677). The second claim is an immediate consequence of the last part of
Corollary 4.41. Finally, the remaining claims are straightforward corollaries of the
result proved in the first part (cf. also (4.260) in this regard). ut

We conclude with two comments related to the nature of Theorem 4.104. First,
we wish to note that if .X; �/ is a quasimetric space with the property that (4.685)
holds, then there exists a metric d on X such that d 	 �. This is a consequence
of conclusion .12/ in Theorem 3.46. Second, the manner in which Assouad’s
embedding theorem recalled previously is contained in Theorem 4.104 is made
transparent by the observation that if .X; d/ is a metric space and � WD d" for
some " 2 .0; 1/, then C� � 2" < 2, so (4.685) holds for the snowflaked version
.X; d "/ of .X; d/.



4.12 Quasimetric Version of Kuratowski’s and Fréchet’s Embedding Theorems 277

4.12 Quasimetric Version of Kuratowski’s and Fréchet’s
Embedding Theorems

Given an arbitrary, nonempty set X , denote by L1.X/ the space of all bounded
functions f W X ! R. When equipped with the norm

kf kL1.X/ WD sup
x2X

jf .x/j; (4.686)

this may be canonically identified with the Lebesgue space L1.X;	c/, where 	c
is the counting measure on X and, as such, .L1.X/; k � kL1.X// becomes a Banach
space. As is customary, corresponding to the case when X D N, we will write
`1.N/ in place of L1.N/.

The classical Kuratowski’s embedding theorem (cf. [75]) asserts that any metric
space .X; d/ embeds isometrically into L1.X/, and our theorem below extends
this result to the setting of quasimetric space.

Theorem 4.105 (The quasimetric space version of Kuratowski’s embedding
theorem). Assume that .X;q/ is a quasimetric space and that the real number
ˇ is such that there exists a quasidistance � 2 q with the property that
0 < ˇ � Œlog2C��

�1. Then .X;q/ admits a bi-Lipschitz embedding into the

quasi-Banach space
�
L1.X/; k � k1=ˇL1.X/

�
.

In particular, any quasimetric space .X;q/ for which ind .X;q/ > 1 may be
bi-Lipschitzly embedded into the Banach space

�
L1.X/; k � kL1.X/

�
.

Proof. Let .X;q/ be a quasimetric space, and suppose that the quasidistance � 2 q
and the real number ˇ are such that 0 < ˇ � Œlog2C��

�1. Also, denote by �# the
regularized version of � (as in Theorem 3.46), and fix a point xo 2 X . Then, for
each x 2 X , consider the function

�x W X ! R; �x.z/ WD �
�#.x; z/

�ˇ � �
�#.z; xo/

�ˇ
; 8 z 2 X: (4.687)

Note that, by (3.537) and (3.538),

j�x.y/ � �y.y/j D �
�#.x; y/

�ˇ � .C�/
�2ˇ�.x; y/ˇ; 8 x; y 2 X; (4.688)

as well as

j�x.z/ � �y.z/j D ˇ̌�
�#.x; z/

�ˇ � �
�#.y; z/

�ˇ ˇ̌

� �
�#.x; y/

�ˇ � �.x; y/ˇ; 8 x; y; z 2 X: (4.689)

Hence, if we define

ˆ W X ! L1.X/; ˆ.x/ WD �x; 8 x 2 X; (4.690)
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then from (4.688) and (4.689) we may deduce that

C�2
� �.x; y/ � kˆ.x/ �ˆ.y/k1=ˇL1.X/ � �.x; y/; 8 x; y 2 X: (4.691)

Then the claim in the first part of the statement of the theorem follows from this,
whereas the last claim is a consequence of what we have just proved and (4.255).

ut
A drawback of Theorem 4.105 is the fact that the embedding discussed there

takes place in a space that depends on the original quasimetric space. A version of
this theorem, building on a classical result of M. Fréchet in the context of metric
spaces (cf. [48]), that corrects the aforementioned deficiency is presented next.

Theorem 4.106 (Quasimetric space version of Fréchet’s embedding theorem). Let
.X;q/ be a quasimetric space with the property that the topological space .X; �q/

is separable. Also, assume that the real number ˇ is such that there exists a
quasidistance � 2 q for which 0 < ˇ � Œlog2C��

�1.
Then the quasimetric space .X;q/ admits a bi-Lipschitz embedding into the

quasi-Banach space
�
`1.N/; k � k1=ˇ`1.N/

�
. More precisely, if �# denotes the regular-

ized version of the quasidistance � (as in Theorem 3.46), then there exists a mapping
‰ W X ! `1.N/ that satisfies

k‰.x/ �‰.y/k1=ˇ`1.N/ D �#.x; y/; 8 x; y 2 X: (4.692)

As a corollary, any separable quasimetric space .X;q/ for which ind .X;q/ > 1

may be embedded bi-Lipschitzly into the Banach space
�
`1.N/; k � k`1.N/

�
.

Proof. Assume that the quasidistance � 2 q and the real number ˇ are as in the first
part of the theorem, and select a sequence of points fxj gj2N that is dense in .X; �q/.
As before, we let �# be the regularized version of the quasidistance � (defined in
Theorem 3.46). To proceed, consider the mapping

ˆ W fxj W j 2 Ng �! `1.N/ defined for each j 2 N by

ˆ.xj / WD
n�
�#.xj ; xk/

�ˇ � �
�#.xk; x1/

�ˇo

k2N:
(4.693)

Based on the fact that the function defined in (3.537) is a distance, we may then
estimate

�
�#.xi ; xj /

�ˇ D �
ˆ.xi / �ˆ.xj /

�
j

� kˆ.xi / �ˆ.xj /k`1.N/ � �
�#.xi ; xj /

�ˇ
; 8 i; j 2 NI

(4.694)
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hence, ultimately,

�
�#.xi ; xj /

�ˇ D kˆ.xi /�ˆ.xj /k`1.N/; 8 i; j 2 N: (4.695)

From the density of the sequence fxj gj2N in .X; �q/, the continuity of the function
�# W .X � X; �q � �q/ ! Œ0;C1/ (which is a consequence of results established
in Theorem 3.46), and (4.695) it follows that the function ˆ extends to a mapping
‰ W X ! `1.N/ that satisfies (4.692). In concert with (3.538), this estimate then
gives

C�2
� �.x; y/ � k‰.x/ �‰.y/k1=ˇ`1.N/ � �.x; y/; 8 x; y 2 X: (4.696)

Hence,‰ is a bi-Lipschitz embedding of .X;q/ into
�
`1.N/; k � k1=ˇ`1.N/

�
which also

satisfies (4.692). Then the last claim in the statement of the theorem follows from
this and (4.255). ut

4.13 Pompeiu–Hausdorff Quasidistance on Quasimetric
Spaces

In this section we introduce and study a version of the Pompeiu–Hausdorff distance2

in the context of quasimetric spaces. To set the stage, given a set X , a quasidistance
� 2 Q.X/, a subset A of X , and a number r 2 .0;C1/, define

N�;r .A/ WD fx 2 X W dist�.x; A/ � rg: (4.697)

For eachU; V � X then introduce the Pompeiu-Hausdorff quasidistance
between U and V as

D�.U; V / WD D.X;�/.U; V / WD inf
˚
r > 0 W U � N�;r .V / and V � N�;r .U /

�
:

(4.698)

Recall that 2X denotes the set of all subsets of a given set X . Also, given a
topological space .X; �/, define

2What we here call the Pompeiu–Hausdorff distance has typically been referred to in the literature
as the Hausdorff distance. For historical accuracy, however, it is significant to note that D. Pompeiu
was the first to introduce (a slight version of) this concept in his thesis (written under the
supervision of H. Poincaré). Pompeiu’s thesis appeared in print in [100], published in 1905, where
Pompeiu calls this notion écart (mutuel) between two sets. Subsequently, in 1914, F. Hausdorff
revisited this topic, and on p. 463 of his book [57] he correctly attributes the introduction of this
notion to Pompeiu.
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Cl .X; �/ WD fE � X W E is closed in �g; (4.699)

Cp .X; �/ WD fE � X W E is compact in �g: (4.700)

Finally, a quasimetric space .X; �/ is said to be complete if any sequence
fxj gj2N � X that is Cauchy with respect to the quasidistance � is convergent to
a point in X .

Theorem 4.107. For each fixed set X the following properties are valid.

(1) As a real-valued, nonnegative function defined on 2X � 2X , the Pompeiu–
Hausdorff quasidistance satisfies

D�� D �D�; 8 � 2 Q.X/; 8� 2 .0;C1/; (4.701)

D�˛ D �
D�

�˛
; 8 � 2 Q.X/; 8˛ 2 .0;C1/; (4.702)

D�0 � D� 8 �; �0 2 Q.X/ with �0 � � on X: (4.703)

Also, for each � 2 Q.X/, the functionD� is symmetric in the sense that

D�.U; V / D D�.V;U /; 8U; V � X: (4.704)

In addition, D� 	 D�0 whenever �; �0 2 Q.X/ are such that � 	 �0. More
precisely,

c0 D� � D�0 � c1 D� if �; �0 2 Q.X/ satisfy c0� � �0 � c1� on X:

(4.705)
(2) If � 2 Q.X/, p 2 .0;C1/, and

C�;p WD sup
x;y;z2X

not all equal

�.x; y/

.Œ�.x; z/�p C Œ�.z; y/�p/1=p
; (4.706)

then

D�.U; V / � C�;p


�
D�.U;W /

�p C �
D�.W; V /

�p�1=p
; 8U; V;W � X:

(4.707)
Furthermore, formally corresponding to the case p D C1, there holds

D�.U; V / � C� max
n
D�.U;W /;D�.W; V /

o
; 8U; V;W � X; (4.708)

where, as usual, C� is as in (4.2).
(4) Assume that � 2 Q.X/. Then for every U; V � X one has

D�.U; V / D 0 ” U D V ; (4.709)
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where the closures are taken with respect to ��, the topology canonically
induced by � on X . Moreover, one has

C�1
� D�.U; V / � D�.U ; V / � C�D�.U; V / for every U; V � X: (4.710)

(5) Let � 2 Q.X/ be an arbitrary, fixed quasidistance, and recall (4.699). Then

D� 2 Q
�
Cl .X; ��/

�
; (4.711)

i.e., the Pompeiu–Hausdorff quasidistance is a genuine quasidistance when
restricted to the collection of all closed subsets of .X; ��/. Moreover,

if the quasimetric space .X; �/ is complete, then
�
Cl .X; ��/;D�

�
is a complete quasimetric space;

(4.712)

and

if the topological space .X; ��/ is compact, then

the topological space
�
Cp .X; ��/; �D�

�
is compact:

(4.713)

(6) Assume that the quasidistance � 2 Q.X/ and the real number ˇ are such that
0 < ˇ � Œlog2C��

�1. For every U; V � X define

D�;ˇ.U; V / WD inf
n
 NX

iD1

�
D�.Ai ; AiC1/

�ˇ� 1
ˇ W N 2 N; .Ai /1�i�NC1 � 2X

such that A1 D U; ANC1 D V
o
: (4.714)

Then the functionD�;ˇ W 2X � 2X ! Œ0;C1/ has the following properties:

D�;ˇ is symmetric; (4.715)

D�;ˇ restricted to Cl .X; ��/ � Cl .X; ��/ belongs to Q
�
Cl .X; ��/

�
; (4.716)

D�;ˇ 	 D� in the precise sense that 2�2=ˇD� � D�;ˇ � D�; (4.717)

D�;ˇ.U; V / �

�
D�;ˇ.U;W /

�ˇ C �
D�;ˇ.W; V /

�ˇ� 1
ˇ
; 8U; V;W � X; (4.718)

D�;ˇ.U; V / � 21=ˇ max
˚
D�;ˇ.U;W / ; D�;ˇ.W; V /

�
; 8U; V;W � X: (4.719)

Moreover, for each � 2 .0; ˇ�, the following Hölder-type regularity condition
of order � holds:
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ˇ
ˇD�;ˇ.U; V / �D�;ˇ.U;W /

ˇ
ˇ

� 1
�

max
n�
D�;ˇ.U; V /

�1��
;
�
D�;ˇ.U;W /

�1��o�
D�;ˇ.V;W /

��

(4.720)

whenever U; V;W � X , with the understanding that if � > 1, then one also
imposes the condition that U 6D V and U 6D W , where the closures are taken
in .X; ��/.

Proof. If �; �0 2 Q.X/, r; r0; r1; ˛; � > 0, p 2 .0;C1/ and U; V � X , then the
following properties may be verified based on definitions:

N�˛;r .U / D N�;r1=˛ .U /; N�;r .U / � N�;r .V / if U � V I
N��;r .U / D N�;r=�.U /; N�;r .U / � N�0;r .U / if �0 � �I

N�;r .U / � N�;C�r .U / and N�;r .U / � N�;C�r .U /I

N�;r0
�
N�;r1.U /

� � N�;r .U / if r WD C�;p.r
p
0 C r

p
1 /
1=p or r WD C� max fr0; r1g:

(4.721)

Furthermore, if � 2 Q.X/ and �# denotes its regularization (in the sense of
Theorem 3.46), then

\

r>0

N�#;r .U / D U and N�#;r .U / D N�#;r .U /; 8U � X; (4.722)

where the closure is taken in ��. This is a consequence of (4.697) and property .3/
in Theorem 4.17, which shows that the function dist�#.�; U / W .X; ��/ ! Œ0;C1/

is continuous and that dist�#.�; U / D dist�#.�; U /. Collectively, these properties then
readily yield the claims made in parts .1/–.4/, as well as (4.711), in the statement
of the theorem. In turn, from (4.708), (4.711), and Theorem 3.46 we deduce that

�
X; .�#/

ˇ
�

is a metric space, �.�#/ˇ
D ��; and

�
Cl .X; ��/;D.�#/ˇ

�
is a metric space whenever

� 2 Q.X/ and ˇ 2 R satisfy 0 < ˇ � Œlog2C��
�1:

(4.723)

Then (4.712) and (4.713) follow from (4.723) and similar properties known
for metric spaces (cf., e.g, [27, Proposition 7.3.7 and Theorem 7.3.8]). Finally,
the claims made in part .6/ are consequences of Theorem 3.46 and properties
established earlier in the proof. ut
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4.14 Gromov–Pompeiu–Hausdorff Distance Between
Quasimetric Spaces

The aim of this section is to adapt the notion of the Gromov–Pompeiu–Hausdorff
distance between metric spaces to the more general context of quasimetric spaces.
We begin by establishing a couple of definitions.

Definition 4.108. Given two quasimetric spaces .X0; �0/ and .X1; �1/, along with
a function f W X0 ! X1 and a number � 2 .0;C1/, define the distortion of
order � of f with respect to �0; �1 as

Dis��0;�1 .f / WD sup
x;y2X0

ˇ̌�
�1.f .x/; f .y//

�� � �
�0.x; y/

�� ˇ̌
: (4.724)

If � D 1, then it is agreed that the abbreviation Dis�0;�1.f / may be used in place of
Dis1�0;�1 .f /.

Definition 4.109. Given a nonempty set Y , a quasimetric space .X; �/, and two
functions f; g W Y ! X , define the deviation of f from g, with respect to the
quasidistance �, as

Dev�.f; g/ WD sup
x2Y

�.f .x/; g.x//: (4.725)

Given an arbitrary set X , we denote by idX the identity mapping ofX into itself.

Lemma 4.110. (1) Let .X0; �0/, .X1; �1/, and .X2; �2/ be three quasimetric
spaces, and assume that f W X0 ! X1 and g W X1 ! X2 are given functions.
Then for every number � 2 .0;C1/ there holds

Dis��0;�2.g ı f / � Dis��0;�1.f /C Dis��1;�2 .g/: (4.726)

(2) Suppose that .X0; �0/ and .X1; �1/ are two quasimetric spaces and that f W
X0 ! X1 and g W X1 ! X0 are two given functions. Then for every number
� 2 .0;C1/ one has

�
Dev�0.idX0; g ı f /�� � �

Dev�1.idX1; f ı g/�� C Dis��0;�1.f / (4.727)

and

�
Dev�1.idX1; f ı g/�� � �

Dev�0.idX0; g ı f /�� C Dis��1;�0.g/: (4.728)

(3) Let X0 be a nonempty set and .X1; �1/ and .X2; �2/ two quasimetric spaces,
and assume that h W X0 ! X1, f W X1 ! X2, g W X1 ! X1, and k W X0 ! X2
are given functions. Then for every � 2 .0;C1/ one has
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�
Dev�2.k; f ı g ı h/��

� .C�2/
� max

˚�
Dev�2.k; f ı h/�� ; �Dev�1 .idX1; g/

�� C Dis��1;�2 .f /
�
:

(4.729)

(4) Assume that .X0; d0/ and .X1; d1/ are two metric spaces, and let f W X0 ! X1
and g W X1 ! X0 be two given functions. Then

Disd1;d0 .g/ � Disd0;d1.f /C 2Devd1.idX1; f ı g/; (4.730)

Disd0;d1 .f / � Disd1;d0.g/C 2Devd0.idX0; g ı f /: (4.731)

Proof. To deal with the claim made in part .1/, fix � 2 .0;C1/. Using
Definition 4.724 we may then write

Dis��0;�2 .g ı f / D sup
x;y2X0

ˇ̌�
�2.g.f .x//; g.f .y///

�� � �
�0.x; y/

�� ˇ̌

� sup
x;y2X0

˚ˇˇ��2.g.f .x//; g.f .y///
�� � �

�1.f .x/; f .y//
�� ˇˇ

Cˇˇ��1.f .x/; f .y//
�� � �

�0.x; y/
�� ˇˇ�

� Dis��0;�1.f /C Dis��1;�2 .g/; (4.732)

as desired. Consider next the claim made in part .2/. For each x 2 X0 we have
�
�0.x; g.f .x///

�� � ˇ
ˇ��0.x; g.f .x///

�� � �
�1.f .x/; f .g.f .x////

�� ˇˇ

C��1.f .x/; f .g.f .x////
��

� Dis��0;�1.f /C �
Dev�1.idX1; f ı g/�� : (4.733)

Taking the supremum over all x 2 X0 then yields (4.727). Finally, (4.728) is proved
in a similar manner.

To deal with the claim made in part .3/, making use of Definition 4.109 and the
quasiultrametric property of �2, we have

�
Dev�2 .k; f ı g ı h/�� D sup

x2X0

�
�2.k.x/; f .g.h.x////

��

� sup
x2X0

n
.C�2/

� max
˚�
�2.k.x/; f .h.x///

��
;
�
�2.f .h.x//; f .g.h.x////

���o

� sup
x2X0

n
.C�2/

� max
˚�

Dev�2 .k; f ı h/�� ; ��2.f .h.x//; f .g.h.x////
���o

:

(4.734)
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In addition, for each x 2 X0, we have
�
�2.f .h.x//; f .g.h.x////

�� � �
�1.h.x/; g.h.x///

��

Cˇˇ��2.f .h.x//; f .g.h.x////
�� � �

�1.h.x/; g.h.x///
�� ˇˇ

� �
Dev�1 .idX1; g/

�� C Dis��1;�2 .f /: (4.735)

Now .3/ follows by combining (4.734) and (4.735).
As regards the claims made in part .4/, for each x; y 2 X1 we may, on the one

hand, write
ˇ
ˇd0.g.x/; g.y// � d1.x; y/

ˇ
ˇ � ˇ

ˇd1.f .g.x//; f .g.y/// � d0.g.x/; g.y//
ˇ
ˇ

Cˇˇd1.f .g.x//; f .g.y/// � d1.x; y/
ˇ
ˇ

� Disd0;d1.f /C ˇ
ˇd1.f .g.x//; f .g.y/// � d1.x; y/

ˇ
ˇ:

(4.736)

On the other hand, since d1 is a genuine distance, based on the triangle inequality,
we may estimate
ˇ
ˇd1.f .g.x//; f .g.y/// � d1.x; y/

ˇ
ˇ

� ˇ
ˇd1.f .g.x//; f .g.y/// � d1.f .g.x//; y/

ˇ
ˇC ˇ

ˇd1.f .g.x//; y/ � d1.x; y/
ˇ
ˇ

� d1.f .g.y//; y/C d1.f .g.x//; x/

� 2Devd1 .idX1; f ı g/: (4.737)

At this stage, a combination of (4.736) and (4.737) yields (4.730), after taking the
supremum over all x; y 2 X1. Finally, (4.731) is proved in a similar manner, and
this completes the proof of the lemma. ut
Definition 4.111. Given two quasimetric spaces .X0; �0/ and .X1; �1/, along with
two functions f W X0 ! X1, g W X1 ! X0, an exponent ˛ 2 .0;C1�, and a
number � 2 .0;C1/, set

Œf; g�
˛;�

.X0;�0/;.X1;�1/
WD max

˚
Dis�

.�0/˛;.�1/˛
.f /;Dis�

.�1/˛;.�0/˛
.g/;

�
Dev.�0/˛ .idX0 ; g ı f /�� ;

�
Dev.�1/˛ .idX1 ; f ı g/���1=� ; (4.738)

where .�0/˛ and .�1/˛ are the ˛-subadditive regularizations of the quasidistances
�0; �1 constructed as in Theorem 3.46. Then define

d˛;�
�
.X0; �0/; .X1; �1/

� WD inf
˚
Œf; g�

˛;�

.X0;�0/;.X1;�1/
W f W X0 ! X1; g W X1 ! X0

�
:

(4.739)

To proceed, recall the definition made in (4.16).
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Proposition 4.112. Fix two numbers ˛; � 2 .0;C1/ and assume that .X0; �0/
and .X1; �1/ are quasimetric spaces. Then d˛;�

�
.X0; �0/; .X1; �1/

�
is a well-defined

number belonging to Œ0;C1�, and the following symmetry property holds:

d˛;�
�
.X0; �0/; .X1; �1/

� D d˛;�
�
.X1; �1/; .X0; �0/

�
: (4.740)

Furthermore,

d˛;�
�
.X0; �0/; .X1; �1/

� � max
˚
diam�0.X0/; diam�1.X1/

�
: (4.741)

Proof. The claims in the first part of the statement are clear from Definition 4.111.
As for (4.741), if xj 2 Xj , j D 0; 1, are two fixed points, then consider the
functions f W X0 ! X1, f .x/ WD x1 for every x 2 X0, and g W X1 ! X0,
g.x/ WD x0 for every x 2 X1. It follows then from (4.724), (4.725), and (3.530) that

Dis�.�0/˛;.�1/˛ .f / D
h

sup
x;y2X0

.�0/˛.x; y/
i� D �

diam.�0/˛ .X0/
�� � �

diam�0 .X0/
��
;

Dis�.�1/˛;.�0/˛ .g/ D
h

sup
x;y2X1

.�1/˛.x; y/
i� D �

diam.�1/˛ .X1/
�� � �

diam�1 .X1/
��
;

Dev.�0/˛ .idX0; g ı f / D sup
x2X0

.�0/˛.x; x0/ � sup
x2X0

�0.x; x0/ � diam�0.X0/;

Dev.�1/˛ .idX1; f ı g/ D sup
x2X1

.�1/˛.x; x1/ � sup
x2X1

�1.x; x1/ � diam�1.X1/:

(4.742)
Now (4.741) follows from (4.738), (4.739), and (4.742). ut
Proposition 4.113. Let .X0; �0/, .X1; �1/, and .X2; �2/ be three quasimetric
spaces, and fix two numbers ˛; � 2 .0;C1/. Then

d˛;�
�
.X0; �0/; .X2; �2/

�
(4.743)

� 21=˛
h�
d˛;�

�
.X0; �0/; .X1; �1/

��� C �
d˛;�

�
.X1; �1/; .X2; �2/

���i1=�
:

In particular, there holds

d˛;�
�
.X0; �0/; .X2; �2/

�
(4.744)

� 21=�C1=˛ max
n
d˛;�

�
.X0; �0/; .X1; �1/

�
; d˛;�

�
.X1; �1/; .X2; �2/

�o
:

Proof. Fix r01 > d˛;�
�
.X0; �0/; .X1; �1/

�
and r12 > d˛;�

�
.X1; �1/; .X2; �2/

�
.

Hence, there exist functions f01 W X0 ! X1, f10 W X1 ! X0, f12 W X1 ! X2,
and f21 W X2 ! X1 such that

Œf01; f10�
˛;�

.X0;�0/;.X1;�1/
< r01 and Œf12; f21�

˛;�

.X1;�1/;.X2;�2/
< r12: (4.745)
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Consider the functions f WD f12 ı f01 W X0 ! X2 and g WD f10 ı f21 W X2 ! X0.
Then, applying (4.726) in concert with (4.745), we obtain

Dis�.�0/˛;.�2/˛ .f / � Dis�.�1/˛;.�2/˛ .f12/C Dis�.�0/˛;.�1/˛ .f01/ < r
�
01 C r

�
12; (4.746)

Dis�.�2/˛;.�0/˛ .g/ � Dis�.�1/˛;.�0/˛ .f10/C Dis�.�2/˛;.�1/˛ .f21/ < r
�
01 C r

�
12: (4.747)

Next, we use part .3/ of Lemma 4.110 and the fact that C.�0/˛ � 21=˛ (itself a
consequence of (3.107)) to be able to write

�
Dev.�0/˛ .idX0 ; g ı f /�� � .C.�0/˛ /

� max
n�

Dev.�0/˛ .idX0 ; f10 ı f01/
��
;

�
Dev.�1/˛ .idX1; f21 ı f12/

�� C Dis�
.�1/˛;.�0/˛

.f10/
o

� 2�=˛.r
�
01 C r

�
12/: (4.748)

Similarly, we obtain

�
Dev.�2/˛ .idX2; f ı g/�� � 2�=˛.r

�
01 C r

�
12/: (4.749)

In concert, (4.746)–(4.749) and (4.738) and (4.739) imply that

d˛;�
�
.X0; �0/; .X2; �2/

� � 21=˛.r
�
01 C r

�
12/

1=� : (4.750)

Now letting r01 & d˛;�
�
.X0; �0/; .X1; �1/

�
and r12 & d˛;�

�
.X1; �1/; .X2; �2/

�

in (4.750) we arrive at (4.743), from which (4.744) also follows. ut
Proposition 4.114. If the quasiquasimetric spaces .X0; �0/ and .X1; �1/ are bi-
Lipschitzly homeomorphic with one another, then there existse�0 2 Q.X0/ such that

e�0 	 �0 and d˛;�
�
.X0; e�0/; .X1; �1/

� D 0 for every ˛; � 2 .0;C1/: (4.751)

More specifically, suppose that � W X0 ! X1 is a bijection with the property that
there exist c0; c00 2 .0;C1/ such that

c0�0.x; y/ � �1.�.x/; �.y// � c00�0.x; y/; 8 x; y 2 X0: (4.752)

If one then defines

e�0.x; y/ WD �1.�.x/; �.y//; 8 x; y 2 X0; (4.753)
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it follows that

e�0 2 Q.X0/; c0�0 �e�0 � c00�0; and

d˛;�
�
.X0;e�0/; .X1; �1/

� D 0; 8˛; � 2 .0;C1/:
(4.754)

Proof. Assume that the function � W X0 ! X1 is bijective and that there exist
two constants c0; c00 2 .0;C1/ with the property that (4.752) holds. Definee�0 as
in (4.753). Then, by design, e�0 2 Q.X0/ and c0�0 � e�0 � c00�0 on X0 � X0.
Furthermore, from property .8/ in Lemma 3.14 it follows that

.e�0/˛.x; y/ D .�1/˛.�.x/; �.y//; 8 x; y 2 X0; (4.755)

and, hence,

Dis�
.e�0/˛;.�1/˛ .�/ D 0 and Dis�

.�1/˛;.e�0/˛ .�
�1/ D 0; 8˛; � 2 .0;C1/:

(4.756)
Since, clearly, for each ˛; � 2 .0;C1/ we also have

Dev.�0/˛ .idX0; �
�1 ı �/ D Dev.�1/˛ .idX1; � ı ��1/ D 0; (4.757)

we deduce that Œ�; ��1�˛;�
.X0;e�0/;.X1;�1/ D 0 for every ˛; � 2 .0;C1/. Thus,

ultimately, d˛;�
�
.X0;e�0/; .X1; �1/

� D 0 for every ˛; � 2 .0;C1/, completing the
proof of (4.754). ut
Definition 4.115. Define the Gromov–Pompeiu–Hausdorff distance

dGPH
�
.X0; d0/; .X1; d1/

�
(4.758)

between any two given metric spaces .X0; d0/ and .X1; d1/ as the infimum of all
numbers r > 0with the property that there exist a metric space .X; d/ and isometric
embeddings �0 W .X0; d0/ ! .X; d/ and �1 W .X1; d1/ ! .X; d/ for which

D.X;d/

�
�0.X0/; �1.X1/

� � r; (4.759)

whereD.X;d/ denotes the Pompeiu–Hausdorff distance in .X; d/ [cf. (4.698)].

Consider two metric spaces .X0; d0/, .X1; d1/. Given a number " > 0, a function
f W X0 ! X1 is said to be an "-isometry between .X0; d0/ and .X1; d1/ provided

Disd0;d1.f / < " and X1 D
[

x2X0
Bd1.f .x/; "/: (4.760)

Denote by "-Iso
�
.X0; d0/; .X1; d1/

�
the collection of all "-isometries between

.X0; d0/ and .X1; d1/. With this piece of terminology, Corollary 7.3.28 in [27] then
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shows that the following implications are valid:

dGPH
�
.X0; d0/; .X1; d1/

�
< " H) .2"/-Iso

�
.X0; d0/; .X1; d1/

� 6D ;; (4.761)

"-Iso
�
.X0; d0/; .X1; d1/

� 6D ; H) dGPH
�
.X0; d0/; .X1; d1/

�
< 2": (4.762)

Proposition 4.116. Assume that .Xj ; �j /, j D 0; 1, are two quasimetric spaces,
and suppose that ˛ 2 .0;C1� and the real number � satisfy

� 2 .0; ˛� and 0 < ˛ � Œlog2C�j �
�1; j D 0; 1: (4.763)

Then .Xj ; .�j /
�
˛/, j D 0; 1, are metric spaces [where .�j /

�
˛ abbreviates ..�j /˛/� ],

and

d˛;�
�
.X0; �0/; .X1; �1/

� � 61=�
h
dGPH

�
.X0; .�0/

�
˛/; .X1; .�1/

�
˛

�i1=�
; (4.764)

h
dGPH

�
.X0; .�0/

�
˛/; .X1; .�1/

�
˛

�i1=� � 21=�d˛;�
�
.X0; �0/; .X1; �1/

�
: (4.765)

Proof. That .Xj ; .�j /
�
˛/, j D 0; 1, are metric spaces whenever (4.763) holds is a

consequence of Theorem 3.46. To proceed, let " > dGPH
�
.X0; .�0/

�
˛/; .X1; .�1/

�
˛

�
.

Make use of (4.761) and select f 2 .2"/-Iso
�
.X0; .�0/

�
˛/; .X1; .�1/

�
˛/
�
. In partic-

ular, this entails X1 D [x2X0B.�1/�˛ .f .x/; 2"/ and we may invoke the axiom of
choice to construct g W X1 ! X0 with the property that Œ.�1/˛.f .g.x//; x/�� < 2"

for every x 2 X1. Thus, we have

�
Dev.�1/˛ .idX1; f ı g/�� < 2"; (4.766)

Dis�.�0/˛;.�1/˛ .f / D Dis.�0/�˛;.�1/�˛ .f / < 2"; (4.767)

where the fact that f 2 .2"/-Iso
�
.X0; .�0/

�
˛/; .X1; .�1/

�
˛/
�

was used in the last
inequality. Based on (4.766) and (4.767) and parts .2/ and .4/ of Lemma 4.110,
we then deduce that

Dis�.�1/˛;.�0/˛ .g/ D Dis.�1/�˛;.�0/�˛ .g/ < 6 " and
�
Dev.�0/˛ .idX0; g ı f /�� < 4":

(4.768)

Collectively, (4.766)–(4.768) prove that

d˛;�
�
.X0; �0/; .X1; �1/

� � Œf; g�
˛;�

.X0;�0/;.X1;�1/
< .6 "/1=� : (4.769)

After letting " & dGPH
�
.X0; .�0/

�
˛/; .X1; .�1/

�
˛

�
this yields (4.764).

To justify (4.765), consider " > d˛;�
�
.X0; �0/; .X1; �1/

�
. Then there exist

two functions, f W X0 ! X1 and g W X1 ! X0, with the property that
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Œf; g�
˛;�

.X0;�0/;.X1;�1/
< ". In particular,

Dis.�0/�˛;.�1/�˛ .f / D Dis�.�0/˛;.�1/˛ .f / < "
�; (4.770)

Dev.�1/�˛ .idX1; f ı g/ D �
Dev.�1/˛ .idX1; f ı g/�� < "� : (4.771)

Upon observing that (4.771) entails

X1 D
[

x2X0
B.�1/

�
˛
.f .x/; "� /; (4.772)

we may conclude from (4.770) and (4.772) that "� -Iso
�
.X0; .�0/

�
˛/; .X1; .�1/

�
˛/
� 6D

;. With this in hand, (4.762) then gives dGPH
�
.X0; .�0/

�
˛/; .X1; .�1/

�
˛

�
< 2"� . By

letting " & d˛;�
�
.X0; �0/; .X1; �1/

�
, estimate (4.765) follows. This completes the

proof of the proposition. ut
We are now ready to introduce a version of the Gromov–Pompeiu–Hausdorff

distance that is suitably adapted to the context of quasimetric spaces.

Definition 4.117. Fix ˛ 2 .0;C1� and a number � 2 .0; ˛�, and assume that the
quasimetric spaces .X; �X/ and .Y; �Y / have the property that

0 < ˛ � min
n
Œlog2C�X �

�1; Œlog2C�Y �
�1
o
: (4.773)

For every number ˇ 2 .0; .1=˛C 1=�/�1� define

ı˛;�;ˇ
�
.X; �X/; .Y; �Y /

� WD inf
n
 NX

iD1

�
d˛;�

�
.Zi ; �i /; .ZiC1; �iC1/

��ˇ� 1
ˇ
o
; (4.774)

where d˛;� is as in Definition 4.111 and the infimum is taken over all numbers
N 2 N and all families .Zi ; �i /1�i�NC1 of quasimetric spaces with the property
that

.Z0; �0/ D .X; �X/; .ZNC1; �NC1/ D .Y; �Y /;

and 0 < ˛ � Œlog2C�i �
�1; 8 i 2 f1; : : : ; N C 1g: (4.775)

The theorem below, summarizing some of the most basic properties of the
function ı˛;�;ˇ introduced in Definition 4.117, is the main result in this section.

Theorem 4.118. Fix ˛ 2 .0;C1�, � 2 .0; ˛� and assume that ˇ 2 .0; .1=˛ C
1=�/�1�. Then the following properties are valid.

(i) If .X; �X/ and .Y; �Y / are quasimetric spaces satisfying Œlog2C�X �
�1 � ˛ and

Œlog2C�Y �
�1 � ˛, then the following symmetry condition holds:

ı˛;�;ˇ
�
.X; �X/; .Y; �Y /

� D ı˛;�;ˇ
�
.Y; �Y /; .X; �X/

�
: (4.776)
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Moreover,

2
�

2
ˇ d˛;�

�
.X; �X /; .Y; �Y /

� � ı˛;�;ˇ
�
.X; �X /; .Y; �Y /

� � d˛;�
�
.X; �X /; .Y; �Y /

�I
(4.777)

hence, in particular,

ı˛;�;ˇ
�
.X; �X/; .Y; �Y /

� � max
˚
diam�X .X/; diam�Y .Y /

�
: (4.778)

In addition,

ı˛;�;ˇ
�
.X; �X/; .Y; �Y /

� � 61=�
h
dGPH

�
.X; .�X/

�
˛/; .Y; .�Y /

�
˛/
�i1=�

; (4.779)

h
dGPH

�
.X; .�X/

�
˛/; .Y; .�Y /

�
˛/
�i1=� � 21=˛C1=ˇC1=� ı˛;�;ˇ

�
.X; �X/; .Y; �Y /

�
:

(4.780)

(ii) The function .ı˛;�;ˇ/
ˇ satisfies the triangle inequality in the sense that if

.X; �X/, .Y; �Y /, .Z; �Z/ are three quasimetric spaces with the property that

0 < ˛ � min
n
Œlog2C�X �

�1; Œlog2C�Y �
�1; Œlog2C�Z �

�1o; (4.781)

then

�
ı˛;�;ˇ

�
.X; �X/; .Y; �Y /

��ˇ

� �
ı˛;�;ˇ

�
.X; �X/; .Z; �Z/

��ˇ C �
ı˛;�;ˇ

�
.Z; �Z/; .Y; �Y /

��ˇ
: (4.782)

(iii) Suppose that .X; �X/ and .Y; �Y / are quasimetric spaces for which
Œlog2C�X �

�1 � ˛ and Œlog2C�Y �
�1 � ˛, and such that the topological spaces

.X; ��X / and .Y; ��Y / are compact. Then

ı˛;�;ˇ
�
.X; �X/; .Y; �Y /

� D 0 , .X; .�X/˛/ and .Y; .�Y /˛/ are isometric:

(4.783)

In particular, ı˛;�;ˇ
�
.X; �X/; .Y; �Y /

� D 0 implies that .X; �X/ and .Y; �Y / are
bi-Lipschitzly homeomorphic.

Conversely, given two bi-Lipschitzly homeomorphic quasimetric spaces
.X; �X/ and .Y; �Y / that satisfy Œlog2C�X �

�1 � ˛ and Œlog2C�Y �
�1 �

˛, there exists a quasidistance e�X 2 Q.X/ such that e�X 	 �X and
ı˛;�;ˇ

�
.X;e�X/; .Y; �Y /

� D 0.
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(iv) Assume that
˚
.Xi ; �i /

�
i2I is an infinite family of quasimetric spaces satisfying

the following conditions:

the topological space .Xi ; ��i / is compact for every i 2 I; (4.784)

inf
i2I Œlog2C�i �

�1 � ˛ and sup
i2I

diam�i .Xi / < C1; (4.785)

and

8 " > 0 9N D N."/ 2 N such that 8 i 2 I 9Ai � Xi with

the property that #Ai � N and
S
x2Ai B�i .x; "/ D Xi:

(4.786)

In addition, assume that ˛ is finite. Then for every countable set J � I there
exist a countable set fjkgk2N � J and a quasimetric space .X; �/ with the
property that .X; ��/ is compact, Œlog2C��

�1 � ˛, and

lim
k!1 ı˛;˛;ˇ

�
.Xjk ; �jk /; .X; �/

� D 0: (4.787)

Proof. Recall that estimate (4.744) holds and that, by hypothesis, the exponent
ˇ satisfies 0 < ˇ � Œlog22

1=�C1=˛��1. Keeping these observations in mind, the
symmetry property (4.776) is a consequence of (4.740) and (3.529) in part .11/
of Theorem 3.46, whereas the double inequality in (4.777) follows from (3.129).
Furthermore, (4.778) follows from (4.777) and (4.741). A combination of (4.777)
and Proposition 4.116 proves (4.779) and (4.780). This concludes the proof of .i/.
Next, based on our earlier observations and (3.532) in part .11/ of Theorem 3.46,
we deduce that the claim in .ii/ holds.

Moving on, the first claim in .iii/ is a corollary of (4.780) and
[27, Theorem 7.3.30]. Together, (4.777) and Proposition 4.114 then imply the
second claim in .iii/, completing the proof of this portion of the statement of the
theorem.

There remains to deal with the claim made in part .iv/. In this regard, the
key observation is that if ˛ is finite, then the current hypotheses imply that˚
.Xi ; .�i /

˛
˛/
�
i2I is a uniformly totally bounded family of compact metric spaces,

in the sense of [27, Definition 7.4.13]. As such, Gromov’s compactness theorem
(cf., e.g., [27, Theorem 7.4.15]) gives that for every countable set J � I there exist
a countable set fjkgk2N � J and a metric space .X; d/with the property that .X; ��/
is compact and

lim
k!1 dGPH

�
.Xjk ; ..�jk /˛/

˛/; .X; d/
� D 0: (4.788)

Hence, if we now define � WD d1=˛ on X � X , then .X; �/ is a quasimetric space,
and, since �d1=˛ D �d , the topological space .X; ��/ is compact. Furthermore, we
have that C� D Cd1=˛ D .Cd /

1=˛ � 21=˛ since Cd � 2 given that d is a distance.
Consequently, Œlog2C��

�1 � ˛. Going further, observe that
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.�˛/
˛ D �

.d 1=˛/˛
�˛ D d (4.789)

by properties .5/ and .9/ in Lemma 3.14 since, as a distance, d is 1-subadditive.
This shows that .X; d/ D .X; .�˛/

˛/. With this in hand, (4.787) follows by virtue
of (4.789) and (4.779). This concludes the treatment of the claim made in part .iv/
and completes the proof of the theorem. ut



Chapter 5
Nonlocally Convex Functional Analysis

The goal in this chapter is to establish completeness and separability criteria for
large classes of topological vector spaces that are typically nonlocally convex (such
as Lebesgue-like spaces, Lorentz spaces, Orlicz spaces, mixed-normed spaces, tent
spaces, and discrete Triebel–Lizorkin and Besov spaces) and to derive pointwise
convergence results in the case of vector spaces of measurable functions.

The proofs of our results in this chapter make essential use of abstract capacitary
estimates. By a capacity we will understand a nonnegative function C defined in
some algebraic environment G equipped with some associative binary operation �
that is allowed to be only partially defined (i.e., its domain could, in principle, be
just a subset of G � G) and that is quasisubadditive. The latter property indicates
that there exists a constant c 2 Œ0;C1/ such that C .f � g/ � c

�
C .f / C C .g/

�

whenever f; g 2 G have a meaningfully defined product f � g 2 G.
This topic was the subject of extensive work in earlier chapters. Here we use

this analysis and further expand upon it. For example, we will employ capacitary
estimates in such settings as the case when .G;�/ is the underlying Abelian additive
group of a given vector space X (in which scenario, C may be allowed to be a
quasinorm onX ), when .G;�/ consists of a sigma-algebra of sets M equipped with
the operation of taking unions, or, more generally, whenG is a lattice X , with f �g
taken to be f _g WD supff; gg for each f; g 2 X (in which case C may be thought
of as a rough version of a measure). The presentation in this chapter follows closely
[82].

5.1 Formulation of Results

Typically, completeness results are proved via ad hoc methods by reducing matters
to the completeness of other, more standard spaces (a case in point is the treatment
of tent spaces from [33]) or, when done abstractly, such considerations are largely
limited to genuine Banach spaces (as is the case with the treatment in Chap. 15 of

D. Mitrea et al., Groupoid Metrization Theory, Applied and Numerical
Harmonic Analysis, DOI 10.1007/978-0-8176-8397-9 5,
© Springer Science+Business Media New York 2013
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the classical monograph [130] of Zaanen, or the more timely presentation in The-
orem 1.7, p. 6 in the monograph [15] by Bennett and Sharpley). More specifically,
in [15, 74, 130] (as well as in many other works based on these references), the
authors consider Köthe function spaces, i.e., having fixed a background measure
space, spaces of the form L� WD ˚

f measurable W kf k WD �.jf j/ < C1�
,

where � is a mapping defined on MC, the collection of all nonnegative measurable
functions, satisfying

for each f 2 MC; �.f / 2 Œ0;C1�; and �.f / D 0 , f D 0; (5.1)

�.�f / D ��.f / for each f 2 MC and each � � 0; (5.2)

�.f C g/ � �.f /C �.g/ for each f; g 2 MC; (5.3)

�.f / � �.g/ whenever f; g 2 MC satisfy f � g a.e. (5.4)

In particular, the subadditivity property (5.3) precludes one from considering
arbitrary quasinormed spaces. A notable exception is the treatment in Sect. 2.3 of
the monograph [91] by Okada, Ricker, and Sánchez Pérez, where a completeness
result is proved for quasinormed spaces, though the scope of this work is limited
to order ideals of measurable functions associated with finite measure spaces,1 a
setting too restrictive for the applications we have in mind.

By way of contrast, here we adopt an abstract, general point of view, aimed at
identifying the essential characteristics of a topological/functional analytic nature
of a given vector space that ensure completeness and/or separability. Regarding
the former issue, a sample result, itself a consequence of more general theorems
proved later in this chapter, is formulated in Theorem 5.3 below. Before stating it,
we first make a couple of definitions, the first of which describes a general recipe for
constructing topologies on a given group and clarifies the notion of completeness.

Definition 5.1. Let .X;C/ be a group, and denote by 0 the neutral element inX and
by �f the inverse of f 2 X . In this context, for a given function W X ! Œ0;C1�

with the property that  .0/ D 0, define the topology � induced by  on X by
demanding that O � X be open in � if and only if for each f 2 O there exists
r > 0 such that B .f; r/ � O, where B .f; r/ WD fg 2 X W  .f � g/ < rg.

In such a setting, call a sequence ffngn2N � X Cauchy provided for every
" > 0 there exists N" 2 N such that  .fn � fm/ < " whenever n;m 2 N are
such that n;m � N". Also, call .X; � / complete if any Cauchy sequence in X
is convergent in � to some element in X .

Our second definition introduces a severely weakened notion of measure.

Definition 5.2. Given a measurable space .†;M/, call a function � W M !
Œ0;C1� a feeble measure provided the collection of its null sets, i.e.,

1As is indicated in the last paragraph on [91, p. 18].
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N� WD ˚
A 2 M W �.A/ D 0

�
; (5.5)

contains ;, is closed under countable union, and satisfies A 2 N� wheneverA 2 M
and there exists B 2 N� such that A � B .

Let .†;M/ be a measurable space, and let � be a feeble measure on M. As in the
case of genuine measures, we will say that a property is valid �-a.e. provided the
property in question is valid, with the possible exception of a set in N�. Identifying
functions coinciding �-a.e. on † then becomes an equivalence relation, and we will
denote by M.†;M; �/ the collection of all equivalence classes2 of scalar-valued,
M-measurable functions on †. Finally, we define

MC.†;M; �/ WD ˚
f 2 M.†;M; �/ W f � 0 �-a.e. on †

�
: (5.6)

We now proceed to state the abstract completeness criterion alluded to earlier (a
more general result of this nature is discussed in Theorem 5.9).

Theorem 5.3. Assume that .†;M/ is a measurable space and that � is a feeble
measure on M. Suppose that the function3

k � k W MC.†;M; �/ �! Œ0;C1� (5.7)

satisfies the following properties:

(1) (Quasisubadditivity) There exists a constant C0 2 Œ1;C1/ with the prop-
erty that

kf C gk � C0 maxfkf k; kgkg; 8 f; g 2 MC.†;M; �/I (5.8)

(2) (Pseudohomogeneity) There exists a function ' W .0;C1/ ! .0;C1/

satisfying

k�f k � '.�/kf k; 8 f 2 MC.†;M; �/; 8� 2 .0;C1/; (5.9)

and such that4

sup
�>0

�
'.�/'.��1/

�
< C1 and lim

�!0C

'.�/ D 0I (5.10)

(3) (Nondegeneracy) There holds

2Even though we will work with equivalence classes of functions, we will follow the common
practice of ignoring this aspect in the choice of our notation.
3While the notation k � k is employed, the function in question satisfies much weaker conditions
than the axioms used to define a genuine norm.
4Any function of the form '.�/ WD �p , with p 2 .0;1/ fixed, satisfies (5.10). Such an example
arises naturally if, e.g., � is a measure and kf k WD R

† f
p d� for each f 2 M

C

.†;M; �/

(note that k � k satisfies all hypotheses of Theorem 5.3).
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kf k D 0 ” f D 0; 8 f 2 MC.†;M; �/I (5.11)

(4) (Quasimonotonicity) There exists a constant C1 2 Œ1;C1/ such that for any
functions f; g 2 MC.†;M; �/ satisfying f � g �-a.e. on † there holds
kf k � C1kgk;

(5) (Weak Fatou property) If .fi /i2N � MC.†;M; �/ is a sequence of functions
satisfying fi � fiC1 �-a.e. on † for each i 2 N and supi2N kfik < C1, then��supi2N fi

�� < C1.

Finally, define

L WD ˚
f 2 M.†;M; �/ W kf kL WD k jf j k < C1�

: (5.12)

Then functions in L are finite�-a.e. on† and, with the topology �k�kL considered
in the sense of Definition 5.1 (relative to the additive group structure on L),

�L; �k�kL
�

is a Hausdorff, complete, metrizable, topological vector space: (5.13)

The proof of Theorem 5.3 is presented in Sect. 5.4.1, after Theorem 5.9 has
been established. The latter theorem constitutes our main completeness result in
the setting of topological vector spaces, and Theorem 5.3 is essentially obtained
as a fairly routine corollary of it. Significantly, Theorem 5.9 is formulated in the
setting of partially ordered vector spaces, without any reference to a background
measure space.

Of course, any genuine quasinorm k � k on the vector space L0.†;M; �/,
consisting of (classes of) functions from M.†;M/ that are finite �-a.e., satisfies
the axioms .1/–.3/. In such a scenario, property .4/ is a relaxation of the demand
that k � k is monotone, a condition that reads

8 f; g 2 MC.†;M; �/ with f � g �-a.e. on † H) kf k � kgk: (5.14)

Also, the weak Fatou property mimics (in abstract, and with a weaker conclusion)
the familiar Fatou’s lemma in the standard setting of Lebesgue spaces. Indeed, in
Proposition 5.17 we will prove that, given a feeble measure� on a measurable space
.†;M/ and a function k � k W MC.†;M; �/ ! Œ0;C1� that is quasisubadditive
and quasimonotone, the weak Fatou property stated in Theorem 5.3 is equivalent to
the demand that

.fi /i2N � MC.†;M; �/ and lim inf
i!1 kfik < C1 H) �

�lim inf
i!1 fi

�
� < C1:

(5.15)
Moreover, under the hypotheses of Theorem 5.3, a quantitative version of this
implication holds; see (5.16) below. It is worth noting that under the stronger
assumption that k � k is genuinely monotone, establishing the equivalence between
condition (5.15) and the weak Fatou property stated in Theorem 5.3 is a trivial
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matter.5 However, the proof of this equivalence is considerably more subtle under
the mere quasimonotonicity assumption we presently make (see the discussion in
the proof of Proposition 5.17 for details). The interested reader is referred to, e.g.,
[6, 15], [130, Sect. 65, pp. 446–449] for more on the role and significance of the
Fatou property, albeit under considerably stronger background assumptions than
ours. Finally, we wish to note that (5.12) is a general recipe according to which
large classes of function spaces naturally arise in practice; see Sect. 5.2 for concrete
examples of interest.

In addition to completeness, we are also interested in establishing abstract results
pertaining to the pointwise behavior of sequences of functions that are convergent in
topological vector spaces created according to formula (5.12). Specifically, we will
prove the following theorem.

Theorem 5.4. Retain the same hypotheses as in Theorem 5.3, and recall the vector
space L from (5.12). Then any sequence .fj /j2N in L that is convergent to some
f 2 L in the topology �k�kL has a subsequence that converges to f pointwise �-a.e.
on †.

In particular, the positive cone in L equipped with the partial order in-
duced by the pointwise �-a.e. inequality of functions, i.e., LC WD ff 2 L W
f � 0 �-a.e. on †g, is closed in

�L; �k�kL
�
.

Theorem 5.4 is proved in the last part of Sect. 5.4.2 by making use of capacitary
estimates and the fact that the weak Fatou property implies a quantitative version of
itself. More precisely, in the context of Theorem 5.3,

9C 2 Œ0;C1/ such that 8 .fi /i2N � MC.†;M; �/

one has
�
�
�lim inf
i!1 fi

�
�
� � C lim inf

i!1 kfik:
(5.16)

This is proved in Corollary 5.21.
It is also possible to specify general conditions ensuring the continuous

embedding of the vector space L from (5.12) equipped with the topology �k�kL
into the space of measurable, a.e. finite functions equipped with the topology
of convergence in measure. To state a theorem to this effect, let us agree that
1E will denote the characteristic function of the set E. Also, given a sigma-
finite measure6 space .†;M; �/, let L0.†;M; �/ stand for the vector space
ff 2 M.†;M; �/ W jf j < C1 �-a.e. on †g, and denote by �� the topology
on this space induced by convergence in measure on sets of finite measure.

5Since lim infi!1

fi D supi2N
gi , where gi WD infj�i fj for any sequence .fi /i2N of functions

in M
C

.†;M; �/, it follows that (5.15) implies the weak Fatou property. For the converse
implication, note that supi2N

kgik D lim infi!1

kgik whenever .gi /i2N � M
C

.†;M; �/,
gi � giC1 �-a.e. on † for each i 2 N, given that the sequence

˚kgikgi2N is monotone.
6Throughout the chapter, unless otherwise specified, by “measure” we will always understand a
positive measure.
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Theorem 5.5. Suppose that .†;M; �/ is a measure space, and assume that a
function k � k W MC.†;M; �/ ! Œ0;C1� satisfying properties .1/–.4/ listed in
Theorem 5.3 has been given. In addition, suppose that

9 .Kj /j2N � M satisfying
1S
jD1

Kj D † and with the property that

Kj � KjC1; �.Kj / < C1; k1Kj k < C1 for each j 2 N:

(5.17)

Then, if L is as in (5.12), it follows that

�L; �k�kL
�
,! �

L0.†;M; �/; ��
�

continuously: (5.18)

Theorem 5.5 is a direct corollary of Theorem 5.26, stated and proved in Sect. 5.6.
The last topic of interest for us in this chapter concerns the separability of the

topological vector space from (5.13). In this regard, we will establish the following
result (see Definition 5.20 for the notion of separable measure).

Theorem 5.6. Retain the hypotheses of Theorem 5.5, and in addition assume that
k � k is absolutely continuous, in the sense that for any given f 2 L there holds

8 .An/n2N � M such that 1An ! 0

pointwise �-a.e. on † as n ! 1

)

H) lim
n!1

�
� jf j � 1An

�
� D 0: (5.19)

Then
�L; �k�kL

�
is a separable topological space whenever the measure � is

separable.

Theorem 5.6 is readily implied by Theorem 5.28 discussed in Sect. 5.7.
In closing, we wish to note that in the case when

�L; k � kL
�

is a Banach function
space, it follows from [15, Theorem 5.5, p. 27] that both the absolute continuity
property stated in (5.19) and the separability of the measure� are actually necessary
conditions for the separability of the topological space

�L; �k�kL
�
.

5.2 Examples

It is instructive to illustrate the scope of Theorems 5.3 and 5.6 by considering a
multitude of examples of interest and studying, in each case, the extent to which the
conditions stipulated in the statement of these theorems are satisfied.

Example 1. Abstract Lebesgue spaces Lp.†;M; �/, 0 < p � 1, associated with
a measure space .†;M; �/. This is, of course, a toy case, and the goal is to illustrate
the role and necessity of the assumptions made in our earlier theorems. Here, for

each f 2 MC.†;M; �/ we take kf k WD
�R

† f
p d�

	1=p
if p 2 .0;1/ and,
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corresponding to p D 1, kf k WD ess-supf . Then, for each f; g 2 MC.†;M; �/

and p 2 .0;1�,

kf C gk � cp
�kf k C kgk� � 2cp maxfkf k; kgkg;

where cp WD 2maxf0;1=p�1g 2 Œ1;C1/;
(5.20)

which shows that the quasinorm condition (5.8) is satisfied. Moreover, for each
index p 2 .0;1� the classic Fatou lemma gives that7

�
�
�sup
i2N

fi

�
�
� � sup

i2N
kfik (5.21)

whenever the functions .fi /i2N � MC.†;M; �/ satisfy fi � fiC1 �-a.e. on †
for each i 2 N. Thus, properties .1/–.5/ in the statement of Theorem 5.3 hold.
As a consequence, we recover the familiar result that Lp.†;M; �/ is a complete
quasimetric (hence, quasi-Banach) space with the property that any convergent
sequence from this space has a subsequence that converges (to its limit in Lp) in
a pointwise �-a.e. fashion. Furthermore, if � is sigma-finite, then Lp.†;M; �/

embeds continuously into
�
L0.†;M; �/; ��

�
. Finally, if p 2 .0;1/ (which is the

range for which (5.19) holds) and the measure � is separable and sigma-finite, then
the space Lp.†;M; �/ is separable. As is well known (cf., e.g., [15, Theorem 5.5,
p. 27]), for each p 2 Œ1;1/ the separability of the measure� is actually a necessary
condition for the separability of the Lebesgue space Lp.†;M; �/.

Example 2. Generalized Lebesgue spacesL�.†;M; �/, associated with a measure
space .†;M; �/. Let � W R ! Œ0;C1/ be an even, lower-semicontinuous function
that vanishes at, and only at, the origin. In addition, assume there exist c0; c1 2
Œ1;C1/ and p 2 .0;C1/ with the property that

�.t1/ � c0�.t2/; 8 t1; t2 2 Œ0;C1/ such that t1 � t2; (5.22)

�.st/ � csp�.t/; 8 s 2 Œ0;C1/ and 8 t 2 .0;C1/: (5.23)

Define k � k W MC.†;M; �/ ! Œ0;C1� by setting

kf k WD
Z

†

�.f .x// d�.x/; 8 f 2 MC.†;M; �/; (5.24)

and, consistent with (5.12), consider

L�.†;M; �/ WD ˚
f 2 M.†;M; �/ W k jf j k < C1�

: (5.25)

7In fact, (5.21) holds with equality, as the observant reader has undoubtedly noted.
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Of course, for each fixed p 2 .0;1/ the function �.t/ WD jt jp satisfies all
conditions stipulated previously and, corresponding to this choice of � , the space
L�.†;M; �/ coincides, as a topological vector space, with the classical Lebesgue
space Lp.†;M; �/ (thus justifying the terminology adopted here).

To understand the nature of the space defined in (5.25), observe that for each
function f; g 2 MC.†;M; �/ we may write

kf C gk D
Z

†

�
�
f .x/C g.x/

�
d�.x/

D
Z

fx2†Wf .x/�g.x/g
�
�
f .x/C g.x/

�
d�.x/

C
Z

fx2†Wf .x/<g.x/g
�
�
f .x/C g.x/

�
d�.x/

� c0

Z

†

�
�
2f .x/

�
d�.x/C c0

Z

†

�
�
2g.x/

�
d�.x/

� c0c12
p
�kf k C kgk� � c0c12

pC1 max
˚kf k; kgk�; (5.26)

which shows that k � k satisfies the quasisubadditivity condition (5.8) with constant
C0 WD c0c12

pC1 2 Œ1;C1/. In addition, for each function f 2 MC.†;M; �/ and
each scalar � 2 .0;C1/,

k�f k D
Z

†

�
�
�f .x/

�
d�.x/ � c1�

p

Z

†

�
�
f .x/

�
d�.x/ D c1�

pkf k; (5.27)

hence the pseudo-homogeneity condition .2/ holds for ' W .0;C1/ ! .0;C1/

given by '.�/ WD c1�
p for each � 2 .0;C1/. Moreover, since � vanishes only

at the origin, it is clear that k � k is nondegenerate. Also, whenever two functions
f; g 2 MC.†;M; �/ are such that f � g pointwise �-a.e. on †,

kf k D
Z

†

�
�
f .x/

�
d�.x/ � c0

Z

†

�
�
g.x/

�
d�.x/ D c0kgk; (5.28)

from which we deduce that k �k is quasimonotone. Finally, in concert with the lower
semicontinuity of � , the classic Fatou lemma gives that if .fi /i2N � MC.†;M; �/

is a sequence of functions satisfying fi � fiC1 �-a.e. on † for each i 2 N, then

��
�sup
i2N

fi

��
� D

Z

†

�
�

sup
i2N

fi .x/
	

d�.x/ D
Z

†

�
�

lim inf
i!1 fi .x/

	
d�.x/

�
Z

†



lim inf
i!1 �

�
fi .x/

�
�

d�.x/ � lim inf
i!1

Z

†

�
�
fi .x/

�
d�.x/

D lim inf
i!1 kfik � sup

i2N
kfik: (5.29)
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Thus, the weak Fatou property .5/ is satisfied as well; hence, all conditions
hypothesized in Theorem 5.3 hold. Consequently, L�.†;M; �/ is a complete
quasimetric space with the property that any convergent sequence from this space
has a subsequence that converges (to its limit in L� ) in a pointwise �-a.e. fashion.
Furthermore, Lebesgue’s dominated convergence theorem shows that (5.19) is
satisfied in the current setting. As such, the space L�.†;M; �/ is separable granted
that the measure � is separable and sigma-finite. Lastly, if the measure � is
sigma-finite, then (5.17) holds, which further implies that L�.†;M; �/ embeds
continuously into

�
L0.†;M; �/; ��

�
in this case.

Example 3. Variable exponent Lebesgue spaces Lp.�/.†;M; �/ associated with a
measure space .†;M; �/. Let p W † ! .0;C1/ be a measurable function,8 called
a variable exponent, with the property that

pC WD ess-supp < C1 and p� WD ess-infp > 0: (5.30)

Define the Luxemburg “norm” k�k D k�kLp.�/.†;M;�/ by setting (with the convention
that inf ; WD C1)

kf k WD inf
n
� > 0 W

Z

†

�
f .x/=�

�p.x/
d�.x/ � 1

o
; 8 f 2 MC.†;M; �/: (5.31)

The variable exponent Lebesgue space Lp.�/.†;M; �/ is then constructed as

in (5.12) for the choice of k � k as in (5.31). Since
R
†

�
f .x/=kf k�p.x/ d�.x/ � 1

for each nonnegative function f 2 Lp.�/.†;M; �/, a straightforward computation
gives

kf C gk �
8
<

:
2

maxfpC ;1g
p�

�kf k C kgk� if p� < 1;
kf k C kgk if p� � 1;

8 f; g 2 MC.†;M; �/:

(5.32)

By design, we have k�f k D �kf k for each f 2 MC.†;M; �/ and � 2 .0;C1/.

Also, if f 2 MC.†;M; �/ is such that kf k D 0, then
R
†

�
f .x/="

�p.x/
d�.x/ � 1

for each " > 0, which immediately gives that f D 0 �-a.e. on †. Clearly, k � k is
monotone, and the classical Fatou lemma proves that k � k satisfies the strong Fatou
property (i.e., (5.21) holds). This shows that all hypotheses in Theorem 5.3 hold in
the current setting. Consequently,Lp.�/.†;M; �/ is a complete quasimetric (hence,
quasi-Banach) space with the property that any convergent sequence from this space
has a subsequence that converges (to its limit in Lp.�/) in a pointwise �-a.e. fashion.

8Typically, in the literature it is assumed that p � 1 �-a.e. on †, but such a restriction is artificial
for us here.
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Moreover, since for any A 2 M one has k1Ak � �
�.A/

�1=pA , where we have set
pA WD pC if �.A/ � 1 and pA WD p� if �.A/ > 1, it follows from Theorem 5.5
that Lp.�/.†;M; �/ embeds continuously into

�
L0.†;M; �/; ��

�
whenever the

measure � is sigma-finite. Finally, the absolute continuity condition (5.19) is
automatically verified in this setting; hence, Lp.�/.†;M; �/ is separable if the
measure � is separable and sigma-finite.

Example 4. Mixed-normed spaces LP , with P D .p1; : : : ; pn/ 2 .0;1�n, of
Benedek–Panzone. Let .†i ;Mi ; �i /, 1 � i � n, be measure spaces, set † WD
†1 � � � � � †n and M WD M1 ˝ � � � ˝ Mn, and define the product measure
� WD �1 ˝ � � � ˝ �n on †. Next, given P D .p1; : : : ; pn/ 2 .0;1�n, consider
k � k W MC.†;M; �/ ! Œ0;C1� defined for each f 2 MC.†;M; �/ according
to the formula

kf k WD
�Z

†1

�Z

†2

� � �
�Z

†n

f .x1; : : : ; xn/
pn d�n.xn/

	 pn�1
pn � � �

	 p1
p2 d�1.x1/

	 1
p1
;

(5.33)
understood with natural alterations when pi D 1 for some i 2 f1; : : : ; ng. In [14],
the mixed-normed spaces LP D LP .†;M; �/, constructed according to the recipe
described in (5.12) adapted to the current context, have been introduced and studied
in the case when 1 � pi � 1 for each i 2 f1; : : : ; ng. Here we wish to note that,
for the full range of indices P D .p1; : : : ; pn/ 2 .0;1�n, repeated applications
of (5.20) yield

kf C gk � 2
� nY

iD1
cpi

	
maxfkf k; kgkg; 8 f; g 2 MC.†;M; �/; (5.34)

hence (5.8) is satisfied. Also, with k � k as in (5.33), the strong Fatou property (5.21)
holds (applying the classic Fatou lemma n times), and the remaining hypotheses in
the statement of Theorem 5.3 are trivially satisfied. As a corollary, LP .†;M; �/

is a complete quasimetric space (hence, quasi-Banach) with the property that any
convergent sequence from this space has a subsequence that converges (to its limit in
LP ) in a pointwise �-a.e. fashion. In addition, this space is continuously embedded
into

�
L0.†;M; �/; ��

�
whenever each measure �i , 1 � i � n, is sigma-finite.

Finally, if P D .p1; : : : ; pn/ 2 .0;1/n and each measure �i is separable and
sigma-finite, 1 � i � n, then the space LP .†;M; �/ is separable.

Example 5. Variable exponent mixed-normed spaces LP.�/ where, for some n 2 N,
we have set P.�/ D .p1.�/; : : : ; pn.�//. Let .†i ;Mi ; �i /, 1 � i � n, be measure
spaces, set † WD †1 � � � � �†n and M WD M1 ˝ � � � ˝ Mn, and define the product
measure� WD �1˝� � �˝�n on†. In this setting, assume that for each i 2 f1; : : : ; ng
a Mi -measurable function pi W †i ! .0;C1/ has been given such that

pC
i WD ess-suppi < C1 and p�

i WD ess-infpi > 0: (5.35)
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Consider % W MC.†;M; �/ ! Œ0;C1� defined for each f 2 MC.†;M; �/

according to the formula

%.f / WD
Z

†1

�Z

†2

� � �
�Z

†n

f .x1; : : : ; xn/
pn.xn/ d�n.xn/

	pn�1.xn�1/ � � �
	p1.x1/

d�1.x1/;

(5.36)
and define the Luxemburg “norm” k � k D k � kLP.�/ .†;M;�/ by setting

kf k WD inf
˚
� > 0 W %.f=�/ � 1

�
; 8 f 2 MC.†;M; �/: (5.37)

Then the variable exponent mixed-norm space LP.�/.†;M; �/ is constructed for
this choice of k � k as in (5.12). Arguments similar in spirit to those presented in
Examples 2–3 show that LP.�/.†;M; �/ is a quasi-Banach space with the property
that any convergent sequence from this space has a subsequence that converges
[to its limit in LP.�/] in a pointwise �-a.e. fashion. Furthermore, LP.�/.†;M; �/

embeds continuously into
�
L0.†;M; �/; ��

�
, provided each measure �i is sigma-

finite, and is separable whenever each measure �i is sigma-finite and separable.

Example 6. Lorentz spaces Lp;q.†;M; �/, 0 < p < 1, 0 < q � 1, associated
with a measure space .†;M; �/. Recall that if 0 < p < 1 and 0 < q � 1,
then the Lorentz quasinorm k � k D k � kLp;q.†;M;�/ is defined for each f 2
MC.†;M; �/ by

kf k WD

8
<̂

:̂

�R1
0
�q�

�fx 2 † W f .x/ > �g�q=p d�
�

	1=q
if q < 1;

sup�>0
h
�� .fx 2 † W f .x/ > �g/1=p

i
if q D 1:

(5.38)

The Lorentz space Lp;q.†;M; �/ is defined as in (5.12) when k � k is as in (5.38).
Clearly, k � kL is then a monotone quasinorm. From [26, Theorem 1.9.9(c), p. 55]
it follows that the strong Fatou property (5.21) holds for the quasinorm (5.38), and
it is straightforward to check that all the other hypotheses in Theorem 5.3 are also
satisfied. Moreover, the absolute continuity condition from (5.19) holds whenever
q < 1 (cf. [26, Theorem 1.9.9(d), p. 55]), hence Theorem 5.6 applies in this case.
In summary, the Lorentz spaceLp;q.†;M; �/ is a complete quasimetric space with
the property that any of its convergent sequences has a subsequence that converges
(to its limit in Lp;q) in a pointwise �-a.e. fashion and that embeds continuously
into

�
L0.†;M; �/; ��

�
provided the measure� is sigma-finite. Moreover, whenever

p; q 2 .0;1/ and the measure � is separable and sigma-finite, then the Lorentz
space Lp;q.†;M; �/ is separable.

Let us also note here that similar considerations apply to the scale of Lorentz–
Orlicz spaces (cf. [70,85,118]), as well as to the so-called Lorentz–Sharpley spaces.
We omit the details.
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Example 7. Capacitary spaces Lp;q.†;M;C /, 0 < p < 1, 0 < q � 1,
associated with a measurable space .†;M/ and a standard Fatou capacity C onM.
By a standard capacity on a sigma-algebra of sets M we understand here a function
C W M ! Œ0;C1� satisfying for any A;B 2 M the following conditions:

C .;/ D 0; C .A/ � C .B/ if A � B; and C .A[ B/ � c
�
C .A/C C .B/

�
;

(5.39)

where c � 1 is a fixed, finite constant. A standard Fatou capacity is then a standard
capacity that has the Fatou property, that is,

limn!1 C .An/ D C
�S1

nD1 An
	

for every .An/n2N � M

with the property that C .An nAnC1/ D 0 for each n 2 N:
(5.40)

In particular, if “4” stands for the set-theoretic difference operation, this and (5.39)
imply that9

C .A/ D C .B/ whenever A;B 2 M are such that C .A4B/ D 0: (5.41)

Next, given a standard Fatou capacity C , it follows that C is a feeble measure.
Following [29], we define k �k D k�kLp;q.†;M;C / analogously to (5.38), i.e., for each
M-measurable function f on † that is nonnegative C -a.e., set

kf k WD

8
<̂

:̂

�R1
0
�qC

�fx 2 † W f .x/ > �g�q=p d�
�

	1=q
if q < 1;

sup�>0
h
�C .fx 2 † W f .x/ > �g/1=p

i
if q D 1:

(5.42)

Then, based on (5.41), it is clear that any two M-measurable functions that
coincide C -a.e. have identical quasinorms (i.e., (5.7) is well-defined). Keeping
this in mind and relying on [29, Theorem 1(d)], it follows that all hypotheses
made in Theorem 5.3 are verified in this setting. Consequently, the capacitary
space Lp;q.†;M;C / is a complete quasimetric space with the property that any
of its convergent sequences has a subsequence that converges [to its limit in
Lp;q.†;M;C /] in a pointwise �-a.e. fashion. Moreover, additional properties for
this space may be obtained by suitably strengthening the assumptions on C (so as
to fit the hypotheses of Theorems 5.4–5.6).

Example 8. Orlicz spaces L�.†;M; �/, associated with a measure space
.†;M; �/. Consider an even, lower-semicontinuous function � W R ! Œ0;C1�

that is not identically zero. In addition, assume that � is nondecreasing on Œ0;C1/

and that there exist c 2 Œ1;C1/ and p 2 .0;C1/ with the property that

�.st/ � csp�.t/; 8 s 2 Œ0; 1�; 8 t 2 .0;C1/: (5.43)

9Cf. the discussion preceding Theorem 1 on p. 98 in [29].
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Parenthetically, we note that any Young function satisfies the preceding conditions.
Let us also note that if to 2 .0;C1/ is such that �.to/ > 0, then c�1s�p�.to/ �
�.to=s/ for each s 2 .0; 1/, which, in particular, implies that

lim
t!C1 �.t/ D C1: (5.44)

In this setting, introduce the Luxemburg “norm” of any function f 2
MC.†;M; �/ by setting

kf k WD inf

�
a > 0 W

Z

†

�.f .x/=a/ d�.x/ � 1



2 Œ0;C1�; (5.45)

with the convention that inf ; WD C1. Then the Orlicz space L�.†;M; �/ is
defined as

L�.†;M; �/ WD ˚
f 2 M.†;M; �/ W k jf j k < C1�

: (5.46)

It is then clear that the Orlicz space L�.†;M; �/ fits within the framework
of (5.12). Clearly, k � k is monotone. Also, that k � k is nondegenerate readily follows
from (5.44) upon observing that, for each f 2 MC.†;M; �/, the following level
set estimate holds:

�."=a/�
�fx 2 † W f .x/ > "g� �

Z

†

�
�
f .x/=a

�
d�.x/; 8 a; " 2 .0;C1/:

(5.47)
To verify the quasisubadditivity condition, assume that f; g 2 MC.†;M; �/ are
such that 0 < minfkf k; kgkg and maxfkf k; kgkg < C1. Then

Z

†

�

�
f .x/C g.x/

c1=p.kf k C kgk/
�

d�.x/

D
Z

†

�

� kf k
kf k C kgk � c

�1=pf .x/
kf k C kgk

kf k C kgk � c
�1=pg.x/

kgk
�

d�.x/

� max

�Z

†

�
�c�1=pf .x/

kf k
	

d�.x/ ;
Z

†

�
�c�1=pg.x/

kgk
	

d�.x/




� max

�Z

†

�
�f .x/

kf k
	

d�.x/ ;
Z

†

�
�g.x/

kgk
	

d�.x/



� 1: (5.48)

Here, the first inequality follows from the fact that �.at1 C .1 � a/t2/ �
maxf�.t1/; �.t2/g for a 2 Œ0; 1� and t1; t2 2 .0;C1/ (which, in turn, is implied
by the monotonicity of �), the second uses (5.43), while the last inequality is a
consequence of the readily verified observation that

R
†
�.f=kf k/ d� � 1 for each
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f 2 MC.†;M; �/ with kf k 2 .0;C1/. Having proved (5.48), we then deduce
from (5.45) that

kf C gk � c1=p
�kf k C kgk� � 2c1=p max

˚kf k; kgk�; 8 f; g 2 MC.†;M; �/;

(5.49)

as desired. Furthermore, it is routine to check that

8 .fi /i2N � MC.†;M; �/ H)
�
�
�lim inf
i!1 fi

�
�
� � lim inf

i!1 kfik; (5.50)

which, as was already noted, implies the weak Fatou property hypothesized in
Theorem 5.3. Hence, all conditions stipulated in this theorem are satisfied. As such,
L�.†;M; �/ is a complete quasimetric space with the property that any convergent
sequence from this space has a subsequence that converges (to its limit in L� ) in
a pointwise �-a.e. fashion. Moreover, it is elementary to check that (5.19) holds
in the current situation and, hence, the space L�.†;M; �/ is separable whenever
the measure � is separable and sigma-finite. Finally, if limt!0C

�.t/ D 0 and
the measure � is sigma-finite, then (5.17) holds; hence, L�.†;M; �/ embeds
continuously into

�
L0.†;M; �/; ��

�
in this situation.

Example 9. Tent spaces T p;q , 0 < p; q � 1 with min fp; qg < 1, of Coifman-
Meyer-Stein. With L n denoting the n-dimensional Lebesgue measure, consider the
function k � k D k � kT p;q mapping a Lebesgue measurable function f W RnC1

C !
Œ0;C1� to

kf k WD
8
<

:

�R
Rn
.Aqf /.x/

p dL n.x/
	1=p

if p < 1;

ess-sup Cqf if p D 1
(5.51)

where, for each x 2 R
n, if �.x/ stands for the upright cone with vertex at x given

by f.y; t/ 2 R
n � .0;1/ W jx � yj< tg, then

.Aqf /.x/ WD
8
<

:

�R
�.x/ f .y; t/

q t�.nC1/ dL nC1.y; t/
	1=q

if q < 1;

sup.y;t/2�.x/ jf .y; t/j; if q D 1
(5.52)

denotes the area operator, while if T .B/ WD B � �0; rad.B/
� � R

nC1
C stands for the

Carleson box located above the n-dimensional ball B , then

.Cqf /.x/ WD sup
B3x

B ball inRn

� 1

L n.B/

Z

T .B/

f .y; t/q t�1 dL nC1.y; t/
	1=q

(5.53)
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denotes the Carleson operator. Then the tent space T p;q WD T p;q
�
R
nC1
C

�
is defined

as in (5.12) for the choice of the quasinorm k � k as in (5.51), provided p 2 .0;1�

and q 2 .0;1/. In this situation, analogously to the case discussed in Example 4, all
hypotheses of Theorem 5.3 are readily verified. From this and Theorems 5.4–5.6 we
may then conclude (keeping in mind that the Lebesgue measure is both separable
and sigma-finite) that the tent space T p;q with q < 1 is a complete quasimetric
space such that any of its convergent sequences has a subsequence that converges
(to its limit in T p;q) in a pointwise �-a.e. fashion and that embeds continuously into
the space of measurable, a.e. finite functions on R

nC1
C . In addition, if p; q 2 .0;1/,

then the tent space T p;q is separable.
The case q D 1 requires some special attention due to the presence of “sup”

in (5.52). In this scenario, the space T p;1 is defined in [33] as10

T p;1 WD ˚
f WRnC1

C ! R W f continuous, and kf kT p;1 < C1�
; 0 <p <1:

(5.54)

While this space does not fall directly under the scope of Theorem 5.3 (given that
it consists of continuous functions), a closely related version of it does, and this
suffices as far as the completeness of T p;1 is concerned. Specifically, given a
Lebesgue measurable function f in R

nC1
C , observe that the mapping

R
n 3 x 7! kf kL1.�.x/;L nC1/ 2 Œ0;C1� (5.55)

is lower semicontinuous. Thus, for such a function it is meaningful to consider

kf keT p;1 WD
�Z

Rn

kf kp
L1.�.x/;L nC1/

dL n.x/

�1=p
; 0 < p < 1; (5.56)

and then define (with R denoting the extended real-axis Œ�1;C1�)

eT p;1 WD ˚
f W RnC1

C ! R W f Lebesgue measurable;

and kf keT p;1 < 1�
; 0 < p < 1: (5.57)

It may then be verified without difficulty that k � keT p;1 satisfies the hypotheses
of Theorem 5.3; hence eT p;1 is a complete quasinormed space. Also, it is clear
from definitions that the Coifman–Meyer–Stein space T p;1 is a linear subspace of
our space eT p;1. Hence, to conclude that T p;1 is a complete quasinormed space,

10Strictly speaking, in [33] the authors also impose the condition that functions in T p;1 possess
nontangential limits a.e. on R

n � @R
nC1
C

, but this condition turns out to be superfluous.



310 5 Nonlocally Convex Functional Analysis

it suffices to show that T p;1 is closed in eT p;1. This is where the pointwise-
convergence result from Theorem 5.4 plays a key role, given that there exists
c 2 .0;C1/ such that for every .y0; t0/ 2 R

nC1
C

sup
B..y0;t0/; t0=2/

jf j � L n
�
B.y0; ct0/

��1=pkf keT p;1 (5.58)

for every function f that is continuous on R
nC1
C .

Example 10. Homogeneous Triebel–Lizorkin sequence spaces Pf p;q
˛ .Rn/, with 0 <

p; q � 1 and ˛ 2 R, of Frazier–Jawerth. Denote by Qn the standard family of
dyadic cubes in R

n, i.e., Qn WD ˚
2�j �Œ0; 1�n C k

� W j 2 Z; k 2 Z
n
�
. For each

Q 2 Qn, we will abbreviate jQj WD Ln.Q/. Following [47], we may now introduce
the homogeneous Triebel–Lizorkin scale of sequence spaces by defining Pf p;q

˛ .Rn/,
for ˛ 2 R, 0 < p � 1, and 0 < q � 1, as the collection of all sequences
s D fsQgQ2Qn with elements from R such that

ksk Pf p;q˛ .Rn/ WD �
� jsj �� < C1; (5.59)

where jsj WD fjsQjgQ2Qn and, for each sequence s D fsQgQ2Qn of numbers from
Œ0;C1�, we have set

ksk WD

�
�
��
�
�
�

0

@
X

Q2Qn

�
jQj� 1

2� ˛
n sQ1Q

	q
1

A

1
q

�
�
��
�
�
�
Lp.Rn/

; if 0 < p < 1; 0 < q � 1;

(5.60)
and, corresponding to the case when p D 1 and 0 < q � 1,

ksk WD sup
P2Qn

0

@ 1

jP j
Z

P

X

Q2QnWQ�P

�jQj� 1
2� ˛

n sQ1Q.x/
�q

dLn.x/
1

A

1
q

: (5.61)

This corresponds to the setup in Theorem 5.3 for the case when † WD Qn,
M WD 2Qn (i.e., the collection of all subsets of Qn), and � is the counting measure
on M since measurable functions may be canonically identified with numerical
sequences indexed by Qn. Then the quasitriangle inequality for k � k is a direct
consequence of the quasitriangle inequality for the quasinorms associated with the
classic sequence space `q (indexed by Qn) and Lebesgue space Lp.Rn/, as, in
fact, is the homogeneity and nondegeneracy of k � k. Also, the fact that k � k is
monotone is obvious, while the weak Fatou property for k � k may be easily verified
by (twice) making suitable use of the Lebesgue monotone convergence theorem.
Thus, the hypotheses of Theorem 5.3 hold in this case. In fact, the hypotheses of
Theorem 5.6 are also verified, as may be seen by applying (twice) the Lebesgue
dominated convergence theorem, provided maxfp; qg < 1. All in all, this shows
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that Pf p;q
˛ .Rn/ is a complete quasimetric space with the property that any convergent

sequence from this space has a subsequence that converges (to its limit in Pf p;q
˛ ) in a

pointwise fashion and is separable whenever maxfp; qg < 1.
Of course, similar considerations apply to the inhomogeneous Triebel–Lizorkin

sequence spaces f p;q
˛ .Rn/ defined in [47, Sect. 12]. Moreover, results for the

discrete Triebel–Lizorkin spaces directly translate into analogous results for the
continuous Triebel–Lizorkin scale, F p;q

˛ .Rn/, via wavelet transforms (more details
on the latter issue may be found in [68, 109, 120, 121]).

Example 11. The homogeneous Besov sequence spaces Pbp;q˛ .Rn/, 0 < p; q � 1,
˛ 2 R, of Frazier–Jawerth. Recall that Qn stands for the standard family of dyadic
cubes in R

n, and denote by `.Q/ the side length of Q 2 Qn. Then, following [46],
the homogeneous Besov sequence space Pbp;q˛ .Rn/, where 0 < p; q � 1 and ˛ 2 R,
is defined as the collection of all numerical sequences s D fsQgQ2Qn satisfying
(with natural interpretations when p D 1, or q D 1)

ksk Pbp;q˛ .Rn/ WD

0

B
B
@
X

j2Z

� X

Q2Qn

`.Q/D2�j

Œ jQj�˛=n�1=2C1=pjsQj �p
	q=p

1

C
C
A

1=q

< C1: (5.62)

Then it is clear that the same type of analysis and conclusions as in Example 10
apply to this context.

Example 12. Function spaces on spaces of homogeneous type (in the sense of
Coifman and Weiss). See [34,35] for a systematic introduction to the topic of spaces
of homogeneous type. Here we only wish to mention that the definition of the tent
spaces of Coifman–Meyer–Stein in R

nC1
C has a natural counterpart in the setting

of spaces of homogeneous type (a detailed analysis of which is found in [5]) and
that the arguments used in Example 9 make minimalistic use of the structure of the
ambient Euclidean space and, as such, carry over to the setting of tent spaces in
spaces of homogeneous type. In fact, a variety of other function spaces, naturally
arising in the context of spaces of homogeneous type, are amenable to the scope
of the results in this chapter. For example, this is the case for the discrete Triebel–
Lizorkin and Besov spaces on spaces of homogeneous type, as defined in [39, 55].
We omit the details.

5.3 Abstract Capacitary Estimates

The goal here is to prove a capacitary estimate involving the action of the capacity
on an infinite product. Such a result is of basic importance for the subsequent
considerations in this chapter. To set the stage, we first record a technical estimate
in the lemma below.
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Lemma 5.7. Suppose that .G;�/ is a given semigroup (hence,G.2/ D G �G) and
that C W G ! Œ0;C1� is a function for which there exists a constantC0 2 Œ1;C1/

with the property that the following quasisubadditivity condition holds:

C .f � g/ � C0 max
˚
C .f /;C .g/

�
for all .f; g/ 2 G.2/: (5.63)

In this context, for each N 2 N and each f 2 G set

f N WD f � � � � � f
„ ƒ‚ …

N times

and cN WD sup
f2G

C .f /¤0;C1

�
C .f N /

C .f /

�
: (5.64)

Then
cN � C2

0 N
log2 C0; 8N 2 N: (5.65)

Proof. Fix a finite number ˇ 2 �
0; .log2 C0/

�1� and consider some f 2 G such
that C .f / 2 .0;C1/. Then, given N 2 N, invoke (3.322) used with a1 D � � � D
aN D f (and  D C ). Such a choice yields the estimate C .f N / � C2

0 N
1=ˇC .f /,

which in turn forces

cN D sup
f2G

C .f /¤0;C1

�
C .f N /

C .f /

�
� C2

0 N
1=ˇ: (5.66)

Optimizing this last estimate with respect to ˇ 2 �0; .log2 C0/
�1� then yields (5.65),

completing the proof of the lemma. ut
Before stating the main result in this section, we clarify one additional piece of

notation. Concretely, assume that .G;�/ is a semigroupoid. Given a numberN 2 N

and an N -tuple J of positive integers, say J D .j1; : : : ; jN / 2 N
N , then for every

family .fj /j2J 2 G.N/ abbreviate

Y

j2J
fj WD

NY

iD1
fji WD fj1 � fj2 � � � � � fjN 2 G: (5.67)

Since the binary operation � is associative, this is unambiguously defined.

Theorem 5.8. Let .S;�/ be a semigroup and assume that 	 is a partial order
relation on S satisfying axioms .A1/ and .A2/ below:

(A1) For every sequence .fi /i2N � S

the set

(
NY

iD1
fi W N 2 N

)

has a least upper bound in .S;	/; (5.68)
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i.e., there exists f 2 S such that
QN
iD1 fi 	 f for all N 2 N and such that if

g 2 S satisfies
QN
iD1 fi 	 g for allN 2 N, then f 	 g. Hence, f is uniquely

determined, and one denotes

sup
N2N

 
NY

iD1
fi

!

WD f: (5.69)

(A2) For every N;M 2 N with M � N and for each family .fj /1�j�N � S the
following holds:

MY

iD1
fji 	

NY

jD1
fj if .ji /1�i�M � N satisfy 1 � j1 < j2 < � � � < jM � N .

(5.70)

Hence for each family .fj /j2N � S , by (A1) and (A2),

1Y

iD1
fi WD sup

N2N

� NY

iD1
fi

	
2 S is well defined: (5.71)

Let C W S ! Œ0;C1� be such that the following conditions are satisfied:

(i) (Quasisubadditivity) There exists a constant C0 2 Œ1;C1/ with the prop-
erty that

C .f � g/ � C0 maxfC .f /;C .g/g; 8 f; g 2 S: (5.72)

(ii) (Weak monotonicity) Whenever .fi /i2N � S and f 2 S are such that fi 	 f

for each i 2 N and C .f / < C1, it follows that supi2N C .fi / < C1.
(iii) (Weak Riesz–Fischer property) For every sequence .fi /i2N � S with the

property that supN2N C
�QN

iD1 fi
	
< C1 there holds C

�Q1
iD1 fi

	
< C1.

Then, for every finite number ˇ 2 �
0; .log2 C0/

�1�, there exists C 2 Œ0;C1/

such that

C
� 1Y

iD1
fi

	
� 2maxf1=ˇ�1;0g C2

0

( 1X

iD1
C .fi /

ˇ

) 1
ˇ

CC for each .fi /i2N � S . (5.73)

In general, one cannot take C D 0 in (5.73). However, one does have

lim sup
N!1

0

B
B
B
B
@

C
� 1Y

iD1
f N
i

	

cN

1

C
C
C
C
A

� 2maxf1=ˇ�1;0gC2
0

( 1X

iD1
C .fi /

ˇ

) 1
ˇ

; 8 .fi /i2N � S;

(5.74)
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provided [with .cN /N2N retaining the same significance as in (5.64)]

lim
N!1 cN D C1: (5.75)

Proof. Let C# be the regularization of the quasisubadditive function C according to
the procedure described in Theorem 3.28 for the semigroup .S;�/. That is, if

˛ WD 1

log2 C0
2 .0;C1�; (5.76)

then C# W S ! Œ0;C1� is the function that associates to each f 2 S the number

C#.f / WD inf

(
� NX

iD1
C .fi /

˛
	 1
˛ W N 2 N; f1; : : : ; fN 2 S; f D f1 � � � � � fN

)

(5.77)
if ˛ < C1 and, corresponding to the case when ˛ D C1,

C#.f / WD inf
n

max
1�i�N C .fi / W N 2 N; f1; : : : ; fN 2 S; f D f1�� � ��fN

o
: (5.78)

Then Theorem 3.28 ensures that

C�2
0 C � C# � C on S (5.79)

and that for each finite number ˇ 2 �0; .log2 C0/
�1�

C#

� NY

iD1
fi

	ˇ �
NX

iD1
C#.fi /

ˇ; 8N 2 N; 8 .fi /1�i�N � S: (5.80)

We next claim that, given any finite number ˇ 2 �0; .log2 C0/
�1�,

9C 2 Œ0;C1/ such that C#

� 1Y

iD1
fi

	ˇ �
1X

iD1
C#.fi /

ˇ C C; 8 .fi /i2N � S:

(5.81)
Seeking a contradiction, assume that there exists a finite number ˇ 2�
0; .log2 C0/

�1� such that (5.81) does not hold. Then, for each k 2 N there exists a
family .fi;k/i2N � S such that

C#

� 1Y

iD1
fi;k

	ˇ
>

1X

iD1
C#.fi;k/

ˇ C k: (5.82)

In particular, the right-hand side of (5.82) is finite and, as such,

C#.fi;k/ < C1; 8 i 2 N and 8 k 2 N; (5.83)
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and

for each k 2 N there exists ik 2 N such that
1X

iDik
C#.fi;k/

ˇ <
1

k2
:

(5.84)
Then, by (5.80) and (5.82),

ik�1X

iD1
C#.fi;k/

ˇ C C#

� 1Y

iDik
fi;k

	ˇ � C#

� 1Y

iD1
fi;k

	ˇ
>

1X

iD1
C#.fi;k/

ˇ C k: (5.85)

Thus, using (5.85) and (5.83) we may write

C#

� 1Y

iDik
fi;k

	ˇ
> k; 8 k 2 N: (5.86)

Going further, for each N 2 N define gN 2 S by setting

gN WD
NY

kD1

�ikCNY

iDik
fi;k

	
: (5.87)

We then obtain

C .gN /
ˇ � C

2ˇ
0 C#.gN /

ˇ � C
2ˇ
0

NX

kD1

ikCNX

iDik
C#.fi;k/

ˇ

� C
2ˇ
0

1X

kD1

ikCNX

iDik
C#.fi;k/

ˇ � C
2ˇ
0

1X

kD1

1

k2
< C1: (5.88)

Indeed, the first two inequalities follow from (5.79) and (5.80), the fourth inequality
is a consequence of (5.84), and the remaining ones are obvious. Hence, from (5.88)
we may conclude that

sup
N2N

C .gN / < C1: (5.89)

Also, in light of the hypothesized property .A2/ we have gi 	 giC1 for each i 2 N.
Keeping this in mind and using .A1/, (5.89), and the weak Riesz–Fischer property,
we deduce that

g WD sup
N2N

gN 2 S is well-defined and C .g/ < C1: (5.90)

Now, for each k 2 N and each N 2 N there holds
QikCN
iDik fi;k 	 g, by .A2/

and (5.87). Having observed this, .A1/ then ensures that

1Y

iDik
fi;k 	 g for each k 2 N: (5.91)
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Let us also note that, using (5.79) and (5.86), we have

C
� 1Y

iDik
fi;k

	
� C#

� 1Y

iDik
fi;k

	
> k1=ˇ for each k 2 N: (5.92)

Hence, on the one hand, supk2N C
�Q1

iDik fi;k
	

D C1. On the other hand,

from (5.91), the weak monotonicity property [cf. .i i/ in the statement of the

theorem] and the second part of (5.90) we see that supk2N C
�Q1

iDik fi;k
	
< C1.

This contradiction completes the proof of (5.81).
Using (5.81) along with (5.79) twice, we obtain that for each family .fi /i2N � S

and every finite number ˇ 2 �0; .log2 C0/
�1� there holds

C
� 1Y

iD1
fi

	ˇ � C
2ˇ
0 C#

� 1Y

iD1
fi

	ˇ � C
2ˇ
0

1X

iD1
C#.fi /

ˇ C C
2ˇ
0 C

� C
2ˇ
0

1X

iD1
C .fi /

ˇ C C
2ˇ
0 C; (5.93)

where the constant C 2 Œ0;C1/ is as in (5.81). Using the elementary fact that for
any a; b 2 Œ0;C1/ one has .aCb/1=ˇ � 2maxf1=ˇ�1;0g.a1=ˇCb1=ˇ/, and redenoting
2maxf1=ˇ�1;0gC2

0 C
1=ˇ 2 Œ0;C1/ by C , estimate (5.93) readily implies (5.73), for

each finite number ˇ 2 �0; .log2 C0/
�1�.

Next, we will prove that, in general, one cannot take C D 0 in (5.73). In fact, it
is possible to envision a scenario in which (5.73) holds for an arbitrarily specified
constant. To see this, fix an arbitrary number eC > 0 and consider the case in which
S WD 2N (i.e., S is the set of subsets of N), the binary operation � is the union of
sets (hence, .S;[/ is a semigroup), and C W 2N ! Œ0;C1/ is defined by

C .A/ WD
(
0 if A is finite

eC if A is infinite;
8A � N: (5.94)

Then it is straightforward to see that properties .A1/–.A2/ hold and that C is
quasisubadditive, more precisely that

C .A[ B/ � maxfC .A/;C .B/g; 8A;B � N: (5.95)

In particular, property .i/ from the statement of Theorem 5.8 is satisfied withC0WD1.
Also, C is monotone, i.e.,

C .A/ � C .B/; 8A � B � N: (5.96)
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It is immediate that (5.96) implies the weak-monotonicity property .i i/ from the
statement of the theorem. Since C takes finite values on S , the weak Riesz–Fischer
property .i i i/ is trivially satisfied. Consider next the family .fi /i2N � 2N defined
by fi WD fig for every i 2 N. Then, on the one hand,

1Y

iD1
fi D

1[

iD1
fig D N and C

� 1Y

iD1
fi
� D eC : (5.97)

On the other hand, C .fi / D 0 for all i 2 N. This shows that the smallest value
of the constant C for which the inequality (5.73) holds is precisely eC (incidentally,
since eC > 0, this shows that in general one cannot take C D 0 in (5.73)).

Finally, we are left with proving (5.74) under the assumption (5.75). To do so,
first observe from (5.73) that for every finite number ˇ 2 �

0; .log2 C0/
�1� there

exists C 2 Œ0;C1/ such that for every family .fi /i2N � S there holds

C
� 1Y

iD1
f N
i

	
� 2maxf1=ˇ�1;0gC2

0

n 1X

iD1
C .f N

i /
ˇ
o1=ˇ C C; 8N 2 N: (5.98)

To proceed, we note that

C .f N / � cNC .f /; 8 f 2 S and 8N 2 N: (5.99)

Indeed, (5.99) follows from the definition of cN when C .f / ¤ 0;C1. However,
if C .f / D C1, then there is nothing to prove, and if C .f / D 0, then, as a
consequence of (3.322), it follows that C .f N / D 0 for all N 2 N, so once
again (5.99) is trivially satisfied. Having established (5.99), we use this to further
bound the right-hand side of (5.98). As such, we obtain that

C
� 1Y

iD1
f N
i

	
� cN � 2maxf1=ˇ�1;0gC2

0

n 1X

iD1
C .fi /

ˇ
o1=ˇ C C; 8N 2 N: (5.100)

Then (5.74) readily follows by dividing both sides of the inequality in (5.100) by cN
and by taking lim sup as N ! 1. This completes the proof of Theorem 5.8. ut

5.4 Abstract Completeness Results

5.4.1 Linear Background

In this subsection we will formulate and prove the main completeness result in the
setting of a linear vector space (with additional structure), as described below.
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Theorem 5.9. Let .X;	/ be a partially ordered vector space,11 and denote by XC
the positive cone in .X;	/, i.e., XC WD ff 2 X W 0 	 f g, where 0 is the null
vector in X . Also, consider a mapping

k � k W X �! Œ0;C1/; (5.101)

satisfying the following properties:

(1) (Quasitriangle inequality) There exists a constant C0 2 Œ1;C1/ such that

kf C gk � C0 maxfkf k; kgkg; 8 f; g 2 X: (5.102)

(2) (Pseudohomogeneity) There exists a function ' W .0;C1/ ! .0;C1/

satisfying

k�f k � '.�/kf k; 8 f 2 X; 8� 2 .0;C1/; (5.103)

as well as

sup
�>0

�
'.�/'.��1/

�
< C1 and lim

�!0C

'.�/ D 0: (5.104)

(3) (Nondegeneracy) For each f 2 X there holds

kf k D 0 ” f D 0: (5.105)

(4) (Weak monotonicity) If a countable family of vectors .fi /i2N � XC has an
upper bound in .X;	/, then supi2N kfik < C1.

(5) (Weak Fatou property) Any family .fi /i2N � XC satisfying

fi 	 fiC1; 8 i 2 N; and sup
i2N

kfik < C1 (5.106)

has a least upper bound in .X;	/.
(6) (XC spansX , with control) There exist two functions P˙ W X ! XC satisfying

PC.f /� P�.f / D f; 8 f 2 X; (5.107)

and there exists a numerical sequence .ai /i2N � .0;C1/ with the property
that

11That is, X is a vector space and � is a partial order relation on X with the property that if
f; g 2 X are such that f � g, then f C h � g C h for every h 2 X and �f � �g for every
� 2 Œ0;C1/.
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for every sequence .fi /i2N � X such that kfik � ai for each i 2 N

H) 9 	 2 �0; .log2 C0/
�1� finite, with

1X

iD1
kP˙.fi /k	 < C1:

(5.108)

Let �k�k denote the topology induced by k � k on .X;C/ (in the sense of
Definition 5.1). Then .X; �k�k/ is a Hausdorff, complete, metrizable, topological
vector space.12

Before presenting the proof of this theorem, a few comments are in order.

Remark 5.10. (i) Since XC is the positive cone in .X;	/, we clearly have XC \
.�XC/ D f0g. Hence, (5.107) implies that XC � XC D X , so XC spans X .
Parenthetically, we note that the latter property holds whenever X is a Riesz
space, i.e., a partially ordered vector space .X;	/ where the order structure is
also a lattice. Indeed, in such a scenario, for any f 2 X we have that f D
f C � f � where f ˙ WD supf˙f; 0g.

(ii) Hypothesis (5.108) may be regarded as a degenerate continuity condition for
the operators P˙. It amounts to the ability of specifying a rate of decay for
the “norms” of a sequence of functions that ensures the membership of the
sequences of “norms” of their positive and negative parts to the classical
sequence space `	 (with 	 playing the role of a fine-tune parameter of
geometric character, as it relates to the quasisubadditivity constant for k � k).
Thus, P˙.fi / ! 0 whenever fi ! 0 in �k�k fast enough.

(iii) In the context of Theorem 5.9, if the condition

9C 2 Œ0;C1/ such that 8 f 2 X 9 f ˙ 2 XC

with f D f C � f � and kf ˙k � Ckf k
(5.109)

holds, then property .6/ in the statement of Theorem 5.9 is satisfied. Indeed,
in such a case, we may take P˙.f / WD f ˙ for every f 2 X , and (5.108) is
satisfied for every 	 2 .0;C1/ by choosing, e.g., ai WD 2�i for each i 2 N.

(iv) In the converse direction, if all hypotheses of Theorem 5.9 with the exception
of (5.108) are satisfied, the topological space .X; �k�k/ is complete, and the
positive cone XC is closed in .X; �k�k/, then (5.109) holds. This is proved
later, in Proposition 5.16, by relying on Baire’s category theorem, and shows
that (5.108) is a necessary condition for the conclusion of Theorem 5.9 in the
class of partially ordered vector spaces with closed positive cones.

These comments also warrant recording the following utilitarian corollary of
Theorem 5.9.

12That is, the vector addition and multiplication by scalars are continuous functions.
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Corollary 5.11. Let .X;	/ be a Riesz space and assume that k � k is a quasinorm
on X that satisfies the weak Fatou property (cf. (5) in Theorem 5.9) and for which
there exists C 2 Œ0;C1/ such that13

kf k � Ckgk; 8 f; g 2 XC with f 	 g; (5.110)

k sup ff; ggk � C max fkf k; kgkg; 8 f; g 2 X: (5.111)

Then .X; �k�k/ is a Hausdorff, complete, metrizable, topological vector space.

Proof. This is a direct consequence of Theorem 5.9 as well as parts .i/ and .i i i/ of
Remark 5.10. ut

We proceed now to presenting the proof of Theorem 5.9.

Proof of Theorem 5.9. That .X; �k�k/ is a topological vector space is a
straightforward consequence of (5.102), (5.103), and the last condition in (5.104).
Furthermore, the fact that the topological space .X; �k�k/ is Hausdorff is an
immediate consequence of property .3/ and (5.102). Also, that the topology
�k�k is metrizable is justified by observing that if k � k# is the regularization of
k � k (as in Theorem 3.28, in the context of the Abelian group .X;C/), then,
having fixed a finite number ˇ 2 �

0; .log2 C0/
�1�, we have that the mapping

X �X 3 .f; g/ 7! d.f; g/ WD kf � gkˇ# 2 Œ0;C1/ is a genuine distance (thanks
to (3.344)) that yields the same topology on X as �k�k (thanks to (3.343)).

Capacitary estimates of the type (5.74) play an essential role in the proof of the
completeness of the space .X; �k�k/, and next we will set the stage for employing
Theorem 5.8 in order to establish such estimates. To this end, let f1 62 X , and
consider S WD XCSff1g. Then define

f � g WD
(
f C g if f; g 2 XC;
f1 otherwise;

8 f; g 2 S: (5.112)

It is straightforward to check that � is an associative binary operation on S and, as
such, .S;�/ is a semigroup. Going further, we extend 	 to a partial order on S by
agreeing that f1 	 f1 and

f 	 f1; 8 f 2 XC; (5.113)

and extend k � k to a RC-valued function on S by setting

kf1k WD C1: (5.114)

13Based on the formula supff; gg D f C supfg � f; 0g for all f; g 2 X , it may be readily
verified that (5.111) is equivalent to the condition that k jf j k � Ckf k for each f 2 X , where
jf j WD f C C f �.
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Using the fact that 	 is a partial order on S , it is straightforward to see that
property .A2/ stipulated in Theorem 5.8 is satisfied.

Next we claim that

any monotone sequence in .S;	/ has a least upper bound, (5.115)

which in turn guarantees that property .A1/ from the hypotheses of Theorem 5.8
is also satisfied. To show (5.115), let .fi /i2N � S be such that fi 	 fiC1 for all
i 2 N. If supi2N kfik < C1, then in fact .fi /i2N � XC and, by property .5/
of the current hypotheses, there exists a vector f 2 XC � S that is the least
upper bound for .fi /i2N in .S;	/, as desired. It remains to analyze the situation
in which supi2N kfik D C1, in which case we claim that f1 2 S is the least
upper bound for the family .fi /i2N � S in .S;	/. Indeed, in light of (5.113), f1
is an upper bound for the family .fi /i2N and, reasoning by contradiction, assume
that g 2 S n ff1g is another upper bound for .fi /i2N. Then .fi /i2N � XC and,
by property .4/ from the statement of the theorem, supi2N kfik < C1, which is a
contradiction. This shows that, in the current case, f1 2 S is the least upper bound
for the family .fi /i2N in .S;	/. This completes the proof of (5.115).

Going further and letting C WD k � k W S ! Œ0;C1�, it is straightforward to
see that this satisfies the quasisubadditivity, weak monotonicity, and weak Riesz–
Fischer property, as formulated in .i/ � .i i i/ of the statement of Theorem 5.8. In
addition, it is easy to check that in this setting, the definition of the constant cN from
the second part of (5.64) becomes

cN D sup
f 2XCnf0g

�kNf k
kf k

�
; 8N 2 N; (5.116)

as f N D Nf , in this context, and f 2 S with C .f / ¤ 0;C1 is equivalent with
the requirement that f 2 XC n f0g. Notice that (5.103) and (5.116) give that

cN � '.N /; 8N 2 N: (5.117)

Also, using again (5.103) and (5.116) we obtain

kf k D kN�1.Nf /k � '.N�1/kNf k
� cN'.N

�1/kf k; 8f 2 S and 8N 2 N: (5.118)

This in turn implies (assuming that X 6D f0g, since otherwise there is nothing to
prove) that for each N 2 N there holds cN � '.N�1/�1. Using the second part
of (5.104), this further implies

lim
N!1 cN D C1: (5.119)
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In particular, this formula ensures that estimate (5.74) holds, i.e., for each finite
number ˇ 2 �0; .log2 C0/

�1� we have

lim sup
N!1

 
kN �P1

iD1 fi
�k

cN

!

� 2maxf1=ˇ�1;0gC2
0

( 1X

iD1
kfikˇ

) 1
ˇ

; 8.fi /i2N � S:

(5.120)
Next, fix an arbitrary family .fi /i2N � S , and, using (5.103), write

'.N�1/
�
�
�N

� 1X

iD1
fi
���
� �

�
�
�

1X

iD1
fi

�
�
�; 8N 2 N: (5.121)

This and (5.117) imply that

kN �P1
iD1 fi

�k
cN

� kP1
iD1 fik

'.N /'.N�1/
� kP1

iD1 fik
M

; (5.122)

where we have set [recall (5.104)]

M WD sup
�>0

�
'.�/'.��1/

� 2 .0;C1/: (5.123)

Combining inequalities (5.120) and (5.122) proves that for each finite number ˇ 2�
0; .log2 C0/

�1� there holds

�
�
�

1X

iD1
fi

�
�
� � MC2

0 2
maxf1=ˇ�1;0g

( 1X

iD1
kfikˇ

) 1=ˇ
; 8 .fi /i2N � S: (5.124)

Estimate (5.124) is the key ingredient for establishing the completeness of the
space .X; �k�k/, an issue to which we now turn. Our goal is to show that any Cauchy
sequence in .X; �k�k/ is convergent and, to this end, consider an arbitrary Cauchy
sequence ffngn2N in .X; �k�k/. In particular, there exists a subsequence ffni gi2N of
ffngn2N such that (with .ai /i2N as in (5.108))

kfniC1
� fni k < ai ; 8 i 2 N: (5.125)

Recall the mappings P˙ from property .6/ in the statement of the theorem, and
abbreviate

ui̇ WD P˙.fniC1
� fni / 2 XC; 8 i 2 N: (5.126)

Notice that, in light of property .6/ of the hypotheses and (5.125) and (5.126), there
exists a finite number 	 2 �0; .log2 C0/

�1� such that

1X

iD1
kui̇ k	 < C1: (5.127)
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In concert with (3.324) (used with  WD k � k and ˇ WD 	 ), the finiteness condition
(5.127) further entails

sup
N2N

�
�
�
NX

iD1
ui̇

�
�
� � C2

0

( 1X

iD1
kui̇ k	

) 1=	
< C1: (5.128)

Consequently, from the weak-Fatou-type property .5/ of the hypothesis it fol-
lows that

the families

(
NX

iD1
uC
i

)

N2N
and

(
NX

iD1
u�
i

)

N2N
have least upper bounds

in .X;	/, which we denote by
1X

iD1
uC
i and

1X

iD1
u�
i , respectively.

(5.129)

In the notation introduced in Theorem 5.8 we have

1X

iD1
ui̇ D sup

N2N
� NX

iD1
ui̇
�
: (5.130)

Next we claim that

1X

iD1
ui̇ �

NX

iD1
ui̇ D

1X

iDNC1
ui̇ ; 8N 2 N; (5.131)

where, much as in (5.129) and (5.130), we have set

1X

iDNC1
ui̇ W Dsup k2N

k�NC1

 
kX

iDNC1
ui̇

!

:

To prove (5.131), we start by making the observation that for each N 2 N

there holds

kX

iD1
ui̇ �

NX

iD1
ui̇ D

kX

iDNC1
ui̇ 	

1X

iDNC1
ui̇ ; 8 k 2 N; k � N C 1; (5.132)

and, consequently,

kX

iD1
ui̇ 	

NX

iD1
ui̇ C

1X

iDNC1
ui̇ ; 8 k 2 N; k � N C 1: (5.133)
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KeepingN 2 N fixed and taking the supremum over k � N C 1 in (5.133) leads to

1X

iD1
ui̇ 	

NX

iD1
ui̇ C

1X

iDNC1
ui̇ ; (5.134)

establishing that the left-hand side in (5.131) is less than or equal to the right-hand
side in (5.131). As far as the reverse inequality is concerned, we note that for each
N 2 N and each k 2 N such that k � N C 1 there holds

NX

iD1
ui̇ C

kX

iDNC1
ui̇ D

kX

iD1
ui̇ 	

1X

iD1
ui̇ ; (5.135)

and then we take the supremum over k. This completes the proof of (5.131).
Next, use (5.131) and (5.124) (applied to the exponent 	 as in (5.127)) to write,

for each N 2 N, that

�
�
�

1X

iD1
ui̇ �

NX

iD1
ui̇

�
�
� D

�
�
�

1X

iDNC1
ui̇

�
�
� � C

( 1X

iDNC1
kui̇ k	

) 1
	

; (5.136)

where we have redenoted MC2
0 2

maxf1=	�1;0g by C . Then (5.127) gives
1P

iDNC1
kui̇ k	 ! 0 as N ! 1 and, hence,

�
��

1P
iD1

ui̇ �
NP

iD1
ui̇

�
�� �! 0 as N ! 1.

Consequently,

NX

iD1
ui̇ �!

1X

iD1
ui̇ 2 XC as N ! 1 in �k�k: (5.137)

Next, from (5.107) and (5.126) we see that for each i 2 N we have

fniC1
� fni D uC

i � u�
i ; (5.138)

and summing up over i 2 f1; : : : ; N g, where N 2 N is arbitrary, we obtain

fnNC1
D fn1 C

 
NX

iD1
uC
i

!

�
 

NX

iD1
u�
i

!

; 8N 2 N: (5.139)

Using (5.137), we see that both
NP

iD1
uC
i and

NP

iD1
u�
i converge, as N ! 1, in �k�k to

limits belonging to XC; and hence identity (5.139) implies that

the sequence ffni gi2N is convergent in .X; �k�k/: (5.140)
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Finally, since ffni gi2N is a subsequence of the original Cauchy sequence ffngn2N,
using (5.140) it is straightforward to see that ffngn2N is itself convergent in .X; �k�k/,
as desired. This completes the proof of the fact that .X; �k�k/ is complete. �

In Corollary 5.15 below, we single out a significant consequence of Theorem 5.9.
This is formulated in terms of functional analytic jargon that, for the convenience of
the reader, is clarified below.

Definition 5.12. Given a measure space .†;M; �/, let L0.†;M; �/ stand for the
vector space of (equivalence classes of) measurable functions that are finite �-a.e.
on †. In this context, call a linear subspace X of L0.†;M; �/ an order ideal
in L0.†;M; �/ provided

f 2 X and g 2 L0.†;M; �/ with jgj � jf j �-a.e. on † H) g 2 X: (5.141)

Hence, an order ideal X in L0.†;M; �/ is itself a vector lattice (when equipped
with the �-a.e. pointwise inequality on †), and its positive cone is

XC D ˚
f 2 X W f � 0 �-a.e. on †

�
: (5.142)

Definition 5.13. Let .†;M; �/ be a measure space. A quasinorm k � k on a linear
subspaceX ofL0.†;M; �/ is said to be a lattice quasinorm onX provided

kf k � kgk whenever f; g 2 X are such that jf j � jgj �-a.e. on †:
(5.143)

Definition 5.14. Let .†;M; �/ be a measure space. Call .X; k�k/ a quasinormed
function space based on .†;M; �/ ifX is an order ideal in L0.†;M; �/ and
k � k is a lattice quasinorm on X .

The result below is a generalization of [91, Proposition 2.35, p. 54], where the
case of a quasinormed function space based on finite measure spaces has been
considered.

Corollary 5.15. Any quasinormed function space satisfying the weak Fatou prop-
erty (relative to the partial order induced by the pointwise a.e. inequality) is a
quasi-Banach space.

Proof. Note that if X is a quasinormed function space and 	 is the partial order on
X induced by the pointwise a.e. inequality, then .X;	/ is a partially ordered vector
space. Then the fact that X is complete is a direct consequence of Theorem 5.9,
taking P˙.f / WD 1

2
.jf j ˙ f / 2 XC for each f 2 X . ut

Here is the result mentioned in part .iv/ of Remark 5.10.

Proposition 5.16. Assume that all hypotheses of Theorem 5.9, with the exception
of (5.108), are satisfied, that the topological space .X; �k�k/ is complete, and
that the positive cone XC of .X;	/ is closed in .X; �k�k/. Then the claim made
in (5.109) holds.



326 5 Nonlocally Convex Functional Analysis

Proof. For each r 2 .0;C1/, set Br WD ff 2 X W kf k < rg. Based on (5.102), it
is then not difficult to check that equation

Br C Br � BC0r ; 8 r 2 .0;C1/; (5.144)

� 2 .0; C �1
0 / H) B� r � Br � �

B��1r

�ı
; 8 r 2 .0;C1/; (5.145)

where, generally speaking, A and Aı denote, respectively, the closure and the
interior of a set A � X in the topology �k�k. Moreover, from definitions and (5.103)
we see that

�Br WD f�f W f 2 Brg � B'.�/r ; 8�; r 2 .0;C1/; (5.146)

which further entails

Br � �B'.��1/r and B'.��1/�1r � �Br ; 8�; r 2 .0;C1/: (5.147)

Next, for each n 2 N, we consider

Xn WD XC \ .nB1/� XC \ .nB1/ WD ˚
f � g W f; g 2 XC \ .nB1/

�
: (5.148)

Since lim
�!0C

'.�/ D 0, it is possible to choose some ko 2 N with the property that

'.k�1
o / < C�1

0 , where C0 2 Œ1;C1/ is as in (5.102). In relation to the family of
sets Xn, n 2 N, and the number ko, we make the following claims:

Xn � Xn � Xnko; 8 n 2 N; (5.149)

X D
1S
iD1

Xni ; 8 .ni /i2N � N with limi!1 ni D 1: (5.150)

To justify the inclusion (5.149), note that if f; g 2 Xn, then there exist
f1; f2; g1; g2 2 XC\.nB1/ such that f D f1�f2 and g D g1�g2. Hence, (5.149)
is proved upon noting that, by (5.144), (5.147), and the choice of ko, we have

f � g D .f1 C g2/� .f2 C g1/ 2 XC \ �
nBC0

�� XC \ �
nBC0

�

� XC \ �
nkoBC0'.k�1

o /

� � XC \ �
nkoBC0'.k�1

o /

�

� XC \ �
nkoB1

� � XC \ �
nkoB1

� D Xnko: (5.151)

As for (5.150), assume that a sequence .ni /i2N � N satisfying limi!1 ni D 1 is
given and that an arbitrary f 2 X has been fixed. Then (5.107) shows that there
exist f ˙ 2 XC such that f D f C � f �. Pick r 2 .0;C1/ with the property that
r > maxfkf Ck; kf �kg and, keeping in mind that ' vanishes at the origin in the
limit, select i 2 N large enough so that '.n�1

i / < r�1. Then, thanks to (5.147), we
may write

f ˙ 2 XC \ Br � XC \ �
niB'.n�1

i /r

� � XC \ �
niB1

�
; (5.152)
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and (5.150) readily follows from this. Recall that we are assuming that the
topological space .X; �k�k/ is complete and, as we showed in the course of the
proof of Theorem 5.9 [without any reference to the condition (5.108), which is
now omitted], the topology �k�k is metrizable. Based on these, (5.150), and Baire’s
category theorem (cf., e.g., [74, Theorem 6, p. 27]), we then deduce that

9no 2 N and 9O � X nonempty and open in �k�k with O � Xnoko : (5.153)

To proceed, recall from the proof of Theorem 5.9 that .X; �k�k/ is a topological
vector space (again, this has been established without any reference to the condi-
tion (5.108)). Consequently, for any set A � X we have A�A � A �A. Based on
this, (5.153), and (5.149), we obtain

O � O � Xnoko � Xnoko � Xnoko �Xnoko � Xnok2o : (5.154)

On the other hand, since O is nonempty and open in �k�k, it follows that there
exists r1 > 0 such that Br1 � O � O. Thanks to (5.154), this forces Br1 �
Xnok2o D nok

2
o X1 , where the last equality also makes use of the fact that the

operator of multiplication by a fixed positive scalar is a homeomorphism of .X; �k�k/.
In turn, based on this and (5.147), we may conclude that if ro WD '.nok

2
o/

�1r1 2
.0;C1/, then

Bro � X1 : (5.155)

Hence, for every � 2 .0;C1/, from (5.147), (5.155), and (5.146) we see that

B'.��1/�1ro � �Bro � XC \ .�B1/� XC \ .�B1/

� XC \ B'.�/ � XC \ B'.�/ : (5.156)

To continue, recall M 2 .0;C1/ from (5.123) and consider the number c WD
M�1ro 2 .0;C1/. From (5.123) we then deduce that c '.�/ � '.��1/�1ro for
each � 2 .0;C1/. In concert with (5.156), this ultimately allows us to conclude
that

Bc'.�/ � XC \ B'.�/ �XC \ B'.�/ ; 8� 2 .0;C1/: (5.157)

Recall next that the function ' vanishes at the origin in the limit, and choose a
sequence .�i /i2N � .0;C1/with the property that '.�i / < 2�i for each i 2 N. We
claim that, for each fixed f 2 Bc'.�1/, there exist two sequences .f ˙

i /i2N � XC
with the property that

�
�
�f �

nX

iD1
.f C
i � f �

i /
�
�
� < c 2�n�1 and kfṅ k < 2�n; 8 n 2 N: (5.158)
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We will prove this claim by induction on n 2 N. When n D 1, from (5.157) (used
with � D �1) we see that there exist f1̇ 2 XC \ B'.�1/ such that

kf � .f C
1 � f �

1 /k < c '.�2/: (5.159)

In particular, f1̇ 2 XC, kf1̇ k < 2�1, and kf � .f C
1 � f �

1 /k < c 2�2, as desired.
Going further, the fact that f � .f C

1 �f �
1 / 2 Bc '.�2/ allows us to appeal to (5.157)

(used with � D �2) to conclude that there exist f2̇ 2 XC \ B'.�2/ such that

kf � .f C
1 � f �

1 / � .f C
2 � f �

2 /k < c '.�3/: (5.160)

Hence, f2̇ 2 XC, kf1̇ k < 2�2, and kf � .f C
1 � f �

1 / � .f C
2 � f �

2 /k < c 2�3,
as desired. Continuing this procedure in an inductive fashion yields two sequences
.f ˙
i /i2N � XC satisfying the properties listed in (5.158).
Moving on, fix a finite number ˇ 2 �

0; .log2 C0/
�1�, and invoke the capacitary

estimate (3.324) (with  WD k � k) to conclude that

�
�
�
NCkX

iDN
f ˙
i

�
�
� � C2

0

( 1X

iDN
kf ˙

i kˇ
) 1

ˇ

< C 2
0

( 1X

iDN
2�iˇ

) 1
ˇ

D C2
0 2

�N

.1 � 2�ˇ/1=ˇ
; 8N; k 2 N: (5.161)

This shows that the sequences
n NP

iD1
f ˙
i

o

N2N � XC are Cauchy in .X; �k�k/. Since

the latter is complete, and since we are assuming that XC is closed in .X; �k�k/, it
follows that there exist f ˙ 2 XC with the property that

NX

iD1
f ˙
i �! f ˙ in �k�k as N ! 1: (5.162)

On the other hand, the first inequality in (5.158) gives that

� NX

iD1
f C
i

	
�
� NX

iD1
f �
i

	
�! f in �k�k as N ! 1: (5.163)

Together, (5.162) and (5.163) prove that f D f C�f � since .X; �k�k/ is a Hausdorff

topological vector space. Let us also note that, if R WD C20
2.1�2�ˇ /1=ˇ

> 0, then (5.161)

(used with N D 1 and k D N � 1) yields
�
�
�
NP

iD1
f ˙
i

�
�
�< R for each N 2 N. Thus,

(
NX

iD1
f ˙
i

)

N2N
� BR; (5.164)
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and, hence, f ˙ 2 BR � B�R for any � > C0 (cf. (5.145)). This shows that
kf ˙k < �R for any � > C0; hence, ultimately, kf ˙k � C0R. In summary,
the analysis so far shows that any f 2 X with kf k � C1 WD c '.�1/ can be
decomposed as f D f C � f � for some f ˙ 2 XC satisfying kf ˙k � C0R.

At this stage, fix an arbitrary f 2 X n f0g and consider

�o WD sup
˚
� 2 .0;C1/ W '.�/ < C1kf k�1� 2 .0;C1/: (5.165)

In particular, there existse� 2 .�o=2; �o� such that '.e�/ < C1kf k�1. Then

ke�f k � '.e�/kf k � C1: (5.166)

Hencee�f 2 Bc'.�1/, and, based on what we have proved so far, we may decompose
e�f D gC�g� with g˙ 2 XC satisfying kg˙k � C0R. From this we then conclude
that f D f C � f �, where f ˙ WD e��1g˙ 2 XC satisfy (with M 2 .0;C1/ as
in (5.123))

kf ˙k D ��2.2e�/�1g˙�� � '.2/
��.2e�/�1g˙�� � '.2/'

�
.2e�/�1

�
C0R

� '.2/
MC0R

'.2e�/
� '.2/

�MC0R

C1

	
kf k (5.167)

since the fact that 2e� > �o forces, in light of (5.165), '.2e�/ � C1kf k�1. This
shows that the claim made in (5.109) holds with C WD '.2/MRC0C

�1
1 2 .0;C1/.

ut
With Theorem 5.9 at our disposal, we now turn to the task of providing the proof

of Theorem 5.3.

Proof of Theorem 5.3. We start with the claim that

f 2 L H) jf j < C1 �-a.e. on †; (5.168)

which ensures that the pointwise addition and multiplication by scalars induce a
vector space structure on L. Indeed, fix f 2 L and let

A WD ˚
x 2 † W jf .x/j D C1� 2 M: (5.169)

In particular, for each n 2 N we have jf j � n1A � 0 on †. This and property
.4/ from the statement of Theorem 5.3 further imply that kf kL D k jf j k �
C�1
1 kn1Ak. Since 1A D n�1n1A, utilizing (5.9) we have kn1Ak � '.n�1/�1k1Ak,

and thus
1

C1'.n�1/
k1Ak � kf kL < C1; 8 n 2 N: (5.170)
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Passing to the limit as n ! 1 in the estimate k1Ak � C1'.n
�1/kf kL and using

the second part in (5.10), we obtain that necessarily

k1Ak D 0: (5.171)

We now make the claim that, in general,

E 2 M and k1Ek D 0 H) �.E/ D 0: (5.172)

Indeed, if E 2 M is such that k1Ek D 0, then, on the grounds of (5.11), we deduce
that 1E D 0, which means that there exists B 2 M with �.B/ D 0 and such that
1E.x/ D 0 for every x 2 †nB . This in turn forcesE � B; hence, by the properties
of a feeble measure, �.E/ D 0. Having established (5.172), we then conclude from
(5.171) that �.A/ D 0, as desired.

Consider next the partially order vector space .L;	/, where 	 is the pointwise
inequality �, �-a.e. on †, and notice that properties .1/–.5/ in the statement
of Theorem 5.9 are direct consequences of properties .1/–.5/ in the current
hypotheses. Next define

P˙ W L ! LC; P˙.f / WD 1

2

�jf j ˙ f
�
; 8 f 2 L; (5.173)

and since 0 � P˙f � jf j for all f 2 L, property .4/ in the current statement
guarantees that kP˙f k � C1kf k for all f 2 L. Hence, using Remark 5.10 (iii),
property .6/ from the statement of Theorem 5.9 also holds for the partially ordered
vector space .L;	/. Finally, the remaining conclusions in (5.13) follow directly
from Theorem 5.9.

Here is the proposition dealing with the equivalence between the weak Fatou
property and the condition expressed in (5.15).

Proposition 5.17. Assume that .†;M/ is a measurable space and that� is a feeble
measure on M. Suppose that k � k W MC.†;M; �/ ! Œ0;C1� is a function for
which there exist C0; C1 2 Œ1;C1/ with the property that

kf C gk � C0 maxfkf k; kgkg for all f; g 2 MC.†;M; �/; (5.174)

kf k � C1kgk if f; g 2 MC.†;M; �/ are such that f � g �-a.e. on †:

(5.175)

Then the following two conditions are equivalent:

(i) If .fi /i2N � MC.†;M; �/ is a sequence of functions satisfying fi � fiC1
�-a.e. on † for each i 2 N and supi2N kfik < C1, then

��supi2N fi
�� < C1.



5.4 Abstract Completeness Results 331

(ii) If .fi /i2N � MC.†;M; �/ satisfies lim infi!1 kfik < C1, then�
�lim infi!1 fi

�
� < C1.

Proof. The implication .i i/ ) .i/ is trivial (and holds irrespective of the validity
of the assumptions (5.174) and (5.175)), so we will concentrate on proving that
also .i/ ) .i i/. With this goal in mind, assume that .fi /i2N � MC.†;M; �/

is a sequence satisfying lim infi!1 kfik < C1, and for each i 2 N introduce
gi WD infj�i fj . Then

gi 2 MC.†;M; �/; gi � giC1 �-a.e. on †; gi � fi �-a.e. on † 8 i 2 N;

and sup
i2N

gi D lim inf
i!1 fi : (5.176)

To proceed, consider the semigroup .S;�/, where S WD MC.†;M; �/, and
f � g WD f C g for every f; g 2 MC.†;M; �/. Then, taking 	 to be the partial
order relation on S induced by the pointwise �-a.e. inequality between functions,
we define the compatibility condition (3.369) obviously holds. In addition, if we
define the function  W S ! Œ0;C1� by setting  .f / WD kf k for each
f 2 S , then properties (5.174) and (5.175) ensure that the quasisubadditivity
and quasimonotonicity conditions for  stated in (3.370) and (3.371) are satisfied.
Consequently, if  ? stands for the regularization of  considered in Theorem 3.38
relative to the current algebraic setting, then we have (cf. (3.375)–(3.377))

C�1
1 C�2

0 kf k �  ?.f / � kf k for each f 2 MC.†;M; �/; (5.177)

 ?.f / �  ?.g/ for all f; g 2 MC.†;M; �/ so that f � g �-a.e. on †:

(5.178)

Moving on, based on (5.176)–(5.178) and assumptions, we estimate

sup
i2N

kgik � C1C
2
0 sup
i2N

 ?.gi / D C1C
2
0 lim inf

i!1  ?.gi / � C1C
2
0 lim inf

i!1  ?.fi /

� C1C
2
0 lim inf

i!1 kfik < C1: (5.179)

In turn, (5.179), (5.176), and condition .i/ in the statement of the proposition
imply that �

�
�lim inf
i!1 fi

�
�
� D �

�sup
i2N

gi
�
� < C1; (5.180)

as desired. ut



332 5 Nonlocally Convex Functional Analysis

5.4.2 Boolean Algebra Background

The capacitary estimates established in Sect. 5.3 are also useful for proving the
completeness of certain classes of quasimetric spaces that are lacking a linear space
structure. Indeed, as we will see in Theorem 5.18 below, this is the case for certain
classes of Boolean algebras equipped with capacities compatible with a (sub-)
lattice structure. Formulating this result in a precise manner requires a number of
preliminaries, which we will deal with first.

Recall that a Boolean algebra X is a distributive lattice14 .X ;	;_;^/
with (distinct) unit and zero15 denoted by 1 and 0, respectively, whose every element
A 2 X has a complement,16 denoted byAc. In such a setting, for each n 2 N we set

n_

iD1
Ai WD sup fA1; : : : ; Ang;

n̂

iD1
Ai WD inf fA1; : : : ; Ang; 8 fAig1�i�n � X :

(5.181)
Going further, call a Boolean algebra .X ;	;_;^; 0; 1; .�/c/ sigma-complete
provided

1_

iD1
Ai WD sup fAi W i 2 Ng and

1̂

iD1
Ai WD inf fAi W i 2 Ng (5.182)

exist (in .X ;	/) for every sequence fAi gi2N of elements in X . Next, given a
Boolean algebra .X ;	;_;^; 0; 1; .�/c/, define the symmetric difference by the
formula

A4B WD .A ^ Bc/ _ .Ac ^ B/; 8A;B 2 X ; (5.183)

and note that for every A;B 2 X we have

A4B D B4A; A4B D 0 ” A D B; and A 	 B _ .A4B/; (5.184)

B 	 A and A ^ Bc D 0 H) A D B (5.185)

(cf., e.g., the discussion in [126, p. 11 and p. 23]). In fact,

.X ;4/ is an Abelian group, with neutral element 0;

and such that each element is its own inverse:
(5.186)

14A partially ordered set .X ;�/ is said to be a lattice if, for any elements A;B 2 X , the set
fA;Bg (we agree here that fA;Bg WD fAg if A D B) has a least upper bound in .X ;�/, denoted
A_B , as well as a greatest lower bound in .X ;�/, denoted A^B . In turn, a lattice .X ;�;_;^/
is said to be distributive provided .A_B/^C D .A^C/_.B^C/ for any A;B; C 2 X .
15The unit and zero in a Boolean algebra are, respectively, the greatest and least elements in the
partially ordered set .X ;�/ (assumed to exist).
16The complement Ac of A 2 X is (uniquely) characterized by the conditions A _ Ac D 1 and
A^Ac D 0.
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Also, assuming that the Boolean algebra in question is sigma-complete, define

lim sup
n!1

An WD
1̂

nD1

1_

mDn
Am and lim inf

n!1 An WD
1_

nD1

1̂

mDn
Am (5.187)

for any sequence fAngn2N of elements in X . Then it may be verified (cf., e.g., [126,
Lemma 3, p. 191]) that

�
lim sup
n!1

An

	
^
�

lim inf
n!1 An

	c D lim sup
n!1

�
AnC14An

�
(5.188)

for any sequence fAngn2N of elements in the (sigma-complete) Boolean algebra X .
In a sigma-complete Boolean algebra X , a sequence fAngn2N is said to be
order-convergent to A 2 X provided17

lim sup
n!1

An D A D lim inf
n!1 An: (5.189)

Finally, we note that in any sigma-complete Boolean algebra X one has (cf. [126,
Theorem 3 and its corollary on p. 14])

A ^
� 1_

nD1
An

	
D

1_

nD1
.A ^An/ and A _

� 1̂

nD1
An

	
D

1̂

nD1
.A _ An/ (5.190)

for any A 2 X and any sequence .An/n2N � X . More details, as well as a
multitude of examples of Boolean algebras, may be found in, e.g., [126, Sect. 2.4,
pp. 15–22].

After this preamble, we are ready to formulate and prove the completeness result
alluded to at the beginning of this subsection. Elements of the proof of Theorem 5.18
will also play an essential role in the proof of Theorem 5.4 given at the end of this
subsection.

Theorem 5.18. Suppose that .X ;	;_;^; 0; 1; .�/c/ is a sigma-complete Boolean
algebra, and assume that C W X ! Œ0;C1� is a mapping satisfying the following
properties:

(1) (Quasisubadditivity) There exists C0 2 Œ1;C1/ such that

C .A _ B/ � C0 maxfC .A/;C .B/g; 8A;B 2 X : (5.191)

17This is not the typical definition of order convergence, though it is equivalent to it; see [126,
Theorem 3, p. 187] for more details.
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(2) (Quasimonotonicity) There exists C1 2 Œ1;C1/ such that

C .A/ � C1C .B/; 8A;B 2 X such that A 	 B: (5.192)

(3) (Quasi-Fatou property) There exists a constant C2 2 Œ0;C1/ such that for any
sequence .An/n2N � X such that An 	 AnC1 for every n 2 N there holds

C
� 1_

nD1
An

	
� C2 lim sup

n!1
C .An/: (5.193)

Consider the relation

A 
 B
def” C .A4B/ D 0; 8A;B 2 X : (5.194)

Then 
 is an equivalence relation on X , and for every A;B 2 X there holds

.C0C1/
�2 sup

X 3A0

�A
X 3 B0

� B

C .A04B 0/ � C .A4B/ � .C0C1/
2 inf

X 3A0

�A
X 3 B0

� B

C .A04B 0/:

(5.195)
Also, if

C �1.f0g/ D f0g; (5.196)

and if one defines
Xfin WD ˚

A 2 X W C .A/ < C1�
(5.197)

and considers the function � W X � X ! Œ0;C1� given by the formula

�
�
A;B

� WD C .A4B/; 8A;B 2 X ; (5.198)

then
�
Xfin; �

�
is a complete quasimetric space. In addition, any convergent sequence

in
�
Xfin; �

�
contains a subsequence that is order-convergent to the limit of the

original sequence in .Xfin; �/. While, in general, C W �Xfin; ��
� ! Œ0;C1/ is not

continuous, where �� denotes the topology canonically induced by the quasidistance
� on Xfin, one nonetheless has

A 2 X ; .An/n2N � X ; An ! A in ��

H) .C0C1/
�2 lim sup

n!1
C .An/ � C .A/ � .C0C1/

2 lim inf
n!1 C .An/:

(5.199)

Finally, if in place of .1/ and .2/ in the first part of the statement one assumes that

C .A _ B/ � C .A/C C .B/; 8A;B 2 X ; (5.200)

C .A/ � C .B/; 8A;B 2 X such that A 	 B; (5.201)
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then, retaining (5.196) and the quasi-Fatou property, .Xfin; �/ becomes a complete
metric space, and (5.195) improves to

C .A4B/ D C .A04B 0/; 8A;B;A0; B 0 2 X with A0 
 A; B 0 
 B:

(5.202)

Proof. We divide the proof into a number of steps.

Step I: Formula (5.194) defines an equivalence relation on X . To justify this
claim, note that if A;B;C 2 X , then, by (5.186) and (5.183),

A4B D .A4C/4.C4B/ 	 .A4C/ _ .C4B/: (5.203)

Hence, by (5.203), (5.192), and (5.191),

C .A4B/ � C0C1 max
˚
C .A4C/;C .C4B/�; 8A;B;C 2 X : (5.204)

In particular, this shows that if A;B;C 2 X are such that A 
 C and C 
 B ,
then A 
 B , so that the relation (5.194) is transitive. By (5.184), this relation is
also reflexive and symmetric, concluding the discussion in Step I.

Step II: For each A;B 2 X there holds

sup
X 3A0

�A
X 3 B0

� B

C .A04B 0/ � .C0C1/
2 C .A4B/: (5.205)

Since for any A;B 2 X we have A4B 	 A _ B , from (5.191) and (5.192) we
deduce that

C .A4B/ � C0C1 maxfC .A/;C .B/g; 8A;B 2 X : (5.206)

Hence, if ˇ 2 �
0; .log2 C0 C log2 C1/

�1� is a fixed finite number and C# is the
regularization of C as described in Theorem 3.28, relative to the Abelian group
.X ;4/, then

.C0C1/
�2 C � C# � C on X ; (5.207)

and
�
C#
�ˇ

is subadditive on .X ;4/, i.e.,

C#.A4B/ˇ � C#.A/
ˇ C C#.B/

ˇ; 8A;B 2 X : (5.208)

In turn, if A;B;A0 2 X satisfy A0 
 A, then it follows from (5.208) and the
equality in (5.203) (used with C WD A0) that

C#.A4B/ˇ � C#.A4A0/ˇ C C#.B4A0/ˇ: (5.209)



336 5 Nonlocally Convex Functional Analysis

On the other hand, 0 � C#.A4A0/ � C .A4A0/ D 0, thanks to (5.207), (5.194),
and assumptions. In combination with (5.209), this shows that C#.A4B/ �
C#.B4A0/. Reversing the roles of A and A0 we therefore obtain C#.A4B/ D
C#.B4A0/, hence, ultimately,

C#.A4B/ D C#.A
04B 0/; 8A;B;A0; B 0 2 X with A0 
 A; B 0 
 B:

(5.210)
To proceed, fix A;B 2 X and assume that A0; B 0 2 X are such that A0 
 A

and B 0 
 B . Based on (5.210) and (5.207), we may then estimate

C .A04B 0/ � .C0C1/
2 C#.A

04B 0/ D .C0C1/
2 C#.A4B/

� .C0C1/
2 C .A4B/: (5.211)

Taking the supremum over all A0; B 0 2 X such that A0 
 A and B 0 
 B then
yields (5.205).

Step III: For each A;B 2 X there holds

.C0C1/
�2 C .A4B/ � inf

X 3A0

�A
X 3 B0

� B

C .A04B 0/: (5.212)

This is established using ideas similar to those in the proof of (5.205). In con-
cert, (5.205) and (5.212) give (5.195).

Step IV: The function � is a quasidistance on the set Xfin. To begin with, we
claim that the function � W Xfin � Xfin ! Œ0;C1/ is well defined. To see this,
note that if A;B 2 Xfin, then we have A4B 2 Xfin, thanks to (5.191), (5.192),
and the fact thatA4B 	 A_B . Hence, �.A;B/ D C .A4B/ < C1. Next, for
eachA;B 2 X we have �.A;B/ D 0 if and only if A D B , by virtue of (5.198),
(5.196), and (5.184). Also, �.A;B/ D �.B;A/ for each A;B 2 X , thanks to
(5.198) and (5.184). Finally, (5.204) and (5.198) yield

�.A;B/ � C0C1 max
˚
�.A;C /; �.C;B/

�
; 8A;B;C 2 X ; (5.213)

and the desired conclusion follows. In particular, .Xfin; �/ is a quasimetric space.
Step V: If .Bn/n2N � X is an arbitrary sequence, then

�
lim sup
m!1

Bm

	
4Bn 	

1_

mDn

�
BmC14Bm

�
; 8 n 2 N: (5.214)

To prove this, consider .Bn/n2N � X , and abbreviate

B WD lim sup
n!1

Bn D
1̂

nD1

� 1_

mDn
Bm

	
: (5.215)



5.4 Abstract Completeness Results 337

We will actually show that

B ^ Bc
n 	

1_

mDn

�
BmC1 ^ Bc

m

�
; 8 n 2 N; (5.216)

Bk WD
1̂

mDk
Bm 	 B; 8 k 2 N; (5.217)

Bn ^ Bc 	
1_

mDn

�
Bm ^ Bc

mC1
�
; 8 n 2 N; (5.218)

from which (5.214) readily follows. To get started, fix n 2 N and note that

B 	
1_

mDn
Bm and

1_

mDn
Bm D

� 1_

mDn
.BmC1 ^ Bc

m/
	

_ Bn: (5.219)

Indeed, the first inequality is a direct consequence of (5.215). Also, since we have

BmC1 ^ Bc
m 	 BmC1 for every m 2 N, it follows that

�W1
mDn.BmC1 ^ Bc

m/
	

_
Bn 	 W1

mDn Bm. To prove the opposite inequality, it suffices to show that

N_

mDn
Bm 	

� N_

mDn
.BmC1 ^ Bc

m/
	

_ Bn; for every N 2 N satisfying N � n:

(5.220)
In turn, inequality (5.220) follows by induction on N upon observing that for
every m 2 N we have BmC1 	 Bm _ BmC1 D Bm _ .BmC1 ^ Bc

m/. Moving on,
based on (5.219), we write

B^Bc
n 	

"
� 1_

mDn
.BmC1 ^ Bc

m/
	

_ Bn
#

^Bc
n 	

1_

mDn
.BmC1^Bc

m/; 8 n 2 N;

(5.221)
which completes the proof of (5.216).
Turning our attention to proving (5.217), fix k 2 N, k � 2, and note that, since
Bk 	 Bk , we have

Bk 	
1_

mDn
Bm; 8 n 2 f1; : : : ; k � 1g: (5.222)

Also, since for any n 2 N we have Bn 	 W1
mDn Bm, we deduce that

Bk D
1̂

nDk
Bn 	

1̂

nDk

� 1_

mDn
Bm

	
: (5.223)
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Hence, whenever k 2 N, k � 2, the inequality in (5.217) follows from (5.222),
(5.223), and (5.215). If k D 1, then (5.217) is an immediate consequence of
inequality (5.223), which holds when k D 1 as well. Thus, (5.217) is now proved.
As for (5.218), fix again n 2 N, and start with the observation that by applying
the second identity in (5.219) with Bm replaced by Bn ^ Bc

m we obtain

1_

mDnC1
.Bn ^ Bc

m/ D
1_

mDn

�
Bn ^ .Bm ^ Bc

mC1/
�

D Bn ^
� 1_

mDn
.Bm ^ Bc

mC1/
	
; (5.224)

where the last equality is easily established (cf., e.g., [126, Theorem 3, p. 13]).
Hence,

(5.218) ” Bn ^ Bc 	
1_

mDnC1
.Bn ^ Bc

m/

”
" 1_

mDnC1
.Bn ^ Bc

m/

#c

	 ŒBn ^ Bc�c: (5.225)

However, using De Morgan’s laws – cf., e.g., [111, formula (3), p. 55] – and the
definition of BnC1 from (5.217) we have

" 1_

mDnC1
.Bn ^ Bc

m/

#c

D
1̂

mDnC1
.Bc

n _ Bm/

D Bc
n _

� 1̂

mDnC1
Bm

	
D Bc

n _ BnC1; (5.226)

and ŒBn ^ Bc�c D Bc
n _ B . When combined with (5.225) and (5.226), this gives

that (5.218) is equivalent to showing that Bc
n _ BnC1 	 Bc

n _ B , which follows
immediately from inequalities (5.217). This completes the proof of (5.218).

Step VI: Suppose that ˇ 2 �
0; .log2 C0/

�1� is a fixed finite number. Then for
every sequence fWngn2N in X there holds

1X

nD1
C .Wn/

ˇ < C1 H) C
�

lim sup
n!1

Wn

	
D 0: (5.227)
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To justify this claim, fix a sequence fWngn2N � X , and for each n; k 2 N

introduce

An;k WD
nCk_

iDn
Wi 2 X : (5.228)

Then

An;k 	 An;kC1 8 n; k 2 N; and
1_

kD1
An;k D

1_

iDn
Wi 8 n 2 N: (5.229)

Therefore, for each fixed n 2 N

C
� 1_

iDn
Wi

	
D C

� 1_

kD1
An;k

	
� C2 lim sup

k!1
C .An;k/

� C2C
2
0

n 1X

iDn
C .Wi/

ˇ
o1=ˇ

; (5.230)

by the quasi-Fatou property (cf. (5.193)) and the capacitary estimate (3.324)
(specialized to our current setting). Consequently, for each n 2 N

0 � C
�

lim sup
m!1

Wm

	
D C

� 1̂

nD1

1_

iDn
Wi

	

� C1C
� 1_

iDn
Wi

	
� C2

0 C1C2

n 1X

iDn
C .Wi /

ˇ
o1=ˇ

; (5.231)

by (5.187), the quasimonotonicity of C , and (5.230). From this, (5.227) readily
follows.

Step VII: Every Cauchy sequence in
�
Xfin; �

�
contains an order-convergent

subsequence to an element in Xfin. Let .An/n2N be a Cauchy sequence in
.Xfin; �/. Then there exists a subsequence .Ank /k2N of .An/n2N such that

�.AnkC1
; Ank / < 2

�k; 8 k 2 N: (5.232)

Fix a finite number ˇ 2 �0; .log2 C0/
�1�, and note that this implies (cf. (5.198))

1X

kD1
C
�
AnkC1

4Ank
�ˇ
<

1X

kD1
2�ˇk < C1: (5.233)
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With this in hand, (5.227) yields C
�

lim sup
n!1

�
AnkC1

4Ank
�	 D 0, hence

lim sup
n!1

�
AnkC1

4Ank
� D 0; (5.234)

by (5.196). In turn, (5.234) and (5.188) entail

�
lim sup
n!1

Ank

	
^
�

lim inf
n!1 Ank

	c D 0: (5.235)

Now, (5.235) and (5.185) imply

lim sup
n!1

Ank D lim inf
n!1 Ank DW A 2 X ; (5.236)

and hence fAnkgk2N is order-convergent to A. From estimate (5.214) we also
deduce, in a manner similar to the way in which (5.230) was derived, that

C .A4An1/ � C1C
� 1_

kD1

�
AnkC1

4Ank
�	

� C1C2 lim sup
N!1

C
� N_

kD1

�
AnkC1

4Ank
�	

� C1C2C
2
0

n 1X

kD1
C
�
AnkC1

4Ank
�ˇo1=ˇ

� C1C2C
2
0

n 1X

kD1
2�ˇk

o1=ˇ
< C1: (5.237)

Hence, from the last formula in (5.184) and the quasimonotonicity of C we
obtain

C .A/ � C1C
�
An1 _ .A4An1/

�

� C0C1 max
n
C .An1/;C

�
A4An1

�o
< C1; (5.238)

thanks to (5.237) and the fact that An1 2 Xfin. Thus, A 2 Xfin, as desired.
Step VIII: Every Cauchy sequence in

�
Xfin; �

�
contains a convergent sub-

sequence to an element in Xfin. Assume that .An/n2N is a Cauchy sequence in
.Xfin; �/ and consider a subsequence .Ank /k2N of .An/n2N such that (5.232) is
satisfied. Also, set

A WD lim sup
k!1

Ank D
1̂

kD1

� 1_

iDk
Ani

	
: (5.239)
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Then, in a similar fashion to (5.236)–(5.238), it follows that A 2 Xfin. Also,
much as in (5.237), we may estimate

�.A;Ani / D C .A4Ani / � C1C
� 1_

kDi

�
AnkC1

4Ank
�	

� C1C2 lim sup
N!1

C
� N_

kDi

�
AnkC1

4Ank
�	

� C1C2C
2
0

n 1X

kDi
C
�
AnkC1

4Ank
�ˇo1=ˇ

� C1C2C
2
0

n 1X

kDi
2�ˇko1=ˇ �! 0 as i ! 1: (5.240)

Having proved this, the fact that the sequence .An/n2N is Cauchy in .Xfin; �/

allows us to obtain that lim
n!1�.An;A/ D 0, i.e., the sequence .An/n2N converges

to A in .Xfin; �/, as desired. This completes the proof of completeness of the
quasimetric space .Xfin; �/.

Step IX: Given any A 2 X and any .An/n2N � X with the property that
An ! A in ��, we have

.C0C1/
�2 lim sup

n!1
C .An/ � C .A/ � .C0C1/

2 lim inf
n!1 C .An/: (5.241)

Indeed, this is a direct consequence of (3.210) used for the Abelian group
.X ;4/ (cf. also (5.186) and (5.206)). Of course, this proves (5.199).

Step X: Assume in place of .1/ and .2/ in the statement of the theorem
that (5.200) and (5.201) hold. Then .Xfin; �/ is a metric space and (5.202) holds.
In the setting just specified, from (5.183) we deduce that

C .A4B/ D C
�
.A ^ Bc/ _ .Ac ^ B/� � C

�
A ^ Bc

�C C
�
Ac ^ B/�

� C .A/C C .B/; 8A;B 2 X : (5.242)

Hence, if C# is as in Step II, it follows from (3.319) that C D C# on X (given
that, in the application of Theorem 3.28 to the present setting, (3.314) holds with
C1 WD 2, hence ˛ WD .log2 C1/

�1 D 1). Consequently, the validity of (5.202)
is guaranteed by (5.210). From (5.203) and the current assumptions we also
deduce that

C .A4B/ � C .A4C/C C .C4B/; 8A;B;C 2 X ; (5.243)
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which shows that .Xfin; �/ is a metric space. This completes the treatment of
Step X and completes the proof of the theorem. ut
The following useful consequence of Theorem 5.18, itself a generalization of

the classic result corresponding to the case when � is a measure, deserves a brief
discussion.

Corollary 5.19. Let † be an arbitrary given set, let M be a sigma-algebra of
subsets of †, and assume that � W M ! Œ0;C1� is a function that satisfies the
following properties:

�.;/ D 0; �.A/ � �.B/ whenever 8A;B 2 M with A � B; (5.244)

�.A[ B/ � �.A/C �.B/ whenever 8A;B 2 M; and (5.245)

�
� 1[

nD1
An

	
� lim

n!1�.An/; 8 .An/n2N � M with An � AnC1 8 n 2 N:

(5.246)

Next, consider the equivalence relation on M given by

A 
 B
def” �.A4B/ D 0; (5.247)

where “4” denotes the set-theoretic symmetric difference, and denote by ŒA� the
equivalence class of a generic set A 2 M. Then

˚
ŒA� W A 2 M; �.A/ < C1�

equipped with the distance (5.248)

�
ŒA�; ŒB�

� 7! �.A4B/ is a complete metric space: (5.249)

Proof. Define a partial order relation on X WD fŒA� W A 2 Mg by setting

ŒA� 	 ŒB�
def” 9E 2 M with A � B [ E and �.E/ D 0: (5.250)

Then, if ŒA� _ ŒB� WD ŒA [ B�, ŒA� ^ ŒB� WD ŒA \ B�, ŒA�c WD Œ† n A�, for every
A;B 2 M, and 0 WD Œ;�, 1 WD Œ†�, then it is straightforward to check that

�
X ;	;_;^; 0; 1; .�/c� is a sigma-complete Boolean algebra: (5.251)

In this setting, if C W X ! Œ0;C1� is given by C
�
ŒA�
� WD �.A/ for everyA 2 M,

then Theorem 5.18 applies and shows that (5.248) holds. ut
Parenthetically, we wish to note that any measure on M, as well as any outer
measure on †, satisfies (5.244) (in the latter case taking M WD 2†).
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We will now set out the following definition, which will be relevant for us later,
in Sect. 5.7.

Definition 5.20. Given a measure space .†;M; �/, call the measure �

separable provided the (complete) metric space (5.248) is separable.

We proceed now to presenting the proof of Theorem 5.4.

Proof of Theorem 5.4. We will work in the context of Theorem 5.3. In the first part
of the proof, the goal is to show that the weak Fatou property stated in Theorem 5.3
implies a quantitative version of itself. Specifically, we claim that

9C 2 Œ0;1/ so that 8 .fi /i2N �MC.†;M; �/

with fi � fiC1 �-a.e. on † for each i 2 N

)

) �
�sup
i2N

fi
�
��C sup

i2N
kfik:

(5.252)

Seeking a contradiction, assume that (5.252) fails. Then, for every number n 2 N,
there exists a sequence of functions .fi;n/i2N � MC.†;M; �/ satisfying

fi;n � fiC1;n �-a.e. on † for each i 2 N (5.253)

and such that if fn 2 MC.†;M; �/ is given by the formula

fn WD sup
i2N

fi;n for each n 2 N; (5.254)

then

kfnk > 2n sup
i2N

kfi;nk for each n 2 N: (5.255)

Trivially, for each n 2 N, the strict inequality (5.255) implies that kfnk > 0 and
supi2N kfik < C1. In turn, when combined with the weak Fatou property (cf. item
.5/ in the statement of Theorem 5.3), the latter condition implies that for each n 2 N

we have kfnk D �
�supi2N fi;n

�
� < C1. Hence, all together,

kfnk 2 .0;C1/ for each n 2 N: (5.256)

To proceed, note that since there is nothing to prove in the case when L D f0g,
we may assume that there exists fo 2 L with kfokL > 0. Then f WD jfoj 2
MC.†;M; �/ satisfies kf k 2 .0;C1/ while, for each number � 2 .0;C1/,
condition (5.9) yields kf k D k�.��1f /k � '.�/'.��1/kf k. Consequently, with
M 2 .0;C1/ as in (5.123), we have

1 � '.�/'.��1/ � M; 8� 2 .0;C1/: (5.257)
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In particular, '.�/ � '.��1/�1 for each � 2 .0;C1/, from which we deduce (upon
recalling that ' vanishes in the limit at the origin) that lim

�!C1'.�/ D C1. Having

noticed this and keeping in mind that ' vanishes in the limit at the origin, for each
n 2 N it follows from (5.256) that

tn WD inf
˚
� 2 .0;C1/ W '.��1/ � n�1kfnk

�
(5.258)

is a well-defined number belonging to .0;C1/. Next, if for each n 2 N we define
�n WD tn=2 2 .0;C1/, then the fact that �n < tn forces

'.��1
n / > n

�1kfnk; 8 n 2 N: (5.259)

Moreover, the definition of tn from (5.258) entails that for each n 2 N there exists
e�n 2 Œtn; 2tn/ such that '.e��1

n / � n�1kfnk. Together with (5.9), for each n 2 N this
allows us to estimate

kfnk D ke��1
n .
e�nfn/k � '.e��1

n /ke�nfnk � n�1kfnkke�nfnk; (5.260)

hence n � ke�nfnk, thanks to (5.256). Making use of this, the quasimonotonicity
condition for k � k, (5.9), and the definitions of e�n; �n, we may then write (with
C1 2 Œ1;C1/ as in hypothesis .4/ of Theorem 5.4)

n � ke�nfnk � C1k2tnfnk D C1k4�nfnk � C1'.4/k�nfnk; 8 n 2 N: (5.261)

Introducing � WD �
C1'.4/

��1 2 .0;C1/ we therefore arrive at the conclusion that

� n � k�nfnk; 8 n 2 N: (5.262)

Moving on, define

ef i;n WD �nfi;n 2 MC.†;M; �/; 8 i 2 N; 8 n 2 N; (5.263)

and note that, by virtue of (5.263), (5.9), (5.255), and (5.259), for each i; n 2 N

we have

kef i;nk � '.�n/kfi;nk < '.�n/2�nkfnk < 2�nn '.�n/'.��1
n / � M n2�n:

(5.264)
At this stage, for each i 2 N introduce

gi WD �1fi;1 C �2fi;2 C � � � C �ifi;i D
iX

nD1
ef i;n: (5.265)

Hence, from (5.265) and (5.253) we see that

gi 2 MC.†;M; �/ and gi � giC1 �-a.e. on †; 8 i 2 N: (5.266)
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In addition, from (5.265), (5.8), the capacitary estimate (3.324) (used in the current
context for  WD k � k), and (5.264), we obtain that for each fixed number ˇ 2�
0; .log2 C0/

�1�,

sup
i2N

kgik D sup
i2N

��
�

iX

nD1
ef i;n

��
� � C2

0

( 1X

nD1
kef i;nkˇ

) 1
ˇ

� C2
0 M

( 1X

nD1
.n2�n/ˇ

) 1
ˇ

< C1: (5.267)

Having established (5.266) and (5.267), the weak Fatou property then ensures that,
on the one hand, �

�
�sup
i2N

gi

�
�
� < C1; (5.268)

while, on the other hand, the fact that [cf. (5.265)]

sup
j2N

gj � gi � �nfi;n �-a.e. on †; 8 i 2 N and 8 n 2 f1; : : : :; ig; (5.269)

entails (recalling (5.253) and (5.254))

sup
j2N

gj � �n sup
i2N;i�n

fi;n D �n sup
i2N

fi;n D �nfn �-a.e. on †; 8 n 2 N:

(5.270)
In concert with the quasimonotonicity of k � k and (5.262), the pointwise esti-
mate (5.270) forces

� n � k�nfnk � C1

��
�sup
j2N

gj

��
�; 8 n 2 N; (5.271)

and, hence, �
�
�sup
i2N

gi

�
�
� D C1: (5.272)

This contradicts (5.268), hence (5.252) is proved.
To set the stage for the subsequent discussion, define C W M ! Œ0;C1� by

setting
C .A/ WD k1Ak; 8A 2 M: (5.273)

We claim that the function C is a quasimonotone capacity, i.e., it satisfies the
following two properties:

C .A/ � C1C .B/ for any A;B 2 M such that A � B; (5.274)

C .A [ B/ � C0C1 maxfC .A/;C .B/g; 8A;B 2 M: (5.275)
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Indeed, as regards the quasimonotonicity property (5.274), if A;B 2 M are such
that A � B , then 1A � 1B on †. In concert with the definition of C and the
quasimonotonicity property of k � k, this implies that C .A/ D k1Ak � C1k1Bk D
C1C .B/, as desired. As far as the quasisubadditivity property (5.275) is concerned,
pick two arbitrary sets A;B 2 M. Then, since 1A[B � 1A C 1B on †, it follows
from this and the quasimonotonicity of k � k that k1A[Bk � C1k1A C 1Bk. Based on
this and (5.8), we may then write

C .A[ B/ D k1A[Bk � C0C1 max
n
k1Ak; k1Bk

o

D C0C1 max
˚
C .A/;C .B/

�
; (5.276)

completing the proof of the quasisubadditivity property for C .
In relation to the capacity C introduced in (5.273), we also make the claim that

if ˇ 2 �
0; .log2 C0 C log2 C1/

�1� is a fixed finite number, then for every sequence
of sets fWngn2N � M there holds

1X

nD1
C .Wn/

ˇ < C1 H) �
�

lim sup
n!1

Wn

	
D 0;

where lim sup
n!1

Wn WD
1\

nD1

[

i�n
Wi :

(5.277)

To justify this claim, consider the semigroup .S;�/, where S WD M and where we
have set A � B WD A [ B for all A;B 2 M. Then the inclusion of sets induces
a partial order relation on S that satisfies condition (3.369). Denote by C? the
regularization of C defined as in Theorem 3.38 relative to the algebraic setting just
described. In particular, properties (3.375) and (3.377) translate (in light of (5.274)
and (5.275)) to

C�3
1 C�2

0 C .A/ � C?.A/ � C .A/ for each A 2 M; (5.278)

C?.A/ � C?.B/ for all A;B 2 M such that A � B: (5.279)

Next, we note that if a sequence .An/n2N � M is such that An � AnC1 for every
n 2 N, then, with C 2 Œ0;C1/ as in (5.252), we have

C
� 1[

nD1
An

	
D
�
�
�1[1

nD1An

�
�
� D

�
�
�sup
n2N

1An
�
�
� � C sup

n2N
�
�1An

�
� D C sup

n2N
C .An/

� CC3
1 C

2
0 sup
n2N

C?.An/ D CC3
1 C2 lim

n!1 C?.An/

� CC3
1 C

2
0 lim sup

n!1
C .An/: (5.280)
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Indeed, the first inequality is a consequence of (5.252), the second inequality is
implied by (the first part in) (5.278), the last equality holds by virtue of (5.279)
and the fact that An � AnC1 for every n 2 N, and the last inequality follows
from (the second part in) (5.278). To proceed, observe that

�
M;�;[;\;;; †; .�/c�

is a sigma-complete Boolean algebra and that C from (5.273) satisfies conditions
.1/–.3/ stipulated in the statement of Theorem 5.18, thanks to (5.274), (5.275),
and (5.280). Then the claim established in Step VI of the proof of Theorem 5.18
ensures that, in the context of (5.277), the finiteness of the series on the left-hand
side implies C

�
lim supn!1Wn

� D 0. With this in hand, the implication in (5.277)
follows with the help of (5.172).

Turning now in earnest to the proof of the conclusion in Theorem 5.4, assume
that the sequence .fj /j2N � L converges to some f 2 L in the topology �k�kL .
Then it is possible to find integer numbers 1 � n1 < n2 < � � � < nk < � � � with the
property that

kfnk � f kL < 2�k'.2k/�1; 8 k 2 N: (5.281)

Next, for each k 2 N introduce

Ak WD ˚
x 2 † W jfnk .x/ � f .x/j > 2�k� 2 M; (5.282)

and consider

A WD lim sup
k!1

Ak WD
1\

kD1

[

i�n
Ai 2 M: (5.283)

Then for each point x 2 †nA there exists ko 2 N with the property that x … S

k�ko
Ak

and, hence, jfnk .x/ � f .x/j � 2�k for each k � ko. Consequently,

lim
k!1 jfnk .x/ � f .x/j D 0; 8 x 2 † nA: (5.284)

Thus, we may conclude that the subsequence .fnk /k2N of .fn/n2N converges to f
pointwise �-a.e. on † as soon as we show that

�.A/ D 0: (5.285)

In turn, by (5.277), matters may be further reduced to proving that

1X

kD1
C .Ak/

ˇ < C1: (5.286)
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To this end, for each fixed k 2 N, using the fact that k � k is quasimonotone, (5.9),
and (5.281), we may estimate

C .Ak/ D k1Akk � C1
��2k � jfnk � f j ��

� C1'.2
k/kfnk � f kL < C12�k; 8 k 2 N: (5.287)

Hence,
1P
kD1

C .Ak/
ˇ < C

ˇ
1

1P
kD1

2�kˇ < C1, proving (5.286) and completing the

proof of the theorem. �
We conclude this subsection by recording a notable consequence of the proofs of

Theorem 5.4 and Proposition 5.17.

Corollary 5.21. In the context of Theorem 5.3, the quantitative Fatou property
formulated in (5.16) holds.

Proof. This is proved much as the implication .i/ ) .i i/ in Proposition 5.17,
making use of (5.252). ut

5.5 Absolute Continuity of a Measure with Respect
to a Capacity

We start by making the following definition.

Definition 5.22. (i) Given a lattice
�
X ;	;_;^�, call A;B 2 X disjoint

provided A ^ B D 0.
(ii) Given a sigma-complete Boolean algebra

�
X ;	;_;^; 0; 1; .�/c�, call a map-

ping � W X ! Œ0;C1� a measure provided

�
� 1_

nD1
An

	
D

1X

nD1
�.An/ (5.288)

for every sequence .An/n2N consisting of pairwise disjoint elements in the
lattice

�
X ;	; _;^�. Such a measure is called finite if �.1/ < C1.

The next lemma summarizes some of the main properties of finite measures on
sigma-complete Boolean algebras.

Lemma 5.23. Let
�
X ;	;_;^; 0; 1; .�/c� be a sigma-complete Boolean algebra,

and assume that � is a measure on it. Then � satisfies the following properties:

(1) �.0/ D 0.
(2) �.A/ � �.B/ for every A;B 2 X with A 	 B .
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(3) If .An/n2N � X satisfy An 	 AnC1 for every n 2 N and A WD
1W
nD1

An, then

�.An/ % �.A/ as n ! 1.

(4) If .An/n2N � X satisfy AnC1 	 An for every n 2 N and A WD
1V
nD1

An, then

�.An/ & �.A/ as n ! 1, provided �.A1/ < C1.

The proof of this result is analogous to the proof of the version of this lemma
corresponding to finite measures on ordinary measure spaces (see, e.g., [107,
Theorem 1.19, p. 16]; in the current context, the identity in (5.219) is also useful).
We omit the routine details.

The following theorem, which constitutes the main result in this subsection,
extends the classical result regarding the "-ı characterization of the absolute
continuity of measures (cf., e.g., [107, Theorem 6.11, p. 124] for the familiar
formulation) by considering the setting of sigma-complete Boolean algebras and
allowing the role of the dominating measure to be played by a quasimonotone
capacity.

Theorem 5.24. Suppose
�
X ;	;_;^; 0; 1; .�/c� is a sigma-complete Boolean al-

gebra. Let � be a finite measure on X . Assume that the function

C W X �! Œ0;C1� (5.289)

satisfies the following properties:

(i) (Quasisubadditivity) There exists C0 2 Œ1;C1/ such that

C .A _ B/ � C0 maxfC .A/;C .B/g; 8A;B 2 X : (5.290)

(ii) (Quasimonotonicity) There exists C1 2 Œ1;C1/ such that

C .A/ � C1C .B/; 8A;B 2 X such that A 	 B: (5.291)

Then the following statements are equivalent:

(1) There holds � � C in the sense that whenever A 2 X satisfies C .A/ D 0,
then necessarily �.A/ D 0.

(2) For every " > 0 there exists ı > 0 such that �.A/ < " for each A 2 X with
C .A/ < ı.

(3) For any family fAj gj2N � X such that limj!1 C .Aj / D 0 there holds
limj!1�.Aj / D 0.

Compared to the classical setting of measures, there are two novel aspects of
the proof of this theorem. First, the results from Sect. 1 play a basic role here and,
second, the overall strategy of the proof has been designed to cope with the lack of
countable additivity of the capacity.
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Proof of Theorem 5.24. The implications .2/ ) .1/ and .3/ ) .1/ are obvious,
and the implication .2/ ) .3/ is easy. Thus, we only have to prove that .1/ ) .2/,
and we will do so by reasoning by contradiction. To this end, assume that property
.1/ holds and that property .2/ fails, i.e., there exist "o > 0 and a family .An/n2N �
X such that

C .An/ < 2
�n and �.An/ � "o; 8 n 2 N: (5.292)

Introduce A 2 X defined by

A WD
1̂

nD1

� 1_

kDn
Ak

	
: (5.293)

Then, using .4/ and .2/ in Lemma 5.23, as well as (5.292), we may write

�.A/ D lim
n!1�

� 1_

kDn
Ak

	
� "o: (5.294)

For each k 2 N define
eAk WD Ak ^ A; (5.295)

and note that for each j 2 N we have

1_

kDj
eAk D A ^

� 1_

kDj
Ak

	
D A (5.296)

since the definition of the set A in (5.293) entails A 	
1W
kDj

Ak for each j 2 N.

Going further, for each n; j 2 N with n � j define the set

Vj;n WD
n_

kDj
eAk; (5.297)

and note that (5.296) forces

Vj;n 	 A; 8 n; j 2 N with n � j: (5.298)

In addition, from the definition of the sets eAk we deduce that

Vj;n D A ^
� n_

kDj
Ak

	
	

n_

kDj
Ak 8 n; j 2 N; with n � j: (5.299)
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To proceed, fix ˇ 2 �0; .log2 C0/
�1� and, for each n; j 2 N with n � j , write

C .Vj;n/ � C1C
� n_

kDj
Ak

	
� C2

0 C1

� nX

kDj
C .Ak/

ˇ
	1=ˇ

� C2
0 C1

� 1X

kDj
2�kˇ	1=ˇ D C2

0 C1
2�j

.1 � 2�ˇ/1=ˇ
; (5.300)

where the first inequality follows from (5.299) and the quasimonotonicity prop-
erty (5.291) of C , the second one is a consequence of estimate (3.322) (written for
 WD C ), and the third inequality is a consequence of the first part of (5.292).

Since for each j 2 N fixed we have

Vj;n 	 Vj;nC1 for every n 2 N with n � j (5.301)

and 1_

nDj
Vj;n D A; (5.302)

by property .3/ in Lemma 5.23 we may conclude that (recall that the measure �
is finite)

8 j 2 N 9nj 2 N such that nj � j and �.A/ � �.Vj;nj / < 2�j :

(5.303)

Moreover, for each j 2 N fixed we have A D Vj;n _ .A ^ V c
j;n/ for every n 2 N

satisfying n � j , thanks to (5.298) and the distributivity laws in X . Thus, based on
this and (5.288), we deduce that �.A/ D �.Vj;n/ C �.A ^ V c

j;n/ for every n 2 N

with n � j . Utilizing this back in (5.303) then yields

8 j 2 N 9nj 2 N such that nj � j and �
�
A ^ V c

j;nj

�
< 2�j : (5.304)

Next, for each k 2 N we define the set Wk 2 X by setting Wk WD V1
jDk Vj;nj .

Using again the quasimonotonicity property (5.291) of C , along with (5.300), for
each k 2 N and j 2 N with j � k we have

C .Wk/ � C1C .Vj;nj / � C2
0 C

2
1

2�j

.1 � 2�ˇ/1=ˇ
�! 0 as j ! 1: (5.305)

Thus, for each k 2 N we have C .Wk/ D 0, which, granted property .1/ from the
statement of the theorem, implies that �.Wk/ D 0 for each k 2 N. In concert with
property .3/ in Lemma 5.23, this implies

�
� 1_

kD1
Wk

	
D 0: (5.306)
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Consider now the setE 2 X defined byE WD V1
kD1

W1
jDk.A^V c

j;nj
/, and observe

that

�.E/ � �
� 1_

jDk
.A ^ V c

j;nj
/
	

�
1X

jDk
�.A ^ V c

j;nj
/ for each k 2 N: (5.307)

Combining (5.307) with the second part of (5.304) we obtain �.E/ �
1P
jDk

2�j for

each k 2 N. Hence,
�.E/ D 0: (5.308)

It remains to observe that, based on the definition of the sets E and Wk , k 2 N,
(5.190), (5.298), the distributivity, and De Morgan’s laws in X , we have

E _
� 1_

kD1
Wk

	
D
0

@A ^
� 1_

kD1

1̂

jDk
Vj;nj

	c

1

A _
� 1_

kD1

1̂

jDk
Vj;nj

	
D A: (5.309)

Thus, ultimately,

�.A/ � �.E/C �
� 1_

kD1
Wk

	
D 0; (5.310)

which contradicts the fact that �.A/ � "o > 0 from (5.294). This completes the
proof by contradiction of the fact that .1/ ) .2/ and completes the proof of the
theorem. �

Specializing the previous theorem to the case when the sigma-complete Boolean
algebra in question is a sigma-algebra of subsets of a given background set, equipped
with the standard set-theoretic operations, readily yields the following corollary.

Corollary 5.25. Suppose that .†;M; �/ is a complex measure space, and assume
that C W M ! Œ0;C1� has the property that for some fixed constantC0 2 Œ1;C1/

one has C .A [ B/ � C0 maxfC .A/;C .B/g for all A;B 2 M, and C .A/ �
C0C .B/ for all A;B 2 M with A � B .

Then the following statements are equivalent:

(1) There holds � � C in the sense that if A 2 M satisfies C .A/ D 0, then
�.A/ D 0.

(2) For every " > 0 there exists ı > 0 such that j�.A/j < " for each A 2 M with
C .A/ < ı.

(3) For any family .Aj /j2N � M such that limj!1 C .Aj / D 0 there holds
limj!1�.Aj / D 0.

The conclusion in Corollary 5.25 is false for � in the class of sigma-finite measures,
even when C is a finite measure. For example, if for each k 2 N we let ık denote the

Dirac measure on the real line with mass at k, then� WD
1P
kD1

ık and C WD
1P
kD1

2�kık .
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Then, obviously, � � C , and yet the sequence .Aj /j2N with Aj WD fj g, j 2 N,
satisfies C .Aj / D 2�j ! 0 and �.Aj / D 1 ! 1 as j ! 1.

In turn, Corollary 5.25 is the key ingredient in the proof of the embedding result
from Theorem 5.26, stated in the next section.

5.6 Embeddings and Pointwise Convergence

Let .†;M; �/ be a sigma-finite measure space. Hence, there exists a sequence
.Kj /j2N satisfying

.Kj /j2N � M; Kj � KjC1; �.Kj / < C1; 8 j 2 N;

1[

jD1
Kj D †:

(5.311)

In this scenario, we equip the space L0.†;M; �/ with the topology �� in which a
fundamental system of neighborhoods of an arbitrary f 2 L0.†;M; �/ is given by�V";j .f /

�
">0 ; j2N where, for each " > 0 and j 2 N, we have the set

V";j .f / WD ˚
g 2 L0.†;M; �/ W ��fx 2 Kj W jf .x/�g.x/j > "g� < "�: (5.312)

As is well known, the topology �� is metrizable, and a sequence .fj /j2N �
L0.†;M; �/ converges to some f 2 L0.†;M; �/ in �� if and only if .fj /j2N
converges to f in measure on sets of finite measure, i.e., for each " > 0 there holds

8A 2 M with �.A/ < C1 H) lim
j!1�

�fx 2 A W jfj .x/�f .x/j > "g
� D 0:

(5.313)
Furthermore,

�
L0.†;M; �/; ��

�
is a complete topological vector space if the

measure � is complete.
The stage has been set for formulating and proving our main embedding theorem

in this chapter. Specifically, the following result holds.

Theorem 5.26. Let .†;M; �/ be a background sigma-finite measure space. As-
sume that X is a linear subspace of L0.†;M; �/ and k � k W X ! Œ0;C1/ is a
function satisfying the following properties:

(1) (Quasitriangle inequality) There exists a constant C0 2 Œ1;C1/ with the
property that

kf C gk � C0 maxfkf k; kgkg; 8 f; g 2 X: (5.314)

(2) (Weak pseudohomogeneity) There exists a function ' W .0;C1/ ! .0;C1/

satisfying

k�f k � '.�/kf k; 8 f 2 X; 8� 2 .0;C1/: (5.315)
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(3) (Nondegeneracy) There holds

kf k D 0 ” f D 0; 8 f 2 X: (5.316)

(4) (Quasimonotonicity) There exists a constant C1 2 Œ1;C1/ such that whenever
f 2 X and g 2 L0.†;M; �/ satisfy jgj � jf j pointwise �-a.e. on †, then
g 2 X and kgk � C1kf k.

(5) (Locality) There exists a sequence .Kj /j2N as in (5.311) such that

1Kj 2 X; 8 j 2 N: (5.317)

Then, with the topology �k�k on X considered in the sense of Definition 5.1, there
holds

�
X; �k�k

�
,! �

L0.†;M; �/; ��
�

continuously: (5.318)

Proof. Note that, thanks to (5.317) and the fact that k � k is quasimonotone, we
have 1E 2 X whenever the set E 2 M has the property that there exists a number
j 2 N for which E � Kj . This observation allows us to (meaningfully) consider
the family of functions Cj W M ! Œ0;C1�, defined by setting

Cj .A/ WD k1A\Kj k; 8A 2 M; 8 j 2 N: (5.319)

Fix j 2 N arbitrary. Then, much as in (5.274) and (5.275), the function Cj is a
quasimonotone capacity; more specifically, Cj satisfies the following properties:

• (Quasimonotonicity) For any sets A;B 2 M with the property that A � B there
holds Cj .A/ � C1Cj .B/.

• (Quasisubadditivity) For any sets A;B 2 M there holds

Cj .A [ B/ � C0C1 maxfCj .A/;Cj .B/g: (5.320)

Next, consider the finite measure �j W M ! Œ0;C1/ defined by �j .E/ WD �.E \
Kj / for each E 2 M. Whenever the set A 2 M is such that Cj .A/ D 0, then
k1A\Kj k D 0, hence �j .A/ D �.A\Kj / D 0 by (5.172). Thus, property .1/ from
the statement of Corollary 5.25 is satisfied, i.e., �j � Cj . With this in hand, the
implication .1/ ) .2/ from Corollary 5.25 guarantees that

8 " > 0 9 ı > 0 such that �.A\Kj / < "

whenever A 2 M satisfies Cj .A/ < ı:
(5.321)

Moving on, fix " > 0, and let ı D ı."; j / > 0 be as in (5.321). Given an arbitrary,
fixed function f 2 X , introduce

A WD fx 2 Kj W jf .x/j > "g 2 M: (5.322)
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Note that this definition ensures that " 1A � jf j pointwise on†. Using this, the def-
inition of Cj , the weak pseudohomogeneity condition, and the quasimonotonicity
property of k � k, we therefore obtain

Cj .A/ D k1Ak � '."�1/k" 1Ak � C1'."
�1/kf k: (5.323)

Consequently, if kf k � ıo where ıo 2 �0; ı'."�1/�1C�1
1

�
, then Cj .A/ < ı, which,

in light of (5.321), forces �.A/ < ".
In summary, given any numbers " > 0 and j 2 N, if ı D ı."; j / > 0 is as

in (5.321), then taking ıo 2 .0; ı'."�1/�1C�1
1 / guarantees that

f 2 X such that kf k � ıo H) �
�fx 2 Kj W jf .x/j > "g� < ": (5.324)

Granted the nature of the fundamental system of neighborhoods of the origin in
the space L0.†;M; �/ equipped with the topology �� described in (5.312), the
continuity of the embedding operator in (5.318) is readily seen from (5.324). ut

The nature of the range of the inclusion operator in (5.318) naturally invites
revisiting the issue of pointwise convergence of sequences of functions from the
vector space X . In this regard, we have the following result.

Theorem 5.27. In the context of Theorem 5.26, any sequence .fj /j2N � X that is
convergent to some f 2 X in the topology �k�k has a subsequence that converges to
f pointwise �-a.e. on †.

If, in addition, the measure � is assumed to be complete, then any Cauchy
sequence in .X; �k�k/ has a subsequence taht converges pointwise �-a.e. on †.

Proof. The first claim in the statement of the theorem follows from (5.318) given
that any sequence .fj /j2N � L0.†;M; �/ that is convergent to some f 2
L0.†;M; �/ in the topology �� has a subsequence that converges to f pointwise
�-a.e. on †.

The second claim in the statement of the theorem follows also from (5.318)
by invoking the well-known fact (cf., e.g., [26, pp. 3–4]) that, if � is a complete
measure, then, as was mentioned,

�
L0.†;M; �/; ��

�
is a complete, metrizable,

topological vector space. ut

5.7 Separability

Here we consider the issue of the separability of certain classes of topological vector
spaces. In particular, Theorem 5.6 is an immediate consequence of the following
more general result.

Theorem 5.28. Let .†;M; �/ be a sigma-finite measure space with the property
that the measure � is separable (in the sense of Definition 5.20). Assume that X is
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a linear subspace of L0.†;M; �/ and k � k W X ! Œ0;C1/ is a function satisfying
the following properties:

(1) (Quasitriangle inequality) There exists a constant C0 2 Œ1;C1/ with the
property that

kf C gk � C0 maxfkf k; kgkg; 8 f; g 2 X: (5.325)

(2) (Pseudohomogeneity) There exists a function ' W .0;C1/ ! .0;C1/

satisfying

k�f k � '.�/kf k; 8 f 2 X; 8� 2 .0;C1/; (5.326)

and such that

sup
�>0

�
'.�/'.��1/

�
< C1 and lim

�!0C

'.�/ D 0: (5.327)

(3) (Nondegeneracy) There holds

kf k D 0 ” f D 0; 8 f 2 X: (5.328)

(4) (Quasi-order ideal) There exists a constant C1 2 Œ1;C1/ such that whenever
f 2 X and g 2 L0.†;M; �/ satisfy jgj � jf j pointwise �-a.e. on †, then
g 2 X and kgk � C1kf k.

(5) (Locality) There exists a sequence .Kj /j2N as in (5.311) such that

1Kj 2 X; 8 j 2 N: (5.329)

(6) (Absolute continuity) There holds

8 f 2 X; 8 .An/n2N � M such that 1An ! 0 �-a.e. on † as n ! 1

H) kf � 1Ank ! 0 as n ! 1:

(5.330)

Then, if the topology �k�k on X is as in Definition 5.1, it follows that

�
X; �k�k

�
is a separable topological space: (5.331)

Proof. IntroduceXC WD ˚
f 2 X W f � 0 �-a.e. on †

�
, and define

XC
bc W D

n
f 2 X W 9 j 2 N and 9M 2 Œ0;C1/ such that

0 � f � M �-a.e. on † and f D 0 �-a.e. on † nKj

o
: (5.332)



5.7 Separability 357

We claim that
XC
bc � XC

bc is dense in
�
X; �k�k

�
: (5.333)

Given an arbitrary function f 2 X , decompose it into f D f C � f � with

f ˙ WD 1

2
.jf j ˙ f / 2 L0.†;M; �/; (5.334)

and note that, since k � k is quasimonotone, we have f ˙ 2 XC. Hence, as far as
(5.333) is concerned, matters have been reduced to proving that

XC
bc is dense in

�
XC; �k�k

�
: (5.335)

To this end, given f 2 XC � L0C.†;M; �/, define fn WD f � 1ff <ng 2 XC for
each n 2 N, and note that kf � fnk D kf � 1ff�ngk ! 0 as n ! 1 by (5.330)
and the fact that 1ff�ng ! 0 pointwise �-a.e. on † as n ! 1. The latter condition
is justified by observing that, much as in the proof of (5.168), the fact that f 2 XC
entails f < C1 �-a.e. on †. Consequently,

fn ! f in �k�k as n ! 1: (5.336)

Next, for each fixed f 2 XC, a similar type of argument also gives that

f � 1Kj ! f in �k�k as n ! 1: (5.337)

In concert, (5.336) and (5.337) readily imply (5.335), and this completes the proof
of (5.333).

Moving on, fix an arbitrary f 2 XC
bc , and construct (cf., e.g., [107, Theorem 1.17,

p. 15]) a sequence .sn/n2N � L0C.†;M; �/ of nonnegative simple functions on the
measurable space .†;M/ with the property that

0 � f � sn � 2�n � 1ff >0g on †; for each n 2 N sufficiently large: (5.338)

Then, kf �snk � C1k2�n �1ff >0gk � C1'.2
�n/k1ff >0gk for each n 2 N sufficiently

large, and since '.2�n/ ! 0 as n ! 1, while k1ff >0gk < C1 given that f 2 XC
bc

(keeping in mind (5.332) and (5.329)), we may ultimately conclude that sn ! f in
�k�k as n ! 1. In addition, since 0 � sn � f , there exists j 2 N with the property
that sn D 0 on † nKj whenever n is sufficiently large.

Next, assume that a simple function s D PN
iD1 �i1Ei has been fixed, with the

property that �i 2 .0;C1/ and Ei 2 M for each i 2 f1; : : : ; N g, and such that
there exists j 2 N for which [N

iD1Ei � Kj . Then, choosing for each i 2 f1; : : : ; N g
a sequence .�i;n/n2N 2 Q with the property that �i;n % �i as n ! 1, it follows that

k�i1Ei � �i;n1Ei k � '.�i � �i;n/k1Ei k ! 0 as n ! 1: (5.339)
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At this stage in the proof, the goal is to identify a countable set D � X whose
closure in

�
X; �k�k

�
contains

˚
� � 1E W � 2 QC; E 2 M such that 9 j 2 N with E � Kj

�
: (5.340)

By assumption, the measure � is separable, and as such there exists a sequence of
sets .En/n2N � M with the property that

8A 2 M with �.A/ < C1; 9 .Enk /k2N subsequence of .En/n2N

satisfying �.A4Enk/ ! 0 as k ! 1:
(5.341)

We then define

D WD ˚
� � 1En\Kj W � 2 QC; n; j 2 N

� � XC (5.342)

and claim that this satisfies the desired property (formulated earlier, in relation
to (5.340)). To justify this claim, consider a function of the form � � 1E , where
� 2 QC and E 2 M is such that E � Kj for some j 2 N. By (5.341), there exists
a subsequence .Enk /k2N of .En/n2N with the property that

0 D lim
k!1�.A4Enk/ D lim

k!1

Z

†

ˇ
ˇ1Enk � 1E

ˇ
ˇ d�: (5.343)

Hence, there exists a subsequence .Enki /i2N of .Enk /k2N such that

1Enki �! 1E pointwise �-a.e. on †; as i ! 1: (5.344)

In fact, since E � Kj , it follows that

1Enki \Kj 2 D for each i 2 N, and

1Enki \Kj D 1Enki � 1Kj ! 1E pointwise �-a.e. on †; as i ! 1:
(5.345)

It remains to observe that

�
�1Enki \Kj � 1E

�
� D �

�1.Enki \Kj /4E � 1Kj
�
� �! 0; as i ! 1; (5.346)

by virtue of (5.329), (5.330), and (5.345). From this the desired conclusion readily
follows, and this completes the proof of the theorem. ut



Chapter 6
Functional Analysis on Quasi-Pseudonormed
Groups

The aim in this chapter is to explore the extent to which a significant portion of
classical functional analysis can be carried out on groups equipped with topologies
that are only partially compatible with the underlying algebraic structure. More
specifically, the settings we consider here will frequently (though not always) be
more general than those of topological groups (recall that a topological group is
a group endowed with a topology with the property that both the group’s binary
operation and the group’s inverse function are continuous with respect to the given
topology).

One case of particular interest for us is that in which the topology on a given
group G is naturally induced by a nonnegative function  defined on G exhibiting
properties similar to, yet weaker than, those satisfied by a genuine norm on a vector
space. In such a case, we will refer to G as a quasi-pseudonormed group. As such,
our earlier analysis pertaining to the nature of the topology induced by  on G,
addressing issues such as quantitative metrizability, will play a basic role in this
setting.

A specific goal is to revisit the fundamental trilogy in functional analysis, i.e., the
open mapping theorem (OMT), the closed graph theorem (CGT), and the uniform
boundedness principle (UBP), typically formulated in the context of Banach spaces,
or at least complete metrizable topological groups, and identify the specific format
of each of these fundamental theorems that permits the consideration of the more
general setting alluded to earlier. In this vein, it is worth recalling that relaxing
the demands on the environment from Banach to quasi-Banach already has major
functional analytic consequences. Specifically, as proved in [66], the Hahn–Banach
extension theorem (the cornerstone of the Banach space theory) fails in all quasi-
Banach spaces that are not Banach spaces.

D. Mitrea et al., Groupoid Metrization Theory, Applied and Numerical
Harmonic Analysis, DOI 10.1007/978-0-8176-8397-9 6,
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6.1 Topological and Algebraical Preliminaries

We start out by introducing some useful notation and basic results from topology. As
in the past, given an arbitrary topological space .X; �/, we will denote by N .xI �/
the family of neighborhoods of the point x 2 X , relative to the topology � . Also,
for any A � X we will let Int.AI �/ and Clo.AI �/ denote, respectively, the interior
and closure of the set A, relative to the topology � . Finally, for any set Y � X we
let �

ˇ
ˇ
Y

denote the topology induced on Y by � , i.e.,

�
ˇ
ˇ
Y

WD fO \ Y W O 2 �g: (6.1)

We will make frequent use of the following result.

Lemma 6.1. Let .X1; �1/ and .X2; �2/ be two topological spaces, and suppose that
the function f W .X1; �1/ ! .X2; �2/ is given. Then

f continuous and closed ” f
�
Clo.AI �1/

� D Clo.f .A/I �2/; 8A � X1; (6.2)

f injective, continuous, and open ) f
�
Int.AI �1/

� D Int.f .A/I �2/; 8A � X1;

(6.3)

f open ” f .U / 2 N
�
f .x/I �2

�
; 8 x 2 X1 and 8U 2 N .xI �1/: (6.4)

Proof. On the one hand, if the function f W .X1; �1/ ! .X2; �2/ is continuous, then
for anyA � X1 the set f �1�Clo.f .A/I �2/

�
is closed in the topology �1 and contains

A. Hence, Clo.AI �1/ � f �1�Clo.f .A/I �2/
�
, which ultimately implies that

f
�
Clo.AI �1/

� � Clo.f .A/I �2/: (6.5)

If, on the other hand, the function f W .X1; �1/ ! .X2; �2/ is closed, then for any
A � X1 the set f

�
Clo.AI �1/

�
is closed in �2 and contains f .A/. As such, we

necessarily have Clo.f .A/I �2/ � f
�
Clo.AI �1/

�
. This, together with (6.5), proves

the left-to-right implication in (6.1).
In the converse direction, suppose that f W X1 ! X2 is function with the property

that

f
�
Clo.AI �1/

� D Clo.f .A/I �2/; 8A � X1: (6.6)

This clearly entails that f W .X1; �1/ ! .X2; �2/ is closed, so there remains to
prove that this function is also continuous. Reasoning by contradiction, assume that
there exists x0 2 X1 such that f is not continuous at x0. Then there exists U 2
N .f .x0/I �2/ with the property that

8V 2 N .x0I �1/ 9 xV 2 V such that f .xV / 62 U: (6.7)
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Next, consider the set A WD fxV W V 2 N .x0I �1/g, and note that we have x0 2
Clo.AI �1/ since, by design, for any V 2 N .x0I �1/ one has xV 2 V \ A, hence
V \A 6D ; for each V 2 N .x0I �1/. Thus, f .x0/ 2 f .Clo.AI �1//, and using (6.6)
we may therefore conclude that f .x0/ 2 Clo.f .A/I �2/. In particular, this shows
that U \ f .A/ 6D ;, and, based on the definition of A, this implies that there exists
V 2 N .x0I �1/ such that f .xV / 2 U , contradicting (6.7). This completes the proof
of the right-to left implication in (6.2).

Turning our attention to proving the implication formulated in (6.3), assume that
the function f W .X1; �1/ ! .X2; �2/ is injective, continuous, and open. Since for
each A � X1 one has f .Int.AI �1// � f .A/, the fact that the function f is open
implies that

f .Int.AI �1// � Int.f .A/I �2/; 8A � X1: (6.8)

Going further, the fact that the function f W .X1; �1/ ! .X2; �2/ is also continuous
gives

8A � X1 the set f �1�Int.f .A/I �2/
�

is open in �1: (6.9)

However, the function f W X1 ! X2 is injective, which allows us to write

f �1�Int.f .A/I �2/
� � f �1�f .A/

� � A: (6.10)

In combination with (6.9), this implies that f �1�Int.f .A/I �2/
� � Int.AI �1/. In

turn, this gives

Int.f .A/I �2/ � f .Int.AI �1//; 8A � X1: (6.11)

Then (6.8) and (6.11) prove the implication in (6.3).
Finally, (6.4) is essentially a direct consequence of the definition of an open

function. ut
The equivalence in (6.4) suggests adopting the following piece of terminology

(which will become relevant later on).

Definition 6.2. Let .X1; �1/ and .X2; �2/ be two topological spaces, and let f W
X1 ! X2 be a given function. Call f almost open at x 2 X1 (relative to �1,
�2) provided

Clo
�
f .U /I �2

� 2 N
�
f .x/I �2

�
; 8U 2 N .xI �1/: (6.12)

For further use, let us also note here that if .X1; �1/ and .X2; �2/ are topological
spaces, then for every function f W X1 ! X2 we have

.X1; �1/ compact

and

.X2; �2/ Hausdorff

9
>>=

>>;
H)

8
ˆ̂
<

ˆ̂
:

f W .X1; �1/ ! .X2; �2/ is a homeomorphism

if and only if

f W .X1; �1/ ! .X2; �2/ is continuous and bijective:

(6.13)
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Indeed, this follows by observing that if .X1; �1/ is compact and .X2; �2/ is
Hausdorff, then any continuous function f W .X1; �1/ ! .X2; �2/ is closed (since it
maps compacts to compacts).

Finally, later on we will need the following elementary lemma.

Lemma 6.3. Let .X1; �1/ and .X2; �2/ be two topological spaces, with �2 Haus-
dorff, and assume that f W .X1; �1/ ! .X2; �2/ is a continuous function. Then Gf ,
the graph of the function f , is a closed subset of .X1 �X2; �1 � �2/.
Proof. Let .a; b/ 2 .X1�X2/nGf . Then f .a/ 6D b and, since .X2; �2/ is Hausdorff,
there exist U 2 N .f .a/I �2/ and V 2 N .bI �2/ such that U \ V D ;. Given
that f W .X1; �1/ ! .X2; �2/ is continuous, there exists O 2 N .aI �1/ such that
f .O/ � U . As such, O � V 2 N

�
.a; b/I �1 � �2

�
and .O � V / \ Gf D ;. This

shows that Gf is a closed subset of .X1 �X2; �1 � �2/. ut
We continue by recording a useful lemma describing the manner in which a

topology can be assigned starting from a system of axioms mimicking the properties
of the neighborhood filter associated with a given topology.

Lemma 6.4. Let X be a nonempty set, and suppose that X 3 x 7! Nx � 2X

assigns to each point in X a nonempty collection of subsets of X satisfying the
following properties:

.i/ V \W 2 Nx whenever x 2 X and V;W 2 Nx I (6.14)

.i i/ W 2 Nx whenever x 2 X and W � X

is such that 9V 2 Nx with V � W:notag
(6.15)

Then

� WD ˚
O � X W O 2 Nx for each x 2 O� (6.16)

is a topology on X satisfying

N .xI �/ � Nx for each x 2 X (6.17)

and with the property that it is the largest topology on X for which (6.17) holds.
Furthermore, for � as in (6.16) one actually has

N .xI �/ D Nx for each x 2 X (6.18)

if and only if, in addition to (i) and (ii), the assignment X 3 x 7! Nx � 2X also
satisfies the following two properties:

.i i i/ x 2 V for each x 2 X and each V 2 Nx I (6.19)

.iv/ 8 x 2 X and 8V 2 Nx there exists W 2 Nx

so that W � V and W 2 Ny for each y 2 W:
(6.20)
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Proof. First assume that the assignment X 3 x 7! Nx � 2X is such that

Nx 6D ;; 8 x 2 X; (6.21)

and it satisfies properties (i) and (ii). Our goal is to show that � introduced in (6.16)
is a topology on X . Note first that ; 2 � , tautologically. Next, (6.21) and property
(ii) imply that X 2 Nx for any x 2 X . Thus, by (6.16), we obtain that X 2 � .
Going further, consider fOi gi2I � � and let O WD S

i2I Oi . With an eye toward
showing that

O 2 �; (6.22)

pick an arbitrary x 2 O and observe that that there exists io 2 I such that x 2
Oio 2 � . Hence, using property (ii) along with the fact that Oio � O, this further
implies that (6.22) holds. Moving on, let Oj 2 � , j D 1; 2, and pick an arbitrary
point x 2 O1 \ O2. Then, by (6.16), we obtain that Oj 2 Nx for j 2 f1; 2g, and
consequently, using property (i), we obtain that O1 \O2 2 Nx . Since x 2 O1 \O2,
this further yields O1 \ O2 2 � and completes the proof of the fact that � is a
topology.

Next we turn our attention to proving (6.17) and start by picking a point x 2 X

and V 2 N .xI �/. Then, there exists O 2 � such that x 2 O � V . Consequently,
from (6.16) and property (ii) it follows that V 2 Nx , completing the proof of (6.17).
Moving on assume thate� is a topology on X such that

N .xIe�/ � Nx; 8 x 2 X: (6.23)

Pick next O 2 e� and x 2 O. Since in this scenario O 2 N .xIe�/, this and (6.23)
allow us to conclude that O 2 Nx . Thanks to the fact that x 2 O was arbitrary this
further implies that O 2 � . Consequently,e� � � , completing the proof that � is the
largest topology on X for which (6.17) holds.

We are left with proving the last claim in the lemma having to do with the
equivalence between (6.18) and (6.19), (6.20) whenever the assignment X 3 x 7!
Nx � 2X satisfies (i) and (ii). First assume that (6.18) holds. Then, for any x 2 X

and any V 2 Nx , thanks to (6.18) we have that V 2 N .xI �/, and consequently
x 2 V . Thus (iii) holds. Furthermore, if x 2 X and V 2 Nx , then, as above,
V 2 N .xI �/, and consequently (by the definition of N .xI �/) there exists W 2 �
such that W � V . In turn, the membershipW 2 � guarantees that W 2 Ny for any
y 2 W . Thus (iv) holds as well.

Finally, assume that the assignment X 3 x 7! Nx � 2X satisfies (i)–(iv). Our
goal is to prove the identity from (6.18). Thanks to (6.17), it suffices to show that
the right-to-left inclusion in (6.18) holds. To see this, let x 2 X and O 2 Nx . Using
property (iv), there exists W 2 Nx satisfying W � O and W 2 Ny for every
y 2 W . However, on the one hand, (i) and W 2 Nx imply that x 2 W , and on the
other hand, W 2 Ny for every y 2 W guarantees that W 2 � . Combining these
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with the fact thatW � O we obtain that O 2 N .xI �/, establishing the right-to-left
inclusion in (6.18) and completing the proof of the lemma. ut
Remark 6.5. It is instructive to note that, under the assumption that (6.15) holds,
condition (6.20) is further equivalent to the demand that

.iv/0 8 x 2 X and 8V 2 Nx 9W 2 Nx such that V 2 Ny 8 y 2 W:
(6.24)

For the reader’s convenience, we also record the following definition.

Definition 6.6. A topological space .X; �/ is called Lindelöf provided every
open cover of X has a countable subcover.

Moving on, let
�
G;�; .�/�1; eG

�
be a group, i.e., G is a set, � is an associative

binary operation onG, a�1 is the inverse of a 2 G, and eG is the neutral (or identity)
element. In the subsequent discussion, we will often abbreviate

�
G;�; .�/�1; eG

�
by

.G;�/ and, occasionally, simply by G. Given two groups .G;�/, .S; ı/, denote by
Hom .G; S/ the collection of all (group) homomorphisms from G to S . That is,
T 2 Hom .G; S/ if and only if T W G ! S satisfies

T .a � b/ D .Ta/ ı .T b/; 8 a; b 2 G: (6.25)

In turn, (6.25) used with a D b D eG forces

TeG D eS ; 8T 2 Hom .G; S/: (6.26)

For each T 2 Hom .G; S/ we will denote its graph by

GT WD f.a; Ta/ W a 2 Gg � G � S (6.27)

and define the kernel and image of T , respectively, according to

KerT WD fa 2 G W Ta D eGg; ImT WD fTa W a 2 Gg: (6.28)

Fix now a group .G;�/. For each a 2 G define

an WD a � a � � � � � a„ ƒ‚ …
n factors

; 8 n 2 N: (6.29)

Also, for any two arbitrary subsets A;B of G introduce the notation

A � B WD fa � b W .a; b/ 2 A � Bg; A�1 WD ˚
a�1 W a 2 A�; (6.30)
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and call A � G symmetric if A D A�1. In particular, for A � G and a 2 G we
will abbreviate

A � a WD A � fag; a � A WD fag � A; (6.31)

An WD A � A � � � � � A„ ƒ‚ …
n factors

; 8 n 2 N: (6.32)

For each A � G and each n 2 N, we will also use the abbreviation

A.n/ WD ˚
an W a 2 A�: (6.33)

We stress that (6.33) is not to be confused with (6.32). Indeed, we have A.n/ � An

for every A � G, but in general the inclusion is strict.
We continue by recording a couple of definitions that will be relevant in Sect. 4.

First, we recall the following standard piece of terminology.

Definition 6.7. Let
�
G;�; .�/�1; eG

�
be a group. Define the order of an element

a 2 G as

ord .a/ WD inf
˚
n 2 N W an D eG

�
; (6.34)

with the convention that inf ; WD C1. An element a 2 G is said to be a torsion
element if it has finite order. If the only torsion element in G is the identity
element, then the group G is said to be torsion-free.

Our next definition elaborates on the possibility of taking roots (with respect to
the group multiplication) in a given group.

Definition 6.8. (i) Call a group G divisible1 if for every n 2 N and every
a 2 G there exists x 2 G such that xn D a.

(ii) Call a groupG uniquely divisible if for every n 2 N and every a 2 G
there exists a unique x 2 G such that xn D a. Henceforth, given n 2 N and
a 2 G, the notation n

p
a stands for the unique element x 2 G such that xn D a.

It is then clear from Definitions 6.7 and 6.8 that

G torsion-free, divisible, Abelian group H) G uniquely divisible; (6.35)

and

G uniquely divisible H) G torsion-free and divisible: (6.36)

Next, given a group .G;�/, for each a 2 G denote by sR
a the right-shift (or right-

translation) by a, i.e.,

sR
a W G �! G; sR

a .x/ WD x � a; 8 x 2 G; (6.37)

1In contrast to the more common practice, here we do not make the background assumption that
the group in question is Abelian.
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and by sL
a the left-shift (or left-translation) by a, i.e.,

sL
a W G �! G; sL

a .x/ WD a � x; 8 x 2 G: (6.38)

Then, obviously,

sR
eG

D sL
eG

D idG; the identity mapping of GI (6.39)

sR
a ı sR

b D sR
b�a and sL

a ı sL
b D sL

a�b; 8 a; b 2 GI (6.40)

sR
a ; s

L
a are bijective,

�
sR
a

��1 D sR
a�1 and

�
sL
a

��1 D sL
a�1 ; 8 a 2 G: (6.41)

Also, the following intertwining identities hold:

sR
a ı .�/�1 D .�/�1 ı sL

a�1 ; sL
a ı .�/�1 D .�/�1 ı sR

a�1 ; 8 a 2 G: (6.42)

Of particular interest is the case when a group is equipped with a topology that
is compatible with the underlying algebraic structures, as described in the definition
below.

Definition 6.9. A topological group is a group
�
G;�; .�/�1; eG

�
endowed

with a topology � on the set G with the property that the group operations .�/�1 W
G ! G and � W G�G ! G are continuous functions (in the latter case, considering
the product topology � � � on G �G).

Alternatively, � is called a group topology on G provided .G;�; �/ is a topological
group.

Of course, given a group .G;�/ and a topology � on G, in order for .G;�; �/ to
be a topological group, it suffices to have

�
G �G; � � �� 3 .x; y/ 7! x � y�1 2 .G; �/ continuous: (6.43)

Nonetheless, in the sequel we will work with groups equipped with topologies that
satisfy weaker conditions than those required to render them topological groups.
This is made precise in our next definition.

Definition 6.10. Let
�
G;�; .�/�1; eG

�
be a group, and assume that � is a topology

on the set G.

(i) Call � a symmetric topology provided

8V 2 N .eG I �/ 9W 2 N .eGI �/ such that W is symmetric and W � V :

(6.44)

(ii) Call � a right-invariant topology provided

sR
a W .G; �/ �! .G; �/ is continuous for every a 2 G: (6.45)
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Also, call � a left-invariant topology if sL
a W .G; �/ ! .G; �/ is

continuous for every a 2 G.
(iii) Call .G; �/ a semitopological group provided the inverse operation

and all right-shifts are continuous, i.e.,

.�/�1 W .G; �/ �! .G; �/ and sR
a W .G; �/ �! .G; �/; 8 a 2 G; (6.46)

are continuous functions.

Obviously, any topological group is a semitopological group. Other properties of
interest are collected in the lemma below.

Lemma 6.11. Let
�
G;�; .�/�1; eG

�
be a group, and assume that � is a topology on

the set G.

(i) The following equivalences hold:

� is a symmetric topology on G

” .�/�1 W .G; �/ �! .G; �/ is continuous at eG

” V �1 2 N .eGI �/ for every V 2 N .eGI �/; (6.47)

and

� is a right-invariant topology on G

” sR
a W .G; �/ �! .G; �/ is a homeomorphism, 8 a 2 G; (6.48)

and

� is a left-invariant topology on G

” sL
a W .G; �/ �! .G; �/ is a homeomorphism, 8 a 2 G: (6.49)

(ii) If .G; �/ is a semitopological group, then � is symmetric and both left-invariant
and right-invariant.

(iii) In any semitopological group, the inverse operation and all right-shifts and
left-shifts are in fact homeomorphisms.

Proof. To justify the sequence of equivalences in (i), assume first that � is a
symmetric topology on G and pick an arbitrary V 2 N .eGI �/. Then we may
find some set W 2 N .eG I �/ such that W is symmetric and W � V . This implies
that W �1 D W � V , which shows that the function .�/�1 W .G; �/ ! .G; �/ is
continuous at eG . Next, if .�/�1 W .G; �/ ! .G; �/ is continuous at eG , then for
any V 2 N .eGI �/ there exists U 2 N .eGI �/ such that U�1 � V . This forces
U � V �1 and, hence, V �1 2 N .eGI �/. Finally, assume that V �1 2 N .eGI �/
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for every V 2 N .eGI �/ and pick an arbitrary U 2 N .eGI �/. Then W WD
U \U�1 2 N .eGI �/ is symmetric andW � U , which proves that � is a symmetric
topology on G. This concludes the proof of the equivalences in (6.47). Of course,
the equivalences in (6.49) are dealt with similarly.

As regards part .i i/, thanks to the intertwining identities from (6.42), the fact
that the functions in (6.46) are continuous implies that the left-shift functions sL

a W
.G; �/ ! .G; �/, a 2 G, are continuous as well. Finally, the claim in part .i i i/ is
readily seen from (6.41). ut
Lemma 6.12. Let

�
G;�; .�/�1; eG

�
be a group, and assume that � is a topology on

the set G. Then the following assertions are true:

(1) If � is symmetric, then

U�1 2 N .eGI �/ and U � V 2 N .eG I �/; 8U; V 2 N .eG I �/: (6.50)

(2) If � is symmetric and right-invariant, then

Clo.AI �/ D
\

V2N .eG I�/
V � A; 8A � G; (6.51)

whereas if � is symmetric and left-invariant, then

Clo.AI �/ D
\

V 2N .eG I�/
A � V; 8A � G: (6.52)

(3) If the topology � is symmetric and two-sided invariant (in particular if .G; �/ is
a semitopological group), then

Clo.AI �/ D
\

V;W 2N .eG I�/
V � A �W; 8A � G; (6.53)

Clo.AI �/ � Clo.BI �/ � Clo.A � BI �/; 8A;B � G: (6.54)

(4) If � is symmetric, then the mapping

�
G �G; � � �� 3 .x; y/ 7! x � y 2 .G; �/ is continuous; (6.55)

and if � is either right-invariant or left-invariant, then

8V 2 N .eGI �/ 9W 2 N .eGI �/ such that Clo.W I �/ � V: (6.56)

Proof. Given any U 2 N .eGI �/, part .i i i/ in Remark 6.11, together with (6.4),
proves that U�1 2 N .eG I �/. For any sets U; V 2 N .eGI �/, observe that U �V 2
N .eGI �/ since N .eGI �/ 3 U � U � V , given that eG 2 V . This proves (6.50).
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Next, if A � G is arbitrary, then for each a 2 G we may write (by once again
relying on part .i i i/ in Remark 6.11 and (6.4)) that

a … Clo.AI �/ ” 9V 2 N .eGI �/ such that .V � a/\ A D ;
” a … V �1 � A: (6.57)

In concert with the first formula in (6.50), this proves the first equality in (6.51).
The second equality in (6.51) is justified in a similar manner. Moreover, having
established these two equalities, we may now make use of them and the second
formula in (6.50) to write

\

V;W 2N .eG I�/
V � A �W D

\

V2N .eG I�/

� \

W 2N .eG I�/
.V � A/ �W

�

D
\

V2N .eG I�/
Clo .V � AI �/

D
\

V2N .eG I�/

� \

W 2N .eG I�/
W � .V � A/

�

D
\

V;W 2N .eG I�/
W � V � A �

\

U2N .eG I�/
U � A

D Clo .AI �/: (6.58)

On the other hand, since eG 2 W for everyW 2 N .eG I �/, it follows that

Clo .AI �/ D
\

V 2N .eG I�/
V � A �

\

V;W 2N .eG I�/
V � A �W: (6.59)

Now, the last equality in (6.51) is a consequence of (6.58) and (6.59). Next, given
two arbitrary sets A;B � G, we have, thanks to (6.51),

Clo.AI �/ � Clo.BI �/ D
� \

V 2N .eG I�/
V � A

�
�
� \

W 2N .eG I�/
B �W

�

�
\

V;W 2N .eG I�/
V � A � B �W D Clo.A � BI �/; (6.60)

and (6.54) follows. Finally, assume that the topology � is as in part (4) in the
statement of the lemma. Then for each V 2 N .eGI �/ the continuity of the
mapping (6.55) entails the existence of someW 2 N .eG I �/ such thatW �W � V .
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Since Clo.W I �/ � W � W by (2) and the properties of � , we deduce that
Clo.W I �/ � V , and this completes the proof of the lemma. ut

We next describe the topology induced on a given group G by an arbitrary
nonnegative (and possibly infinite) function  defined on G. Recall that, in the
more general context of groupoids, this was done in Definition 2.62. For the reader’s
convenience, below we specialize the latter definition to the particular case of a
groupG (in which scenario G.2/ D G �G).

Definition 6.13. Given a group .G;�; .�/�1; eG/ and a function  W G ! Œ0;C1�,
define the right and left  -balls centered at a 2 G and with radius r 2 .0;C1/

respectively as

BR
 .a; r/ WD ˚

x 2 G W  .a � x�1/ < r
�
; (6.61)

BL
 .a; r/ WD ˚

x 2 G W  .x�1 � a/ < r�: (6.62)

Then the right-topology �R
 induced by  on G is defined by

�R
 WD ˚

O � G W 8 a 2 O 9 r 2 .0;C1/ such that BR
 .a; r/ � O

�
; (6.63)

whereas the left-topology �L
 induced by  on G is defined by

�L
 WD ˚

O � G W 8 a 2 O 9 r 2 .0;C1/ such that BL
 .a; r/ � O

�
: (6.64)

In our next lemma, we explore the extent to which the topology induced by a
nonnegative function defined on a given group is compatible with the algebraic
structure. Before stating this, we remind the reader that, given a topological space
.X; �/ and a point x 2 X , a subset U of N .xI �/ is called a fundamental system
of neighborhoods of x (in the topology �) if for every V 2 N .xI �/ there exists
U 2 U such that U � V .

Lemma 6.14. Assume that .G;�/ is a group and that  W G ! Œ0;C1� is an
arbitrary function.

(i) Both �R
 and �L

 are topologies on G, having the following properties:

Int
�
AI �R

 

� � ˚
a 2 A W 9 r 2 .0;C1/ such that BR

 .a; r/ � A
�
;

(6.65)

Int
�
AI �L

 

� � ˚
a 2 A W 9 r 2 .0;C1/ such that BL

 .a; r/ � A
�

(6.66)

for every A � G and



6.1 Topological and Algebraical Preliminaries 371

8V 2 N
�
aI �R

 

� 9 r 2 .0;C1/ such that BR
 .a; r/ � V; (6.67)

8V 2 N
�
aI �L

 

� 9 r 2 .0;C1/ such that BL
 .a; r/ � V (6.68)

for each a 2 X .
(ii) For each a 2 G the shifts

sR
a W �G; �R

 

� �! �
G; �R

 

�
; sL

a W �G; �L
 

� �! �
G; �L

 

�
(6.69)

are homeomorphisms. Furthermore, for each x 2 G and r 2 .0;C1/

sR
a

�
BR
 .x; r/

�
D BR

 

�
sR
a .x/; r

�
and sL

a

�
BL
 .x; r/

�
D BL

 

�
sL
a .x/; r

�
:

(6.70)

(iii) One has

a 2 BR
 .a; r/ 8 a 2 G; 8 r > 0 ,  .eG/ D 0

, a 2 BL
 .a; r/ 8 a 2 G; 8 r > 0: (6.71)

(iv) The mappings

.�/�1 W �G; �R
 

� �! �
G; �L

 

�
; .�/�1 W �G; �L

 

� �! �
G; �R

 

�
(6.72)

are homeomorphisms (that are inverse to one another) provided the function
 has the property that

8 " > 0 9 ı > 0; so that if x 2 G satisfies  .x/ < ı; then  .x�1/ < ":
(6.73)

(v) Assume that the function  satisfies

8 " > 0 9 ı > 0 with the property that  .x � y/ < "
whenever x; y 2 G satisfy  .x/ < ı;  .y/ < ı:

(6.74)

Then for every A � G one has

Int
�
AI �R

 

� D ˚
a 2 A W 9 r 2 .0;C1/ such that BR

 .a; r/ � A
�
; (6.75)

Int
�
AI �L

 

� D ˚
a 2 A W 9 r 2 .0;C1/ such that BL

 .a; r/ � A
�
: (6.76)

Furthermore, if  satisfies (6.74) and  .eG/ D 0, then

BR
 .a; r/ 2 N

�
aI �R

 

�
and BL

 .a; r/ 2 N
�
aI �L

 

�
; 8 a 2 G; 8 r > 0:

(6.77)
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In fact, in this scenario, for each a 2 G

n
BR
 .a; r/

o

r>0
is a fundamental system of neighborhoods of a in �R

 

(6.78)

and
n
BL
 .a; r/

o

r>0
is a fundamental system of neighborhoods of a in �L

 :

(6.79)

(vi) If the function  satisfies (6.73), (6.74), and

 �1.f0g/ D feGg; (6.80)

then the topological spaces .G; �R
 / and .G; �L

 / are Hausdorff.
(vii) If the function  has the property that

8 " > 0 9 ı > 0 so that  .y � x/ < " if x; y 2 G satisfy  .x � y/ < ıI
(6.81)

then

�R
 D �L

 : (6.82)

(viii) Suppose that (6.81) holds and, in such a scenario, set � WD �R
 .D �L

 /. In
addition, assume that the function  satisfies (6.73) and (6.74). Then

�
G;�; � 

�
is a topological group: (6.83)

Proof. It is clear from definitions that �R
 and �L

 are topologies onG and that (6.65)
and (6.66) hold. In turn, the latter formulas readily imply (6.67) and (6.68). The fact
that the mappings in (6.69) are homeomorphisms follows from (6.41) and (6.63),
(6.64) after observing that (recall (2.151) and the convention made in (6.31))

BR
 .a; r/ � b D BR

 .a � b; r/; b � BL
 .a; r/ D BL

 .b � a; r/ (6.84)

for all a; b 2 G and r 2 .0;C1/. As a byproduct, the identities in (6.70) also
follow. In addition, the equivalences in (6.71) are clear from definitions. Going
further, one can check without difficulty that [recall the piece of notation introduced
in (6.30)]

�
BR
 .a; r/

��1 D BL
 ı.�/�1 .a

�1; r/ and
�
BL
 .a; r/

��1 D BR
 ı.�/�1 .a

�1; r/
(6.85)
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for every a 2 G and r 2 .0;C1/. In light of (6.85), condition (6.73) then becomes
equivalent to the demand that

8 " > 0 9 ı > 0 such that for each a 2 G one has

BL
 .a

�1; ı/ �
�
BR
 .a; "/

��1
and BR

 .a
�1; ı/ �

�
BL
 .a; "/

��1
:

(6.86)

With this in hand, it readily follows that the maps in (6.72) are homeomorphisms
if (6.73) holds.

Next, consider (6.75) for some fixed A � G. To facilitate the presentation, we
will temporarily use the notation

eA WD ˚
a 2 A W 9 r 2 .0;C1/ such that BR

 .a; r/ � A
�
: (6.87)

In this regard, we make the claim that eA 2 �R
 . To justify this claim, pick some

a 2 eA. Then there exists r > 0 such that BR
 .a; r/ � A, and (6.74) guarantees the

existence of some ı > 0 with the property that

 .x � y/ < r whenever x; y 2 G are such that  .x/ < ı;  .y/ < ı: (6.88)

Consider now two arbitrary elements, b 2 BR
 .a; ı/ and c 2 BR

 .b; ı/. Then we
may write  .a � c�1/ D  

�
.a � b�1/ � .b � c�1/

�
< r by (6.88) and the fact that

 .a � b�1/ < ı and  .b � c�1/ < ı. This proves that BR
 .b; ı/ � BR

 .a; r/, hence

BR
 .b; ı/ � A for every element b 2 BR

 .a; ı/. Thus, ultimately, BR
 .a; ı/ � eA,

proving that eA 2 �R
 . Since by design eA � A, we may therefore conclude that

eA � Int
�
AI �R

 

�
. Since the converse inclusion is contained in (6.65), this completes

the proof of (6.75). Of course, (6.76) is established similarly.
If  satisfies (6.74) and  .eG/ D 0, then, thanks to (6.75)–(6.76), we have

a 2 Int
�
BR
 .a; r/I �R

 

� \ Int
�
BL
 .a; r/I �L

 

�
; 8 a 2 G; 8 r > 0; (6.89)

from which (6.77) follows. In turn, (6.78) and (6.79) are immediate consequences
of (6.77).

Suppose now that the function  satisfies (6.73), (6.74), and (6.80), and pick
a; b 2 G with a 6D b. Then a � b�1 6D eG and, as such,  .a � b�1/ > 0. Pick
" 2 �

0;  .a � b�1/
�
, and let ı > 0 be associated with this " as in (6.74). Also,

making use of (6.73), select ı1 2 .0; ı/ such that

 .x�1/ < ı if x 2 G satisfies  .x/ < ı1: (6.90)

We claim that

BR
 .a; ı1/\ BR

 .b; ı1/ D ;: (6.91)
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To see this, reason by contradiction and assume that there exists c 2 BR
 .a; ı1/ \

BR
 .b; ı1/. Then, since  .b � c�1/ < ı1, it follows from (6.90) that  .c � b�1/ < ı.

With this in hand, we have, thanks to our choice of ı and the fact that ı1 < ı,

 .a � b�1/ D  
�
.a � c�1/ � .c � b�1/

�
< ": (6.92)

This contradiction proves (6.91). Keeping in mind (6.77), we may then conclude
from (6.91) that the topological space .G; �R

 / is Hausdorff. Moreover, a similar
reasoning applies in the case of .G; �L

 /.
Next, condition (6.81) is equivalent to the demand that

8 " > 0 9 ı > 0 such that for each a 2 G one has

BL
 .a; ı/ � BR

 .a; "/ and BR
 .a; ı/ � BL

 .a; "/;
(6.93)

which, in turn, readily yields (6.82). Finally, if (6.81) and (6.73) hold, then
from (6.82) and (6.72) we know that the mapping .�/�1 W �G; � 

� ! �
G; � 

�
is

a homeomorphism. Thus, as far as (6.83) is concerned, there remains to show that

p W .G �G; � � � / �! .G; � /; p.x; y/ WD x � y; 8 x; y 2 G; is continuous;
(6.94)

i.e., that p�1.O/ 2 � � � for each O 2 � . Unraveling definitions, it is apparent
that it suffices to check that for every xo; yo 2 G and any r > 0 there exists " > 0

with the property that

BR
 .xo; "/ � BR

 .yo; "/ � BR
 .xo � yo; r/: (6.95)

To this end, fix xo; yo 2 G along with r > 0 and, for some " > 0 to be specified
later, select two arbitrary elements x 2 BR

 .xo; "/ and y 2 BR
 .yo; "/. The goal is

to specify " such that we necessarily have  
�
xo � yo � .x � y/�1� < r . The latter

condition is equivalent to  
�
xo � yo � y�1 � x�1� < r , and, granted (6.81), there

exists ı1 > 0 such that this is true provided the inequality 
�
x�1�xo�yo�y�1� < ı1

holds. In turn, granted (6.74), there exists ı2 > 0 such this inequality holds if

 
�
x�1 � xo

�
< ı2 and  

�
yo � y�1� < ı2: (6.96)

Note that y 2 BR
 .yo; "/ forces  

�
yo � y�1� < ", so the second inequality in (6.96)

is automatically satisfied if " < ı2. Moreover, thanks to (6.81), there exists ı3 > 0

such that the first inequality in (6.96) holds provided  
�
xo � x�1� < ı3. However,

given that x 2 BR
 .xo; "/, this last inequality will hold provided " < ı3. All in

all, (6.95) is verified if we choose " 2 �
0;minfı2; ı3g

�
. This completes the proof

of (6.83). ut
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We conclude this section by making a series of definitions that will be relevant
in the next section.

Definition 6.15. Let .G;�/ be a group, and suppose that  W G ! Œ0;C1� is an
arbitrary function. Then for each " > 0 define the right "-enhancement (with
respect to  ) of a given set A � G as

ŒA �R ;" WD
[

a2A
BR
 .a; "/; (6.97)

and define the left "-enhancement (with respect to  ) of a given set A �
G as

ŒA �L ;" WD
[

a2A
BL
 .a; "/: (6.98)

Definition 6.16. Let .G;�/ be a group, and suppose that � is a topology on the set
G. Also, suppose that a sequence .ai /i2N � G and an element a 2 G have been
given. Call the sequence .ai /i2N right-convergent to a with respect to �
provided

8O 2 N .eG I �/ 9nO 2 N such that ai � a�1 2 O; 8 i 2 N with i � nO:

(6.99)

Also, call the sequence .ai /i2N left-convergent to a with respect to �

provided

8O 2 N .eG I �/ 9nO 2 N such that a�1 � ai 2 O; 8 i 2 N with i � nO:

(6.100)

In connection with Definition 6.16, we wish to note that

.ai /i2N is left-convergent to eG ” .ai /i2N is right-convergent to eG: (6.101)

In such a case, we will drop the adjectives left/right and simply refer to .ai /i2N as
being convergent to eG (with respect to �).

Comment 6.17. Attention should be paid to the fact that there is yet another type
of convergence, namely, the ordinary notion of a sequence to a limit in a topological
space. To distinguish this from the notions introduced in Definition 6.16, we will
refer to it as ordinary convergence. Hence, given a group .G;�/ and a
topology � on the set G, a sequence .ai /i2N � G is ordinarily convergent to an
element a 2 G provided

8V 2 N .aI �/ 9nV 2 N such that ai 2 V; 8 i 2 N with i � nV : (6.102)
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In particular,

right-convergence reduces to ordinary convergence

if the topology in question is right-invariant:
(6.103)

Of course, similar considerations apply to left-convergence. �
Definition 6.18. Consider a group .G;�; .�/�1; eG/ together with a topology �
on the set G. Then .G;�; .�/�1; eG; �/ is called topologically divisible
provided the groupG is uniquely divisible and

for each a 2 G the sequence . n
p
a/n2N is convergent to eG in the topology �

(6.104)

(recall that for each n 2 N and each a 2 G, n
p
a denotes the unique element x 2 G

such that xn D a).

The following lemma will be useful in the treatment of the OMT later on.

Lemma 6.19. Let .G;�/ and .S; ı/ be two groups, and assume that � is a topology
on the set S with the property that .S; ı; .�/�1; eS ; �/ is topologically divisible. If
T 2 Hom .G; S/ is such that ImT is open in .S; �/, then T is surjective.

Proof. Start by fixing an element a 2 G. Since the set ImT is open in .S; �/, it
follows that T .G/ 2 N .eS I �/. This, combined with the fact that .S; ı; .�/�1; eS ; �/
is topologically divisible, guarantees that there exists n 2 N such that n

p
a 2 T .G/.

Consequently, there exists x 2 G such that T x D n
p
a. From this and the fact that

T 2 Hom .G; S/ it immediately follows that T .xn/ D a, which proves that T is
surjective. ut
Definition 6.20. Let .G;�/ be a group, and suppose that � is a topology on the
set G. Call a sequence .ai /i2N � G right-Cauchy with respect to �
provided

8O 2 N .eGI �/ 9nO 2 N with the property that

ai � a�1
j 2 O; 8 i; j 2 N with minfi; j g � nO:

(6.105)

Also, call a sequence .ai /i2N � G left-Cauchy with respect to �

provided

8O 2 N .eGI �/ 9nO 2 N with the property that

a�1
i � aj 2 O; 8 i; j 2 N with minfi; j g � nO:

(6.106)

Definition 6.21. Let .G;�/ be a group, and suppose that � is a topology on
the set G. Call G right-complete with respect to � provided every
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sequence .ai /i2N � G that is right-Cauchy with respect to � is also right-convergent
in the topology � to some element a 2 G.

Likewise, call the group G left-complete with respect to � pro-
vided every sequence .ai /i2N � G that is left-Cauchy with respect to � is also
left-convergent in the topology � to some element a 2 G.

6.2 Quasi-Pseudonormed Groups and an Extension
of the Birkhoff–Kakutani Theorem

Recall that, given a group
�
G;�; .�/�1; eG

�
, a function  W G ! Œ0;C1/ is called

a norm on G provided

.i/  �1�f0g� D feGgI (6.107)

.i i/  .x�1/ D  .x/; 8 x 2 GI (6.108)

.i i i/  .x � y/ �  .x/C  .y/; 8 x; y 2 G: (6.109)

Moreover, a norm  on G is said to be invariant provided2

 .x�1 � y � x/ D  .y/; 8 x; y 2 G: (6.110)

When axiom .i/ is relaxed to  .eG/ D 0, while .i i/ and .i i i/ as stated previously
are retained, the corresponding function  is typically called a pseudonorm (in
the sense of Markov). In many situations of practical interest, it is desirable to also
weaken axioms .i i/ and .i i i/ and to allow the function  to eventually be infinite.
We thus arrive at the notion of quasi-pseudonorm on a group, formally introduced
below.

Definition 6.22. Let
�
G;�; .�/�1; eG

�
be a given group.

(i) Call a function  W G ! Œ0;C1� a quasi-pseudonorm on G provided
there exist constants C0; C1 2 Œ1;C1/ with the property that

Œvanishing condition�  .eG/ D 0; (6.111)

Œquasi-symmetry�  .x�1/ � C0  .x/; 8 x 2 G; (6.112)

Œquasi-subadditivity�  .x � y/ � C1
�
 .x/C .y/�;8 x; y 2 G: (6.113)

2Formula (6.110) is equivalent to  .y � x/ D  .x � y/ for all x; y 2 G, a condition also referred
to as Abelian norm property.
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The pair .C0; C1/ appearing in (6.112) and (6.113) will be referred to as the
constants of the quasi-pseudonorm  . Also, a quasi-pseudonorm  on G is
called a quasinorm provided (6.111) is strengthened to  �1�f0g� D feGg.

(ii) A function  W G ! Œ0;C1� is said to be quasi-invariant if there
exists C2 2 Œ1;C1/ with the property that

 .x�1 � y � x/ � C2  .y/; 8 x; y 2 G: (6.114)

(iii) A quasi-pseudonorm  on G is said to be finite provided  actually takes
values in Œ0;C1/. Finally, a quasinorm is said to be finite provided it is so
when viewed as a quasi-pseudonorm.

Comment 6.23. Compared with Definition 6.22, a slightly more economical
(though ultimately equivalent) way of introducing the notion of quasi-pseudonorm
on a group

�
G;�; .�/�1; eG

�
is by stipulating that  W G ! .�1;C1� is a function

satisfying (6.111)–(6.113) for some constants C0; C1 2 Œ1;C1/. The fact that such
a function is necessarily nonnegative is seen by writing, for each x 2 G,

0 D  .eG/ D  .x � x�1/ � C1
�
 .x/C  .x�1/

� � C1.1C C0/ .x/; (6.115)

which forces  .x/ � 0, as desired. �

Remark 6.24. A simple but useful observation is that the quasi-invariance condi-
tion (6.114) for a quasi-pseudonorm on a groupG may be equivalently rephrased
as (with C2 2 Œ1;C1/ the same constant as in (6.114))

 .y � x/ � C2  .x � y/; 8 x; y 2 G: (6.116)

Moreover, conditions (6.112) and (6.116) may be consolidated into just one
condition, demanding the existence of a finite constant C > 0 with the property
that

 .x � y/ � C .x�1 � y�1/; 8 x; y 2 G: (6.117)

Indeed, making x WD eG in (6.117) we obtain that  is quasisymmetric with
quasisymmetry constant C0 D C . In addition, using this and (6.117) we further
obtain

 .y � x/ � C.y�1 � x�1/ D C ..x � y/�1/ � C2 .x � y/; 8 x; y 2 G:
(6.118)

Thus  is also quasi-invariant (with constant C2 D C2).
Conversely, if  is quasisymmetric (with constant C0) and quasi-invariant (with

constant C2), then

 .x � y/ � C0 ..x � y/�1/ D C0 .y
�1 � x�1/

� C0C2 .x
�1 � y�1/; 8 x; y 2 G; (6.119)
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i.e., (6.117) holds with C D C0C2.

Later on, we will need the notion of the restriction of a quasi-pseudonorm to a
subgroup. In anticipation of this, below we collect the main properties preserved by
taking such restrictions (the reader may find it useful to recall (6.1)).

Lemma 6.25. Let
�
G;�; .�/�1; eG

�
be a group equipped with a quasi-pseudonorm

 with constants .C0; C1/. Also, assume that H is a subgroup of G. Then  
ˇ
ˇ
H

,
the restriction of the function  W G ! Œ0;C1� to the set H � G, is a quasi-
pseudonorm on the groupH with the same constants .C0; C1/. Furthermore,

 finite H)  
ˇ̌
H

finite; and  quasinorm H)  
ˇ̌
H

quasinormI (6.120)

 quasi-invariant H)  
ˇ
ˇ
H

quasi-invariant (with the same constant)I (6.121)

�R
 jH D �R

 

ˇ
ˇ
ˇ
H

and �L
 jH D �L

 

ˇ
ˇ
ˇ
H

I (6.122)

BR
 jH .a; r/ D BR

 .a; r/ \H and 8 a 2 H; 8 r 2 .0;C1/I (6.123)

BL
 jH .a; r/ D BL

 .a; r/ \H and 8 a 2 H; 8 r 2 .0;C1/: (6.124)

Proof. All claims are clear from definitions. ut
Conditions (6.112) and (6.113) in the definition of a quasi-pseudonorm may

be naturally regarded as quantitative versions of the (topologically flavored) con-
ditions (6.73) and (6.74), respectively, from Lemma 6.14. Likewise, the quasi-
invariant condition (6.114) is a quantitative version of (6.81). These observations are
at the core of the following result pertaining to the properties of quasi-pseudonorms
on arbitrary groups.

Proposition 6.26. Assume that .G;�/ is a group and that is a quasi-pseudonorm
on G.

(i) The mappings

.�/�1 W �G; �R
 

� �! �
G; �L

 

�
; .�/�1 W �G; �L

 

� �! �
G; �R

 

�
(6.125)

are homeomorphisms (that are inverse to one another).
(ii) For every A � G one has

Int
�
AI �R

 

� D ˚
a 2 A W 9 r 2 .0;C1/ such that BR

 .a; r/ � A
�
; (6.126)

Int
�
AI �L

 

� D ˚
a 2 A W 9 r 2 .0;C1/ such that BL

 .a; r/ � A
�
: (6.127)
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Furthermore,

BR
 .a; r/ 2 N

�
aI �R

 

�
and BL

 .a; r/ 2 N
�
aI �L

 

�
; 8 a 2 G; 8 r > 0:

(6.128)

In fact, for every a 2 G and every r 2 .0;C1/

[

C>C1

BR
 .a; r=C / � Int

�
BR
 .a; r/I �R

 

�
; (6.129)

[

C>C1

BL
 .a; r=C / � Int

�
BL
 .a; r/I �L

 

�
: (6.130)

(iii) For each a 2 G
n
BR
 .a; r/

o

r>0
is a fundamental system of neighborhoods of a in �R

 ;

(6.131)

n
BL
 .a; r/

o

r>0
is a fundamental system of neighborhoods of a in �L

 ;

(6.132)

where C1 2 Œ1;C1/ is as in (6.113).
(iv) A sequence .ai /i2N � G is right-convergent to a 2 G with respect to �R

 if
and only if for every " 2 .0;C1/ there exists n" 2 N such that ai 2 BR

 .a; "/

whenever i 2 N satisfies i � n". Furthermore, a similar characterization of
left-convergence with respect to the topology �L

 holds.
(v) A sequence .ai /i2N � G is right-Cauchy with respect to �R

 if and only if
it is left-Cauchy with respect to �L

 . Moreover, either of these conditions is
equivalent to the demand that for every " 2 .0;C1/ there exists n" 2 N such
that  .ai � a�1

j / < " whenever i; j 2 N satisfy i � j � n".
(vi) One has

G is right-complete with respect to �R
 

” G is left-complete with respect to �L
 : (6.133)

(vii) If the quasi-pseudonorm  is actually quasi-invariant, then �R
 D �L

 DW � .
Moreover, in such a scenario,

�
G;�; � 

�
is a topological group: (6.134)

Proof. With the exception of (6.129) and (6.130), all other properties follow directly
from Lemma 6.14 and the comments made just prior to the statement of the
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proposition. To justify (6.129), suppose that a 2 G and r 2 .0;C1/ are given.
Pick a number C > C1, along with some element b 2 BR

 .a; r=C /. In particular,

 .a�b�1/ < r=C . Now, if " 2 �0; r.C�1
1 �C�1/

�
and c 2 BR

 .b; "/, then it follows
that

 .a � c�1/ D  
�
.a � b�1/ � .b � c�1/

� � C1
�
 .a � b�1/C  .b � c�1/

�

< C1
�
r=C C "

�
< r: (6.135)

From this we deduce that BR
 .b; "/ � BR

 .a; r/ and, further, b 2 Int
�
BR
 .a; r/I �R

 

�

by (6.126). Hence, ultimately, BR
 .a; r=C / � Int

�
BR
 .a; r/I �R

 

�
, proving (6.129).

Formula (6.130) may also be established in a similar manner, and this completes the
proof of the proposition. ut
Remark 6.27. (i) By a quasi-pseudonormed group we will always understand a

group equipped with a quasi-pseudonorm. Hence, stating that .G; / is a quasi-
pseudonormed group means that G is a group and  is a quasi-pseudonorm
on G. Also, in light of parts .v/ and .vi/ in Proposition 6.26, given a quasi-
pseudonormed group, we agree to drop the adjectives left/right when referring
to Cauchy sequences and completeness.

(ii) In view of part .vi i/ in Proposition 6.26, given an arbitrary group G equipped
with some quasi-invariant quasi-pseudonorm  , it is natural to refer to � WD
�R
 D �L

 simply as the topology induced by  on G.

Comment 6.28. Let .G;�/ be a group. As opposed to the case of a genuine
pseudonorm on G, a mere quasi-pseudonorm  on G may not be continuous as
a function from .G; �R

 / into Œ0;C1�. For example, if .G;�/ WD .R;C/ and

 .x/ WD
( jxj if x 2 Q;

2jxj if x 2 R n Q;
8 x 2 R; (6.136)

then �R
 is just the ordinary topology on the real line and  W R ! Œ0;C1/ is a

quasinorm that is discontinuous at every point except at the origin. The latter is no
accident. Indeed, as one may readily verify from definitions, any quasi-pseudonorm
 on an arbitrary group G is continuous (in both the topology �R

 and �L
 ) at the

neutral element eG 2 G. �
Comment 6.29. Assume that  is a quasi-pseudonorm on a group .G;�/ with
constants .C0; C1/. Then repeated applications of (6.113) give that, for each
x1; : : : ; xN 2 G,

 .x1 � � � � � �xN / � C1 .x1/C C2
1  .x2/C � � � C CN�1

1  .xN�1/C CN�1
1  .xN /:

(6.137)
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Note that, with the exception of the situation when C1 D 1 (as in the case of
a pseudonorm), the largest coefficient on the right-hand side of (6.137) increases
exponentially with N . �

The discussion in Comments 6.28 and 6.29 exposes some of the most signif-
icant differences between pseudonorms and quasi-pseudonorms on groups. The
aforementioned shortcomings of quasi-pseudonorms cause significant problems in
applications; hence the case of quasi-pseudonormed groups is more subtle than that
of, say, normed and pseudonormed groups.

A key technical tool in the proof of the quantitative version of the OMT
(formulated in Theorem 6.49) that is brought into play specifically to address the
deficiencies inherent to quasi-pseudonorms is the version of Theorems 3.26 and
3.28 for semigroups and groups. Before stating it, recall that a subset of a topological
space is called nowhere dense if the interior of its closure is empty. Also, recall
that a subset Y of a topological space .X; �/ is said to be of second Baire
category provided Y may not be written as the union of countably many nowhere
dense subsets [relative to .X; �/].

Theorem 6.30. Let .G;�/ be a semigroup, and assume that  W G ! Œ0;C1� is
a quasisubadditive function, i.e., there exists a constant � 2 Œ1;C1/ such that

 .a � b/ � �max
˚
 .a/;  .b/

�
for all a; b 2 G: (6.138)

Fix a number

ˇ 2 �0; .log2 �/
�1�: (6.139)

Then, for each integer N 2 N the function  satisfies

 .a1 � � � � � aN / � �2

(
NX

iD1
 .ai /

ˇ

) 1
ˇ

for all a1; : : : ; aN 2 G: (6.140)

In particular, for every sequence .ai /i2N � G one has

sup
N2N

 .a1 � � � � � aN / � �2

( 1X

iD1
 .ai /

ˇ

) 1
ˇ

: (6.141)

While in general the function  may not be continuous when G is equipped with
either the topology �R

 or the topology �L
 , a closely related property holds under

additional assumptions. Specifically, assume that actually .G;�/ is a group and  
satisfies (6.138), takes finite values (i.e., W G ! Œ0;C1/), and is quasisymmetric,
in the sense that there exists C0 2 Œ1 C 1/ such that (6.112) holds. In such a
scenario, for any sequence .an/n2N � G that converges to some a 2 G, either in
the topology �R

 or in the topology �L
 , one has

��2C�1
0  .a/ � lim inf

n!1  .an/ � lim sup
n!1

 .an/ � �2C0  .a/: (6.142)
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Finally, if .G;�/ is a group and if the function W G ! Œ0;C1/ is quasisymmetric
and satisfies (6.138) and  .eG/ D 0, then

�R
 and �L

 are pseudometrizable topologies on G; (6.143)

and the following implications hold:

G complete with respect to �R
 H) .G; �R

 / is of second Baire category; (6.144)

G complete with respect to �L
 H) .G; �L

 / is of second Baire category: (6.145)

Proof. All claims are particular cases of Theorems 3.26 and 3.28 specialized to
semigroups and groups. ut

The next goal is to present an extension of the classical Birkhoff–Kakutani
theorem formulated in Theorem 6.33. This requires a number of preliminaries,
and we begin by establishing a dictionary between analytical and topological
characteristics of a given group in our next proposition.

Proposition 6.31. Let
�
G;�; .�/�1; eG

�
be a group, and assume that � is a topology

on the set G. Also, fix a number � 2 .1;C1/.
Then there exists a function  W G ! Œ0;C1/ satisfying

 .x � y/ � �max
˚
 .x/;  .y/

�
for all x; y 2 G; (6.146)

 .x�1/ D  .x/ for all x 2 G; (6.147)

 .eG/ D 0; (6.148)

N .eG I �R
 / D N .eG I �/ D N .eGI �L

 / (6.149)

if and only if

eG has a countable neighborhood basis in the topology �; (6.150)

the topology � is symmetric, and (6.151)

.G �G; � � �/ 3 .x; y/ 7! x � y 2 .G; �/ is continuous at .eG; eG/: (6.152)

Furthermore,

9 W G ! Œ0;C1/ satisfying

conditions (6.146)–(6.148) and

with the property that �R
 D �

9
>>=

>>;
,

8
<

:

(6.150)–(6.152) hold and

� is right-invariant
(6.153)



384 6 Functional Analysis on Quasi-Pseudonormed Groups

and

9 W G ! Œ0;C1/ satisfying

(6.146); (6.147); (6.149);

 �1�f0g� D feGg; and �R
 D �

9
>>=

>>;
,

8
ˆ̂
<

ˆ̂
:

(6.150)–(6.152) hold,

� is Hausdorff, and

� is right-invariant:

(6.154)

Finally, similar equivalences to those formulated in (6.153) and (6.154) hold
with �L

 replacing �R
 and “left-invariant” replacing “right-invariant.”

Proof. Assume first (6.150)–(6.152). In particular, let fUngn2N be a countable
neighborhood basis in � for eG , i.e.,

fUngn2N � N .eG I �/ and 8W 2 N .eGI �/ 9n 2 N such that Un � W:

(6.155)

Replacing each Un by U1 \ � � � \ Un, there is no loss of generality in assuming that
the family of sets fUngn2N is nested, i.e.,

UnC1 � Un; 8 n 2 N: (6.156)

Recall that we are assuming that � is symmetric. By subsequently replacing each
Un by Un \U�1

n , matters are arranged (cf. (6.47)) so that, in addition to (6.155) and
(6.156), the family fUngn2N also satisfies

U�1
n D Un; 8 n 2 N: (6.157)

Going further, select a subsequence fVngn2N of fUngn2N as follows. First define
V1 WD U1; then, making use of (6.152), select W 2 N .eGI �/ such that W �W �
V1. Next, pick n1 2 N such that Un1 � W , then set V1 WD Un1 . This scheme may be
inductively continued to produce a sequence fVngn2N satisfying

Vn 2 N .eGI �/ and VnC1 � VnC1 � Vn; 8 n 2 NI (6.158)

8W 2 N .eGI �/ 9n 2 N such that Vn � W I (6.159)

VnC1 � Vn for every n 2 NI (6.160)

V �1
n D Vn for every n 2 N: (6.161)

Indeed, property (6.158) is part of the induction scheme, whereas property (6.159)
is a consequence of (6.155) and (6.156) and the fact that, by design, fVngn2N is
a subsequence of fUngn2N. Finally, (6.160) is implied by (6.158), while (6.161)
follows from (6.157) and the fact that fVngn2N is a subsequence of fUngn2N.
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To proceed, augment fVngn2N to fVngn2N0 by considering V0 WD G. At this stage,
given � 2 .1;C1/, define the function  W G ! Œ0;C1/ by the formula

 .x/ WD inf
˚
��n W n 2 N0 so that x 2 Vng; 8 x 2 G: (6.162)

Then (6.147) is immediately seen from (6.161) and (6.162), whereas (6.148) follows
after observing that, by design,

 �1�f0g� D
\

n2N
Vn: (6.163)

Assume now that x; y 2 G are given and fix an arbitrary " > 0. Then one can
find n;m 2 N such that x 2 Vn, y 2 Vm and

��n <  .x/C " and ��m <  .y/C ": (6.164)

Without loss of generality, suppose that m � n. Then it follows from (6.160) that
x; y 2 Vn and, hence, x � y 2 Vn�1 by (6.158) when n � 2 and the definition of V0
when n D 1. Consequently,

 .x � y/ � �1�n D � max
˚
��n; ��m� < � max

˚
 .x/C ";  .y/C "

�
: (6.165)

Passing to the limit as " & 0 in (6.165) yields (6.146).
Consider next (6.149). Thanks to (6.159), to the fact that  is a quasi-

pseudonorm (as seen from (6.146)–(6.148)), and to (6.128), it suffices to show that

VnC1 D BR
 .eG; �

�n/ D BL
 .eG; �

�n/; 8 n 2 N: (6.166)

However, for each n 2 N, making use of (6.61), (6.162), (6.161), and (6.160) we
may write

BR
 .eG; �

�n/ D BL
 .eG; �

�n/ D ˚
x 2 G W  .x�1/ < ��n�

D ˚
x 2 G W 9m 2 N such that ��m < ��n and x�1 2 Vm

�

D ˚
x 2 G W 9m 2 N such that n < m and x 2 Vm

�

D
[

m>n

Vm D VnC1: (6.167)

This establishes (6.149) and concludes the proof of the implication

(6.150)–(6.152) H) (6.146)–(6.149): (6.168)
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Consider next the opposite implication in (6.168). To get started, assume that
the function  W G ! Œ0;C1/ satisfies (6.146)–(6.149). In particular, (6.146)–
(6.148) imply that  is a quasi-pseudonorm; hence, in view of (6.131) and (6.149),
we see that

n
BR
 

�
eG; n

�1�
o

n2N is a countable neighborhood basis

for the element eG in the topology �:
(6.169)

This proves (6.150). In fact, granted (6.147), it follows that each ball BR
 

�
eG; n

�1�

is a symmetric set; hence, (6.151) also holds as a result of (6.169). Finally,
since (6.146) readily entails

BR
 .eG; r/ � BR

 .eG; r/ � BR
 .eG; � r/; 8 r 2 .0;C1/; (6.170)

condition (6.152) readily follows from this and (6.169). This concludes the proof of
the implication

(6.146)–(6.149) H) (6.150)–(6.152): (6.171)

Moving on, the equivalence in (6.153) follows from (6.168), (6.171), and item (ii)
in Lemma 6.14. Also, the equivalence in (6.154) is readily seen from (6.153), with
the help of (6.163) and the observation that, if fVngn2N are as in (6.158)–(6.161),
then

\

n2N
Vn D feGg ” � is Hausdorff: (6.172)

Finally, the very last claim in the statement of the proposition is established
similarly, and this completes the proof. ut
Comment 6.32. It is instructive to reflect on how the classical Birkhoff–Kakutani
theorem (cf. Theorem 2.77), to the effect that a topological group is metrizable
if and only if the underlying topology is Hausdorff and the identity in the group
has a countable neighborhood basis, fits in the context of the results presented
in this section so far. Concretely, given a Hausdorff topological group .G; �/, the
equivalence in (6.154) shows that � may be identified with �R

 , the right-topology
induced on G by a quasinorm  on the group G. In concert with (6.143), this
shows that � is a metrizable topology on G. This completes the proof of the “hard”
implication in the Birkhoff–Kakutani theorem.

Such an approach should be contrasted with what is now considered to be the
standard proof of the Birkhoff–Kakutani theorem, which relies on a Urysohn-type
lemma (cf., e.g., [84], [104, Theorem 1.1.1, pp. 2–3]). �
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Recall that a pseudometric on a set G is a function d W G � G ! Œ0;C1/

satisfying

.i/ d.x; x/ D 0; 8 x 2 G; (6.173)

.ii/ d.x; y/ D d.y; x/; 8 x; y 2 G; (6.174)

.iii/ d.x; y/ � d.x; z/C d.z; y/; 8 x; y; z 2 G: (6.175)

The topology �d induced by a pseudometric d on the set G is defined by

�d WD ˚
O � G W 8 a 2 O 9 r 2 .0;C1/ such that Bd.a; r/ � O

�
; (6.176)

where for each a 2 G and r 2 .0;C1/ we have set

Bd.a; r/ WD ˚
x 2 G W d.a; x/ < r�: (6.177)

Finally, a pseudometric on a group .G;�/ is said to be right-invariant
provided

d.x � a; y � a/ D d.x; y/; 8 x; y; a 2 G; (6.178)

and left-invariant if

d.a � x; a � y/ D d.x; y/; 8 x; y; a 2 G: (6.179)

We are now prepared to present a result in the spirit of the Birkhoff–Kakutani
theorem, the main difference being that, when asking the metrizability question, we
no longer assume from the start that the group in question is a topological group
but rather allow this topology to be arbitrary to begin with. As such, this provides
a desirable extension of the classical Birkhoff–Kakutani theorem by fully bringing
the topology into focus.

Theorem 6.33. Let
�
G;�; .�/�1; eG

�
be a group, and assume that � is a topology

on the set G. Then

eG has a countable neighborhood basis in the topology �; (6.180)

.G �G; � � �/ 3 .x; y/ 7! x � y 2 .G; �/ is continuous at .eG; eG/; (6.181)

the topology � is symmetric and right-invariant (6.182)

if and only if

there exists a finite right-invariant pseudometric on G inducing � : (6.183)
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Moreover,

9 right-invariant metric on G

inducing the topology � on G

)

”
(

(6.180)–(6.182) hold and, also,

the topology � is Hausdorff:
(6.184)

Finally, similar equivalences hold when “right-invariant” is replaced by “left-
invariant.”

Proof. Suppose first that (6.180)–(6.182) hold. Then (6.153) ensures the existence
of a function  W G ! Œ0;C1/ satisfying (6.146)–(6.148) and such that �R

 D � .
Consider the function  # W G ! Œ0;C1/ to be the regularized version of  as in
Theorem 3.28. In particular, if ˇ 2 �0; .log2 �/

�1� is a fixed number, then

 #.x � y/ˇ �  #.x/
ˇ C  #.y/

ˇ for all x; y 2 G; (6.185)

��2 .x/ �  #.x/ �  .x/ for each x 2 G; (6.186)

 #.x
�1/ D  #.x/ for each x 2 G; (6.187)

 #.eG/ D 0: (6.188)

Defining

d W G �G ! Œ0;C1/; d.x; y/ WD �
 #.x � y�1/

�ˇ
; 8 x; y 2 G; (6.189)

one can check without difficulty that (6.173)–(6.175) and (6.178) hold, i.e., d is a
right-invariant pseudometric on G. Moreover, it follows from definitions that

Bd.a; r/ D BR
 #

�
a; r1=ˇ

�
; 8 a 2 G; 8 r 2 .0;C1/: (6.190)

From this and (6.186) we then deduce that �d D �R
 . Since we know that �R

 D � ,
this proves that (6.183) holds.

Consider now the opposite implication. Hence, assume that there exists a right-
invariant pseudometric d onG with the property that �d D � . Defining the function

 W G ! Œ0;C1/;  .x/ WD d.x; eG/; 8 x 2 G; (6.191)

one may readily check that conditions (6.146)–(6.148) are satisfied. In addition,

BR
 .a; r/ D Bd.a; r/; 8 a 2 G; 8 r 2 .0;C1/; (6.192)

which ultimately shows that �R
 D �d D � . Hence, the conditions on the left-hand

side of the equivalence in (6.153) are satisfied. As such, Proposition 6.31 gives
that (6.180)–(6.182) hold. This completes the proof of the first equivalence in the
statement of the theorem. Finally, the equivalence formulated in (6.184) is implicit
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in what we have proved so far and (6.154), while the “left-handed” versions of these
results are established analogously. ut

We conclude this section by presenting a very useful completeness criterion.

Proposition 6.34. Assume that .G;�/ is a group endowed with a finite quasi-
invariant quasi-pseudonorm with constants .C0; C1/, and fix a number

ˇ 2 �0; .1C log2 C1/
�1�: (6.193)

Then the following conditions are equivalent:

(i) .G;�; � / is complete.

(ii) If the sequence .an/n2N � G has the property that
1P
nD1

 .an/
ˇ < C1, then the

sequence
�
a1 � � � � � an

�
n2N converges in .G;�; � /.

Proof. To set the stage for proving the implication (i) )(ii), consider .an/n2N � G

with the property that

1X

nD1
 .an/

ˇ < C1; (6.194)

and for each n 2 N define xn WD a1 � � � � � an. Let C2 2 Œ1;C1/ be the constant
from the quasi-invariance condition (6.114) for the quasi-pseudonorm . Then, for
each integers n; k 2 N, we may write

 
�
xnCk � x�1

n

� D  
�
.a1 � � � � � anCk/ � .a�1

n � � � � � a�1
1 /
�

� C2  
�
.a�1
n � � � � � a�1

1 / � .a1 � � � � � anCk/
�

D C2  .anC1 � � � � � anCk/

� C2.2C1/
2

(
nCkX

iDn
 .ai /

ˇ

) 1
ˇ

; (6.195)

thanks to (6.140) and the fact that  is quasi-invariant (cf. Remark 6.24). In
turn, (6.195) and (6.194) allow us to conclude that the sequence .xn/n2N is Cauchy
in .G; � /. Given that we are assuming that .G; � / is complete, it follows that
.xn/n2N converges in .G; � /, as desired.

As regards the implication (ii) )(i), let .xn/n2N � G be a Cauchy sequence in
.G; � /. A standard argument then yields a subsequence .xni /i2N with the property
that

 
�
xni � x�1

ni�1

�
< 2�i ; 8 i � 2: (6.196)
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Consider next the sequence .ai /i2N � G defined by

a1 WD xn1 and ai WD x�1
ni�1

� xni for i � 2; (6.197)

and note that for each i 2 N with i � 2 we have

a1 � � � � � ai D xn1 � �x�1
n1

� xn2
� � � � � � �x�1

ni�1
� xni

� D xni : (6.198)

Moreover, from (6.196) and (6.197) and the fact that  is finite and quasi-invariant
we obtain

1X

iD1
 .ai /

ˇ D  
�
xn1
�ˇ C

1X

iD2
 
�
x�1
ni�1

� xni
�ˇ

�  
�
xn1
�ˇ C C

ˇ
2

1X

iD2
 
�
xni � x�1

ni�1

�ˇ

�  
�
xn1
�ˇ C C

ˇ
2

1X

iD2
2�iˇ < C1: (6.199)

In concert with (6.198) and the current hypotheses, this implies that the sequence
.xni /i2N is convergent in .G;�; � /. Since this is a subsequence of the Cauchy
sequence .xn/n2N, it follows that the latter is also convergent in .G;�; � /, as
desired. ut

6.3 Quotient, Pullback, and Push-Forward
Quasi-Pseudonorms

To facilitate the subsequent presentation, we first discuss some preliminary material.
Let .G;�/ be a group. Recall that a subgroupH ofG is said to be normal provided

x � h � x�1 2 H; 8 x 2 G and 8 h 2 H: (6.200)

As is well known, (6.200) is equivalent to

x � y 2 H ” y � x 2 H; 8 x; y 2 G; (6.201)

and, further, with the condition that the left and right cosets ofH inG coincide, i.e.,

x �H D H � x; 8 x 2 G: (6.202)
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Given a normal subgroupH of a group
�
G;�; .�/�1; eG

�
, abbreviate

Œx� WD x �H D H � x; 8 x 2 G; (6.203)

and define

G=H WD ˚
Œx� W x 2 G�: (6.204)

Considering the binary operation and inverse

Œx� ? Œy� WD Œx � y�; Œx��1 WD Œx�1�; 8 x; y 2 G; (6.205)

which are unambiguously defined thanks to the fact that H is normal, and
setting eG=H WD ŒeG�, it follows that

�
G=H; ?; .�/�1; eG=H

�
is a group, called the

quotient of G modulo H . In such a scenario,the canonical projection
of G onto G=H is defined by the formula

�H W G �! G=H; �H.x/ WD Œx�; 8 x 2 G: (6.206)

It follows that

�H 2 Hom
�
G;G=H

�
is surjective and Ker�H D H: (6.207)

Definition 6.35. Assume that G is a group and that �G is a topology on the set
G. Given a normal subgroupH of G, the quotient topology �G=H on G=H ,
relative to �G , is defined as the largest topology on the set G=H with the property
that the function

�H W �G; �G
� �! �

G=H; �G=H
�

(6.208)

is continuous.

In the context of Definition 6.35, it is relevant to remark that an explicit formula for
the quotient topology �G=H is

�G=H D ˚
O � G=H W ��1

H .O/ 2 �G
�
: (6.209)

To further introduce notation that will be useful later, we explicitly record a most
basic result in the theory of groups in the theorem below.

Theorem 6.36 (First Fundamental Isomorphism Theorem). Let G and S be
two groups, and assume that T 2 Hom .G; S/. Then Ker T is a normal subgroup
of G and the function

bT W G=KerT �! S; bT
�
Œx�
� WD T .x/; 8 x 2 G; (6.210)
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is the unique homomorphism in Hom
�
G=KerT; S

�
with the property that

bT ı �KerT D T: (6.211)

Moreover,

bT 2 Hom
�
G=KerT; ImT

�
is an isomorphism: (6.212)

We continue with a proposition that clarifies some of the most basic properties
of quotient topologies, introduced earlier.

Proposition 6.37. Let G be a group, and suppose that �G is a topology on the set
G such that all right-shifts (or all left-shifts) on G are continuous with respect to
�G . Also, assume that H is a normal subgroup of G. Then the following assertions
hold.

(1) The quotient topology on G=H may be described as

�G=H D ˚
�H .O/ W O 2 �G

�
: (6.213)

(2) In the context

�H W .G; �G/ �! �
G=H; �G=H

�
; (6.214)

the canonical projection �H is continuous and open.
(3) If .Y; �Y / is a topological space and ' W G=H ! Y is a function, then

' W �G=H; �G=H
� �! .Y; �Y / is continuous

(open, surjective, respectively)

)

(6.215)

”
(
' ı �H W �G; �G

� �! .Y; �Y / is continuous

(open, surjective, respectively).

(4) Suppose that .S; ı/ is a group and �S is an arbitrary topology on the set S , and
assume that T 2 Hom .G; S/. Associated with this homomorphism, consider bT
as in (6.210). Then

bT W �G=KerT; �G=Ker
� �! .S; �S/ (6.216)

is continuous if and only if T W .G; �G/ ! .S; �S/ is continuous. Moreover, the
function (6.216) is a homeomorphism if and only if T W .G; �G/ ! .S; �S / is
surjective, continuous, and open.
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Proof. We begin by observing that

��1
H

�
�H .O/

� D
[

x2H
x �O D

[

x2H
O � x; 8O � G; (6.217)

given that H is a normal subgroup of G, and

�H
�
��1
H .O/

� D O; 8O � G; (6.218)

since �H is surjective. In turn, from (6.217) and the nature of the topology �G we
deduce that

��1
H

�
�H.O/

� 2 �G; 8O 2 �G: (6.219)

Consequently, for everyO1;O2 2 �G we may write

�H.O1/ \ �H .O2/ D �H

�
��1
H

�
�H.O1/\ �H.O2/

��

D �H

�
��1
H

�
�H.O1/

�

„ ƒ‚ …
belongs to �G

\��1
H

�
�H .O2/

�

„ ƒ‚ …
belongs to �G

�
; (6.220)

by (6.219) and (6.218). Since �H .;/ D ;, �H.G/ D G=H , and
S

i2I
�H .Oi / D

�H.
S

i2I
Oi / for any family of subsets .Oi /i2I of G, we may ultimately conclude

that

� WD ˚
�H .O/ W O 2 �G

�
is a topology on G=H: (6.221)

Moreover, (6.219) implies that �H W .G; �G/ ! .G=H; �/ is a continuous function.
This forces � � �G=H (cf. Definition 6.35). To prove the opposite inclusion, consider
an arbitrary set A 2 �G=H . Then the continuity of �H entails O WD ��1

H .A/ 2
�G . Hence, A D �.O/ for some O 2 �G , by (6.218). This finishes the proof
of (6.213). In the process, we have also established that the canonical projection
�H is continuous and open in the context of (6.214).

Next, suppose that .Y; �Y / is a topological space and that ' W G=H ! Y is a
given function. If ' W �G=H; �G=H

� ! .Y; �Y / is continuous, then, by what we have
proved in part .2/, the composition ' ı �H W �G; �G

� ! .Y; �Y / is also continuous.
Conversely, if the function ' ı �H W �G; �G

� ! .Y; �Y / is continuous, then O WD
��1
H

�
'�1.U /

� 2 �G for every U 2 �Y . Based on this, on the fact that the canonical
projection is open, and on (6.218), we then deduce that '�1.U / D �H.O/ 2 �G=H
for every U 2 �Y . This shows that ' W �G=H; �G=H

� ! .Y; �Y / is continuous,
completing the proof of the version of the equivalence in (6.215) pertaining to
continuity. In the case when 'ı�H is open in the context of (6.215) and ifU 2 �G=H ,
it follows from (6.213) that there exists O 2 �G such that U D �H.O/. In such a
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case, we conclude that '.U / D .' ı �H /.U / 2 �Y ; hence, ultimately, ' is open.
The remaining implications in (6.215) are clear from definitions, and this completes
the proof of the claims made in part .3/.

Finally, the claims in part .4/ are consequences of (6.211) and what we already
established in parts .3/ and .2/ (the latter used here with H WD Ker T ). ut

To set the stage for introducing the quotient quasi-pseudonorm (cf. Com-
ment 6.39 below), we discuss the following result.

Proposition 6.38. LetG be a group, and suppose that W G ! Œ0;C1� is a given
function. Also, assume that H is a normal subgroup of G, and define

b W G=H �! Œ0;C1�; b .Œx�/ WD inf
˚
 .y/ W y 2 Œx��; 8 x 2 G:

(6.222)

Then the following properties hold.

(1) For every x 2 G one has b .Œx�/ D inf
˚
 .x � h/ W h 2 H� D inf

˚
 .h � x/ W

h 2 H�. Moreover, b 
�
eG=H

� D 0 provided  .eG/ D 0.

(2) One has
�b 
��1�f0g� � ˚

eG=H
�

if and only ifH is closed in .G; �R
 /, if and only

if H is closed in .G; �L
 /.

(3) If  satisfies the quasisubadditivity condition (6.113), then for every x; y 2 G
b .Œx� ? Œy�/ � C1

�b .Œx�/C b .Œy�/
�
; (6.223)

where C1 2 Œ1;C1/ is as in (6.113).
(4) If  satisfies the quasisymmetry condition (6.112), then b 

�
Œx��1

� � C0 b .Œx�/
for every x 2 G, where C0 2 Œ1;C1/ is as in (6.112).

(5) If  satisfies the quasi-invariance condition (6.114), then

b 
�
Œx��1 ? Œy� ? Œx�

� � C2 b .Œy�/ for every x; y 2 G; (6.224)

where C2 2 Œ1;C1/ is as in (6.114).
(6) If �H denotes the canonical projection ofG ontoG=H , then for any a 2 G and

any r 2 .0;C1/ one has

�H
�
BR
 .a; r/

� D BR
b .�H .a/; r/ and �H

�
BL
 .a; r/

� D BL
b .�H .a/; r/: (6.225)

Furthermore, if �R
G=H and �L

G=H denote the quotient topologies on G=H relative

to �R
 and �L

 , respectively (in the sense of Definition 6.35), then

�R
G=H D �R

b and �L
G=H D �L

b : (6.226)

Before presenting the proof of this result, we make some relevant remarks
pertaining to its significance.
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Comment 6.39. (i) An upshot of Proposition 6.38 is that if  is a quasi-
pseudonorm on G, then b is a quasi-pseudonorm on the quotient group G=H .
As such, it is natural to refer to b as the quotient quasi-pseudonorm
induced by  on G=H . Note that, as seen from Proposition 6.38, the quotient
quasi-pseudonormb is quasi-invariant onG=H if  itself is quasi-invariant on
G. Moreover, b satisfies the nondegeneracy condition

�b 
��1�f0g� D ˚

eG=H
�

whenever  vanishes at eG and H is closed (with respect to either �R
 or �L

 ).
In particular, under such a condition on H and assuming that  is a quasi-
pseudonorm onG, it follows that b is a quasinorm on the quotient groupG=H .

(ii) In light of part (vii) in Lemma 6.14, under the assumptions in part (5) of
Proposition 6.38, we have �R

b D �L
b . In such a scenario, we will simply use

the symbol �b to denote either of these two identical topologies on G=H . �

We now turn to the task of presenting the following proof.

Proof of Proposition 6.38 The claims in part .1/ are clear from (6.222) and (6.203).
Regarding the claim in part .2/, consider first the case whenH is closed in .G; �R

 /.

In this scenario, let x 2 G be such that b .Œx�/ D 0. In view of part .1/, it follows
that for each n 2 N there exists hn 2 H such that  .hn � x/ < n�1. This entails
h�1
n 2 H \ BR

 .x; n
�1/ for every n 2 N; hence, H \ BR

 .x; n
�1/ 6D ; for every

n 2 N. Thus, ultimately, x 2 Clo
�
H I �R

 

� D H . Consequently, Œx� D eG=H , which

proves that
�b 
��1�f0g� � ˚

eG=H
�
.

Conversely, suppose the aforementioned inclusion holds and pick an arbitrary
element x 2 Clo

�
H I �R

 

�
. Then for every n 2 N there exists an element hn 2 H

such that hn 2 H \ BR
 .x; n

�1/. This forces  .h�1
n � x/ < n�1 for every n 2 N

and, further, b .Œx�/ D 0 by part (1). Granted the current hypotheses, we therefore
necessarily have Œx� D eG=H . Thus, ultimately, x 2 H , which goes to show that
Clo

�
H I �R

 

� D H , as desired. The case when �L
 is considered in place of �R

 is
treated analogously, and this finishes the proof of the claims made in part .2/.

Consider next the claim made in part (3). Concretely, assume that  is quasisub-
additive with constant C1 2 Œ1;C1/, and pick two arbitrary elements x; y 2 G.
Also, fix an arbitrary number " > 0. Then there exist h1; h2 2 H such that

 .x � h1/ < b .Œx�/C "=.2C1/;  .y � h2/ < b .Œy�/C "=.2C1/: (6.227)

Also, sinceH is normal, there exists h3 2 H with the property that y �h3 D h1 �y
(specifically, h3 WD y � h1 � y�1 2 H ). Consequently,

 
�
.x � y/ � .h3 � h2/

� D  
�
.x � h1/ � .y � h2/

� � C1
�
 .x � h1/C  .y � h2/

�

� C1
�
b .Œx�/C "=.2C1/C b .Œy�/C "=.2C1/

�

D C1
�
b .Œx�/C b .Œy�/

�C ": (6.228)
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Together with the results proved in part .1/ and the first formula in (6.205), this
yields

b .Œx� ? Œy�/ � C1
�
b .Œx�/C b .Œy�/

�C ": (6.229)

Hence, since the number " > 0 was arbitrarily chosen, we arrive at the conclusion
that b .Œx� ? Œy�/ � C1

�b .Œx�/ C b .Œy�/
�
. This concludes the proof of the claim

made in part .3/.
Moving on to the claim made in part .4/, suppose that the function  is

quasisymmetric with constant C0 2 Œ1;C1/, and fix an arbitrary element x 2 G.
Also, let " > 0 be arbitrary and, using the results proved in part (1), select h 2 H

such that  .x � h/ < b .Œx�/ C "=C0. Finally, consider h0 WD x � h�1 � x�1 2 H .
Then

 .x�1 � h0/ D  .h�1 � x�1/ � C0  .x � h/ < C0 b .Œx�/C "; (6.230)

which, ultimately, implies (cf. the second formula in (6.205)) that b 
�
Œx��1

� �
C0 b .Œx�/, as desired.

Next, consider (6.224) in the case when  satisfies the quasi-invariance condi-
tion (6.114). In such a scenario, pick two arbitrary elements x; y 2 G and some
number " > 0. Also, select some h 2 H with the property that

 .y � h/ < b 
�
Œy�
�C "=C2: (6.231)

Then, since h0 WD x�1 � h � x 2 H , we may estimate, based on (6.205), part
(1), (6.114), and (6.231),

b 
�
Œx��1 ? Œy� ? Œx�

� D b 
�
Œx�1 � y � x�� �  .x�1 � y � x � h0/

D  .x�1 � y � h � x/ � C2  .y � h/
� C2 b .Œy�/C "; (6.232)

where C2 2 Œ1;C1/ is as in (6.114). Now (6.224) follows upon letting " & 0

in (6.232). This completes the proof of the claim in part .5/.
As far as the first formula in (6.225) is concerned, observe that if x; a 2 G and

r 2 .0;C1/ are such that  .a � x�1/ < r , then

b .Œa� ? Œx��1/ D b .Œa � x��1/ �  .a � x�1/ < r: (6.233)

Hence, �H .x/ D Œx� 2 BR
b 
�
Œa�; r

� D BR
b .�H .a/; r/, proving the left-to-right

inclusion. In the converse direction, if x; a 2 G and r 2 .0;C1/ are such that
b 
�
Œa�?Œx��1

�
< r , then there exists h 2 H with the property that 

�
a�x�1�h� < r .

This implies that h�1 � x 2 BR
 .a; r/, and we also have �H .h�1 � x/ D Œx� since
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x�1 �h�1 �x 2 H . Thus, Œx� 2 �H
�
BR
 .a; r/

�
, as desired. This concludes the proof

of the first formula in (6.225), and the second one is established similarly.
Going further, assume that O 2 �R

G=H , and fix some a 2 G with �H .a/ 2 O .

Then a 2 ��1
H .O/ 2 �R

 by (6.209). As such, there exists r > 0 with the property
that BR

 .a; r/ � ��1
H .O/, which further entails BR

b .�H .a/; r/ D �H
�
BR
 .a; r/

� �
O , thanks to (6.225). All things considered, this argument proves that O 2 �R

b ;

hence, ultimately, �R
G=H � �R

b . To prove the opposite inclusion, given an arbitrary

set O 2 �R
b , the goal is to show that ��1

H .O/ 2 �R
 (cf. (6.209)). To this end, fix

some arbitrary a 2 ��1
H .O/ and note that this implies that �H .a/ 2 O 2 �R

b .

Consequently, there exists r > 0 such that BR
b .�H .a/; r/ � O, which, in view

of (6.225), implies that �H
�
BR
 .a; r/

� � O and, further,BR
 .a; r/ � ��1

H .O/. Thus,
��1
H .O/ 2 �R

 , completing the proof of the first formula in (6.226). The second
formula in (6.226) is dealt with analogously. This concludes the treatment of the
claims made in part .6/ and completes the proof of the proposition. ut

To state our next result, which further augments the list of properties from
Proposition 6.38, the reader may find it useful to recall the convention made in
part .i i/ of Comment 6.39.

Proposition 6.40. Let .G;�/ be a group, and let the function  W G ! Œ0;C1/

be quasi-invariant and quasisubadditive. In addition, assume that H is a normal
subgroup of G and define b as in (6.222). Then

�
G;�; � 

�
complete H) �

G=H; ?; �b 
�

complete: (6.234)

Proof. The fact that Proposition 6.38 guarantees that b is a quasi-invariant, qua-
sisubadditive function on the quotient group G=H opens the door to implementing
the completeness criterion described in Proposition 6.34. To do so, recall from
Proposition 6.38 that the constants .C0; C1/ of the quasi-pseudonorm  on G may
also be regarded as the constants of the quasi-pseudonorm b on G=H . Hence, in
agreement with (6.193), fix a number ˇ 2 �

0; .1 C log2 C1/
�1� and assume that�

Œxn�
�
n2N � G=H is a sequence with the property that

1X

nD1
b 
�
Œxn�

�ˇ
< C1: (6.235)

Based on part .1/ of Proposition 6.38, for each n 2 N there exists hn 2 H such that

 .xn � hn/ � b 
�
Œxn�

�C 2�n: (6.236)

Hence, given that 0 < ˇ � 1, we may estimate
1X

nD1
 .xn � hn/ˇ �

1X

nD1

�
b 
�
Œxn�

�C 2�n�ˇ �
1X

nD1

�
b 
�
Œxn�

�ˇ C 2�nˇ� < C1;

(6.237)

thanks to (6.235).
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Given that the function  W G ! Œ0;C1/ is quasi-invariant and quasisubad-
ditive on the group .G;�/, and since we are assuming that .G;�; � / is complete,
Proposition 6.34 may be invoked to conclude that there exists y 2 G with the
property that

the sequence
n
.x1 � h1/ � � � � � .xn � hn/

o

n2N converges to y in .G;�; � /: (6.238)

Now, the fact that H is a normal subgroup of G (cf. (6.200)) allows us to find, for
each n 2 N, an element h0

n 2 H with the property that

.x1 � h1/ � � � � � .xn � hn/ � y�1 D .x1 � x2 � � � � � xn�1 � xn/ � y�1 � h0
n: (6.239)

As such, for each n 2 N we may estimate

b 
��
Œx1� ? Œx2� ? � � � ? Œxn�

�
? Œy��1

�
D b 

�
Œx1 � x2 � � � � � xn � y�1�

�

�  
�
.x1 � x2 � � � � � xn�1 � xn � y�1/ � h0

n

�

D  
�
.x1 � h1/ � � � � � .xn � hn/ � y�1�:

(6.240)

Since (6.238) forces the limit of the last expression in (6.240) to vanish as n ! 1,
we obtain that

lim
n!1

b 
��
Œx1� ? Œx2� ? � � � ? Œxn�

�
? Œy��1

�
D 0: (6.241)

To sum up, for any sequence
�
Œxn�

�
n2N � G=H satisfying (6.235) there exists y 2 G

with the property that

the sequence
˚
Œx1� ? � � � ? Œxn�

�
n2N converges to Œy� in .G=H; ?; �b /: (6.242)

Hence, Proposition 6.34 applies and gives that
�
G=H; ?; �b 

�
is complete. ut

Definition 6.41. Let G and S be two groups, and assume that  W S ! Œ0;C1� is
an arbitrary function. Given T 2 Hom .G; S/, define the pullback of  under T
as the function

e W G ! Œ0;C1�; e .x/ WD  .T x/; 8 x 2 G: (6.243)

We now proceed to discuss the properties of the pullback of a quasi-pseudonorm
under a group homomorphism.
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Proposition 6.42. Let .G;�/ and .S; ı/ be two groups, and assume that  is a
quasi-pseudonorm on S . Also, suppose that T 2 Hom .G; S/ and define e as
in (6.243) . Then the following claims are valid.

(1) The function e is a quasi-pseudonorm on G with the same constants as those
of the quasi-pseudonorm on S .

(2) One has

 quasi-invariant H) e quasi-invariant (with the same constant); (6.244)

 quasinorm and T injective H) e quasinorm: (6.245)

(3) The following formulas hold:

T �1�BR
 .Ta; r/

� D BR
e .a; r/; T �1�BL

 .Ta; r/
� D BL

e .a; r/ (6.246)

for every a 2 G and every r 2 .0;C1/. In particular,

T W .G; �R
e / ! .S; �R

 / and T W .G; �L
e / ! .S; �L

 / are continuous: (6.247)

(4) For every a 2 G and every r 2 .0;C1/ one has

T
�
BR
e .a; r/

� D �
ImT

� \ BR
 .Ta; r/;

T
�
BL
e .a; r/

� D �
ImT

�\ BL
 .Ta; r/:

(6.248)

As a consequence, the following equivalences are valid:

ImT open in .S; �R
 / ” T W .G; �R

e / ! .S; �R
 / is open; (6.249)

ImT open in .S; �L
 / ” T W .G; �L

e / ! .S; �L
 / is open: (6.250)

(5) One has

 finite and quasi-invariant

ImT closed in .S; � /

.S; ı; � / complete

9
>>=

>>;
H) �

G;�; �e 
�

complete: (6.251)

Proof. With the exception of part (5), all other claims are straightforward con-
sequences of definitions. Concerning the implication in part (5), assume that the
assumptions stipulated on the left-hand side of (6.251) hold. We already know
from the first part in the proof that e is a quasi-invariant quasi-pseudonorm on
the group G and with the same constants .C0; C1/ as  . To proceed, pick some
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ˇ 2 �
0; .1 C log2 C1/

�1� and assume that .an/n2N � G is a sequence with the
property that

1X

nD1
e .an/ˇ < C1: (6.252)

In view of (6.243), this gives

1X

nD1
 .Tan/

ˇ < C1; (6.253)

and since .S; ı; � / is complete, Proposition 6.34 applies and gives that there exists
y 2 S such that

n
.Ta1/ ı .Ta2/ ı � � � ı .Tan/

o

n2N is convergent to y in .S; ı; � /: (6.254)

However, for each n 2 N we have .Ta1/ ı .Ta2/ ı � � � ı .Tan/ D T .a1 � � � � � an/ 2
ImT , and we know that ImT is closed in .S; ı; � /. Consequently, the limit y
belongs to ImT , i.e., there exists a 2 G such that Ta D y. Keeping this in mind
allows us to reinterpret (6.254) as

0 D lim
n!1 

�
T .a1 � � � � � an/ ı .Ta/�1

�
D lim

n!1
e 
�
.a1 � � � � � an/ � a�1�

(6.255)

or, equivalently,

˚
a1 � a2 � � � � � an

�
n2N is convergent to a in

�
G;�; � Q 

�
: (6.256)

With this in hand, the completeness criterion described in Proposition 6.34 gives
that

�
G;�; � Q 

�
is complete, thus completing the proof of the proposition. ut

Comment 6.43. In the context of Proposition 6.42 it is natural to refer to the
function e defined in (6.243) as the pullback quasi-pseudonorm of  to
G under the group homomorphism T 2 Hom .G; S/. �

We continue by presenting yet another basic property of the pullback that will be
relevant for us later.

Proposition 6.44. Let .G;�/ be a group, and assume that �G is a topology on the
set G. Also, let .S; ı/ be an Abelian group, and suppose that  W S ! Œ0;C1/ is
a quasisubadditive and quasisymmetric function, in the sense that there exist finite
constants �; C0 2 Œ1;C1/ such that

 .a ı b/ � �max
˚
 .a/;  .b/

�
for all a; b 2 S; (6.257)

 .a�1/ � C0 .a/ for each a 2 S: (6.258)
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In addition, assume that .S; ı; � / is complete.
Finally, assume that T 2 Hom .G; S/ is such that its graph, GT , is a closed

subset of .G � S; �G � � /. Then for every number ˇ 2 �0; .log2 �/
�1� one has

e .x/ � �4C0

n 1X

iD1
e .xi /ˇ

o1=ˇ
; 8 x 2 G and 8 .xn/n2N � G (6.259)

with the property that the sequence .x1 � � � � � xn/n2N converges in �G to x;

where e denotes the pullback to G of the function  under the group homomor-
phism T .

Proof. Fix ˇ 2 �0; .log2 �/
�1�, and consider x 2 G and .xn/n2N � X such that

�
x1 � � � � � xn

�
n2N converges in �G to x: (6.260)

Also, without loss of generality, assume that

1X

nD1
 .T xn/

ˇ D
1X

nD1
e .xn/ˇ < C1: (6.261)

Then for each k 2 N we have

 
�
.T xn/ ı � � � ı .T xnCk/

� � �2
n 1X

iDn
 .T xi /

ˇ
o1=ˇ �! 0 as n ! 1; (6.262)

based on (6.141) and (6.261). This shows that
�
.T x1/ ı � � � ı .T xn/

�
n2N is a Cauchy

sequence in
�
S; ı; � 

�
(recall that S is assumed to be Abelian). Since the latter is

assumed to be a complete group, we deduce that there exists y 2 S with the property
that

the sequence
�
T .x1 � � � � � xn/

�
n2N D �

.T x1/ ı � � � ı .T xn/
�
n2N

converges to y in
�
S; ı; � 

�
:

(6.263)

From (6.260), (6.263), and the fact that T is a group homomorphism whose graph
GT is a closed subset of .G � S; �G � � /, we may conclude that y D T x.
Consequently,

 .T x/ D  .y/ D  
�

lim
n!1.T x1/ ı � � � ı .T xn/

�

� �2C0 lim sup
n!1

 
�
.T x1/ ı � � � ı .T xn/

�

� �4C0

n 1X

iD1
 .T xi /

ˇ
o1=ˇ

; (6.264)
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by (6.263), (6.142), and (6.141). Now (6.259) follows from (6.264) and (6.243). ut
Moving on, we make the following definition.

Definition 6.45. Assume that G and S are two groups and that  is a quasi-
pseudonorm onG. In addition, suppose that a surjective group homomorphism T 2
Hom .G; S/ has been given; in particular,bT W G=KerT ! S is an isomorphism (cf.
Theorem 6.36).

Then the push-forward of the quasi-pseudonorm  via the surjective group
homomorphism T is defined as the pullback to S of the quotient quasi-pseudonorm
b on G=Ker T under the group homomorphism

�bT
��1 2 Hom

�
S;G=KerT

�
.

Hence, if  denotes the push-forward of  via T in the manner and conditions
specified in Definition 6.45, it follows that

 W S ! Œ0;C1�;  .x/ WD b 
��bT

��1
x
�
; 8 x 2 S: (6.265)

By further deobfuscating the notation, we obtain

 .x/ D inf
˚
 .z/ W z 2 T �1.fxg/ �; 8 x 2 S: (6.266)

Other relevant properties of the function (6.265) are described in our next theorem
(for the last item, see also the comments right after its statement).

Theorem 6.46. Let .G;�/ be a group equipped with a quasi-pseudonorm . Also,
suppose that .S; ı/ is another group, and assume that T 2 Hom .G; S/ is given a
surjective homomorphism. Finally, denote by  the push-forward of  via T in the
sense of Definition 6.45. Then the following properties hold.

(a) The function  is a quasi-pseudonorm on S , with the same constants .C0; C1/
as  .

(b) For any topology �S on the set S one has the equivalences

T W .G; �R
 / ! .S; �S / is continuous and open ” �S D �R

 
; (6.267)

T W .G; �L
 / ! .S; �S / is continuous and open ” �S D �L

 
: (6.268)

As a corollary,

�R
 

� �S H) T W .G; �R
 / ! .S; �S/ open; (6.269)

�L
 

� �S H) T W .G; �L
 / ! .S; �S / open: (6.270)



6.3 Quotient, Pullback, and Push-Forward Quasi-Pseudonorms 403

Hence,

�S is right-invariant and

BR
 
.eS ; r/ 2 N .eS I �S /; 8 r > 0

)

H) T W .G; �R
 / ! .S; �S/ open; (6.271)

�S is left-invariant and

BL
 
.eS ; r/ 2 N .eS I �S /; 8 r > 0

)

H) T W .G; �L
 / ! .S; �S/ open: (6.272)

(c) If  is quasi-invariant, then so is  and with the same constant.
(d) If  is finite and quasi-invariant, and if

�
G;�; � 

�
is complete, then

�
S; ı; � 

�

is complete.

Proof. Recall that the function is obtained from by first passing to the quotient
quasi-pseudonorm b on G=KerT then taking the pullback of this to S under the
group homomorphism

�bT
��1 2 Hom

�
S;G=KerT

�
. Since both operations preserve

the quality of being a quasi-pseudonorm as well as the associated constants (cf.
Proposition 6.38, Comment 6.39, and Proposition 6.42), the claim in part (a)
follows. The claim in part (c) is justified similarly, based on (6.224) and (6.244),
while the claim in part (d) is seen with the help of Proposition 6.40 and (6.251).

There remains to consider the claims made in part (b). To this end, assume that
�S is a topology on the set S with the property that

T W .G; �R
 / �! .S; �S / is continuous and open: (6.273)

Now, T 2 Hom .G; S/ is known to be surjective, and recall (from part .6/ in
Proposition 6.38) that �R

G=KerT denotes the quotient topology on G=KerT relative

to �R
 . As such, part .4/ of Proposition 6.37 applies and gives that the assumption

just made is equivalent to the condition that

bT W �G=KerT; �R
G=KerT

� �! .S; �S/ is a homeomorphism: (6.274)

In particular, since such a condition determines �S uniquely, this shows that there
could be only one topology �S on the set S that does the job specified in (6.273).
Having established this, there remains to show that

bT W �G=Ker T; �R
G=KerT

� �! .S; �R
 
/ is a homeomorphism: (6.275)

Of course, since this function is bijective (cf. Theorem 6.36) and since �R
G=KerT D �R

b 
by (6.226), condition (6.275) is further equivalent to the demand that

�bT
��1 W .S; �R

 
/ �! �

G=KerT; �R
b 
�

is continuous and open: (6.276)
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This, however, follows from Definition 6.45, (6.247), and (6.249). To summarize,
the only topology �S on S that makes T W .G; �R

 / ! .S; �S/ continuous and open
is �R

 
. In a similar manner, one can show that the only topology �S on S that makes

the function T W .G; �L
 / ! .S; �S/ continuous and open is �L

 
. This takes care of

the equivalences stated in (6.267) and (6.268), and the implications in (6.269) and
(6.270) are obvious consequences of them (e.g., T W .G; �R

 / ! .S; �R
 
/ is open

according to (6.267) and the fact that �R
 

� �S makes T W .G; �R
 / ! .S; �S /

open). Moreover, since if �S is right-invariant we have that �R
 

� �S if and only

if BR
 
.eS ; r/ 2 N .eS I �S / for each r > 0, the implication in (6.271) follows

from (6.269). Finally, (6.272) is proved similarly. This completes the proof of the
claims made in part (b) and the proof of the theorem. ut

We further augment the results established in Theorem 6.46 with the following
proposition.

Proposition 6.47. Assume that .G;�/ is a group equipped with a finite, quasi-
invariant, quasi-pseudonorm  , with constants .C0; C1/, with the property that�
G;�; � 

�
is complete. Fix a subgroupH of the group G. Next, suppose that .S; ı/

is a group and that T 2 Hom .H; S/ is surjective. Also, assume that �S is a topology
on S for which GT is a closed subset of

�
G � S; � � �S

�
. Finally, denote by  the

push-forward of the restriction of  toH via T , in the sense of Definition 6.45, and
fix a number ˇ 2 �0; .1C log2 C1/

�1�. Then

 .b/ � .2C1/
4C0

n 1P
nD1

 .bn/
ˇ
o1=ˇ

; 8 b 2 S and 8 .bn/n2N � S

with the property that .b1 ı � � � ı bn/n2N is ordinarily convergent in �S to b:

(6.277)

A few comments regarding the nature of the conclusion are in order. First, the
elementary properties of the restriction of a given quasi-pseudonorm to a subgroup
were recorded in Lemma 6.25. Second, the reader may wish to review the discussion
in Comment 6.17 in relation to the notion of convergence employed here. Third,
even though  is known to be quasisubadditive and quasisymmetric, the estimate
in (6.277) is not a direct consequence of (6.141) and (6.142). This is because the
latter formula requires that convergence takes place in the topology induced by  
either from the right or from the left on S , whereas in (6.277) we only assume that
.b1 ı � � � ı bn/n2N is ordinarily convergent to b in the topology �S .

Proof of Proposition 6.47 To get started, assume that the quasi-pseudonorm  is
finite and quasi-invariant, that

�
G;�; � 

�
is complete, and that �S is a topology on

S such that GT is a closed subset of
�
G � S; � � �S

�
. Also, fix some number

ˇ 2 �0; .1C log2 C1/
�1�, and assume that b 2 S and .bn/n2N � S are such that

.b1 ı � � � ı bn/n2N is ordinarily convergent to b in �S : (6.278)
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If
1P
nD1

 .bn/
ˇ D C1, then the inequality in (6.277) is trivially satisfied, so assume

in what follows that
1X

nD1
 .bn/

ˇ < C1: (6.279)

To proceed, fix an arbitrary " > 0. Making use of (6.266), for each n 2 N it is
possible to select an element an 2 H such that

Tan D bn and  .an/ <  .bn/C "2�n: (6.280)

Consequently,

1X

nD1
 .an/

ˇ �
1X

nD1

�
 .bn/C "2�n�ˇ �

1X

nD1
 .bn/

ˇ C
1X

nD1
"2�nˇ < C1; (6.281)

by (6.280) and (6.279). In turn, since  is a finite quasi-invariant quasi-pseudonorm
with the property that

�
G;�; � 

�
is complete, from (6.281) and Proposition 6.34 we

deduce that there exists some a 2 G such that

the sequence
�
a1 � � � � � an

�
n2N converges to a in .G;�; � /: (6.282)

Now, (6.280) and the fact that T 2 Hom .H; S/ imply

T .a1 � � � � � an/ D .Ta1/ ı .Ta2/ ı � � � ı .Tan/ D b1 ı � � � ı bn; 8 n 2 N:

(6.283)

Hence, from (6.278), (6.283), and the assumption that GT , the graph of T , is a
closed subset of

�
G � S; � � �S

�
, we conclude that a 2 H and Ta D b. In concert

with (6.266), this yields

 .b/ �  .a/: (6.284)

On the other hand, from (6.282), (6.142), (6.140), and (6.281) we obtain

 .a/ � .2C1/
2C0 lim sup

n!1
 .a1 � � � � � an/ � .2C1/

4C0

( 1X

iD1
 .ai /

ˇ

) 1
ˇ

� .2C1/
4C0

( 1X

nD1
 .bn/

ˇ C
1X

nD1
"2�nˇ

) 1
ˇ

: (6.285)

At this stage, (6.277) follows from (6.284) and (6.285) after letting " & 0. ut
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6.4 A Quantitative Open Mapping Theorem

One of the cornerstones of modern functional analysis is the open mapping theorem
(OMT), also known as the Banach–Schauder theorem. This fundamental result
states that any continuous, surjective, linear operator between two Banach spaces is
an open map. More specifically, if X and Y are Banach spaces, and if T W X ! Y

is a continuous, surjective, linear operator, then T .U / is an open set in Y whenever
U is an open set in X .

The proof of the classical OMT (cf., e.g., [108]) makes use of the Baire category
theorem, and completeness of bothX and Y is an essential hypothesis. For instance,
the theorem may fail if either space is assumed to be just a normed space. Relevant
examples, which are probably part of the folklore, are as follows. First, let .Y; k�kY /
be a Banach space, and pick an arbitrary linear functional ƒ on Y . Define X to
be the same vector space Y , this time equipped with the norm kxkX WD kxkY C
jhƒ; xij. In this setting, consider T to be the identity operator. Then T is bijective
and continuous since, trivially, kxkY � kxkX . Now, if .X; k � kX/ were complete,
this would entail, by the OMT, that T �1 is also bounded, hence, ultimately, that
k � kX 	 k � kY . In turn, this would imply that ƒ is continuous. However, there are
Banach spaces (necessarily of infinite dimension) for which there exist unbounded
linear functionals. This proves the necessity of the completeness ofX in the context
of the OMT. As for the necessity of Y being complete, a simple counterexample
is provided by taking both X and Y to be the space of continuously differentiable
functions on Œ0; 1�, X equipped with the norm kf kX WD sup jf j C sup jf 0j, Y
equipped with the supremum norm, and T the identity operator.

That being said, the OMT continues to hold if both X and Y are F -spaces
(this was originally proved by S. Banach in [13]; see also [69, Corollary 1.5, p. 10]
for a more recent discussion). Recall that an F -space is a vector space furnished
with a complete, additively invariant metric for which the scalar multiplication is
separately continuous in each variable. It is therefore natural to search for other
weaker contexts in which appropriate variants of the OMT are still valid. For
example, on the algebraic side, it is natural to consider open-mapping-type theorems
on groups (as opposed to vector spaces), equipped with certain topologies, since the
conclusion one seeks (i.e., that the mapping in question is open) does not depend on
the presence of an underlying vector space structure.

The discovery in the early 1930s (cf. [12]) of the fact that a suitable version
of OMT holds for complete metric groups (satisfying additional hypotheses)
eventually led to the development of a subbranch of functional analysis consisting
of a collection of theorems aimed at identifying sufficient conditions ensuring that a
surjective morphism (in a suitable algebraic/functional analytic framework) is open.
Typically, such theorems are still called “OMTs,” and many important results of this
sort are already known (cf., e.g., [22, 41, 52, 63, 64, 71, 83, 98, 102] and references
therein).

As was already mentioned, some of the most general formulations of the OMT
are in the setting of complete metrizable topological groups. Here the goal is to
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further sharpen such results by weakening the hypotheses pertaining to the nature of
the topologies considered on the groups in question. The main result in this section is
Theorem 6.49 below. As a preamble, in the next lemma we isolate a useful technical
ingredient.

Lemma 6.48. Assume that .G;�/ is a group and that  W G ! Œ0;C1� is an
arbitrary function. Also, let .S; ı/ be a group, and suppose that �S is a symmetric,
right-invariant topology on S . Finally, consider T 2 Hom.G; S/ with the property
that there exists r 2 .0;C1/ such that

Clo
�
T
�
BR
 .eG; r/

�I �S
�

2 N .eS I �S/: (6.286)

Then for every A � G one has

Clo
�
T .A/I �S

� �
[

a2A
Clo

�
T
�
BR
 .a; r/

�I �S
�
: (6.287)

Finally, a similar inclusion holds when “right-invariant” is replaced by “left-
invariant” and “right balls” are replaced by “left balls.”

Proof. From (6.286) we have V WD Clo
�
T
�
BR
 .eG; r/

�I �S
�

2 N .eS I �S/, and

since the topology �S is symmetric, it follows from (6.47) that V �1 2 N .eS I �S /.
Hence, if we set W WD V \ V �1, then

W 2 N .eS I �S /; W � V; and W �1 D W: (6.288)

Next, consider a set A � G, and fix an arbitrary element

y 2 Clo
�
T .A/I �S

�
: (6.289)

Since (6.48) and assumptions ensure that sR
y W .S; �S/ ! .S; �S/ is a homeo-

morphism, it follows from (6.4) that W ı y D sR
y .W / 2 N .yI �S /. Together

with (6.289), the latter condition entails .W ı y/ \ T .A/ 6D ;. Thus, there exists
a 2 A such that Ta 2 W ıy, which in turn implies .Ta/�1 2 y�1ıW �1 D y�1ıW .
Hence,

y 2 W ı Ta � V ı Ta D Clo
�
T
�
BR
 .eG; r/

�I �S
�

ı Ta D Clo
�
T
�
BR
 .eG; r/

� ı TaI �S
�

D Clo
�
T
�
BR
 .eG; r/ � a�I �S

�
D Clo

�
T
�
BR
 .a; r/

�I �S
�
:

(6.290)

The first inclusion in (6.290) is a consequence of the fact that W � V (cf. (6.288)),
while the subsequent equality makes use of the definition of V . Also, the second
equality in (6.290) takes into account (6.48) and (6.3). Finally, the third equality
in (6.290) holds since T 2 Hom.G;H/, while the last equality is implied by (6.84).
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Given that y in (6.289) has been arbitrarily chosen, (6.287) follows from (6.290).
Finally, the last claim in the statement is dealt with similarly, and this finishes the
proof of the lemma. ut

We are now in a position to formulate and prove our first main result. In
preparation, the reader may wish to recall Definition 6.2.

Theorem 6.49 (Quantitative OMT). Let .G;�/ be a group, and assume that
 is a finite quasi-pseudonorm on G, with constants .C0; C1/, such that .G;�/ is
complete with respect to �R

 . In addition, consider a group .S; ı/, and suppose that
�S is a symmetric, right-invariant topology on S . Finally, let T 2 Hom .G; S/,
which is almost open at eG , i.e.,

Clo
�
T
�
BR
 .eG; r/

�I �S
�

2 N .eS I �S /; 8 r 2 .0;C1/; (6.291)

and such that its graph satisfies

GT is a closed subset of
�
G � S; �R

 � �S
�
: (6.292)

Then for each A � G one has

Clo
�
T .A/I �S

� �
\

">0

T
�
ŒA �R ;"

�
: (6.293)

In particular,

Clo
�
T
�
BR
 .a; r/

�I �S
�

�
\

C>C1

T
�
BR
 .a; C r/

�
; 8 a 2 G; 8 r 2 .0;C1/;

(6.294)

and as a corollary the map

T W .G; �R
 / �! .S; �S/ is open: (6.295)

Moreover, if the mapping T W .G; �R
 / ! .S; �S / is continuous, then one actually

has equality in (6.293), i.e.,

Clo
�
T .A/I �S

� D
\

">0

T
�
ŒA �R ;"

�
: (6.296)

Finally, there is a natural version of the statement emphasizing conclusions about
�L
 , the left-topology induced by  .

Proof. Fix A � G and " > 0. Pick a number ˇ 2 �
0; .1C log2 C1/

�1�, along with
a numerical sequence .ri /i2N � .0;C1/, such that

16C 4
1 C

2
0

(
X

i2N
r
ˇ
i

) 1=ˇ
< ": (6.297)
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Finally, select an arbitrary element y0 2 Clo
�
T .A/I �S

�
. Then, by Lemma 6.48

and (6.291), we have y0 2 S

a2A
Clo

�
T
�
BR
 .a; r1/

�I �S
�

. Hence, there exists a1 2 A

such that

y0 2 Clo
�
T
�
BR
 .a1; r1/

�I �S
�

�
[

a2BR
 .a1;r1/

Clo
�
T
�
BR
 .a; r2/

�I �S
�
; (6.298)

where the inclusion in (6.298) is a consequence of Lemma 6.48 and (6.291).
Inductively, this procedure yields a sequence .ai /i2N � G such that

a1 2 A and aiC1 2 BR
 .ai ; ri / for each i 2 N;

with the property that y0 2 Clo
�
T
�
BR
 .ai ; ri /

�I �S
�
; 8 i 2 N:

(6.299)

Note that if i; k 2 N, then, based on (6.140) in Theorem 3.28 used here with � WD
2C1, we may estimate

 
�
ai � a�1

iCk
� D  

�
.ai � a�1

iC1/ � .aiC1 � a�1
iC2/ � � � � � .aiCk�1 � a�1

iCk/
�

� 4C 2
1

8
<

:

iCk�1X

jDi
 
�
aj � a�1

jC1
�ˇ
9
=

;

1=ˇ

� 4C 2
1

8
<

:

1X

jDi
r
ˇ
j

9
=

;

1=ˇ

: (6.300)

Since the last expression in (6.300) converges to zero as i ! 1, this implies that

.ai /i2N is a Cauchy sequence in .G;�/ relative to �R
 : (6.301)

Recall that .G;�/ is assumed to be complete with respect to �R
 and, as such, there

exists a 2 G with the property that

ai �! a in �R
 ; as i ! 1: (6.302)

Upon noting that the map sR
a�1
1

W .G; �R
 / ! .G; �R

 / is continuous (cf. part .i i/ in

Lemma 6.14), we further obtain from (6.302) that

ai � a�1
1 �! a � a�1

1 in �R
 ; as i ! 1: (6.303)

Also, generally speaking,

.xi /i2N � G; x 2 G such that

xi �! x in �R
 as i ! 1

)

H)  .x/ � 4C 2
1 C0 lim sup

i!1
 .xi /: (6.304)
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This follows from (6.142) in Theorem 3.28, used here with � WD 2C1. Now,
by (6.300), in which we first set i WD 1 and then take k WD i � 1, we have

 .ai � a�1
1 / � 4C 2

1

8
<

:

i�1X

jD1
r
ˇ
j

9
=

;

1=ˇ

for i D 2; 3; : : : : (6.305)

Keeping in mind (6.112) and combining (6.303), (6.304), (6.305), and (6.297), we
arrive at the conclusion that

 
�
a1 � a�1� � C0  

�
a � a�1

1

� � 16C 4
1 C

2
0

8
<

:

1X

jD1
r
ˇ
j

9
=

;

1=ˇ

< ": (6.306)

Thus, ultimately,

a 2 BR
 .a1; "/ for some a1 2 A: (6.307)

We now claim that

.a; y0/ 2 Clo
�
GT I �R

 � �S
�
: (6.308)

To justify (6.308), pick two neighborhoods V 2 N .aI �R
 / and W 2 N .y0I �S /.

Then, thanks to (6.131), there exists r 2 .0;C1/ such that

BR
 .a; r/ � V: (6.309)

On the other hand, from (6.128) we know that BR
 

�
a; r=.2C1/

� 2 N
�
aI �R

 

�
. This,

in concert with (6.297) and (6.302), implies that there exists i0 2 N such that

ri < r=.2C1/; 8 i 2 N with i � i0; (6.310)

ai 2 BR
 

�
a; r=.2C1/

�
; 8 i 2 N with i � i0: (6.311)

In particular, if x 2 BR
 .ai ; ri /, then  .ai � x�1/ < ri ; hence

 .a � x�1/ D  
�
.a � a�1

i / � .ai � x�1/
� � C1

�
 .a � a�1

i /C  .ai � x�1/
�

< C1
�
r=.2C1/C ri

�
< r: (6.312)

This analysis proves that there exists i0 2 N such that

BR
 .ai ; ri / � BR

 .a; r/; 8 i 2 N with i � i0: (6.313)
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Now (6.309) and (6.313) yield BR
 .ai ; ri / � V whenever i 2 N satisfies i � i0;

hence

T
�
BR
 .ai ; ri /

� � T .V /; 8 i 2 N with i � i0: (6.314)

On the other hand, (6.299) ensures that W \ T
�
BR
 .ai ; ri /

� 6D ; for every i 2 N,
which, when combined with (6.314), gives that

W \ T .V / 6D ;: (6.315)

In turn, (6.315) yields the existence of some element v 2 V with the property that
T v 2 W . This entails .v; T v/ 2 GT \ .V �W /; therefore, GT \ .V �W / 6D ;. This
shows that (6.308) holds since V 2 N .aI �R

 / andW 2 N .y0I �S / were arbitrarily
chosen. Having established (6.308) and given that, by assumption GT is closed in�
G � S; �R

 � �S
�
, we may conclude that .a; y0/ 2 GT , which forces

y0 D Ta: (6.316)

Now, (6.307) implies that a 2 ŒA �R ;"; hence using (6.316) yields y0 2 T
�
ŒA �R ;"

�
.

Given that y0 2 Clo
�
T .A/I �S

�
and " > 0 have been arbitrarily chosen, it follows

that (6.293) holds.
Moving on, consider a 2 G, r 2 .0;C1/, " > 0, and recall that

�
BR
 .a; r/

�R
 ;"

D
[

b2BR
 .a;r/

BR
 .b; "/: (6.317)

Now, for each b 2 BR
 .a; r/ and each c 2 BR

 .b; "/ we may write

 .a � c�1/ � C1
�
 .a � b�1/C  .b � c�1/

�
< C1.r C "/; (6.318)

which shows that

�
BR
 .a; r/

�R
 ;"

� BR
 

�
a; C1.r C "/

�
: (6.319)

If we now apply (6.293) with A WD BR
 .a; r/ and use (6.319), then we obtain

Clo
�
T
�
BR
 .a; r/

�I �S
�

�
\

">0

T
��
BR
 .a; r/

�R
 ;"

�

�
\

">0

T
�
BR
 .a; C1.r C "//

�

D
\

C>C1

T
�
BR
 .a; C r/

�
; (6.320)
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proving (6.294). As a corollary of (6.294), we also see that

Clo
�
T
�
BR
 .a; r/

�I �S
�

� T
�
BR
 .a; 2C1r/

�
; 8 a 2 G; 8 r 2 .0;C1/: (6.321)

At the same time,

Clo
�
T
�
BR
 .a; r/

�I �S
�

D Clo
�
T
�
BR
 .eG; r/

�I �S
�

ı Ta 2 N .TaI �S /; (6.322)

by (6.291) and the fact that shifts are continuous on .S; �S /. When combined
with (6.321), this gives that

T
�
BR
 .a; r/

� 2 N .TaI �S /; 8 a 2 G; 8 r 2 .0;C1/: (6.323)

Now, consider some O 2 �R
 , and select an arbitrary b 2 T .O/. Then there exists

a 2 O such that b D Ta; hence there exists r 2 .0;C1/ with the property
that BR

 .a; r/ � O. Consequently, T
�
BR
 .a; r/

� � T .O/. Since by (6.323) the
set T

�
BR
 .a; r/

�
is a neighborhood of Ta in �S , it follows that T .O/ 2 N .bI �S /

for every b 2 T .O/. Therefore, T .O/ 2 �S , proving that T is open.
At this stage in the proof, there remains to show that (6.296) holds whenever

T is continuous as a mapping from .G; �R
 / into .S; �S/. To this end, we note that

once an element b 2 T

">0

T
�
ŒA �R ;"

�
has been arbitrarily chosen, for every n 2 N

there exists xn 2 ŒA �R ;1=n such that b D T xn. Having constructed such a sequence
.xn/n2N � G, for each n 2 N it is then possible to select yn 2 A with the property
that xn 2 BR

 .yn; 1=n/. Hence,  .yn � x�1
n / < 1=n for each n 2 N, which, in light

of part .iv/ in Proposition 6.26, proves that

yn � x�1
n �! eG in �R

 ; as n ! 1: (6.324)

Granted that T W .G; �R
 / ! .S; �S/ is continuous, we deduce from (6.324) and our

choice of the xn that

.Tyn/ ı b�1 D T
�
yn � x�1

n

� �! eS in �S ; as n ! 1: (6.325)

Upon recalling from Definition 6.10 that the map sR
b W .S; �S/ ! .S; �S/ is

continuous, this further implies that

Tyn �! b in �S ; as n ! 1: (6.326)

Having proved (6.326), the fact that yn 2 A for every n 2 N entails b 2
Clo

�
T .A/I �S

�
. Hence, ultimately,

\

">0

T
�
ŒA �R ;"

� � Clo
�
T .A/I �S

�
; (6.327)
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which, together with (6.293), establishes (6.296). The case of the left-topology
induced by  is treated similarly, completing the proof of the theorem. ut
Comment 6.50. The quantitative aspect of Theorem 6.49 is most apparent by
considering the case when S is also a quasi-pseudonormed group. Concretely,
assume that ' W S ! Œ0;C1� is a quasi-pseudonorm with the property that �S
is the right-topology induced by ' on S . For each r 2 .0;C1/ define

�T .r/ WD sup
n
� > 0 W BR

'

�
eS ; �

� � Clo
�
T
�
BR
 .eG; r/

�I �S
�o
: (6.328)

Condition (6.291) then ensures that the function �T W .0;C1/ ! .0;C1� is well
defined. Note that, by design, �T is nondecreasing and has the property that

BR
'

�
eS ; �

� � Clo
�
T
�
BR
 .eG; r/

�I �S
�
; 8 r 2 .0;C1/; 8 � 2 �0; �T .r/

�
:

(6.329)

In conjunction with (6.294), this yields that for each a 2 G
BR
'

�
Ta; �

� �
\

C>C1

T
�
BR
 .a; C r/

�
; 8 r 2 .0;C1/; 8 � 2 �0; �T .r/

�
;

(6.330)

which provides concrete information about the size of the neighborhood of Ta one
expects to be contained in the image of a ball BR

 .a;R/ under the mapping T . �
Comment 6.50 highlights the significance of the case when the topology �S

is “quantitative,” i.e., is induced by a quasi-pseudonorm. In this vein, in the
corollary below (which generalizes [69, Theorem 1.4, p. 9]) we indicate that such a
phenomenon happens automatically in a context that is closely related to the very
statement of the OMT in Theorem 6.49.

Corollary 6.51. Let .G;�/ be a group, and assume that  is a finite quasi-
pseudonorm onG, with constants .C0; C1/, such that .G;�/ is complete with respect
to �R

 . In addition, consider a group .S; ı/ equipped with a Hausdorff, symmetric,
right-invariant topology �S such that the group .S; ı; �S/ is topologically divisible
(cf. Definition 6.18). Finally, let T 2 Hom .G; S/ be such that

T W .G; �R
 / �! .S; �S / is continuous and almost open at eG (6.331)

(cf. Definition 6.2). Then the following statements hold:

(i) The mapping T W G ! S is surjective, and T W .G; �R
 / ! .S; �S/ is open.

(ii) If  denotes the push-forward of  via T (as in Definition 6.45; recall that T
is surjective), then  is a finite quasi-pseudonorm with constants .C0; C1/ that
has the property that

�R
 

D �S : (6.332)
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(iii) If  is actually a quasinorm on G, then  is a quasinorm on S .
(iv) If  is quasi-invariant, then  is quasi-invariant (with the same constant as

 ), and .S; ı; �S/ is complete.

There is also a natural version emphasizing conclusions about left-topologies.

Proof. From Lemma 6.3 and current assumptions (recall (6.331) and that the
topological space .S; �S/ is Hausdorff) it follows that GT , the graph of T , is a closed
subset of

�
G � S; �G � �S

�
. With this in hand, Theorem 6.49 applies and gives that

T W .G; �R
 / �! .S; �S/ is open: (6.333)

In particular, ImT D T .G/ is an open subset of .S; �S / and, since we are assuming
that .S; �S/ is topologically divisible, Lemma 6.19 applies and give that

T 2 Hom .G; S/ is surjective: (6.334)

This finishes the proof of the claims in part (i). With (6.334), (6.333), and (6.331) in
hand, all claims in part (ii) now follow from items (a) and (b) of Theorem 6.46.

As regards the claim in part (iii), we first note that, since any singleton in the
Hausdorff topological space .S; �S/ is closed, and since (6.331) holds, we have

KerT D T �1�feSg� is closed in .G; �R
 /: (6.335)

Based on this as well as items (1)–(4) in Proposition 6.38, we deduce that

b is a quasinorm on G=Ker T: (6.336)

In concert with (6.245) (and Definition 6.45), this readily gives that is a quasinorm
on S , as desired. Finally, the claims in part (iv) are direct consequences of items (c)
and (d) in Theorem 6.46. ut

In the last part of this section we will discuss two corollaries of the quantitative
OMT formulated in Theorem 6.49 that are more akin to the classical formulation of
this result. In preparation, we first prove an auxiliary lemma.

Lemma 6.52. Let
�
G;�; .�/�1; eG

�
be a group and assume that � is a topology on

the set G with the property that the mapping

�
G �G; � � �� 3 .x; y/ 7�! x � y 2 .G; �/ is continuous: (6.337)

Then for every set A � G one has

Int.AI �/ 6D ; H) A � A�1 2 N .eGI �/: (6.338)
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Proof. Indeed, if A � G is such that Int.AI �/ 6D ;, then there exists a nonempty
set O 2 � with the property that O � A. Consequently, on the one hand we have

eG 2 O �O�1 � A � A�1: (6.339)

On the other hand, the continuity of the function (6.337) forces all right-shifts on
G to be continuous and, hence, ultimately, homeomorphisms of .G; �/ by (6.41).
Given this, keeping in mind that O 2 � , and writing

O �O�1 D
[

a2O
sR
a�1 .O/; (6.340)

we deduce that O � O�1 2 � . Together with the inclusion (6.339), this proves that
A � A�1 2 N .eG I �/, as desired. ut

Here is the first consequence of Theorem 6.49 alluded to earlier. To state it,
recall (6.33).

Theorem 6.53 (Topological OMT: Version 1). Let G be a group equipped with
a finite quasi-invariant, quasi-pseudonorm inducing a topology �G with respect to
which G is complete, and such that

G D
[

n2N
V .n/; for every symmetric neighborhood V of eG: (6.341)

Also, suppose that .S; �S / is a Hausdorff topological group that is uniquely
divisible. In addition, suppose that

O.n/ 2 �S ; for every O 2 �S and every n 2 N: (6.342)

Finally, assume that T 2 Hom .G; S/ is such that

T W .G; �G/ �! .S; �S / is continuous and (6.343)

ImT is of second Baire category in .S; �S/: (6.344)

Then T W .G; �G/ ! .S; �S/ is an open mapping.

Proof. Let
�
G;�; .�/�1; eG; �G

�
and

�
S; ı; .�/�1; eS ; �S

�
be as in the statement of the

theorem. Also, consider T 2 Hom .G; S/ satisfying (6.343) and (6.344), and fix an
arbitrary U 2 N .eG I �G/. Then .G;�; �G/ becomes a topological group, as seen
from part .vi i/ in Proposition 6.26. As such, from the continuity of the function
(cf. (6.43))

�
G �G; �G � �G

� 3 .x; y/ 7! x � y�1 2 .G; �G/ (6.345)
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at .eG; eG/ it follows that there exists V0 2 N .eG I �G/ such that

V0 � V �1
0 � U: (6.346)

Thus, if we set V WD V0 \ V �1
0 , then it follows that

V 2 N .eG I �G/; V is symmetric and V 2 � U: (6.347)

At the same time, the fact that T 2 Hom .G; S/ allows us to write

ImT D T .G/ D T
�[

n2N
V .n/

�
D
[

n2N
T
�
V .n/

� D
[

n2N

�
T .V /

�.n/
: (6.348)

Granted (6.344), this ensures that there exists n 2 N with the property that

O WD Int
�
Clo

�
.T .V //.n/I �S

�I �S
� 6D ;: (6.349)

Hence,

; 6D O 2 �S and O � Clo
��
T .V /

�.n/I �S
�
: (6.350)

Consider now

� W S �! S; �.x/ WD xn; 8 x 2 S: (6.351)

The fact that .S; ı; �S/ is a topological group implies that � is continuous, while
the fact that the group .S; ı/ is uniquely divisible forces � to be a bijection.
Finally, (6.342) ensures that � is open. As a result,

� W .S; �S/ �! .S; �S / is a homeomorphism: (6.352)

Hence, given that �.A/ D A.n/ for any A � G, we have

Clo
��
T .V /

�.n/I �S
�

D
�

Clo
�
T .V /I �S

��.n/
; (6.353)

by (6.352) and (6.2). Consequently, on the one hand,

��1.O/ � ��1
h�

Clo
�
T .V /I �S

��.n/i D Clo
�
T .V /I �S

�
; (6.354)

by (6.353), (6.350), and the fact that � is bijective. On the other hand, thanks
to (6.352), ; 6D ��1.O/ 2 �S . Granted this and keeping (6.354) in mind, we arrive
at the conclusion that

Int
�
Clo

�
T .V /I �S

�I �S
� 6D ;: (6.355)
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Together with Lemma 6.52 and the nature of �S , this allows us to conclude that

Clo
�
T .V /I �S

� ı
�

Clo
�
T .V /I �S

���1 2 N .eS I �S /: (6.356)

At the same time,

Clo
�
T .V /I �S

� ı
�

Clo
�
T .V /I �S

���1 D Clo
�
T .V /I �S

� ı Clo
�
.T .V //�1I �S

�

� Clo
�
T .V / ı .T .V //�1I �S

�

D Clo
�
T .V ı V �1/I �S

�

� Clo
�
T .U /I �S

�
; (6.357)

by (6.54), (6.347), the fact that .�/�1 W .S; �S/ ! .S; �S / is a homeomorphism,
and (6.2). In combination with (6.356), (6.357) proves that

Clo
�
T .U /I �S

� 2 N .eS I �S /; 8U 2 N .eGI �G/: (6.358)

Also, since we are assuming that the topological space .S; �S/ is Hausdorff, we can
argue as in the first part of the proof of Corollary 6.51 to conclude that the graph
GT of T is a closed subset of

�
G � S; �G � �S

�
. With this and (6.358) in hand,

Theorem 6.49 applies and gives that T is an open mapping. This completes the
proof of the theorem. ut
Remark 6.54. Theorem 6.53 continues to hold if in place of (6.342) one assumes
that

.S; �S/ is compact: (6.359)

Indeed, granted (6.359), one may invoke (6.13) for the function (6.351) to con-
clude (6.351) without having to rely on (6.342).

We continue by recording two notable consequences of Theorem 6.53 and
Corollary 6.51.

Corollary 6.55. Retain all hypotheses on G, S , and T from Theorem 6.53, and
strengthen the unique divisibility assumption on S to topological divisibility. Then,
if  denotes the quasi-invariant quasi-pseudonorm on G, all conclusions in
Corollary 6.51 hold in this case as well.

Proof. From the proof of Theorem 6.53 we know that (6.358) holds and that the
mapping T W .G; �G/ ! .S; �S/ is open. Granted these and the topological divisi-
bility assumption on S , Corollary 6.51 applies and yields the desired conclusions.

ut
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Corollary 6.56. Let G be a given group equipped with a finite quasi-invariant
quasi-pseudonorm  inducing a topology �G with respect to which G is complete
and such that (6.341) holds. Next, suppose that S is a uniquely divisible group
endowed with a quasi-invariant quasinorm, and equip S with the topology �S
induced by this quasinorm. In addition, suppose that (6.342) holds and that .S; �S /
is complete. Finally, assume that T 2 Hom .G; S/ is surjective and T W .G; �G/ !
.S; �S/ is continuous. Then the following conclusions hold:

(a) The mapping T W .G; �G/ ! .S; �S/ is open.
(b) Denote by  the push-forward of the quasi-pseudonorm  via the homomor-

phism T . Then  is a finite quasi-invariant quasi-pseudonorm, with the same
constants as  , which satisfies � D �S .

(c) The mapping T W .G; �G/ ! .S; �S/ is a homeomorphism if and only if the
mapping T W G ! S is one-to-one.

Proof. The fact that �S is the topology induced by a quasi-invariant quasinorm on
the group S implies (cf. part .vi i/ in Proposition 6.26 and part (vi) in Lemma 6.14)
that

�
S; �S

�
is a Hausdorff topological group. Furthermore, if T is as in the statement

of the current corollary, (6.367) holds thanks to the fact that T is surjective, .S; �S /
is complete, and (6.144). Having verified these conditions, Theorem 6.53 applies
and gives that T W .G; �G/ ! .S; �S/ is an open mapping.

The claims in the statement of item (b) are immediate consequences of Corol-
lary 6.55 once we observe that the topological divisibility assumption on S has only
been used in the proof of this result to establish the fact that T 2 Hom .G; S/ is
surjective [see the comments pertaining to (6.334)]. However, in the current context,
the surjectivity condition is part of the hypotheses, so no additional provisions are
necessary.

Finally, the equivalence in item (c) is a direct consequence of item (a). ut
Combining Proposition 6.31 with Theorem 6.53 yields the following purely

topological version of the OMT.

Corollary 6.57. Let G be an Abelian group equipped with a topology �G satisfy-
ing (6.150)–(6.152), (6.341), and with respect to whichG is complete. Also, suppose
that .S; �S/ is a Hausdorff topological group that is uniquely divisible and such
that (6.342) holds. Finally, assume that T 2 Hom .G; S/ is as in (6.343) and
(6.344).

Then T W .G; �G/ ! .S; �S/ is an open mapping.

Proof. This is a consequence of equivalence (6.153) from Proposition 6.31 and
Theorem 6.53. ut

The scenario in which Theorem 6.53 and its corollaries are specialized to the case
of vector spaces is considered in Corollaries 6.58–6.65. Our first such corollary,
stated below, extends the version of the OMT formulated in [108, Theorem 2.11,
p. 48].
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Corollary 6.58 (OMT for Vector Spaces: Version 1). Let X be a vector space,
and let k � k W X ! Œ0;C1/ be a function with the property that, for some constants
C0; C1 2 Œ1;C1/,

k � xk � C0kxk for all x 2 X; (6.360)

kx C yk � C1
�kxk C kyk� for all x; y 2 X; (6.361)

k	nxk ! 0 for each fixed x 2 X if 	n ! 0: (6.362)

Suppose that X is complete with respect to the topology �k�k induced by k � k on
the additive group .X;C/. Next, assume that Y is a vector space equipped with a
Hausdorff topology �Y satisfying the following properties:

�
Y � Y; �Y � �Y

� 3 .x; y/ 7�! x � y 2 .Y; �Y / is continuous; (6.363)

.Y; �Y / 3 x 7�! 	x 2 .Y; �Y / is continuous for each fixed 	: (6.364)

Finally, assume that

T W X �! Y is an additive mapping, so that (6.365)

T W �X; �k�k
� �! .Y; �Y / is continuous, and (6.366)

ImT is of second Baire category in .Y; �Y /: (6.367)

Then

T W �X; �k�k
� �! .Y; �Y / is an open mapping: (6.368)

Moreover, if in addition to the hypotheses made on �Y , one also assumes that

R 3 	 7�! 	x 2 .Y; �Y / is continuous at 0, for each fixed x 2 Y ; (6.369)

then the following statements hold:

(i) The mapping

T W X �! Y is surjective (6.370)

and

the additive group .Y;C/ is complete

with respect to the topology �Y :
(6.371)
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(ii) If jjj � jjj W Y ! Œ0;C1/ denotes the push-forward of k � k via T , then, for the
same constants C0; C1 2 Œ1;C1/ as in the first part of the statement, one has

jjj0jjj D 0; jjj � xjjj � C0jjjxjjj for all x 2 Y ; (6.372)

jjjx C yjjj � C1
�jjjxjjj C jjjyjjj� for all x; y 2 Y (6.373)

and

the topology induced by jjj � jjj on .Y;C/
coincides with the original topology �Y :

(6.374)

Proof. Note that (6.362) forces k0k D 0. Together with (6.360) and (6.361),
this ensures that the function k � k W X ! Œ0;C1/ is a quasi-invariant quasi-
pseudonorm on the (Abelian) additive group .X;C/. In addition, thanks to (6.362),
the analog of condition (6.341) holds in the current setting. Going further, (6.363)
guarantees that, when equipped with the topology �Y , the group .Y;C/ becomes
a topological group, while (6.364) implies that condition (6.342) holds in the
present context. Having clarified the connections with the hypotheses formulated in
Theorem 6.53, the fact that (6.368) holds now follows from Theorem 6.53. In turn,
this guarantees that (6.291) holds, while (6.369) implies that the group .Y;C; �Y / is
topologically divisible. As such, all remaining conclusions are direct consequences
of Corollary 6.51. ut
Corollary 6.59 (OMT for Vector Spaces: Version 2). Assume that X is a vector
space and that k � kX W X ! Œ0;C1/ is a function with the property that there exist
C0; C1 2 Œ1;C1/ such that

k � xkX � C0kxkX for all x 2 X; (6.375)

kx C ykX � C1
�kxkX C kykX

�
for all x; y 2 X; (6.376)

k	nxkX ! 0 for each fixed x 2 X if 	n ! 0: (6.377)

In addition, suppose that X is complete with respect to the topology �k�kX induced
by k � kX on the additive group .X;C/.

Next, assume that Y is a vector space and that k�kY W Y ! Œ0;C1/ is a function
such that, for some constants C 0

0; C
0
1 2 Œ1;C1/,

kxkY D 0 ” x D 0 for all x 2 Y ; (6.378)

k � xkY � C 0
0kxkY for all x 2 Y ; (6.379)

kx C ykY � C 0
1

�kxkY C kykY
�

for all x; y 2 Y; (6.380)

k	xnkY ! 0 for each fixed 	 2 Q if kxnkY ! 0: (6.381)
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Denote by �k�kY the topology induced by k � kY on the additive group .Y;C/, and
assume that this group is complete with respect to the topology �k�kY . Finally,
suppose that

T W X �! Y is additive and surjective and (6.382)

T W �X; �k�kX
� �! �

Y; �k�kY
�

is continuous: (6.383)

Then

T W �X; �k�kX
� �! �

Y; �k�kY
�

is an open mapping: (6.384)

Moreover, if jjj � jjj W Y ! Œ0;C1/ denotes the push-forward of k � kX via T , then,
for the same constants C0; C1 as in (6.375) and (6.376),

jjj0jjj D 0; jjj � xjjj � C0jjjxjjj for all x 2 Y ; (6.385)

jjjx C yjjj � C1
�jjjxjjj C jjjyjjj� for all x; y 2 Y; (6.386)

and

the topology induced by jjj � jjj on .Y;C/ coincides with �k�kY : (6.387)

Proof. For each 	 2 Q consider the function �	 W Y ! Y , given by the formula

�	.x/ WD 	x (6.388)

for each x 2 Y . The role of condition (6.381) is to ensure that �	 W �Y; �k�kY
� !�

Y; �k�kY
�

is a continuous function for each 	 2 Q. Since �	 is bijective and
.�	/

�1 D �	�1 for each 	 2 Q n f0g, we deduce that in fact �	 W �Y; �k�kY
� !�

Y; �k�kY
�

is a homeomorphism for each 	 2 Q n f0g. In turn, this property readily
implies that the analog of (6.342) holds in the current setting (i.e., when S is the
additive group .Y;C/). Having clarified this issue, Corollary 6.56 applies and yields
all desired conclusions. ut

Since the property of being onto has played an important role in the current
proceedings, below we momentarily digress for the purpose of recording a useful
criterion in this regard.

Proposition 6.60. Suppose that
�
X; k � kX

�
is a quasi-Banach space, and consider

� WD sup
x;y2X

not both zero

	 kx C ykX
maxfkxkX ; kykX g



2 Œ2;C1/ (6.389)
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and

p WD 1

log2�
2 .0; 1�: (6.390)

Also, suppose that
�
Y; k � kY

�
is a quasinormed space and that T W X ! Y is

a linear, continuous operator for which there exist C0 2 .0;C1/ and 
 2 .0; 1/

satisfying the following property:

8 y 2 Y with kykY D 1 9 x 2 X with

kxkX � C0 and ky � T xkY � 
:
(6.391)

Then T is onto, in the following quantitative manner:

8 y 2 Y 9 x 2 X such that T x D y

and kxkX � �2C0
.1� 
p/�1=pkykY :
(6.392)

Proof. Fix an arbitrary y 2 Y , the goal being to find x 2 X with appropriate control
and such that T x D y. If y D 0 take x WD 0. On the other hand, if y 6D 0, then
there existsex1 2 X with the property that kex1kX � C0 and

�
�y=kykY �Tex1

�
�
Y

� 
 .
Introducing x1 WD kykYex1 we therefore have

ky � T x1kY � 
kykY and kx1kX � C0kykY : (6.393)

Consider y1 WD y � T x1 2 Y , and repeat the foregoing procedure with y1 in place
of y. This yields x2 2 X such that

ky1 � T x2kY � 
ky1kY and kx2kX � C0ky1kY : (6.394)

Continuing this procedure, one can inductively define a sequence .xn/n2N inX such
that

�
�
�y �

nX

kD1
T xk

�
�
�
Y

� 
nkykY and kxnkX � C0

nkykY for each n 2 N: (6.395)

To proceed, recall (6.389) and (6.390). Then for eachm; k 2 N we have, on account
of (6.140) and the second estimate in (6.395),

�
�
�
mCkX

nDm
xn

�
�
�
X

� �2
�mCkX

nDm
kxnkpX

�1=p � �2C0

�mCkX

nDm

np

�1=pkykY : (6.396)
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Since
�
X; k � kX

�
is complete, this proves that

1P
nD1

xn converges in
�
X; k � kX

�
, and if

x 2 X denotes the sum of this series, then we have

kxkX � �2

 1X

nD1
kxnkpX

!1=p
� �2C0
.1� 
p/�1=pkykY ; (6.397)

thanks to (6.142) and (6.396). Furthermore, from the first estimate in (6.395) we
deduce that T x D y. ut

Proposition 6.60 suggests the following definition.

Definition 6.61. Let
�
X; k � kX

�
and

�
Y; k � kY

�
be two quasinormed spaces.

(i) Call a mapping T W X ! Y almost surjective provided there exist
constants C0 2 .0;C1/ and 
 2 .0; 1/ such that

8 y 2 Y 9 x 2 X with kxkX � C0kykY and ky � T xkY � 
kykY :
(6.398)

(ii) Call a mapping T W X ! Y quantitatively surjective provided
there exists a constant C0 2 .0;C1/ with the property that

8 y 2 Y 9 x 2 X such that T x D y and kxkX � C0kykY : (6.399)

We are now ready to return to the main discussion and prove the following result.

Corollary 6.62 (OMT for Vector Spaces: Version 3). Assume that
�
X; k�kX

�
and�

Y; k�kX
�

are two quasi-Banach spaces, and denote by �k�kX and �k�kY the topologies
induced on X and Y by their respective quasinorms. Also, suppose that

T W X �! Y is additive and (6.400)

T W �X; �k�kX
� �! �

Y; �k�kY
�

is continuous at 0: (6.401)

Then the following conditions are equivalent:

(1) The mapping T W �X; k � kX
� ! �

Y; k � kY
�

is almost surjective.
(2) The mapping T W X ! Y is surjective.
(3) The mapping T W �X; k � kX

� ! �
Y; k � kY

�
is quantitatively surjective.

(4) The mapping T W �X; �k�kX
� ! �

Y; �k�kY
�

is open.

Proof. To get started, observe first that, granted hypotheses (6.400) and (6.401), the
mapping T W �X; �k�kX

� ! �
Y; �k�kY

�
is continuous (at every point). Next, under the

same assumptions, we will prove that T is homogeneous, i.e.,

T .	x/ D 	T x; 8 x 2 X and 8	 2 R: (6.402)
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Indeed, that (6.402) holds when 	 2 Q is clear since T W X ! Y is additive,
while the general case 	 2 R follows from this and the continuity of T established
earlier. Since T is assumed to be additive, the bottom line is that T is a linear and
continuous map from X to Y .

Granted this preamble and given that
�
X; k � kX

�
is a quasi-Banach space, the

fact that .1/) .3/ follows from Proposition 6.60. Obviously, .3/ ) .2/, whereas
.2/ ) .4/ is a consequence of Corollary 6.59 and the definition of a quasi-Banach
space. To show that .4/ ) .3/, note that if T W �X; �k�kX

� ! �
Y; �k�kY

�
is open, then

there exists " > 0 such that Bk�kY .0; "/ � T
�
Bk�kX .0; 1/

�
. Now, given any vector

y 2 Y n f0g, we have

."y/=.2kykY / 2 Bk�kY .0; "/; (6.403)

hence there exists z 2 Bk�kX .0; 1/ such that T z D ."y/=.2kykY /. Taking x WD
.2kykY /=" and keeping in mind that T is homogeneous, we see that (6.399) holds
with C0 WD 2=". Since .3/ ) .1/ is obvious from definitions, this concludes the
proof of the corollary. ut
Corollary 6.63 (OMT for Vector Spaces: Version 4). Assume that

�
X; k�kX

�
and�

Y; k�kX
�

are two quasi-Banach spaces, and denote by �k�kX and �k�kY the topologies
induced on X and Y by their respective quasinorms. In addition, suppose thatZ is
a linear subspace of X and that

T W Z �! Y is linear and (6.404)

GT is a closed subset of
�
X � Y; �k�kX � �k�kY

�
: (6.405)

Then the following conditions are equivalent:

(1) The mapping T W �Z; k � kX
ˇ
ˇ
Z

� ! �
Y; k � kY

�
is almost surjective.

(2) The mapping T W Z ! Y is surjective.
(3) The mapping T W �Z; k � kX

ˇ
ˇ
Z

� ! �
Y; k � kY

�
is quantitatively surjective.

(4) The mapping T W �Z; k � kX
ˇ̌
Z

� ! �
Y; �k�kY

�
is open.

(5) For every " 2 .0;C1/ there exists ı 2 .0;C1/ such that

Bk�kY .0Y ; ı/ � T
�
Z \ Bk�kX .0X; "/

�
: (6.406)

Proof. Consider the function

k � kZ W Z ! Œ0;C1/; kxkZ WD kxkX C kT xkY ; 8 x 2 Z: (6.407)

Then the background assumptions in the statement of the corollary ensure that the
space

�
Z; k � kZ

�
is quasi-Banach. Also,

T W �Z; �k�kZ
� �! �

Y; �k�kY
�

is continuous (6.408)
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since, by design,

k � kX � k � kZ on Z: (6.409)

Then Corollary 6.62 applies (with
�
Z; k � kZ

�
playing the role of

�
X; k � kX

�
) and

readily yields that claims .1/–.4/ are equivalent (here (6.409) is again useful).
Finally, the fact that .5/ implies .4/ is obvious, while the opposite implication is
a consequence of the inclusion Bk�kZ .0X; r/ � Z \Bk�kX .0X; r/, itself seen to hold
for any r > 0 from (6.409). ut
Corollary 6.64 (OMT for Vector Spaces: Version 5). Let X be a vector space,
and let �X be a topology on the set X satisfying the following continuity properties:

.X; �X/ 3 x 7! �x 2 .X; �X/ is continuous at 0; (6.410)

.X; �X/ 3 x 7! x C y 2 .X; �X/ is continuous for each fixed y 2 X; (6.411)

�
X �X; �X � �X

� 3 .x; y/ 7! x C y 2 .X; �X/ is continuous at .0; 0/; (6.412)

R 3 	 7! 	x 2 .X; �X/ is continuous at 0 for each fixed x 2 X: (6.413)

In addition, suppose that .X; �X/ is locally bounded, i.e.,

9B 2 N .0I �X/ such that 8V 2 N .0I �X/
9 r 2 .0;C1/ for which rB � V;

(6.414)

and that the additive group .X;C/ is complete with respect to the topology �X . Next,
assume that Y is a vector space equipped with a Hausdorff topology �Y satisfying
the continuity properties listed in (6.363) and (6.364). Finally, assume that

T W X �! Y is an additive mapping so that (6.415)

T W .X; �X/ �! .Y; �Y / is continuous and (6.416)

ImT is of second Baire category in .Y; �Y /: (6.417)

Then

T W .X; �X/ �! .Y; �Y / is an open mapping: (6.418)

Moreover, if in addition to the hypotheses made on �Y one also assumes
that (6.369) holds, then mapping T W X ! Y is surjective, and the additive group
.Y;C/ is complete with respect to the topology �Y .

Proof. The claim in (6.418) follows readily from Corollary 6.57, keeping in mind
that the underlying additive group of any vector space is Abelian. Finally, the



426 6 Functional Analysis on Quasi-Pseudonormed Groups

remaining claims in the statement of the current corollary are justified much as in
the last part of the proof of Corollary 6.58. ut
Corollary 6.65 (OMT for Topological Vector Spaces). Assume that .X; �X/ is a
complete, locally bounded, topological vector space and that .Y; �Y / is a Hausdorff
topological vector space. Also, assume that T W X ! Y is a continuous, additive
mapping whose image is a set of second Baire category in .Y; �Y /. Then T is
open and surjective, and the additive group .Y;C/ is complete with respect to the
topology �Y .

Proof. This follows directly from Corollary 6.64. ut
We proceed by presenting another consequence of Theorem 6.49. Compared to

Theorem 6.53, this time we replace (6.341) and (6.342) with a separability condition
on the topological space .G; �G/.

Theorem 6.66 (Topological OMT: Version 2). Let .G;�/ be a group equipped
with a finite quasi-invariant quasi-pseudonorm inducing a topology �G with respect
to which G is complete and such that

the topological space .G; �G/ is separable: (6.419)

Also, suppose that .S; ı; �S/ is a Hausdorff topological group.
Then any T 2 Hom .G; S/ that is continuous and such that ImT is of second

Baire category in .S; �S/ has the property that T W .G; �G/ ! .S; �S/ is an open
mapping.

Proof. Consider T 2 Hom .G; S/ as in the statement of the theorem and fix an
arbitrary U 2 N .eGI �G/. As in (6.347), select V 2 N .eG I �G/ such that V �
V �1 � U . To proceed, invoke (6.419) in order to find A WD fangn2N, a countable
dense subset of the topological space .G; �G/. Then, making use of (6.51) we obtain

G D Clo .AI �G/ D A � V: (6.420)

Hence, since T is a group homomorphism, we may write

ImT D T .G/ D
[

n2N
.Tan/ ı T .V /: (6.421)

On the other hand, since we are assuming that ImT is of second Baire category in
.S; �S/, there exists n 2 N such that

Int
�

Clo
�
.Tan/ ı T .V /I �S

�I �S
�

6D ;: (6.422)

Next, from part .i i/ in Lemma 6.14 and (6.3) we deduce that

Int
�

Clo
�
.Tan/ ı T .V /I �S

�I �S
�

D .Tan/ ı Int
�

Clo
�
T .V /I �S

��I (6.423)
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hence, further,

Int
�

Clo
�
T .V /I �S

�� 6D ;: (6.424)

With this in hand, the rest of the argument now proceeds as in the proof of
Theorem 6.53 from (6.355) on. ut
Corollary 6.67. Retain all hypotheses on G, S , and T from Theorem 6.66, and
in addition assume that .S; ı; �S/ is topologically divisible. Then, if  denotes the
quasi-invariant quasi-pseudonorm onG, all conclusions in Corollary 6.51 are valid
in this context.

Proof. Since the proof of Theorem 6.66 gives that T W .G; �G/ ! .S; �S/ is an
open mapping and that (6.358) holds, Corollary 6.51 applies and yields the desired
conclusions, granted the topological divisibility assumption on S . ut
Corollary 6.68. Let G be a group equipped with a finite quasi-invariant quasi-
pseudonorm  inducing a topology �G with respect to which G is complete and
such that the topological space .G; �G/ is separable. Also, suppose that S is group
endowed with a quasi-invariant quasinorm and that S is complete with respect to
the topology �S induced on S by this quasinorm.

Then any T 2 Hom .G; S/ that is continuous and surjective is an open mapping
from .G; �G/ onto .S; �S /. Furthermore, if  denotes the push-forward of  via T ,
then  is a finite quasi-invariant quasi-pseudonorm with the same constants as  
and satisfies � D �S .

Proof. Since �S is the topology induced by a quasi-invariant quasinorm on the group
S , we conclude from part .vi i/ in Proposition 6.26 and part (vi) in Lemma 6.14
that

�
S; �S

�
is a Hausdorff topological group. Moreover, .S; �S/ is of second Baire

category, thanks to (6.144) and the fact that .S; �S/ is assumed to be complete.
Having clarified these aspects, the fact that any T 2 Hom .G; S/ that is

continuous and surjective is also open follows from Theorem 6.66. Finally, the
remaining claims in the statement of the corollary are justified much as in the last
part of the proof of Corollary 6.56. ut

We also note the following purely topological version of Theorem 6.66.

Corollary 6.69. Let G be an Abelian group equipped with a topology �G satisfy-
ing (6.150)–(6.152) and with respect to which G is complete and separable. Also,
suppose that .S; �S/ is a Hausdorff topological group. Then any T 2 Hom .G; S/
that is continuous and such that ImT is of second Baire category in .S; �S/ has the
property that T W .G; �G/ ! .S; �S/ is an open mapping.

Proof. This is a consequence of equivalence (6.153) from Proposition 6.31 and
Theorem 6.66. ut

The situation in which Theorem 6.66 and its corollaries are specialized to the
case of vector spaces is considered in Corollaries 6.70–6.72.
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Corollary 6.70 (OMT for Vector Spaces: Version 6). Let X be a vector space,
and let k � k W X ! Œ0;C1/ be a function that vanishes at 0 and has the property
that, for some constants C0; C1 2 Œ1;C1/,

k � xk � C0kxk for all x 2 X; (6.425)

kx C yk � C1
�kxk C kyk� for all x; y 2 X: (6.426)

Denote by �k�k the topology induced by k � k on the additive group .X;C/, and
assume that

�
X; �k�k

�
is complete and separable: (6.427)

Next, suppose that Y is a vector space equipped with a Hausdorff topology �Y such
that

�
Y � Y; �Y � �Y

� 3 .x; y/ 7�! x � y 2 .Y; �Y / is continuous: (6.428)

Finally, assume that

T W X �! Y is an additive mapping so that (6.429)

T W �X; �k�k
� �! .Y; �Y / is continuous and (6.430)

ImT is of second Baire category in .Y; �Y /: (6.431)

Then

T W �X; �k�k
� �! .Y; �Y / is an open mapping: (6.432)

Moreover, if in addition to the hypotheses made on �Y one also assumes
that (6.369) holds, then mapping T W X ! Y is surjective, and the additive group
.Y;C/ is complete with respect to the topology �Y . In addition, if jjj � jjj W Y !
Œ0;C1/ denotes the push-forward of k � k via T , then the topology induced by jjj � jjj
on .Y;C/ coincides with �k�kY and, for the same constants C0; C1 as before,

jjj0jjj D 0; jjj � xjjj � C0jjjxjjj for all x 2 Y ; (6.433)

jjjx C yjjj � C1
�jjjxjjj C jjjyjjj� for all x; y 2 Y: (6.434)

Proof. The claim in (6.432) follows directly from Theorem 6.66, while the subse-
quent claims are justified similarly to the last part of the proof of Corollary 6.58 (cf.
also the last part of Corollary 6.68). ut
Corollary 6.71 (OMT for Vector Spaces: Version 7). Let X be a vector space,
and let k � kX W X ! Œ0;C1/ be a function with the property that, for some
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constants C0; C1 2 Œ1;C1/,

k � xkX � C0kxkX for all x 2 X; (6.435)

kx C ykX � C1
�kxkX C kykX

�
for all x; y 2 X: (6.436)

Denote by �k�kX the topology induced by k � kX on the additive group .X;C/, and
assume that

�
X; �k�kX

�
is complete and separable: (6.437)

Next, suppose that Y is a vector space and that k � kY W Y ! Œ0;C1/ is a function
satisfying, for some constants C 0

0; C
0
1 2 Œ1;C1/,

kxkY D 0 ” x D 0 for all x 2 Y ; (6.438)

k � xkY � C 0
0kxkY for all x 2 Y ; (6.439)

kx C ykY � C 0
1

�kxkY C kykY
�

for all x; y 2 Y: (6.440)

Denote by �k�kY the topology induced by k � kY on the additive group .Y;C/, and
assume that this group is complete with respect to the topology �k�kY . Finally,
suppose that

T W X �! Y is an additive, surjective mapping so that (6.441)

T W �X; �k�kX
� �! �

Y; �k�kY
�

is continuous: (6.442)

Then

T W �X; �k�kX
� �! �

Y; �k�kY
�

is an open mapping: (6.443)

In addition, if jjj � jjj W Y ! Œ0;C1/ denotes the push-forward of k�kX via T , then the
topology induced by jjj � jjj on .Y;C/ coincides with �k�kY and, for the same constants
C0; C1 as above,

jjj0jjj D 0; jjj � xjjj � C0jjjxjjj for all x 2 Y ; (6.444)

jjjx C yjjj � C1
�jjjxjjj C jjjyjjj� for all x; y 2 Y: (6.445)

Proof. This is readily implied by Corollary 6.68. ut
Corollary 6.72 (OMT for Vector Spaces: Version 8). Let X be a vector space,
and let �X be a topology on the set X satisfying properties (6.410)–(6.412) . In
addition, assume that the additive group .X;C/ is complete with respect to the
topology �X and that the topological space .X; �X/ is separable and locally bounded
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(cf. (6.414)). Next, assume that Y is a vector space equipped with a Hausdorff
topology �Y satisfying (6.363). Finally, suppose that T is a mapping from X to
Y that satisfies (6.415)–(6.417). Then T W .X; �X/ ! .Y; �Y / is an open mapping.

Proof. This follows readily from Corollary 6.69. ut

6.5 Closed Graph Theorem

The principal result in this section is Theorem 6.74, containing a version of the
classical closed graph theorem (CGT) in the context of groups endowed with
suitable topologies. As a preamble, we first dispense with some useful commutation
formulas in the lemma below.

Lemma 6.73. Let
�
G;�; .�/�1; eG

�
be a group, and assume that  W G ! Œ0;C1�

is a quasi-invariant [cf. (6.114)] function on G satisfying (6.74) and  .eG/ D 0.
Denote by � the topology induced by  on G as in Definition 6.13 (from the right
or from the left; the choice is immaterial; cf. (6.83)). Then

8V 2 N .eGI � /9W 2 N .eG I � / so that W � A � A � V 8A � G;

(6.446)

8V 2 N .eGI � /9W 2 N .eG I � / so that A �W � V � A 8A � G:

(6.447)

Proof. As far as (6.446) is concerned, it suffices to treat the case when the set A is a
singleton (then take the union of the resulting inclusions over its elements). Hence
assume that A D fag, and consider some V 2 N

�
eGI �R

 

�
. By (6.67), there exists a

number r 2 .0;C1/ such that BR
 .eG; r/ � V . As such, thanks to (6.77), it suffices

to show that

BR
 .eG; r=C2/ � a � a � BR

 .eG; r/; (6.448)

whereC2 2 Œ1;C1/ is the quasi-invariance constant of the function (cf. (6.114)).
To this end, if x 2 BR

 .eG; r=C2/ � a, then it follows that x D y � a for some
y 2 G such that  .y�1/ < r=C2. Hence, x D a � .a�1 � y � a/, and the quasi-
invariance of  implies  .a�1 � y�1 � a/ � C2 .y

�1/ < r . This shows that
a�1 � y � a 2 BR

 .eG; r/, and (6.448) follows. Thus (6.446) holds, and (6.447) is
established similarly. ut

The stage is set for stating and proving the main version of the CGT in the context
of groups equipped with topologies satisfying suitable compatibility conditions with
the algebraic structures involved.
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Theorem 6.74 (Closed Graph Theorem). Let G be a group equipped with a
topology �G that is symmetric and either right-invariant or left-invariant. Also, let
S be a group endowed with a finite quasi-invariant quasi-pseudonorm, inducing a
topology �S on S with respect to which S is complete. Finally, suppose that T 2
Hom .G; S/ has a closed graph in .G � S; �G � �S/ and is “almost continuous,” in
the sense that it satisfies

Clo
�
T �1.V /I �G

� 2 N .eG I �G/ for every V 2 N .eS I �S/: (6.449)

Then

T W .G; �G/ �! .S; �S/ is continuous: (6.450)

Proof. The proof proceeds in six steps. To fix ideas, assume for now that �G is
right-invariant.

Step I. For each x 2 S consider the nonempty collection of subsets of S
described by the formula

Nx WD ˚
W � S W 9U 2 N .eG I �G/; 9V 2 N .eS I �S /

with T .U / ı V ı x � W
�
:

(6.451)

Then

e�S WD ˚O � S W O 2 Nx for each x 2 O� is a topology on S (6.452)

such that

e�S � �S (6.453)

and

Nx D N .xIe�S/; 8 x 2 S: (6.454)

Indeed, it is clear that the mapping S 3 x 7! Nx � 2S satisfies conditions (i) and
(ii) in Lemma 6.4; hence e�S from (6.452) is a topology on S . Moreover, thanks
to (6.26), we have that x 2 W for every x 2 S and every W 2 Nx ; hence
condition (iii) in Lemma 6.4 also holds. Thus, (6.454) follows as soon as we prove
that condition (iv) in Lemma 6.4 is satisfied as well.

With the goal of verifying condition (iv) in Lemma 6.4, let x 2 S and assume
that W 2 Nx . Then there exists U 2 N .eG I �G/ and V 2 N .eS I �S / such that

T .U / ı V ı x � W: (6.455)
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The aim is to find

O 2 Nx such that O � T .U / ı V ı x and O 2 Ny for all y 2 O: (6.456)

We claim that

O WD T
�
Int .U I �G/

� ı Int .V I �S / ı x (6.457)

does the job. Clearly, O 2 Nx and O � T .U / ı V ı x, so the focus becomes the
last claim in (6.456). With this in mind, consider an arbitrary y 2 O . Hence,

there exist a 2 Int .U I �G/ and b 2 Int .V I �S / such that y D .Ta/ ı b ı x:
(6.458)

From this and the continuity of sR
b W .S; �S/ ! .S; �S/ at eS we deduce that

9V1 2 N .eS I �S/ with V1 ı b � Int .V I �S /: (6.459)

Next, Lemma 6.73 used in the context of the group S shows that

9V2 2 N .eS I �S / with V2 ı .Ta/ � .Ta/ ı V1: (6.460)

Also, from (6.458) and the continuity of sR
a W .G; �G/ ! .G; �G/ at eG it follows

that

9U1 2 N .eG I �G/ with U1 � a � Int .U I �G/: (6.461)

Thus,

T .U1/ ı V2 ı y D T .U1/ ı V2 ı .Ta/ ı b ı x � T .U1/ ı .Ta/ ı V1 ı b ı x
D T .U1 � a/ ı .V1 ı b/ ı x � T

�
Int .U I �G/

� ı Int .V I �S / ı x
D O; (6.462)

thanks to the last formula in (6.458), the intertwining inclusion from (6.460), the
fact that T 2 Hom .G; S/, and (6.459), (6.461), and (6.457). In light of (6.451),
formula (6.462) establishes thatO 2 Ny , as desired. This completes the proof of the
verification of condition (iv) in Lemma 6.4 and concludes the justification of (6.454).

Finally, as regards (6.453), observe that for each neighborhood U 2 N .eG I �G/
and for each V 2 N .eS I �S/ one has V ı x � T .U / ı V ı x as eS 2 T .U /. Using
that the topology �S is right-invariant on S , it follows that V ı x 2 N .xI �S / for
each x 2 S . Thus, whenever U 2 N .eGI �G/ and V 2 N .eS I �S /,

T .U / ı V ı x 2 N .xI �S /; 8 x 2 S; (6.463)
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and consequently N .xIe�S / � N .xI �S / for each x 2 S . From this, (6.453)
immediately follows.

Step II. The following operators are continuous:

T W .G; �G/ �! .S;e�S/; (6.464)

I W .S; �S / �! .S;e�S /; (6.465)

where I denotes the identity mapping on S . To justify these claims, assume that
an arbitrary element a 2 G and an arbitrary neighborhood W 2 N .TaIe�S /
have been given. Then from (6.454) and (6.451) it follows that there exist two
neighborhoods,U 2 N .eGI �G/ and V 2 N .eS I �S /, such that

T .U / ı V ı .Ta/ � W: (6.466)

Recall that the topology �G is right-invariant. As such, we deduce from (6.4)
and (6.48) that O WD sR

a .U / 2 N .aI �G/. Then, since eS 2 V and since T is
a group homomorphism from G into S , we conclude from (6.466) that T .O/ D
T .U / ı .Ta/ � T .U / ı V ı .Ta/ � W . This shows that O 2 N .aI �G/ satisfies
T .O/ � W and, hence, T is continuous at a. Given that a 2 G was arbitrarily
chosen, the conclusion is that T in (6.464) is continuous. The claim about the
operator (6.465) is handled similarly, based on (6.26).

Intermezzo. The results established in Steps I and II suggest that we pursue the
following strategy for completing the proof of the theorem:


 Since T in (6.464) is continuous, (6.450) follows if we show thate�S D �S :


 Thanks to (6.453), it suffices to prove that �S �e�S :


 The latter condition is satisfied provided (6.465) is an open mapping:

(6.467)

Hence, the goal becomes proving that the identity in (6.465) is an open mapping.
Given that, obviously, I 2 Hom .S; S/, it is natural to try to accomplish this goal
by invoking the version of the OMT proved in Theorem 6.49. In this regard, it is
relevant to note that

GI D diag .S/ WD f.x; x/ W x 2 Sg (6.468)

and that the analog of (6.291) in the current context reads

Clo
�
BIe�S

� 2 N .eS Ie�S /; 8B ball in S centered at eS : (6.469)

There remains to ensure that the hypotheses of Theorem 6.49 are satisfied for
the specific context described previously, and this constitutes the object of the
subsequent steps in the proof.
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Step III. One has

e�S is symmetric and right-invariant on S: (6.470)

We first focus on establishing the symmetry of the topologye�S . To this end, pick an
arbitrary W 2 N .eS Ie�S /, and note that, based on (6.454) and (6.451), there exist
neighborhoods U 2 N .eGI �G/ and V 2 N .eS I �S/ such that T .U / ı V � W .
Since the topologies �G and �S are symmetric, without loss of generality, we may
assume that U; V are symmetric. Note that, employing Lemma 6.73, we obtain that
there exists eV 2 N .eS I �S / such that T .U /ıeV � V ıT .U /, and hence V ıT .U / 2
N .eS Ie�S /. Going further, define

eW WD �
T .U / ı V � \ �

V ı T .U /�; (6.471)

and observe that, since T is a homomorphism and since U D U�1 and V D V �1,
the set eW is symmetric. Next, since both sets T .U / ı V and V ı T .U / belong to
N .eS Ie�S /, we deduce that eW 2 N .eS Ie�S /. Finally, using that T .U / ı V � W

we obtain that eW � W . Since W 2 N .eS Ie�S / was arbitrary, this completes the
proof of the symmetry ofe�S .

We will now prove that the topologye�S is right-invariant on the group S . Fix
an arbitrary x 2 S , and notice that for every U 2 N .eG I �G/ and for every V 2
N .eS I �S / there holds T .U / ı V ı x D sR

x

�
T .U / ı V �. Thus,

sR
x .W / 2 N .xIe�S /; 8W 2 N .eS Ie�S/; 8 x 2 S; (6.472)

from which it immediately follows that

sR
x .W / 2 N .y ı xIe�S/; 8W 2 N .yIe�S /; 8 x; y 2 S: (6.473)

In turn, (6.473) shows that for each x 2 S the right-shift sR
x is continuous on .S;e�S /,

as desired.

Step IV. One has

Clo .V Ie�S / 2 N .eS Ie�S /; 8V 2 N .eS I �S/: (6.474)

To prove (6.474), fix an arbitrary V 2 N .eS I �S /. Given that .S; ı; �S/ is a
topological group, the function .�/ı .�/ W .S �S; �S � �S/ �! .S; �S/ is continuous,
and hence

9Z 2 N .eS I �S/ such that Z ıZ � V: (6.475)

By our assumption on the operator T (cf. (6.449)), we have

U WD Clo
�
T �1.Z/I �G

� 2 N .eG I �G/: (6.476)
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Since the topology �G is assumed to be symmetric and right-invariant, using
property (2) from Lemma 6.12 we may write

U � T �1.Z/ ıW; 8W 2 N .eG I �G/: (6.477)

Now, using (6.477) and the fact that T 2 Hom .G; S/ yields T .U / � Z ı T .W /.
Thus, for everyW 2 N .eG I �G/ we have

Z ı T .U / � Z ıZ ı T .W / � V ı T .W / � V ı T .W / ı O;
8O 2 N .eS I �S /;

(6.478)

where the first inclusion is a direct consequence of the fact that T .U / � Z ıT .W /,
the second one follows from (6.475), and the last inclusion uses the fact that eS 2 O.
Using (6.478), the fact that the topologye�S is symmetric and right-invariant on S
as established in Step III, and property .2/ from Lemma 6.12, we obtain

Z ı T .U / �
\

W2N .eG I�G /O2N .eS I�S /

V ı �T .W / ı O� D Clo .V Ie�S/: (6.479)

Now, keeping in mind that Z 2 N .eS I �S / and invoking Lemma 6.73, we can find
a neighborhood eZ 2 N .eS I �S/ such that T .U / ı eZ � Z ı T .U /. Of course,
given that T .U / ı eZ 2 N .eS Ie�S / (cf. (6.451)–(6.454)), this entails Z ı T .U / 2
N .eS I �S /; hence, ultimately, Clo .V Ie�S / 2 N .eS Ie�S / by (6.479). Since V 2
N .eS I �S / was arbitrary, this completes the proof of (6.474).

Step V. One has

diag.S/ is closed in
�
S � S; �S �e�S

�
: (6.480)

To establish (6.480), we will show that S �S ndiag.S/ is an open set in .S �S; �S �
e�S /. To this end, fix some .a; b/ 2 S � S n diag.S/, and note that, since a ¤ b, we
have .eG; aıb�1/ 62 GT . Since GT is, by hypothesis, a closed set in .G�S; �G��S /,
it follows that there exist U 2 N .eG I �G/ and O 2 N .a ı b�1I �S / such that
GT \ .U �O/ D ;. Deobfuscating the notation, the latter condition comes down to

T .U /\ O D ;: (6.481)

Since .S; ı; �S/ is a topological group, the function

.S � S; �S � �S/ 3 .x; y/ 7! x ı y�1 2 .S; �S/ (6.482)

is continuous (as noted earlier, in (6.43)); hence there exist V;W 2 N .eS I �S / such
that
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W ı .a ı b�1/ ı V �1 � O: (6.483)

Using (6.483) and (6.481) it follows that
�
W ı .a ı b�1/ ı V �1� \ T .U / D ;; (6.484)

which, as a moment’s reflection shows, further entails

.W ı a/ \ �
T .U / ı V ı b� D ;: (6.485)

Now, on the one hand, using the fact that the topology �S is right-invariant we obtain
that W ı a 2 N .aI �S /, while, on the other hand, (6.454) implies T .U / ı V ı b 2
N .b Ie�S/. Using this and (6.485) we therefore arrive at the conclusion that

.W ı a/ � �T .U / ı V ı b� 2 N
�
.a; b/I �S �e�S

�

is disjoint from diag.S/:
(6.486)

This completes the proof of the fact that S � S n diag.S/ is an open set in the space
.S � S; �S �e�S/, from which (6.480) immediately follows.

Step VI. The end game in the proof of the theorem. By hypothesis, .S; ı; �S/
is a complete, quasi-invariant, quasi-pseudonormed group, and by Step III,
the topology e�S is both symmetric and right-invariant on S . The fact that the
group homomorphism I W .S; �S/ ! .S;e�S / satisfies the conditions formulated
in Theorem 6.49 is seen from Step IV (cf. also the discussion pertaining
to (6.469)) and Step V (cf. also (6.468)). With these in hand, the OMT in the
version presented in Theorem 6.49 applies and gives that the identity operator is
an open mapping in the context of (6.465). As indicated in the Intermezzo,
this finishes the proof in the case when �G is right-invariant. The situation when
�G is left-invariant is very similar, and this concludes the proof of the theorem.

ut
As in the case of the OMT, we now present a couple of versions of the CGT

(established in Theorem 6.74) in which the technical condition (6.449) is replaced
by alternative topological assumptions that are typically easier to verify in practice.
Before we state the first result in this regard, the reader is advised to recall (6.33).

Theorem 6.75 (Closed Graph Theorem: Second Version). Let .G;�/ be a
uniquely divisible group equipped with a finite quasi-invariant quasi-pseudonorm
inducing a topology �G on the set G with the property that .G; �G/ is complete and
satisfies

O.n/ 2 �G for every O 2 �G and every n 2 N: (6.487)

Also, suppose that .S; ı/ is a given group equipped with a finite quasi-invariant
quasi-pseudonorm inducing a topology �S on the set S with the property that .S; �S /
is complete and
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S D
[

n2N
V .n/; for every V 2 N .eS I �S /: (6.488)

Then any T 2 Hom .G; S/ whose graph is closed in .G � S; �G � �S/ has the
property that T W .G; �G/ ! .S; �S/ is continuous.

Proof. We begin by discussing several auxiliary formulas. First, we claim that

�
T �1.A/

��1 D T �1�A�1�; 8A � S: (6.489)

Indeed, since T 2 Hom .G; S/, we may write

a 2
�
T �1.A/

��1 , a�1 2 T �1.A/ , T .a�1/ 2 A , .Ta/�1 2 A

, Ta 2 A�1 , a 2 T �1�A�1�; (6.490)

from which (6.489) follows. We will also need the fact that

T �1.A/ � T �1.B/ � T �1�A ı B�; 8A;B � S: (6.491)

To justify this inclusion, assume that A;B � S are given and pick an arbitrary
element x in T �1.A/ � T �1.B/. Then there exist a 2 T �1.A/ and b 2 T �1.B/
such that x D a � b. Consequently, Ta 2 A, T b 2 B , and, hence,

T x D T .a � b/ D .Ta/ ı .T b/ 2 A ı B; (6.492)

given that T 2 Hom .G; S/. Thus, x 2 T �1�A ı B�, and (6.491) follows.
Moving on, we make the claim that, for every A;B � S ,

Clo
�
T �1.A/I �G

�
�
�

Clo
�
T �1.B/I �G

���1 � Clo
�
T �1�A ı B�1�I �G

�
:

(6.493)

To see that this is the case, given any A;B � S , we write

Clo
�
T �1.A/I �G

�
�
�

Clo
�
T �1.B/I �G

���1

D Clo
�
T �1.A/I �G

�
� Clo

�
T �1�B�1�I �G

�

� Clo
�
T �1.A/ � T �1�B�1�I �G

�

� Clo
�
T �1�A ı B�1�I �G

�
: (6.494)
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The equality in (6.494) is a consequence of part (i) in Proposition 6.26, (6.2),
and (6.489). Also, the first inclusion in (6.494) is implied by (6.54) and part (vii)
in Proposition 6.26, while the second inclusion in (6.494) holds thanks to (6.491).
This completes the proof of (6.493).

Going further, we note that

�
T �1.A/

�.n/ D T �1�A.n/
�
; 8A � S and 8 n 2 N: (6.495)

To justify this, fix A � S and n 2 N. If a 2 �
T �1.A/

�.n/
, then it follows that

there exists b 2 T �1.A/ such that a D bn. Thus, T b 2 A, so that Ta D .T b/n 2
A.n/. Hence, a 2 T �1�A.n/

�
, which shows that the left-to-right inclusion in (6.495)

holds. As regards the converse inclusion, assume that x 2 T �1�A.n/
�
, and, using

the fact that G is divisible, pick y 2 G such that x D yn. Then .Ty/n D T x 2
A.n/, which, since the group G is uniquely divisible, implies that actually y 2 A.
Having established this, we deduce that y 2 T �1.A/ and, finally, that x D yn 2�
T �1.A/

�.n/
. This proves the right-to-left inclusion in (hence, finishing the proof

of) (6.495).
To proceed, assume that an arbitrary V 2 N .eS I �S / has been fixed. We then

invoke (6.488) in order to write that

G D T �1.S/ D
[

n2N
T �1�V .n/

� D
[

n2N

�
T �1.V /

�.n/
: (6.496)

Granted (6.144), this implies that there exists n 2 N with the property that

Int
�
Clo

�
.T �1.V //.n/I �G

�I �G
� 6D ;: (6.497)

Hence, there exists O 2 �G such that

; 6D O � Clo
��
T �1.V /

�.n/I �G
�
: (6.498)

Consider now

� W G �! G; �.x/ WD xn; 8 x 2 G: (6.499)

The fact that G is uniquely divisible guarantees that � is a bijection. Also, the fact
that .G;�; �G/ is a topological group implies that � is continuous, while (6.487)
entails that � is open. Thus, all together,

� W .G; �G/ �! .G; �G/ is a homeomorphism: (6.500)

Now, since �
�
A
� D A.n/ for any A � G, we have
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Clo
��
T �1.V /

�.n/I �G
�

D
�

Clo
�
T �1.V /I �G

��.n/
; (6.501)

by (6.500) and (6.2). Consequently, on the one hand,

��1.O/ � ��1
�

Clo
�
T �1.V /I �G

��.n/ D Clo
�
T �1.V /I �G

�
; (6.502)

by (6.501), (6.498), and the fact that � is bijective. On the other hand, we have
; 6D �.O/�1 2 �G , thanks to (6.500). Granted this and keeping (6.502) in mind, we
arrive at the conclusion that

Int
�
Clo

�
T �1.V /I �G

�I �G
� 6D ;: (6.503)

In concert with Lemma 6.52, this permits us to conclude that

Clo
�
T �1.V /I �G

� �
�

Clo
�
T �1.V /I �G

���1 2 N .eGI �G/: (6.504)

The bottom line [seen from (6.494) and (6.504)] is that

Clo
�
T �1.V ı V �1/I �G

�
2 N .eGI �G/; 8V 2 N .eS I �S /: (6.505)

At this stage, given an arbitrary U 2 N .eS I �S /, since .S; ı; �S/ is a topological
group, from the continuity of the mapping

�
S � S; �S � �S

� 3 .x; y/ 7! x � y�1 2 .S; �S/ (6.506)

at .eS ; eS/ it follows that

9V0 2 N .eS I �S/ such that V0 � V �1
0 � U: (6.507)

Collectively, (6.505) and (6.507) imply that

Clo
�
T �1.U /I �G

�
2 N .eG I �G/; 8U 2 N .eS I �S /: (6.508)

This shows that condition (6.449) is satisfied. As such, the CGT in the version
presented in Theorem 6.74 applies and yields the desired conclusion. ut

To state yet another version of the CGT, the reader may wish to recall Defini-
tion 6.6.

Theorem 6.76 (Closed Graph Theorem: Third Version). Let .G;�/ be a group
equipped with a finite quasi-invariant quasi-pseudonorm, inducing a topology �G
on the set G such that .G; �G/ is complete. Also, suppose that .S; ı/ is a group
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equipped with a finite quasi-invariant quasi-pseudonorm inducing a topology �S on
the set S such that

.S; �S/ is complete and Lindelöf: (6.509)

Then any T 2 Hom .G; S/ whose graph is closed in .G � S; �G � �S/ has the
property that T W .G; �G/ ! .S; �S/ is continuous.

Proof. We revisit the proof of Theorem 6.75 with the goal of monitoring the effect
of replacing (6.488) by the condition that the topological space .S; �S/ is Lindelöf.

To get started, assume that an arbitrary V 2 N .eS I �S / has been fixed. In place
of (6.496) we now write

S D
�
S n Clo

�
T .G/I �S

��[ Clo
�
T .G/I �S

�

�
�
S n Clo

�
T .G/I �S

��[
�
T .G/ ı V

�

D
�
S n Clo

�
T .G/I �S

��[
 
[

a2G

�
.Ta/ ı V �

!

; (6.510)

by part (2) in Lemma 6.12. Given that .S; �S/ is Lindelöf, we deduce from (6.510)
and the fact that T .G/ � S is disjoint from the open set S n Clo

�
T .G/I �S

�
that

there exists a sequence .an/n2N � G with the property that

T .G/ �
[

n2N

�
.Tan/ ı V �: (6.511)

Hence,

G �
[

n2N
T �1�.Tan/ ı V �: (6.512)

Thanks to (6.144), this implies that there exists n 2 N with the property that

Int
�

Clo
�
T �1�.Tan/ ı V �I �G

�I �G
�

6D ;: (6.513)

At this point, we note that for every a 2 G and any A � S we have

T �1�.Ta/ ı A� D a � T �1.A/: (6.514)

Indeed, if x 2 G, then

x 2 T �1�.Ta/ ı A� , T x 2 .Ta/ ı A , .Ta/�1 ı T x 2 A
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, T
�
a�1 � x� 2 A , a�1 � x 2 T �1.A/

, x 2 a � T �1.A/; (6.515)

from which (6.514) follows. In turn, from (6.514), (6.513), (6.2), (6.3), and part (2)
in Lemma 6.14 we deduce that

Int
�

Clo
�
T �1.V /I �G

�I �G
�

6D ;: (6.516)

With this in hand, the remainder of the argument proceeds as in the proof of
Theorem 6.75 from (6.503) on. ut

We conclude this section by specializing Theorems 6.75 and 6.76 to the case of
vector spaces.

Corollary 6.77. Let X be a vector space, and let k � kX W X ! Œ0;C1/ be a
function that vanishes at 0 and has the property that, for some constants C0; C1 2
Œ1;C1/,

k � xkX � C0kxkX for all x 2 X; (6.517)

kx C ykX � C1
�kxkX C kykX

�
for all x; y 2 X; (6.518)

k	xnkX ! 0 for each fixed 	 2 Q if kxnkX ! 0: (6.519)

Denote by �k�kX the topology induced by k � kX on the additive group .X;C/, and
assume that

�
X; �k�kX

�
is complete: (6.520)

Next, suppose that Y is a vector space and that k � kY W Y ! Œ0;C1/ is a function
that vanishes at 0 and with the property that, for some constants C 0

0; C
0
1 2 Œ1;C1/,

k � xkY � C 0
0kxkY for all x 2 Y ; (6.521)

kx C ykY � C 0
1

�kxkY C kykY
�

for all x; y 2 Y; (6.522)

k	nxkY ! 0 for each fixed x 2 Y if 	n ! 0: (6.523)

Denote by �k�kY the topology induced by k � kY on the additive group .Y;C/, and
assume that

�
Y; �k�kY

�
is complete: (6.524)

Then any additive mapping T W X ! Y whose graph is closed in
�
X �Y; �k�kX �

�k�kY
�

has the property that T W �X; �k�kX
� ! �

Y; �k�kY
�

is continuous.
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Proof. This follows from Theorem 6.75 after making a couple of observations. First,
that the analog of condition (6.487) holds in the current setting may be justified
based on (6.519) by reasoning as in the proof of Corollary 6.59. Second, it is clear
that the analog of condition (6.488) is also valid in the present situation, thanks
to (6.523). ut

Given its significance in applications, it is also worth singling out the following
particular case of Corollary 6.77.

Corollary 6.78. Assume that
�
X; k � kX

�
and

�
Y; k � kY

�
are two quasi-Banach

spaces. Then any additive mapping T W X ! Y whose graph is closed in�
X�Y; �k�kX ��k�kY

�
has the property that T W �X; �k�kX

� ! �
Y; �k�kY

�
is continuous.

In particular, T W X ! Y is a linear mapping.

Proof. The continuity of T is an obvious consequence of Corollary 6.77. With
this in hand, the fact that T W X ! Y is a linear mapping follows from the
additivity of T . ut
Corollary 6.79. Let X be a vector space, and let k � kX W X ! Œ0;C1/ be a
function that vanishes at 0 and has the property that (6.517)–(6.518) hold for some
constants C0; C1 2 Œ1;C1/. Denote by �k�kX the topology induced by k � kX on the
additive group .X;C/, and assume that

�
X; �k�kX

�
is complete.

Next, suppose that Y is a vector space and that k � kY W Y ! Œ0;C1/ is a
function that vanishes at 0 and with the property that (6.521) and (6.522) hold for
some constants C 0

0; C
0
1 2 Œ1;C1/. Denote by �k�kY the topology induced by k � kY

on the additive group .Y;C/, and assume that

�
Y; �k�kY

�
is complete and Lindelöf: (6.525)

Then any additive mapping T W X ! Y whose graph is closed in
�
X �Y; �k�kX �

�k�kY
�

has the property that T W �X; �k�kX
� ! �

Y; �k�kY
�

is continuous.

Proof. This is a direct consequence of Theorem 6.76. ut

6.6 Uniform Boundedness Principle

The main goal here is to prove the uniform boundedness principle (UBP) for
families of group homomorphisms, stated in Theorem 6.82. We do so by first
revisiting Osgood’s topological UBP and establishing a more general version that
is applicable to the setting we have in mind (i.e., groups equipped with topologies
induced by quasisubadditive functions).

To set the stage, we first make a definition. Recall that, given a topologi-
cal space .X; �/, a real-valued function f defined on X is said to be lower
semicontinuous provided for each 	 2 R the level set fx 2 X W f .x/ � 	g is
closed in .X; �/.
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Definition 6.80. Assume that .X; �/ is an arbitrary topological space and that a
function f W X ! Œ0;C1/ is given. Call f quasi lower semicontinuous
if there exists a finite constant C 2 Œ1;C1/, referred to as the quasi lower
semicontinuity constant of f , with the property that for every 	 2 Œ0;C1/ one
has

Clo
�fx 2 X W f .x/ � 	gI �� � fx 2 X W f .x/ � C	g: (6.526)

Clearly, in the context of this definition, if (6.526) holds with C D 1, then f
is actually lower semicontinuous, in the traditional sense recalled earlier. Our next
theorem extends Osgood’s UBP as stated in [106, Theorem 17, p. 140].

Theorem 6.81 (Topological UBP). Let .X; �/ be a topological space of second
Baire category, and assume that a family .f˛/˛2A of functions has been given, with
the property that there exists C 2 Œ1;C1/ such that

f˛ W X ! Œ0;C1/ is a quasi lower semicontinuous

function with constant C for each index ˛ 2 A (6.527)

and

sup
˛2A

f˛.x/ < C1 for every point x 2 X: (6.528)

Then there exists a nonempty open subset O of .X; �/ and a numberM 2 Œ0;C1/

with the property that

f˛.x/ � M; for each index ˛ 2 A and each point x 2 O: (6.529)

Proof. For each 	 2 Œ0;C1/ and each ˛ 2 A consider

F˛;	 WD fx 2 X W f˛.x/ � 	g; (6.530)

then set

F	 WD
\

˛2A
F˛;	; 8	 2 Œ0;C1/: (6.531)

We claim that

Clo
�
FnI �

� � FCn for each n 2 N; (6.532)

where C 2 Œ1;C1/ is the common quasi lower semicontinuity constant of the
functions f˛, ˛ 2 A. Indeed, for each n 2 N we have (cf. (6.526))
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Clo
�
F˛;nI �

� D Clo
�fx 2 X W f˛.x/ � ngI ��

� fx 2 X W f˛.x/ � Cng D F˛;CnI (6.533)

hence, for each n 2 N

Clo
�
FnI �

� �
\

˛2A
Clo

�
F˛;nI �

� �
\

˛2A
F˛;Cn D FCn; (6.534)

proving (6.532). Next, on account of (6.528), for each x 2 X there exists n 2 N

such that f˛.x/ � n for all ˛ 2 A. As such, we have

X D
1[

nD1
Fn: (6.535)

Given that the topological space .X; �/ is of second Baire category, this implies that
there exists no 2 N with the property that

Int
�

Clo
�
Fno I �

�I �
�

6D ;: (6.536)

Together with (6.532), this forces

; 6D O WD Int
�
FCno I �

� 2 �: (6.537)

Taking M WD Cno 2 .0;C1/ then ensures that for every x 2 O we have f˛.x/ �
M for all ˛ 2 A. This establishes (6.529) and completes the proof of the theorem.

ut
We will now employ this purely topological result to establish a UBP for families

of group homomorphisms. Specifically, we have the following theorem.

Theorem 6.82 (UBP). Let .G;�/ be a group equipped with a topology �G that
is either right-invariant or left-invariant and such that .G; �G/ is of second Baire
category. In addition, consider a group .S; ı/ along with a given quasisubadditive
function ' W S ! Œ0;C1� with the property that '.eS/ D 0. Finally, suppose that
.T˛/˛2A � Hom .G; S/ is a family of homomorphisms satisfying

T˛ W .G; �G/ �! .S; �R
' / is continuous; 8˛ 2 A; (6.538)

sup
˛2A

'.T˛x/ < C1 for each x 2 G: (6.539)

Then there exist O 2 N .eGI �G/ andM 2 Œ0;C1/ with the property that

'.T˛x/ � M; 8 x 2 O; 8˛ 2 A: (6.540)
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Proof. Denote byC1 2 Œ1;C1/ the quasisubadditivity constant of '. Also, for each
˛ 2 A consider the function

f˛ W G ! Œ0;C1/; f˛.x/ WD '.T˛x/; 8 x 2 G: (6.541)

In relation to these, we claim that

f˛ is quasi lower semicontinuous,

with constant C1, for each ˛ 2 A: (6.542)

To justify this claim, fix an arbitrary index ˛ 2 A. Also, select an arbitrary number
	 2 Œ0;C1/ and an arbitrary number " 2 .0;C1/, and pick some point

a 2 Clo
�fx 2 G W f˛.x/ � 	gI �G

�
: (6.543)

The assumptions on ' guarantee that BR
' .eS ; "/ 2 N

�
eS I �R

'

�
(cf. (6.77)). Keeping

this in mind and noting that T˛ W .G; �G/ ! .S; �R
' / is continuous at eG (cf. (6.538))

and that T˛eG D eS [cf. (6.26)], it is possible to select V 2 N .eG I �G/ with the
property that

'
�
.T˛x/

�1� < "; 8 x 2 V: (6.544)

To proceed, assume that �G is right-invariant. As such, V � a 2 N .aI �G/, which,
in concert with (6.543), implies .V � a/ \ fx 2 G W f˛.x/ � 	g 6D ;. In turn, this
shows that

there exists b 2 V for which '.T˛.b � a/� D f˛.b � a/ � 	: (6.545)

Collectively, (6.541), the fact that T˛ 2 Hom .G; S/, the quasisubadditivity of ', as
well as (6.544) and (6.545), allow us to write

f˛.a/ D '.T˛a/ D '
�
.T˛b/

�1 ı .T˛.b � a//�

� C1
�
'
�
.T˛b/

�1�C '.T˛.b � a/�

D C1
�
"C 	/: (6.546)

Upon letting " & 0, we therefore obtain f˛.a/ � C1	. Given that this holds for
every a as in (6.543), we conclude that

Clo
�fx 2 G W f˛.x/ � 	gI �G

� � fx 2 G W f˛.x/ � C1	g; (6.547)

completing the proof of the claim made in (6.542).
Moving on, from (6.539) and (6.541) we see that
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sup
˛2A

f˛.x/ < C1; 8 x 2 G: (6.548)

Having justified (6.542) and (6.548), we have that Theorem 6.81 applies and yields
the existence a nonempty open subset O of .G; �G/ and a number fM 2 Œ0;C1/

with the property that

f˛.x/ � fM for each index ˛ 2 A and each point x 2 O: (6.549)

Pick a 2 O (this is possible since the setO is nonempty), and define O WD O �a�1.
Then O 2 N .eGI �G/, given that O 2 �G and �G is right-invariant (cf. (6.48)) and
'
�
T˛.x � a/� � fM for each ˛ 2 A and each x 2 O (cf. (6.549) and (6.541)). In

turn, for each ˛ 2 A and each x 2 O this allows us to estimate

'.T˛x/ D '
�
T˛.x � a/ ı T˛.a�1/

� � C1
�
'
�
T˛.x � a/�C '

�
T˛.a

�1/
��

D C1
�fM C f˛.a

�1/
�
; (6.550)

based on the quasisubadditivity of ' and the fact that T˛ 2 Hom .G; S/. Hence,
(6.540) holds if we take

M WD C1

�
fM C sup

˛2A
f˛.a

�1/
�

2 Œ0;C1/: (6.551)

This completes the proof of (6.540) in the case when �G is right-invariant. The proof
of the theorem is then completed by observing that the case when �G is left-invariant
is treated very similarly (with only natural algebraic alterations). ut

It is useful to specialize Theorem 6.82 to the case of quasinormed vector spaces,
as discussed in the following corollary.

Corollary 6.83. Let
�
X; k � kX

�
be a quasi-Banach space, and consider a quasi-

normed vector space
�
Y; k � kY

�
. Suppose that .T˛/˛2A is a family of additive

mappings from X into Y , satisfying

T˛ W �X; �k�kX
� �! �

Y; �k�kY
�

is continuous; 8˛ 2 A; (6.552)

sup
˛2A

kT˛xkY < C1; 8 x 2 X: (6.553)

Then there exists M 2 Œ0;C1/ with the property that

sup
˛2A

kT˛xkY � M kxkX ; 8 x 2 X: (6.554)

Proof. This is an immediate consequence of Theorem 6.82. ut
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6.7 A Unified Approach to OMT/CGT/UBP

Here the goal is to devise a general, common approach to all the basic results
presented in this chapter with respect to the OMT, CGT, and UBP, based on the
properties of pullback and push-forward operations as well as the boundedness
result contained in Lemma 6.85 below. Stating this requires a novel piece of
terminology, which we first clarify.

Definition 6.84. Let .G;�/ be a group. Call a function f W G ! R doubling
provided

f .x � x/ D 2f .x/; 8 x 2 G: (6.555)

Obviously, any doubling function vanishes at the identity. Here is the bounded-
ness result alluded to earlier.

Lemma 6.85. Let .G;�; .�/�1; eG/ be an Abelian group with the property that

for each y 2 G there exists a unique x 2 G
(henceforth denoted by

p
y) such that x � x D y; (6.556)

and consider a quasi-pseudonorm  W G ! Œ0;C1/ on G that is doubling (in the
sense of Definition 6.84) and satisfies

.G;�; � / is complete; (6.557)

p� W .G; � / ! .G; � / is continuous: (6.558)

Also, suppose that � W G ! Œ0;C1/ is doubling and that there exist C > 0 and
ˇ > 0 for which

�.x/ � C
n 1P
iD1

�.xi /
ˇ
o1=ˇ

whenever x 2 G and .xn/n2N � G

are such that .x1 � � � � � xn/n2N converges to x in .G; � /:

(6.559)

Then, there exists M 2 .0;C1/ such that

�.x/ � M .x/; 8 x 2 G: (6.560)

In particular,

B�.eG; r/ 2 N .eG I � /; 8 r > 0: (6.561)
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Proof. To get started, consider the functione� W G ! Œ0;C1/ given by

e�.x/ WD max
˚
�.x/; �.x�1/

�
; x 2 G: (6.562)

We claim thate� satisfies

e�.x/ De�.x�1/ and e�.x � x/ D 2e�.x/; 8 x 2 G; (6.563)

and

e�.x/ � C
n 1P
iD1
e�.xi /ˇ

o1=ˇ
when x 2 G and .xn/n2N � G

are such that .x1 � � � � � xn/n2N converges to x in .G; � /:

(6.564)

Indeed, the first property in (6.563) is a direct consequence of the definition ofe�
in (6.562), while the second property in (6.563) follows easily from (6.562) and the
fact that the function � is doubling.

With the goal of proving (6.564), fix x 2 G and let .xn/n2N � G be such
that the sequence .x1 � � � � � xn/n2N converges to x in .G; � /. Since .G; � / is a
topological group, and since G is Abelian, it follows that the sequence

�
.x1 � � � � �

xn/
�1�

n2N D �
x�1 � � � � � x�1

n

�
n2N converges to x�1 in .G; � /. Thus, (6.559), in

concert with (6.562), gives

�.x/ � C
n 1X

iD1
�.xi /

ˇ
o1=ˇ � C

n 1X

iD1
e�.xi /ˇ

o1=ˇ
(6.565)

and

�.x�1/ � C
n 1X

iD1
�.x�1

i /ˇ
o1=ˇ � C

n 1X

iD1
e�.xi /ˇ

o1=ˇ
: (6.566)

Hence, by (6.562) and (6.565), (6.566), we obtain that the inequality in (6.564)
holds. Since x 2 G was arbitrary, this completes the proof of (6.564).

Going further, thanks to the fact that  is a finite quasi-pseudonorm on the
Abelian groupG, as well as (6.557) and (6.144), we deduce that .G; � / is of second
Baire category. In combination with the observation that (itself a consequence of the
finiteness ofe�)

G D
[

n2N
e��1�Œ0; 2n�

�
; (6.567)

this further implies that there exist no 2 N, xo 2 G, and ro > 0 with the property
that
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B .xo; ro/ � Clo
�
e��1�Œ0; 2no�

�I � 
�
: (6.568)

We claim next that, if C0 2 Œ1;C1/ is the quasisymmetry constant of  , then

B 
�
x�1
o ; ro=C0

� � Clo
�
e��1�Œ0; 2no�

�I � 
�
: (6.569)

Indeed, fix x 2 B 
�
x�1
o ; ro=C0

�
. Then  .x�1

o � x�1/ < ro=C0 and, using the
quasisymmetry of  and the fact that G is Abelian, we may estimate

 .xo � x/ D  
�
.x�1 � x�1

o /�1
� � C0 

�
x�1 � x�1

o

� D C0 .x
�1
o � x�1/ < ro:

(6.570)

Thus, x�1 2 B .xo; ro/. Using (6.568) we arrive at x�1 2 Clo
�
e��1�Œ0; 2no�

�I � 
�
.

Consequently, there exists a sequence .xn/n2N � G with the property that

e�.xn/ � 2no; 8 n 2 N; and .xn/n2N converges to x�1 in .G; � /: (6.571)

Appealing again to the fact that .G; � / is a topological group we obtain
from (6.571) that, on the one hand, the sequence .x�1

n /n2N � G converges to
x. On the other hand, using the first identity in (6.563), for each n 2 N we
may write e�.x�1

n / D e�.xn/ � 2no . In concert, these two observations show that
x 2 Clo

�
e��1�Œ0; 2no�

�I � 
�
, which completes the proof of (6.569).

Having established (6.569), we next propose to show that

9 k 2 N such that B 
�
eG; ro=C0

� � Clo
�
e��1�Œ0; 2noCk�

�I � 
�
: (6.572)

To this end, pick an arbitrary x 2 B 
�
eG; ro=C0

�
, and note that

x � xo 2 B 
�
xo; ro=C0

�
and x � x�1

o 2 B 
�
x�1
o ; ro=C0

�
: (6.573)

When used in combination with (6.568) and (6.569) and the fact that C0 � 1, the
memberships in (6.573) further imply the existence of two sequences .xn/n2N � G

and .yn/n2N � G satisfying

.xn/n2N converges to x � xo in .G; � /; (6.574)

.yn/n2N converges to x � x�1
o in .G; � /; (6.575)

e�.xn/ � 2no and e�.yn/ � 2no for each n 2 N: (6.576)

Recall the hypothesis (6.556), and for each n 2 N let zn 2 G be such that zn � zn D
xn � yn. Granted (6.556) and (6.558), and since .G; � / is an Abelian topological
group, we deduce that

.zn/n2N converges to
p
.x � xo/ � .x � x�1

o / D p
x � x D x in .G; � /: (6.577)
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In addition, for each n 2 N we may write

e�.zn/ D e�.zn � zn/

2
D e�.xn � yn/

2
� .C=2/

�
e�.xn/ˇ Ce�.yn/ˇ

�1=ˇ
; (6.578)

where the first equality in (6.578) follows from the fact thate� is doubling (cf. the
second identity in (6.563)), the second equality in (6.578) follows from the definition
of the zn and the inequality in (6.578) is a consequence of (6.564) written for x D
xn � yn and the sequence

�
xn; yn; eG; eG; : : : / � G (here it is important to note that

e�.eG/ D 0 sincee� is doubling). Going further, (6.578) and (6.573) yield

e�.zn/ � C � 2no�1C 1
ˇ : (6.579)

At this stage, pick

k WD 1C ��1C 1
ˇ

˘
> �1C 1

ˇ
; (6.580)

where b � c denotes greatest integer part. Then, thanks to (6.577), (6.579), and the
definition of k, we may conclude that x 2 Clo

�
e��1�Œ0; 2noCk�

�I � 
�
. This concludes

the proof of (6.572).
Going further, with k 2 N as in (6.580), we claim that

8 x 2 B 
�
eG; ro=C0

�
there exists a sequence .xn/n2N � G such that

e�.xn/ < 2noCk�nC1 and  
�
x � �x1 � � � � � xn

��1�
< 2�nro=C0; 8 n 2 N:

(6.581)

To prove this claim, start by fixing x 2 B 
�
eG; ro=C0

�
. Given that (6.572) holds

with k as in (6.580), it follows that

B .x; ro=2/\e��1�Œ0; 2noCk�
� 6D ;: (6.582)

Consequently, there exists some element x1 2 B 
�
x; ro=.2C0/

� \e��1�Œ0; 2noCk�
�
,

i.e.,

 .x � x�1
1 / < ro=.2C0/ and e�.x1/ � 2noCk: (6.583)

Proceed by induction and assume that, for some n 2 N, we have constructed the
elements x1; : : : ; xn 2 G satisfying

 
�
x � �x1 � � � � � xn

��1�
< 2�nro=C0 (6.584)
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and

e�.xj / < 2noCk�jC1 for j 2 f1; : : : ; ng: (6.585)

Then

 
��
x � .x1 � � � � � xn/�1

�2n� D 2n 
�
x � �x1 � � � � � xn

��1�
< ro=C0; (6.586)

which shows that
�
x � .x1 � � � ��xn/�1

�2n 2 B 
�
eG; ro=C0

�
. As such, the procedure

that has yielded x1 from x as in (6.583) may be repeated to produce someexnC1 2 G
satisfying

 
��
x � .x1 � � � � � xn/�1

�2n �ex�1
nC1

�
< ro=.2C0/ and e�.exnC1/ � 2noCk:

(6.587)

To continue, iteratively define

4
p
x WD

qp
x; : : : 2n

p
x WD

q
2n�1p

x; : : : ; 8 x 2 G: (6.588)

Hence, if we now set

xnC1 WD 2n
p
exnC1; (6.589)

then it follows that

 
�
x � .x1 � � � � � xn � xnC1/�1

�
D 2�n 

��
x � .x1 � � � � � xn � xnC1/�1

�2n�

D 2�n 
��
x � .x1 � � � � � xn/�1

�2n �ex�1
nC1

�

< 2�nro=.2C0/ D 2�.nC1/ro=C0; (6.590)

using the fact that  is doubling and G is Abelian, as well as (6.589) and the first
inequality in (6.587). Furthermore,

e�.xnC1/ De�
�
2n
p
exnC1

� D 2�ne�.exnC1/ � 2noCk�n; (6.591)

by (6.589), the doubling property ofe�, and the second inequality in (6.587).
This completes the induction step and finishes the proof of the claim made

in (6.581). In particular, the second estimate in (6.581) proves that the sequence
.xn/n2N � G constructed in (6.581) satisfies

.x1 � � � � � xn/n2N converges to x in .G; � /: (6.592)
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Having proved (6.581) and (6.592), fix x 2 B 
�
eG; ro=C0

�
and let .xn/n2N be as

in (6.581). Thanks to (6.564) and the first estimate in (6.581), we may deduce

e�.x/ � C
n 1X

nD1
e�.xn/ˇ

o1=ˇ � C2noCk
n 1X

nD1
2�nˇ

o1=ˇ D Cˇ2
noCk; (6.593)

where Cˇ > 0 is a finite constant that depends only on ˇ. The bottom line is that

e�.x/ � Cˇ2
noCk; 8 x 2 B .eG; ro=C0/: (6.594)

Turning our attention to (6.560), observe that this follows from (6.562) as soon
as we establish that there existsM 2 .0;C1/ such that

e�.x/ � M .x/; 8 x 2 G: (6.595)

Now, if x 2 G is such that  .x/ D 0, then for each n 2 N we have  
�
x2

n� D 0

since  is doubling. Hence, x2
n 2 B .eG; ro=C0/ for each n 2 N, which, in light

of (6.594), further entails that

e�.x/ D 2�ne�
�
x2

n� � Cˇ2
noCk�n; 8 n 2 N; (6.596)

given thate� is doubling (cf. (6.563)). Sincee� is nonnegative, this forcese�.x/ D 0;
hence (6.595) holds in this case (for anyM � 0).

Consider next the case when x 2 G is such that  .x/ > 0 and pick n 2 Z such
that

C0 .x/=ro 2 Œ2n�1; 2n/: (6.597)

Keeping in mind that  is doubling, this further implies that  
�
2n
p
x
�
< ro=C0, i.e.,

that 2n
p
x 2 B .eG; ro=C0/. Using this and estimate (6.594), we therefore obtain

thate�
�
2n
p
x
� � Cˇ2

noCk. However,e� is doubling, so this gives

e�.x/ � Cˇ2
noCk2n � Cˇ2

noCkC1C0
 .x/

ro
: (6.598)

Hence, (6.595) holds with M WD Cˇ2
noCkC1C0=ro 2 .0;C1/. In particular, this

gives that B .eG; r=M/ � B�.eG; r/ for every r 2 .0;C1/, and (6.561) readily
follows with the help of (6.128). The proof of the lemma is therefore complete. ut

As mentioned in the preamble of this section, the main applications of the
boundedness result established in Lemma 6.85 are to the OMT, the CGT, and the
UBP. We begin by treating the latter.

Theorem 6.86 (Uniform Boundedness Principle). Let .G;�/ be an Abelian
group, and let  be a finite quasi-pseudonorm onG that is doubling (in the sense of
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Definition 6.84) and such that (6.556)–(6.558) hold. Also, consider a group .S; ı/,
and assume that ' W S ! Œ0;C1/ is a doubling, quasisubadditive, quasisymmetric
function.

Finally, suppose that .T˛/˛2A � Hom .G; S/ is a family of homomorphisms
satisfying

T˛ W .G; � / �! .S; �R
' / is continuous; 8˛ 2 A; (6.599)

sup
˛2A

'.T˛x/ < C1; 8 x 2 G: (6.600)

Then there exists M 2 .0;C1/ with the property that

sup
˛2A

'.T˛x/ � M .x/; 8 x 2 G: (6.601)

Moreover, a similar result holds if �R
' is replaced by �L

' in (6.599).

Proof. Define the function

� W G ! Œ0;C1/; �.x/ WD sup
˛2A

'.T˛x/; 8 x 2 G: (6.602)

Since each T˛ belongs to Hom .G; S/ and since ' is doubling, we see from (6.602)
that � is also doubling.

Consider next

x 2 G and .xn/n2N � G with the property that

.x1 � � � � � xn/n2N converges to x in .G; � /:
(6.603)

Then for each fixed ˛ 2 A we have

�
.T˛x1/ ı � � � ı .T˛xn/

�
n2N converges to T˛x in .S; �R

' /; (6.604)

by the fact that T˛ 2 Hom .G; S/ and (6.599). To proceed, let �; C0 2 Œ1;C1/

stand, respectively, for the quasisubadditivity and quasisymmetry constant of '.
Also, fix a number ˇ 2 �0; .log2 �/

�1�. Then

'.T˛x/ � �2C0 lim sup
n!1

'
�
.T˛x1/ ı � � � ı .T˛xn/

�

� �4C0

n 1X

iD1
'.T˛xi /

ˇ
o1=ˇ

� �4C0

n 1X

iD1
�.xi /

ˇ
o1=ˇ

; (6.605)
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by (6.604), (6.142), (6.141), and (6.602). Taking the supremum over ˛ 2 A we
therefore arrive at the conclusion that, with ˇ as above,

�.x/ � �4C0

n 1P
iD1

�.xi /
ˇ
o1=ˇ

whenever x 2 G and .xn/n2N � G

are such that .x1 � � � � � xn/n2N converges to x in .G; � /: (6.606)

Having proved this, Lemma 6.85 applies and gives that there exists M 2 .0;C1/

such that �.x/ � M .x/ for all x 2 G. In view of (6.602), estimate (6.601) follows.
Finally, the case when �L

' replaces �R
' in (6.599) is dealt with similarly. ut

Remark 6.87. It is clear that Theorem 6.86 readily gives an alternative proof of
Corollary 6.83.

Next, the goal is to present a version of the OMT, refining the implication
.2/).4/ from Corollary 6.63, whose proof relies on the properties of the push-
forward operation and Lemma 6.85.

Theorem 6.88. Let
�
X; k � kX

�
and

�
Y; k � kY

�
be two quasi-Banach spaces, and let

Z be a nonempty subset of X that is stable under addition and subtraction, i.e.,

x; y 2 Z H) x ˙ y 2 Z: (6.607)

Also, assume that T W Z ! Y is an additive, surjective function whose graph GT is
a closed subset of

�
X � Y; �k�kX � �k�kY

�
. Then

T W
�
Z; �k�kX

ˇ
ˇ
Z

�
! �

Y; �k�kY
�

is an open mapping: (6.608)

In particular, for every " > 0 there exists ı > 0 with the property that

Bk�kY .0Y ; ı/ � T
�
Z \ Bk�kX .0X; "/

�
: (6.609)

Proof. If jjj � jjj denotes the push-forward of the restriction of k � kX to Z, via T , then
both k � kY and jjj � jjj are doubling functions on the Abelian group .Y;C/. Also, if

C1 WD sup
x;y2X

not both zero

	 kx C ykX
kxkX C kykX



2 Œ1;C1/; (6.610)

then it follows from Proposition 6.47 that for any ˇ 2 �
0; .1 C log2 C1/

�1� there
holds

jjjyjjj � .2C1/
4
n 1P
nD1

jjjynjjjˇ
o1=ˇ

; 8 y 2 Y and 8 .yn/n2N � Y

with the property that the series
1P
nD1

yn converges in �k�kY to y:
(6.611)
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Granted (6.611), Lemma 6.85 applies (with the Abelian group .G;�/ WD .Y;C/ and
the doubling functions  WD k � kY , � WD jjj � jjj) and gives that (cf. (6.561))

Bjjj�jjj.0Y ; r/ 2 N
�
0Y I �k�kY

�
; 8 r > 0: (6.612)

With this in hand, and since the topology �k�kY is right-invariant, we deduce
that (6.608) holds from (6.271), used here with .G;�/ WD .Z;C/,  WD k � kX

ˇ
ˇ
Z

[so that the role of  from (6.271) is now played by jjj � jjj], .S; ı/ WD .Y;C/, and
�S WD �k�kY .

Finally, (6.609) is a direct consequence of (6.608), (6.4), (6.128), and (6.123).
ut

We conclude by revisiting the CGT recorded earlier in Corollary 6.78 with the
goal of providing an alternative proof based on properties of the pullback operation
and Lemma 6.85. As such, this approach parallels the treatment of the OMT from
Theorem 6.88.

Theorem 6.89. Let
�
X; k � kX

�
and

�
Y; k � kY

�
be two quasi-Banach spaces. Also,

assume that T W X ! Y is an additive function with closed graph (i.e., GT is a
closed subset of .X � Y; �k�kX � �k�kY /). Then

T W �X; �k�kX
� ! �

Y; �k�kY
�

is continuous: (6.613)

Proof. Consider

C1 WD sup
x;y2Y

not both zero

	 kx C ykY
kxkY C kykY



2 Œ1;C1/; (6.614)

and fix a number ˇ 2 �
0; .1 C log2 C1/

�1�. Also, denote by jjj � jjj the pullback of
k�kY under T . Then both k�kX and jjj � jjj are doubling functions on the Abelian group
.X;C/. Moreover, Proposition 6.44 (used here with .G;�/ WD .X;C/, .S; ı/ WD
.Y;C/,  WD k � kY ) yields

jjjxjjj � .2C1/
4
n 1P
nD1

jjjxnjjjˇ
o1=ˇ

; 8 x 2 X and 8 .xn/n2N � X;

with the property that the series
1P
nD1

xn converges in �k�kX to x:
(6.615)

With this in hand, Lemma 6.85 applies (with the Abelian group .G;�/ WD .X;C/
and the doubling functions WD k � kX , � WD jjj � jjj) and gives that (cf. (6.560)) there
existsM 2 .0;C1/ such that

jjjxjjj � M kxkX ; 8 x 2 X: (6.616)

Since jjjxjjj D kT xkY for each x 2 X , the claim in (6.613) follows. ut
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6.8 Further Applications

In this section we take a succinct look at a number of miscellaneous applications of
the functional analytic results established earlier.

By a linear homeomorphism between two given vector spaces equipped
with certain topologies we will understand any linear continuous bijection whose
inverse (which is automatically linear) is also continuous.

Theorem 6.90 (Inverse Mapping Theorem). Let
�
X; k � kX

�
and

�
Y; k � kX

�
be

two quasi-Banach spaces, and denote by �k�kX and �k�kY the topologies induced on
X and Y by their respective quasinorms. Also, assume that T W X ! Y is a given
mapping. Then

T W �X; �k�kX
� �! �

Y; �k�kY
�

is bijective, additive, and continuous at 0 2 X
” T W �X; �k�kX

� �! �
Y; �k�kY

�
is a linear homeomorphism:

(6.617)

Proof. This is clear from Corollary 6.62. ut
Corollary 6.91. Assume that

�
X; k � kX

�
and

�
Y; k � kX

�
are two quasi-Banach

spaces, and denote by �k�kX and �k�kY the topologies induced on X and Y by their
respective quasinorms. Also, assume that T W X ! Y is an additive mapping with
the property that

T W �X; �k�kX
� �! �

Y; �k�kY
�

is continuous at 0 2 X: (6.618)

Then

T W �X; �k�kX
� �! �

Y; �k�kY
�

is injective with closed range

” 9 c > 0 such that ckxkX � kT xkY ; for all x 2 X: (6.619)

Proof. The right-to-left implication in (6.619) is straightforward. The left-to-right
implication follows by applying the version of the inverse mapping theorem
recorded in Theorem 6.90 to the bijective mapping T W X ! ImT (keeping in mind
that .ImT; k � kY / is a quasi-Banach space). Then the boundedness of the inverse of
this mapping yields the estimate in the second line of (6.619). ut

The next proposition sheds light on the nature of quasinormed induced topologies
on a vector space that make the space in question complete.

Proposition 6.92. Assume that X is a vector space and that k � k0 and k � k00 are
two quasinorms on X with the property that both

�
X; k � k0� and

�
X; k � k00/ are

quasi-Banach spaces. Then

�k�k00 � �k�k0 H) �k�k00 D �k�k0 : (6.620)
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Proof. The fact that �k�k00 � �k�k0 ensures that the identity mapping

I W �X; �k�k0

� �! �
X; �k�k00

�
is continuous: (6.621)

Obviously, the mapping (6.621) is also linear and onto. Then the equivalence
.2/, .4/ in Corollary 6.62 implies that the identity mapping in (6.621) is open,
which in turn yields �k�k0 � �k�k00 . As such, (6.620) follows. ut

We continue by recording a quasinorm version of a very useful extension result
for linear mappings in Banach spaces.

Proposition 6.93. Let
�
X; k � kX

�
be a quasinormed vector space and

�
Y; k � kX

�
be

a quasi-Banach space, and assume that V is a linear subspace of X . Then, given
any

T W �V; �k�kX
ˇ
ˇ
V

� �! �
Y; �k�kY

�
linear and continuous; (6.622)

there exists a unique

eT W
�

Clo
�
V I �k�kX

�I �k�kX
�

�! �
Y; �k�kY

�
linear and continuous (6.623)

such that

eT
ˇ̌
V

D T: (6.624)

Proof. For any vector x 2 Clo
�
V I �k�kX

�
and any sequence fxngn2N � X that

converges to x in the topology �k�kX define

eT x WD lim
n!1T xn: (6.625)

To see that this definition is meaningful, observe that T maps Cauchy sequences
from

�
V; k � kX

�
into convergent sequences in

�
Y; �k�kY

�
, given that T is linear and

continuous, hence bounded, i.e., there exists M 2 Œ0;C1/ such that

kT xkY � M kxkX ; 8 x 2 X: (6.626)

The fact that the preceding definition is also unambiguous follows by interlacing
sequences. Having dealt with these issues, it follows that eT is linear and sat-
isfies (6.624). The crux of the matter here is proving that eT is continuous. To
this end, assume that an arbitrary x 2 Clo

�
V I �k�kX

�
has been fixed, and select

fxngn2N � X that converges to x in �k�kX . Then utilizing (6.626) and making
repeated use of (3.289) we may estimate

keT xkY D
�
�
� lim
n!1T xn

�
�
�
Y

� �2Y lim sup
n!1

kT xnkY

� �2YM lim sup
n!1

kxnkX � �2X�
2
YM kxkX ; (6.627)
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where the numbers �X ; �Y 2 Œ2;C1/ are defined as in (3.282) relative to the
quasinorms k � kX and k � kY , respectively. In turn, (6.627) shows that eT is bounded
and, hence, continuous in the context of (6.623). Finally, the uniqueness aspect
of the extension of T follows from the fact that any two continuous functions
coinciding on a dense set are ultimately identical. ut

We conclude with two applications of the version of the UBP established earlier
in Corollary 6.83. The first, pertaining to bilinear mappings, is stated below.

Proposition 6.94. Let
�
X; k�kX

�
be a quasi-Banach space, and assume that .Y; �Y /

is a topological vector space and that
�
Z; k � kZ

�
is a quasinormed space. Suppose

that B W X � Y ! Z is a bilinear mapping that is separately continuous. Then B
is sequentially continuous.

Proof. Fix x� 2 X , y� 2 Y , and consider fxngn2N � X and fyngn2N � Y such that
lim
n!1xn D x� in �k�kX and lim

n!1yn D y� in �Y . For each n 2 N define the linear

mapping

Tn W X ! Z; Tnx WD B.x; yn/; 8 x 2 X; (6.628)

and note that

Tnx �! B.x; y�/ in
�
Z; �k�kZ

�
as n ! 1; for all x 2 X; (6.629)

B.x�; y�/� B.xn; yn/ D Tn.x� � xn/CB.x�; y� � yn/; 8 n 2 N: (6.630)

Given that B is assumed to be separately continuous, the fact that B is sequentially
continuous follows as soon as we show that there exists M 2 Œ0;C1/ with the
property that sup

n2N
kTnxkZ � M kxkX for each x 2 X . This, however, is implied

by Corollary 6.83 after observing that, as a consequence of (6.629) and (3.290) in
Theorem 3.27, we have

sup
n2N

kTnxkZ < C1; 8 x 2 X: (6.631)

The desired conclusion follows. ut
Recall that, given any linear and bounded operator T W �X; k � kX

� ! �
Y; k � kY

�

acting between two quasinormed spaces, its operator norm is defined as

kT k WD sup
˚kT xkY W x 2 X with kxkX � 1

�
: (6.632)

Here is the second application alluded to earlier.

Proposition 6.95. Let
�
X; k � kX

�
be a quasi-Banach space, and let

�
Y; k � kY

�
be a

quasinormed space. Suppose that for each n 2 N a linear and continuous mapping
Tn W X ! Y has been given such that

T x WD lim
n!1Tnx exists in

�
Y; �k�kY

�
for every x 2 X: (6.633)
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Then T W �X; �k�kX
� ! �

Y; �k�kY
�

is a linear and continuous operator that satisfies

kT k � �2Y lim inf
n!1 kTnk; (6.634)

where �Y 2 Œ2;C1/ is defined as in formula (3.282) in relation to the quasinormed
space

�
Y; k � kY

�
.

Proof. By design, T W X ! Y is linear. Also, from the existence of the limit
in (6.633) and (3.290) we deduce that

sup
n2N

kTnxkY < C1; 8 x 2 X: (6.635)

This having been established, Corollary 6.83 applies and guarantees that

sup
n2N

kTnkY < C1: (6.636)

On the other hand, making use of (3.289), for each x 2 X we may estimate

kT xkY D �
� lim
n!1Tnx

�
�
Y

� �2Y lim inf
n!1 kTnxkY

� �2Y lim inf
n!1

�kTnkkxkX
� D

�
�2Y lim inf

n!1 kTnk
�
kxkX ; (6.637)

hence kT k � �2Y lim inf
n!1 kTnk. This proves estimate (6.634), which, in concert

with (6.636), also shows that the operator T W �X; �k�kX
� ! �

Y; �k�kY
�

is continuous.
ut
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Lindelöf, 366
locally bounded, 4

normal, 159
pathwise connected, 231
quasiregular, 56
second Baire category, 384
subbase, 45

topology
compact-open, 45
left-, 46, 372
left-invariant, 369
product topology, 53
quotient, 393
right-, 46, 372
right-invariant, 368
symmetric, 368

U
ultrametric

definition of, 156
uniform structure, 2
uniformity

canonically associated to a quasimetric, 55
canonically associated with pseudometrics,

55
definition of, 54
right-, 55

unit space
definition of, 26

W
weight

multiplicative, 81
words

linkable, 27



Theorem Index

A
absolute continuity of measures with respect to

capacities, 349
abstract capacitary estimates, 312
abstract completeness criterion, 297
Alexandroff–Urysohn, 2, 108, 144
Aoki–Rolewicz, 4, 5, 108

1st generalization, 108
2nd generalization, 130
for quasi-F-normed vector spaces, 136

approximation to the identity, 262
Assouad’s embedding for quasimetric

spaces, 272

B
Birkhoff–Kakutani, 56

extension of the classic, 387

C
Cayley’s theorem, 39
CGT, 431, 447, 455

second version, 436
third version, 439

Closed Graph Theorem, 431
closed graph theorem

second version, 436
third version, 439

compact embedding of Hölder spaces, 169
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Hörmander, L., 249
Holmstedt, T., 275
Hu, G., 8
Husain, T., 406

I
Iaffei, B., 74, 151
Ivanov, S., 170, 229, 234, 282, 292

J
Jawerth, B., 310, 311
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Poincaré, H., 279
Pompeiu, D., 279

R
Renault, J., 11
Ricker, W.J., 133, 296, 325
Roberts, J.W., 4, 5, 108, 406, 413
Robertson, A.P., 406
Robertson, W., 406
Rolewicz, S., 4, 196, 220, 221, 228, 386
Rolfsen, D., 58
Royden, H.L., 220, 443
Rudin, W., 248, 349, 357, 406, 418
Runst, T., 311

S
Saksman, E., 271
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