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ANHA Series Preface

The Applied and Numerical Harmonic Analysis (ANHA) book series aims to
provide the engineering, mathematical, and scientific communities with significant
developments in harmonic analysis, ranging from abstract harmonic analysis to
basic applications. The title of the series reflects the importance of applications
and numerical implementation, but richness and relevance of applications and
implementation depend fundamentally on the structure and depth of theoretical
underpinnings. Thus, from our point of view, the interleaving of theory and ap-
plications and their creative symbiotic evolution is axiomatic. Harmonic analysis is
a wellspring of ideas and applicability that has flourished, developed, and deepened
over time within many disciplines and by means of creative cross-fertilization with
diverse areas. The intricate and fundamental relationship between harmonic analysis
and fields such as signal processing, partial differential equations (PDEs), and image
processing is reflected in our state-of-theart ANHA series.

Our vision of modern harmonic analysis includes mathematical areas such as
wavelet theory, Banach algebras, classical Fourier analysis, timefrequency analysis,
and fractal geometry, as well as the diverse topics that impinge on them.

For example, wavelet theory can be considered an appropriate tool to deal with
some basic problems in digital signal processing, speech and image processing,
geophysics, pattern recognition, biomedical engineering, and turbulence. These
areas implement the latest technology from sampling methods on surfaces to fast
algorithms and computer vision methods. The underlying mathematics of wavelet
theory depends not only on classical Fourier analysis, but also on ideas from abstract
harmonic analysis, including von Neumann algebras and the affine group. This leads
to a study of the Heisenberg group and its relationship to Gabor systems, and of the
metaplectic group for a meaningful interaction of signal decomposition methods.
The unifying influence of wavelet theory in the aforementioned topics illustrates the
justification for providing a means for centralizing and disseminating information
from the broader, but still focused, area of harmonic analysis. This will be a key role
of ANHA. We intend to publish the scope and interaction that such a host of issues
demands.
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Along with our commitment to publish mathematically significant works at the
frontiers of harmonic analysis, we have a comparably strong commitment to publish
major advances in the following applicable topics in which harmonic analysis plays
a substantial role:

Biomedical signal processing Numerical partial differential equations
Compressive sensing Prediction theory

Communications applications Radar applications

Data mining/machine learning Sampling theory

Digital signal processing Spectral estimation

Fast algorithms Speech processing

Gabor theory and applications Time-frequency and time-scale analysis
Image processing Wavelet theory

The above point of view for the ANHA book series is inspired by the history of
Fourier analysis itself, whose tentacles reach into so many fields.

In the last two centuries, Fourier analysis has had a major impact on the
development of mathematics, on the understanding of many engineering and
scientific phenomena, and on the solution of some of the most important problems
in mathematics and the sciences. Historically, Fourier series were developed in the
analysis of some of the classical PDEs of mathematical physics; these series were
used to solve such equations. In order to understand Fourier series and the kinds of
solutions they could represent, some of the most basic notions of analysis were
defined, e.g., the concept of “function”. Since the coefficients of Fourier series
are integrals, it is no surprise that Riemann integrals were conceived to deal with
uniqueness properties of trigonometric series. Cantors set theory was also developed
because of such uniqueness questions.

A basic problem in Fourier analysis is to show how complicated phenomena,
such as sound waves, can be described in terms of elementary harmonics. There are
two aspects of this problem: first, to find, or even define properly, the harmonics or
spectrum of a given phenomenon, e.g., the spectroscopy problem in optics; second,
to determine which phenomena can be constructed from given classes of harmonics,
as done, e.g., by the mechanical synthesizers in tidal analysis.

Fourier analysis is also the natural setting for many other problems in engineer-
ing, mathematics, and the sciences. For example, Wiener’s Tauberian theorem in
Fourier analysis not only characterizes the behavior of the prime numbers, but also
provides the proper notion of spectrum for phenomena such as white light; this
latter process leads to the Fourier analysis associated with correlation functions in
filtering and prediction problems, and these problems, in turn, deal naturally with
Hardy spaces in the theory of complex variables.

Nowadays, some of the theory of PDEs has given way to the study of Fourier
integral operators. Problems in antenna theory are studied in terms of unimodular
trigonometric polynomials. Applications of Fourier analysis abound in signal
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processing, whether with the fast Fourier transform (FFT), or filter design, or the
adaptive modeling inherent in timefrequency-scale methods such as wavelet theory.
The coherent states of mathematical physics are translated and modulated Fourier
transforms, and these are used, in conjunction with the uncertainty principle, for
dealing with signal reconstruction in communications theory. We are back to the
raison d’étre of the ANHA series!

University of Maryland John J. Benedetto
College Park






Preface

At its core, this research monograph deals with the following basic issue in analysis:
identifying a setting as general as reasonably possible that permits construction of
a metric that is compatible — quantitatively, topologically, or algebraically — with a
given setting. Some classical results in this spirit are as follows:

* the Alexandroff-Urysohn metrization theorem (point-set topology),

e the Macias—Segovia metrization theorem (harmonic analysis),

* the Aoki—Rolewicz normability theorem (functional analysis),

 the Birkhoff—Kakutani metrization theorem (topological group theory).

The point of view promoted in the current book is that these are all particular
manifestations of a more general phenomenon. The unifying language that permits
such an extension is that of groupoids (a significantly weaker notion than that
of groups), and the theory developed here in this context turns out to be sharp
both from an analytic and an algebraic perspective. Such a level of generality is
desirable since it is precisely this that makes the theory applicable to a large range of
contexts, which traditionally have been regarded as essentially unrelated. This claim
is substantiated by the numerous specific applications discussed in the body of the
monograph, ranging from harmonic analysis (with particular emphasis on aspects
pertaining to analysis on spaces of homogeneous type) to functional analysis (open
mapping and closed graph theorems, nonlocally convex topological vector spaces).

Our treatment is largely self-contained, with special care taken to fully define all
relevant notions and, at the same time, with significant effort directed at avoiding
heavy jargon associated with one area or another. This makes the book accessible
to both specialists and graduate students with a basic background in analysis. In
particular, the monograph may be used in a number of topic courses targeted at any
of the following themes:

e Harmonic Analysis: a sharp metrization theory for quasimetric spaces and
applications;

» Functional Analysis I: quantitative aspects of nonlocally convex topological
vector spaces;

ix



X Preface

e Functional Analysis II: a new generation of open mapping and closed graph
theorems;

e Noncommutative Algebra: an introduction to the theory of semigroupoids and
groupoids.

In relation to the topic of analysis of metric spaces (which is much more prevalent in
the literature), the current monograph addresses the need to understand the mechan-
ics of manufacturing (often custom-designed) metrics and, as such, complements
this body of results in a manner that leads to a deeper understanding and appreciation
of this type of quantitative analysis.

Columbia, Missouri Dorina Mitrea
Columbia, Missouri Marius Mitrea
Philadelphia, Pennsylvania Irina Mitrea

Marseille, France Sylvie Monniaux



Contents

1 Introduction ..............oiiiiiii i e 1
L1 OVEIVIBW .ottt 2

1.2 First Look at the Groupoid Metrization Theorem.................... 6

2 Semigroupoids and Groupoids .................c.oooiiiiiiiiii i 11
2.1 Algebraic Considerations.............oooiuueiiiiiiiiiiieeenniinnne... 11
2.1.1 Semigroupoids........ooouuiiiiiiiiiii e 12

2.1.2  GroUPOIAS ... 24

2.2 Topological Considerations ................c.cceeeiiiiiiieeeiiiinnnn... 45

3 Quantitative Metrization Theory ....................................... 61
3.1  Regularizing Quasisubadditive Functions ............................ 61

3.2 Main Groupoid Metrization Theorem ................................ 91
3.2.1 Formulation of Groupoid Metrization Theorem ............. 91

322 Proof of GMT .....ooiiiiiiiiiii e 98

3.2.3 More on the Relationship Between GMT
and Macias—Segovia, Aoki—Rolewicz,

and Alexandroff-Urysohn Theorems......................... 108

3.2.4 Connections with Homogeneous Groups .................... 113

3.3 Metrization Theory in Semigroupoid Setting ........................ 116
3.3.1 A Sharp Semigroupoid Metrization Theorem ............... 116

3.3.2 An Application to Analytic Capacity..............ooouveen... 124

3.3.3 Metrization Results with Additional Constraints ............ 127

3.4 A Sharp Metrization Result for Quasimetric Spaces................. 144
4 Applications to Analysis on Quasimetric Spaces ......................... 153
4.1  Category of QUasimetric SPaces .........oouuuueeeeiiiiiiieeennnnnnns 153
4.2 Extensions of Holder Functions.................cooooiiiiiiian, 156
4.3  Separation Properties of Holder Functions ........................... 164
4.4  Density and Embedding Properties of Holder Functions ............ 166
4.5 Regularized Distance Functiontoa Set ................ococviiini. 174
4.6 Whitney-Like Partitions of Unity via Holder Functions............. 178

xi



xii Contents

4.7 Smoothness Indexes of a Quasimetric Space...............c...o.uuee 196
4.8  Distribution Theory on Quasimetric Spaces.............cceevvvunnnn. 246
4.9  Hardy Spaces on Ahlfors-Regular Quasimetric Spaces.............. 250
4.10 Approximation to the Identity on Ahlfors-Regular
QUASTMELIIC SPACES . .. 261
4.11 Bi-Lipschitz Euclidean Embeddings of Quasimetric Spaces........ 270
4.12  Quasimetric Version of Kuratowski’s and Fréchet’s
Embedding Theorems ... 277
4.13 Pompeiu—Hausdorff Quasidistance on Quasimetric Spaces ......... 279
4.14 Gromov-Pompeiu—Hausdorff Distance Between
QUASTMELIIC SPACES . .. et 283
5 Nonlocally Convex Functional Analysis ................................... 295
5.1  Formulation of Results ..o 295
5.2 BXaAMPIeS .ottt 300
5.3  Abstract Capacitary Estimates ..............cceviiiiiiiniinnnnnn.... 311
5.4 Abstract Completeness Results ..., 317
5.4.1 Linear Background ...............cooiiiiiiiiiiiiiiiiiiiiinnnn, 317
5.4.2 Boolean Algebra Background .................ccooiiiiiiin 332
5.5  Absolute Continuity of a Measure with Respect to a Capacity...... 348
5.6  Embeddings and Pointwise Convergence ............................ 353
5.7 Separability ......ooiiiiii 355
6 Functional Analysis on Quasi-Pseudonormed Groups .................. 359
6.1  Topological and Algebraical Preliminaries........................... 360
6.2  Quasi-Pseudonormed Groups and an Extension
of the Birkhoff—Kakutani Theorem ................cooooiiiiiinnnn 377
6.3  Quotient, Pullback, and Push-Forward Quasi-Pseudonorms ........ 390
6.4 A Quantitative Open Mapping Theorem ............................. 406
6.5 Closed Graph Theorem.............coooiiiiiiiiiiiiiiiii ... 430
6.6  Uniform Boundedness Principle ..., 442
6.7 A Unified Approach to OMT/CGT/UBP ............................. 447
6.8 Further Applications..............coiiiiiiiiiiiiiii i 456
References.............oooiiii 461
Symbol Index ... 467
Subject INAeX . ... 471
Theorem Index ............oo 475

AUthor INdeX . ... 477



Chapter 1
Introduction

This monograph has two distinct, yet closely interrelated, parts. In the first part
(consisting of Chaps. 1-3) we develop a metrization theory in the abstract setting
of groupoids that, among other things, contains as particular cases the Aoki—
Rolewicz theorem for locally bounded topological vector spaces and a sharpened
version of the Macias—Segovia metrization theorem for quasimetric spaces. We
also indicate how this theory can be used to provide a conceptually natural proof
of the Alexandroff-Urysohn metrization theorem for uniform topological spaces.
For this portion of our work, the methods employed are predominantly functional-
analytic/algebraic, and the bulk of our results actually hold in the more general
context of semigroupoids.

In the second part (comprised of Chaps. 4-6) we present a multitude of
applications of our metrization theory to the area of analysis on quasimetric spaces
(with a special emphasis on the structure and role of Holder functions in such a
setting), function space theory (covering topics such as completeness, embeddings,
pointwise convergence, and separability of certain large classes of function spaces
equipped with locally bounded, yet nonlocally convex, topologies), as well as
classical functional analysis, dealing with open mapping and closed-graph-type
theorems, and uniform boundedness principles, among other things, in settings
where the notions of vector space and norm are significantly weakened. While
precise details will be given later, here we wish to note that all our results hold
in the class of quasi-Banach spaces. Regarding the significance of this category of
spaces, in [67] N. Kalton writes that “There are sound reasons to want to develop
understanding of these spaces, but the absence of one of the fundamental tools
of functional analysis, the Hahn—Banach theorem, has proved a very significant
stumbling block. However, there has been some progress in the non-convex theory
and arguably it has contributed to our appreciation of Banach space theory.”

D. Mitrea et al., Groupoid Metrization Theory, Applied and Numerical 1
Harmonic Analysis, DOI 10.1007/978-0-8176-8397-9_1,
© Springer Science+Business Media New York 2013



2 1 Introduction
1.1 Overview

In general, a topological space is said to be metrizable provided it is homeo-
morphic to a metric space. More transparently, a topological space (X, ) is said to
be metrizable if there exists a metric d on X with the property that the topology
induced by d on X coincides with 7. As such, metrization theorems are results that
give sufficient conditions for a topological space to be metrizable.

Consider three fundamental metrization results in various branches of
mathematics:

e The Alexandroff-Urysohn metrization theorem for uniform spaces (topology),

* The Macias—Segovia metrization theorem for quasimetric spaces (harmonic
analysis), and

e The Aoki—Rolewicz theorem for quasinormed vector spaces (functional
analysis).

The formal statement of the first theorem above is as follows (the reader is referred
to future chapters for definitions clarifying the terminology employed here).

Theorem 1.1 (Alexandroff-Urysohn). Let X be a topological space. Then X is
metrizable if and only if X is Hausdorff and the topology on X is induced by a
uniform structure on X that has a countable fundamental system of entourages.

A related version of this theorem states that a uniform space is pseudometrizable
(i.e., its topology is induced by a pseudometric) if and only if its uniformity has
a countable base. See the discussion in J. Kelley’s book [71, Note 14, p. 186],
where it is indicated that Theorem 1.1 originates in [4] (cf. also the discussion in
Comment 2.82 in the last part of Sect. 2.2, which further underscores the prominent
role of this classical result).

While the fact that the topology induced by a given quasidistance on a quasi-
metric space is metrizable is readily implied' by Theorem 1.1 (something that was
known long before Macias and Segovia’s work in [79]), Macias and Segovia’s main
contribution was to bring to prominence the quantitative aspects of this result (in the
setting of quasimetric spaces). This is apparent from an inspection of the statement
of their theorem, which plays a basic role in the area of analysis on spaces of
homogeneous type and which we recall below (as a slight reformulation of [79,
Theorem 2, p. 259]).

Theorem 1.2 (Macias-Segovia). Let (X, p) be a quasimetric space, that is, X is
a nonempty set and p : X x X — [0, +00) is a quasidistance, i.e., a function that,
forevery x,y,z € X, satisﬁ652

' Any quasimetric space (X, p) may be canonically viewed as a uniform space whose uniformity
has a countable fundamental system of entourages, say, {(x, y) € X xX 1 plx,y) < nil},
n € N.

2The interested reader is referred to [99] for historical references pertaining to quasinormed spaces.
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p(x,y) =0 x =y, px,y)=py.x), p,y) =clplx,2)+py)),
(1.1)

for some fixed finite constant ¢ > 1. Then there exists another quasidistance psx on
X that is equivalent to p (in the sense that each is dominated by a fixed multiple of
the other) and satisfies the following additional properties. If

1

o= g e T 1] €(0,1), (1.2)

then the following assertions hold:

(1) The function (p«)* : X x X — [0, +00) satisfies
P (X, ) < pa(x,2)* + px(z, ¥), Vx,y,z€X. (1.3)

Hence, (p«)% is a distance on X that induces the same topology on X as the
original quasidistance p. In particular, this topology is metrizable.

(2) The function ps« satisfies the following Holder-type regularity condition of
order o:

|p*(xv Z) - p*(yv Z)' = é max{p*(x, Z)l_av p*(yv Z)l_a}p*(xv y)oz, (1 4)
Vx,y,z€X. '

Ever since its original inception, Theorem 1.2 has played a pivotal role in analysis
on spaces of homogeneous type since the natural setting for analysis in this context
is that of quasimetric spaces. As noted earlier, the latter spaces are in fact metrizable,
but it is a rather subtle matter to associate metrics, inducing the same topology, in a
way that brings out the quantitative features of the quasimetric space in question
in an optimal manner. The seminal work on this topic done by R.Macias and
C. Segovia has been very influential in the study of spaces of homogeneous type.
In particular, Theorem 1.2 is a popular result that has been widely cited; see, e.g.,
the discussion in the monographs [32] by Christ, [114] by Stein, [123] by Triebel,
[59] by Heinonen, [56] by Han and Sawyer, [38] by David and Semmes, and [39]
by Deng and Han, to name a few. Strictly speaking, Macias and Segovia’s original
statement of this theorem has 3¢? in place of ¢(2¢ + 1) in (1.2) but, as indicated in
the discussion in Comment 2.83 at the end of Sect. 2.2, the number c(2¢ + 1) is the
smallest constant for which their approach works as initially intended.

On to a different topic. It is well known that there are many function spaces
of basic importance in partial differential equations that are not Banach but merely
quasi-Banach. Indeed, this is the case for significant portions of the following famil-
iar scales of spaces: Lebesgue spaces, weak Lebesgue spaces, Lorentz spaces, Hardy
spaces, weak Hardy spaces, Lorentz-based Hardy spaces, Besov spaces, Triebel—
Lizorkin spaces, and weighted versions of these spaces (among many others).
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In the context of quasinormed spaces, the Aoki—Rolewicz theorem reads as follows
(the original references are [7, 103], and an excellent, timely exposition may be
found in [69]).

Theorem 1.3 (Aoki-Rolewicz). Ler X be a vector space equipped with a quasi-
norm || - ||, i.e., a nonnegative function defined on X that satisfies for each x,y € X
and each A € R

[ =0 <= x=0. [Ax] = [Allx]. lx+ yll <clxl+lyl). (1.5)

for some fixed finite constant ¢ > 1. Then there exists a quasinorm || - ||« on X that
is equivalent to || - || and is a p-norm for some p € (0, 1], i.e., it satisfies

lx + 1% < llxll¥ + Iy lIX forall x.y € X. (1.6)

In particular, the topology induced by || - || on X is metrizable since it coincides with
the topology induced by the (left- and right-invariant) distance d(x, y) 1= ||x—=y|%
forallx,y € X, on X.

Even though, strictly speaking, Theorems 1.2 and 1.3 are distinct results, it
is inescapable that, at least formally, they share some basic characteristics (e.g.,
in [3, p.319], the Macias—Segovia result is referred to as “an analogue” of the
Aoki—Rolewicz theorem). This becomes even more apparent if Theorem 1.3 is
reformulated in a (slightly more general, as it turns out) manner that places more
emphasis on the quantitative aspects of the phenomenon at hand. For the reader’s
convenience, we will first momentarily digress for the purpose of recalling some
basic facts and terminology from the theory of topological vector spaces.

A topological vector space is said to be locally bounded provided there
exists a (topologically) bounded neighborhood of the zero vector. Recall that, in
this context, being bounded means that the set in question is absorbed by each
neighborhood of zero (and not that it is geometrically bounded, in the sense of
having a finite diameter). Specifically, E is (topologically) bounded if and only if
for every neighborhood V' of the zero vector there exists a real number A, > 0
such that E € AV for every scalar A > A.. Also (cf, e.g., [74, (1) p.159]), a
topological vector space X is locally bounded if and only if there exists a quasinorm
|| - || on X that yields the same topology on X as the original one (which amounts
to the condition that the balls {y € X : |y|| < r}, r € (0,+00), constitute a
fundamental system of neighborhoods for the zero vector). Moreover, a set in a
quasinormed space is bounded in the topology induced by the quasinorm if and
only if it has finite diameter with respect to the quasinorm. Hence, a quasi-Banach
space is a complete, locally bounded topological vector space. Let us also recall
that a set E in a vector space is said to be balanced if AE C E for every scalar
A with |[A] < 1. Remarkably, a quasinormed vector space is locally convex
if and only if it is linearly isomorphic to a normed vector space (local convexity
signifies the existence of a fundamental system of neighborhoods for the zero vector
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consisting of absorbing, balanced, and convex sets; one convenient description of
the fact that a subset E of a vector space is convex is that (A + n)E = AE + nE
for all scalars A, n > 0). Compare, for example, [69] for more details.

Returning to the mainstream discussion, we record the following more precise
version of the Aoki—Rolewicz theorem (again, see the informative discussion
in [69]).

Theorem 1.4 (Aoki-Rolewicz). Let X be a Hausdorff, locally bounded, topolog-
ical vector space. In particular, there exists a bounded and balanced neighborhood
B of the zero vectorin X. Let ¢ € (1, +00) be such that B + B C ¢B, and define

p = € (0, +00). 1.7)
log, ¢

Finally, for each x € X, set

N 1 N
x| := mf{(z |||xi|||f;)” N eN, xi.....xy € X suchthat Y x; = x},
i=1

i=1

(1.8)

where || - || 5 is the Minkowski gauge function associated with B, i.e.,
x|z :=inf{A > 0: A7 'x € B}, VxelX. (1.9)
Then || - || defined in (1.8) is a p-norm on the vector space X, which is equivalent

to the quasinorm || - || g (and, hence, induces the same topology on X as the original
one). As a consequence, X is a locally p-convex vector space whenever ¢ > 2 and
a locally convex vector space whenever ¢ < 2, and the topology on X is metrizable
via a two-sided invariant distance.

On the face of the evidence presented so far, an optimistic observer would hope
that the formal analogies between the statements of Theorems 1.2 and 1.4 would
indicate that there is a more general phenomenon at work here encompassing the
named results as particular manifestations. In this vein, it is worth recalling a popular
dictum of E.H. Moore to the effect that whenever there are parallel theories, typically
there is one that subsumes them all.

One of the goals of the present monograph is to shed light on this issue by proving
a metrization theorem that contains both Theorem 1.2 and Theorem 1.4 (hence
also Theorem 1.3) in a canonical fashion and that may also be used to provide a
conceptually natural proof of Theorem 1.1. We manage to accomplish this without
compromising the sharpness of the quantitative aspects of the results in question
(for example, even when specialized to the particular case of quasimetric spaces
our results yield a significant improvement of Theorem 1.2) and, also, are able to
work under minimal algebraic assumptions, which ensures a desirable degree of
versatility for our result. The latter aspect is particularly important for applications,
as will become apparent from the discussion in Chaps. 4-6, where the impact of this
metrization theory on other branches of mathematics is brought to light.
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The unifying language that permits such a generalization is that of groupoids.
Recall that the concept of groupoid was originally introduced by H.Brandt® in
1926 as an algebraic structure generalizing the notion of group by allowing the
multiplication to be just partially defined (for more on this topic see the discussion
in Sect. 2).

1.2 First Look at the Groupoid Metrization Theorem

A sample of the metrization results proved here in the context of groupoids is as
follows (the body of the monograph contains stronger results in the sense that
they indicate what can be achieved with weaker, or fewer, assumptions; see also
Theorem 3.26 for a substantially expanded version of this result).

Theorem 1.5. Let (G, *, (-)™") be a groupoid, with partial multiplication * and
inverse operation (-)~'. For each N € N denote by GWN) the set of all ordered N -
tuples of elements in G whose product (in the given order) is meaningfully defined.
Furthermore, denote by G the unit space of G, and introduce GR = {(a,b) €
GxG: (a,b7")e GO

Next, assume that W : G — [0, +00) is a function for which there exist two finite
constants Co > 0 and Cy > 1 such that the following properties hold:

e quasisubadditivity: Y (a * b) < Cymax{y(a), ¥ (b)}, forall (a,b) € G?,
(1.10)

o quasisymmetry: Y(a"') < Co¥(a). forevery a € G, (1.11)

e nondegeneracy: a € G andy(a) =0 < a € GO, ie, vy '({0}) =GO,
(1.12)

Denote by t$ the right topology induced by r on G, defined as the largest topology

on G with the property that for any element a € G a fundamental system of
neighborhoods is given by {B};(a, r)}r>0, where for each r € (0, +00),

Bll;(a, r) = {b €eG:(ab)eGRandy(axb™") < r}. (1.13)

Also, with C; > 1 as in (1.10), let

= 0, . 1.14
@i= o € 0.+l (1.14)

3Strictly speaking, in [21] Brandt introduced a smaller class of groupoids, i.e., what is nowadays
referred to as transitive groupoids.
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Finally, introduce a symmetrized version of { by setting

Yym(@) := max{y(a), ¥ (@ ")}, Vaeg, (1.15)

and define the canonical regularization Yoy : G — [0, 400) of ¥ by considering,
foreacha € G,

1

N r
wreg(a) := inf (Z wsym(ai)a) : N eN,

i=1
(a,....an) e GM, a=a; %---xay (1.16)

(with a natural alteration in the case when « = +00).
Then the following conclusions hold.

(1) The function Yreg is Symmetric, in the sense that

Iﬂreg(a_l) = Yreg(a) forevery a € G, (1.17)

and Yreg is quasisubadditive, in the precise sense that, with C| denoting the
same constant as in (1.10), one has

Vieg(@ % b) < Cy max{Vyeg (@), Yieg(b)} forall (a,b) € GP.  (1.18)
(2) With Cy and Cy as in (1.10) and (1.11), there holds
C?Y < Yheg <max{l,Co}¢¥ on G. (1.19)
In particular, wr;gl ({0} = GO,

(3) Foreach B € (0, ] the function Ve, is B-subadditive in the sense that one has
(with a natural interpretation when 8 = o = +00)

Yrela 2 b) = (Via@ +9e®))". V(@,b) €GP (1.20)

(4) For each finite number B € (0,a] the function Vg satisfies the following
Holder-type regularity condition of order B:

|Vies (@) = Yreg (0)] < & max {Yieg (@) Yreg () P} [Yreg(a x 571" (1.21)

whenever (a,b) € GR (with the understanding that when B > 1, one also
imposes the condition that a,b ¢ G©). Furthermore, the upper bound (1.14)
for the exponent B appearing in this Holder-type regularity result is sharp.
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(5) The function Ve, : (G, rﬁ)—)[o, ~+00) is continuous, and for every a € G and
>0 the right Yee-ball Bll;,eg (a,r):={beG : (a,b)eGR and Yreg(axb™") < r}
is open in the topology t$.

(6) For each finite number B € (0, o] define the function

Ry GR = [0.400),  dR4(a.b) = [Yrglax b))’ V(a.b) e GR.
(1.22)

Then dg’ 8 is a partially defined distance on G with domain GR, i.e., it satisfies
the following conditions:

for any (a,b) € GR, one has d:;ﬁ(a,b) = 0ifandonly ifa = b,
dll;ﬂ(a,b) = d]l;ﬁ(b,a)for every (a,b) € GR,
df;ﬁ(a,b) < d};ﬁ(a,c) + dll;ﬁ(c,b)forall (a,c),(c.b) € GR. (1.23)

Moreover, the topology induced by the partially defined distance df; g on G
is r]l;.

(7) The partially defined distance d:; 8 introduced in (1.22) is right-invariant, in the
sense that

(a.b) € GRand ¢ € G such that (a,c), (b,c) € G?

R R R (1.24)

= (axc,bxc)e G andd,g(a*c,bxc)=dyga,b).
In the particular case when G is a group, G} = G x G and, hence, the function
d}; 8 is a genuine right-invariant distance on G.

Theorem 1.5 contains Macias and Segovia’s metrization result formulated in
Theorem 1.2 when specialized to the particular case when the groupoid G is the
so-called pair groupoid X x X associated with the ambient set X (as described in
Example 2.31) of a quasimetric space. Moreover, Theorem 1.5 subsumes Aoki and
Rolewicz’s metrization result stated in Theorem 1.4 in the scenario in which the
groupoid G is the underlying (Abelian) additive group of a given vector space X
(cf. Example 2.29). The interplay between these results is studied in more detail
in the body of the monograph; see the discussion in Sect. 3.2.3 in this regard. In
particular, here we also elaborate on the manner in which Theorem 1.5 contains the
Alexandroff-Urysohn metrization theorem (formulated in Theorem 1.1).

We wish to stress that the actual optimal value of the Holder regularity exponent
a (playing the role of upper bound of fs for which (1.21) holds) is not an issue
of mere curiosity since this number plays a most fundamental role in the theory
of function spaces that can be developed on spaces of homogeneous type. For
example, the issue of identifying the sharp value of the Holder regularity exponent
o from (1.4) is raised explicitly in Remark 5.3 on p. 133 of [62], where the reader
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may find more details pertaining to the case of Hardy spaces. Here we wish to note
that, when combined with the work in [80], our results lead to a satisfactory theory
for Hardy spaces H?”(X) whenever the quasimetric space (X, p) is equipped with
an Ahlfors—David regular measure p of order d > 0 and

d
d + min {d, [log,C,]~'} s e

where C,, is the optimal constant in the inequality p(x, y) < C max {p(x,z), p(z, y)}
for all x, y,z € X (see Theorem 4.102 for details). It is worth remarking that this
range for p is in the nature of best possible since from (1.25) we recover the familiar
condition 47 < p < 1 (associated with atomic Hardy spaces for atoms satisfying
one vanishing moment condition) in the case when X := R", n € N, equipped with
the Euclidean distance and the n-dimensional Lebesgue measure. In fact, similar
considerations apply to the case of Besov and Triebel-Lizorkin spaces on spaces of
homogeneous type, as discussed in [39,56] and others.

Another perspective that highlights the usefulness of a sharp Holder regularity
exponent « (in the context of (1.4)) is as follows. On the one hand, one naturally
expects to have « = 1 in the case when (X, p) is actually a metric space, since
a distance function is Lipschitz in each of its variables. On the other hand, in the
setting of Theorem 1.2, the condition that ensures that (X, p) is a metric space is
¢ = 1, and, according to (1.2)—(1.4), this only yields the generally unsatisfactory
result that a distance function is Holder continuous of order 1/log, 3. By way of
contrast, the value of « in (1.14) becomes, as expected, 1 when C; = 2.

Our approach builds on and extends the work of Peetre and Sparr [97] (in
the setting of normed Abelian groups), Gustavsson [53] (where a metrization
theorem for semigroupoids is proved for a nonoptimal exponent o, namely o =
(21og, C))7', ie., half the value of « in (3.190)), and the classical work of
Frink [49]. For a more in-depth discussion elaborating on the connections between
Theorems 1.5 and 1.1-1.4, which also provides further motivational examples and
background, the reader is referred to Sects. 3.2.3 and 3.2.4.

The organization of the monograph is as follows. The material in Sects.2.1.1
and 2.1.2 amounts to a concise (yet self-contained) introduction to the theory of
semigroupoids and groupoids, and in Sect.2.2 we review topics of a topological
flavor. The bulk of the work pertaining to quantitative metrization results is
concentrated in Chap. 3. In particular, the regularization results for quasisubadditive
mappings established in Sect.3.1 greatly facilitate the presentation of our main
groupoid metrization theorem. The latter is stated in Sect.3.2.1 and proved in
Sect.3.2.2, and its various connections with Macias—Segovia, Aoki—Rolewicz, and
Alexandroff-Urysohn theorems are highlighted in Sect.3.2.3. The scope of this
result is further expanded in Sect.3.3.1 to the setting of semigroupoids. Several
applications of this semigroupoid metrization theory are subsequently discussed in
Sects. 3.3.2 and 3.3.3. Next, in Sect. 3.4, we state and prove a sharpened version of
the Macias—Segovia result; cf. Theorem 3.46.
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Moving on, in Chap.4, we present a significant number of applications of our
metrization theorems to analysis on quasimetric spaces. Without going into detail,
the list of topics considered in this chapter includes extensions of Holder functions,
separation, density and embedding properties of Holder functions, the regularized
distance function to a set, Whitney-like partitions of unity via Holder functions,
the smoothness indexes of a quasimetric space, distribution theory on quasimetric
spaces, Hardy spaces on Ahlfors-regular quasimetric spaces, approximation to the
identity on Ahlfors-regular quasimetric spaces, bi-Lipschitz Euclidean embeddings
of quasimetric spaces, the quasimetric version of Kuratowski’s and Fréchet’s
embedding theorems, the Pompeiu—Hausdorff quasidistance on quasimetric spaces,
and the Gromov—Pompeiu—Hausdorff distance between quasimetric spaces.

Chapter 5 is devoted to presenting applications of the metrization theory devel-
oped in Chap. 3 to function space theory, with a special emphasis on topics such
as completeness, embeddings, pointwise convergence, and separability of certain
inclusive classes of function spaces endowed with locally bounded, yet nonlocally
convex, topologies. Finally, in Chap. 6 we revisit some of the cornerstones of clas-
sical functional analysis (including open mapping and closed-graph-type theorems,
as well as uniform boundedness principles) in settings where the traditional context
of a normed vector space is significantly relaxed. Once again, our metrization theory
developed in the earlier chapters plays a key role in this endeavor.
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to teach several topic courses at the graduate level at the University of Missouri. We wish to take
this opportunity to thank our students, especially Ryan Alvarado, Kevin Brewster, Dan Brigham,
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preliminary notes. The authors also gratefully acknowledge the support of the Simons Foundation
Grant No. 200750 as well as the US NSF Grants DMS-1201736 and DMS-0653180. Last but not
least, the authors thank the anonymous referees for making a number of useful suggestions, which
have improved the presentation.



Chapter 2
Semigroupoids and Groupoids

This chapter is devoted to surveying the algebraic fundamentals of semigroupoids
and groupoids and to reviewing the properties exhibited by these structures which
play a crucial role in our subsequent work. While various results pertaining to the
basic theory of semigroupoids and groupoids are scattered in the literature, we found
it difficult to identify a few comprehensive, readily accessible accounts which cover
all aspects dealt with here.

That being said, two useful references we wish to single out are the monographs
[86, 101]. These contain brief chapters on the basics of groupoid theory, though
the overall focus is on the role played by groupoids in indexing representations
of operator algebras. The interested reader is also referred to the expository paper
[23], which, among other things, gives a flavor of the role played by groupoids
in A. Grothendieck’s work in algebraic geometry, G.W. Mackey’s work in ergodic
theory, A. Connes’ work in noncommutative geometry, and which contains a wealth
of references to earlier articles.

It is primarily for this reason that we decided to make the presentation of
the material in this chapter as self-contained, free of excessive jargon, and accessible
to the nonexpert, as realistically possible. In the process, we contribute to the
existing theory by clarifying certain aspects and by proving several new results of
independent interest.

2.1 Algebraic Considerations

This section amounts to a concise, self-contained introduction to the algebraic
theory of semigroupoids (Sect.2.1.1) and groupoids (Sect. 2.1.2).

D. Mitrea et al., Groupoid Metrization Theory, Applied and Numerical 11
Harmonic Analysis, DOI 10.1007/978-0-8176-8397-9_2,
© Springer Science+Business Media New York 2013



12 2 Semigroupoids and Groupoids
2.1.1 Semigroupoids

We start with the following definition.

Definition 2.1. Given a nonempty set G, a partially defined binary
operationon G is afunction x : G — G, where G is a subset of G x G called the
domain of x.Ifa, b € G, thencall a *b meaningfully definedif (a,b) € G.

Next, we recall the concept of semigroupoid.

Definition 2.2. A semigroupoid is a nonempty set G equipped with a partially
defined binary operation * on G that is associative in the following precise sense.
Leta,b,c € G.1f a x b and b * ¢ are meaningfully defined, then (a * b) * ¢ and
a x (b * ¢) are meaningfully defined and equal. Moreover, if either of these last two
expressions is meaningfully defined, then so is the other and, again, they are equal.

The reader is alerted to the fact that other terms are occasionally used in the
literature in place of semigroupoid, most notably half-groupoid and incomplete
groupoid. Given a semigroupoid (G, %), the binary operation * : G — G can be
thought of as a partially defined multiplication. In this setting, it is customary to
introduce

G? = {(a,b) € G x G : a = b is meaningfully deﬁned} 2.1
and refer to the latter as the set of composable pairs of the semi-

groupoid G. Several relevant examples of semigroupoids follow.

Example 2.3 (Semigroups). Any semigroup can naturally be regarded as a semi-
groupoid.

For instance, if (X, t) is a topological space and Comp (X)) denotes the collection
of all compact subsets of X, then (Comp (X), U) may be naturally regarded as a
semigroupoid. This example has already appeared in the proof of Corollary 3.36,
where it plays a basic role.

Example 2.4 (Markov semigroupoids). Assume that X is an arbitrary, nonempty
set and that A : X x X — {0, 1} is an arbitrary function. Consider the collection of
admissible words

G:={a=(x....x,):neN,x; €X,1<i<n, and
A(X,',XH_]) =1,1 <i fl’l—l}, (22)

and for each @ = (x1,...,x,), 8 = (V1,...,ym) € G satisfying A(x,,y;) = 1
define o * B := (x1,...,Xn, V1, ..., Ym). Then (G, ) is a semigroupoid.

Example 2.5 (Path Semigroupoids). Assume that X is an arbitrary set, and let
'y be the set of all functions y : [0,1] — X. Call y;,y, € 'y compatible
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if y1(1) = y»2(0) and, for each such compatible pair, define y; * y» € Iy, the
concatenation of y; and y», by setting

y1(2t) ifr € [0,1/2],
= vielol1]. 2.3
(y1 * y2)(t) b2 — 1) if1 € [1/2. 1], t€l0,1] (2.3)

Next, consider a subset G of I'y and, given y;, y» € G, call y; * y, meaningfully
defined if y,, y» are compatible and y; * y, € G. Then (G, %) is a semigroupoid.

Example 2.6 (Direct sums of semigroupoids). If (G, x) and (H, o) are two given
semigroupoids, then (G x H,-) where (ay, b;) - (az, b)) := (a; * ay, by o by) for
every pair ((ay,b1), (a2, by)) € (G x H)?, where
(G x H)? :={((a1,b)),(a2,b2)) € G x H : (a1,a>) € G?,
(b1,by) € H?} (2.4)

becomes a semigroupoid, which we denote by G & H.

Example 2.7 (Subset semigroupoids). Let X be an arbitrary set, and denote by
Z(X) the collection of all subsets of X. Then any subset .2~ of &2(X) satisfying
the condition

whenever A, B,C € 2 aresuchthat AU B € 2", then

(2.5)
BuCeZ < AUBUCeXZ

has a natural semigroupoid structure by taking 2°? := {(4,B) € 2 x X :
AU B € 2} and adopting the union of sets as the semigroupoid operation.

Let (G, *) be a semigroupoid. In analogy with (2.1), let us set GV := G, then,
inductively, define foreach N € N, N > 2,

GWN) .= {(ai,....ay) €Gx---xG: (ay.....ay—1) € GWN=D
and ((-+-((a1 * @) *--+) x ay—1),ay) € GP}. 2.6)
Based on the associativity axiom and induction, it can be proved that for each N €
N, N > 2,andeach N-tuple (a1, ...,ay) € GV the producta; *ar*- - -xay_ *ay

can be unambiguously defined. Furthermore, the same type of reasoning shows that

GM = {(al,...,aN)EGx'uxG:
(aj.aj+1) € G? Vjell,....N—1}}, (2.7)
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and, for every M, N € N,

(al, - ,aN) (S G(N) and (aN, - ,aN+M_1) € G(M) @ 8)
= (a,...,an+m—1) e GIN+M-1) .
Let us also note here that, for any semigroupoid (G, %),
(G, x) isasemigroup <= G? =G x G. (2.9)

In the notation introduced in (2.1), the associativity axiom in Definition 2.2 reads
as follows. For every a, b, ¢ € G, the following three implications hold:

5 (@axb,c) eGP, (a,bxc)eG?
(a.b), (b,c) e G® = (2.10)
and (a xb) x¢c = a x (b *xc),

b,c) e GP, (a,b e G®
@b eGP (axb.c)eG®—s ) O @bxe) @.11)
and (@ xb) xc =ax (b xc),

b)Y €GO, (axb.c)e GO
(b.0) eGP (@bwe)e GO —s ) @D (@xb,0) (2.12)
and (@ *b) xc =ax (b xc).

The set consisting of all composable pairs of a given semigroupoid carries a
natural structure of semigroupoid, as explained below.

Example 2.8 (The semigroupoid of composable pairs). Given a semigroupoid
(G, ), call (a,b),(c,d) € G® composable if c = a * b, and define a partial
multiplication o on G by setting (a, b)o(c,d) := (a.bxd)if (a,b), (c.d) € G®
are such that ¢ = a * b. Then (G®, o) becomes a semigroupoid.

Moving on, for any two arbitrary subsets A, B of G, we will use the notation
AxB:={axb: (a.b) € G?P N (4 x B)}. (2.13)

In particular, for A € G and a € G abbreviate

Axa:=Ax{a}, axA:={a}xA, (2.14)
A" =A*xAx---xA, VneNlN. (2.15)
—_—

n factors

Also, define G© as the collection of idempotent elements in the semigroupoid
G,i.e.,

GO :={aeG: (a,a) eGP anda xa = a}. (2.16)
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Definition 2.9. Let (G, *) and (H , o) be semigroupoids. A function ¢ : G - H
is called a (semigroupoid) homomorphism provided

V(a,b) e G? = (¢(a).¢(b)) € H? and ¢(a xb) = $(a) o p(b). (2.17)

Denote by Hom (G, H) the collection of all (semigroupoid) homomorphisms
mapping G into H . Finally, a (semigroupoid) homomorphism¢ : G — H is called
a (semigroupoid) i somorphism provided ¢ is bijective and ¢! : H — G is also
a (semigroupoid) homomorphism.

Of course, any two isomorphic semigroupoids are abstractly identical. It is also
clear that, given two semigroupoids (G, *) and (H , o), a function ¢ € Hom (G, H)
is a semigroupoid isomorphism if and only if there exists v € Hom (H, G) such
that ¢ (Y (b)) = b foreach b € H and ¥ (¢(a)) = a for each a € G. In addition,
the class of semigroupoid homomorphisms is stable under composition in the sense
described below.

Remark 2.10. (i) If Gy, G, G are semigroupoids, then ¢, o ¢; € Hom (G, G3)
whenever ¢; € Hom (G, G;) and ¢, € Hom (G3, G3). Furthermore, if ¢, ¢,
are actually isomorphisms, then so is ¢, o ¢;.

(i) Assume that Gi, G, and G|, G} are two given pairs of semigroupoids. A
function ® = (¢, ¢’) : G; xG, — G| x G} belongs to Hom (G| x G2, G| xGY)
if and only if ¢ € Hom (G, G{) and ¢’ € Hom (G>, G}).

(iii) The definition of the notion of semigroupoid isomorphism might, at first sight,
appear somewhat peculiar when compared to that of semigroup isomorphism.
Recall that, given two semigroups (G, ) and (H, o), a function¢ : G — H is
a semigroup isomorphism provided ¢ is a bijection and it satisfies ¢ (a *x b) =
¢(a)og(b) forall a,b € G. By way of contrast, there exist two semigroupoids
(G.*), (H.,o) and a function ¢ € Hom (G, H) that is bijective, and yet
¢! ¢ Hom (G, H). To see this, suppose the semigroupoid (G, *) is such
that G == N, G? := {(a,b) e NxN: a,beven},anda xb :=a + b
for each (a,b) € G®. Also, take the semigroup (N, 4) to play the role of
the semigroupoid (H , o) and consider the function ¢ : G — H given by
¢(a) := aforeacha € G.Then ¢ is a bijective semigroupoid homomorphism,
but the fact that (G, %) is not a semigroup prevents ¢! itself from being a
semigroupoid homomorphism.

Some other basic properties of semigroupoid homomorphisms are discussed in
Propositions 2.11 and 2.12 below.

Proposition 2.11. Suppose that (G, *) and (H, o) are two semigroupoids, and
assume that ¢ € Hom (G, H). Then ¢(G ) € HO. Furthermore, if ¢ is actually
an isomorphism, then ¢(G ) = H©O,

Proof. It G is empty, then there is nothing to prove. On the other hand, if a €
GO thena = a xaso¢(a) = ¢p(a xa) = ¢(a) o ¢(a). Thus ¢(a) € HO,
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proving ¢(G®) € H©. In the case when ¢ is an isomorphism, what we have
just shown gives ¢~ (H®) € G©. It follows that H® < ¢(G©), and hence
¢ (G©) = HO in this situation. O

Proposition 2.12. Given semigroupoids G, H, a function ¢ : G — H is a
(semigroupoid) homomorphism if and only if

®:G?Y» — H?, ®(a,b) := (¢p(a).p(b)) VY (a,b) e G?, (2.18)

is a well-defined mapping that is a (semigroupoid) homomorphism when G and
H® are regarded as semigroupoids in the sense explained in Example 2.8.

Proof. This is a straightforward consequence of definitions. O

We conclude our discussion of semigroupoids by proving a general structure
theorem (cf. Theorem 2.14 below). As a preamble, we revisit Example 2.7 and
generalize its main underlying principle as described in the following lemma.

Lemma 2.13. Let (S, %) be a semigroup, and assume that G is a subset of S. Then
the following two statements are equivalent:

(1) The pair (G, %) becomes a semigroupoid by considering the domain of * to be
the set G® :={(a,h) e G xG: axb e G).
(2) The following “chain conditions” are satisfied for every a,b,c € G:

axbeG and bxce G — axbxceg,
axbeG and axbxceG = bxce€Qq, (2.19)
bxceG and axbxceG = ax*xb eG.

Proof. This follows in a straightforward manner by unraveling definitions
(cf. (2.10)—(2.12)). O

The type of semigroupoid described in Lemma 2.13 is actually typical, as the
following theorem shows. This theorem reinforces the intuition that semigroupoids
are (up to isomorphisms) “incomplete” semigroups, i.e., semigroups from which a
number of elements are discarded (without violating the chain conditions for the
remaining set).

Theorem 2.14 (The structure of semigroupoids). Given a semigroupoid (G, *),
there exist a semigroup (S, o) and a set H C S with the following properties:

(1) The pair (H, o) is a semigroupoid, considering H® := {(u,v) € H x H :
uov € H} (i.e.,, H satisfies the chain conditions described in (2.19)).
(2) The semigroupoid (H, o) is isomorphic to (G, ) (in the sense of Definition 2.9).

In the proof of Theorem 2.14, presented below, we will need the following
lemma.
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Lemma 2.15. Assume that (G, x) is a semigroupoid. Then for any (a,b), (¢, d) €
G there holds

(axb,cxd)e G? < (b,c) e G?. (2.20)

Proof. Suppose a,b,c,d € G are such that (a,b), (c,d) € G®.If (axb,cxd) €
G, then (2.11) ensures that (b, ¢ x d) € G hence, further, (b, c) € G® thanks
to (2.12). This establishes the right-pointing implication in (2.20). Conversely, if
(b,c) € G, then, first, (axbh, c) € G? by (2.11), then, second, (a*b, cxd) € G?
once again by (2.11). O

We are now prepared to present the

Proof of Theorem 2.14 To set the stage, define the collection of “words” associated
with the set G (viewed as “alphabet”) by

W :={{ai,...,ay): N €N, q; e Gforalll <i < N}. (2.21)

For each word w = (aj,...,ay) € W, we will refer to N as its length and write
£(w) := N. Naturally, call two words equal provided they have the same length
and identical letters (taking into account the order in which they are listed). When
equipped with the binary operation of concatenation of words, i.e.,

(al,...,aN)®(b1,...,bM) = (al,...,aN,bl,...,bM),

(2.22)
A4 (al,...,aN), (bl,...,bM> S W,
the set W becomes a semigroup. Call a word w = (ay,...,ay) € W reducible
(modulo the semigroupoid multiplication *) provided N > 2 and there exists i €
{1,....,N — 1} such that (a;,a;+,) € G®.In such a scenario, we will say that the
word w may be contracted tow’ := {ay,....,ai—1,d; * di4+1,di4+2,....,ay) € W.
Alternatively, we will refer to w’ as being a contraction of w. Note that when a word
is contracted, in the manner just described, its length decreases by one unit. Finally,
call a word irreducible provided it is not reducible and introduce Wi, := {w € W :
w is an irreducible word}. Let us note that, tautologically,

(@) € War,  Yaeg. (2.23)

Next, for each w € W consider R(w) € W consisting of w as well as all of its
successive contractions. Specifically, for each w € W, set

R(w) :={we W : eitherw =worIwy,....w € W,k >2,

such that w; = w, wy =W,

and w; 4 is a contraction of w; for 1 <i <k — 1}. (2.24)
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Then, clearly, for each w € W we have
weRMWw) and RWw) ={w} < we Wy, (2.25)
R(W) C R(w), for every w € R(w). (2.26)
Furthermore, for any wi, w, € W we have
W1 @ Wy € R(w; ® wa), Vw, € R(wy), YWy € R(wy). (2.27)

Let us now assume that an arbitrary w = (ay,...,ay) € W has been fixed.
Regarding the structure of words in the set (2.24), an induction argument (carried
backward) on the length of the word shows that for any w € R(w) there exist
integers M € Nandiy,...,iy+; € N satisfying the following properties:

l=i1 <)<+ <ig <ipgp1 <+ <iyy1 =N+ 1,

(@i Qi —1) € GUHIT Ve efl,... M}, and

W= (ay % %Ay, Qi ke ki 1.,y ¥k AN ). (2.28)

1st letter kth letter M th letter

In addition, Lemma 2.15 and (2.12)—(2.11) show that, in this context,
WeWn < (@iy,-1.a;,,) $G?, Yke{l,...M -1} (229

Next, since @ # {£(w) : W € R(w)} C N, it follows that K := min {{(w) : W €
R(w)} is a well-defined natural number. Moreover, there exists some Wy, € R(w)
with the property that £(wWyi,) = K. Since wp;, has minimal length among all
words in R(w), it follows that wp, can no longer be contracted, so we have
Wmin € Wir. Consequently, from (2.28) and (2.29) we deduce that there exist
integers ji, ..., jx+1 € N such that

Il=j<ja<-<jk <jit1 << jgkt1 =N+ 1,
(ajk,...,ajHl_l)eG(jk+1_jk), VkG{l,...,K},
(ajk+l_1,ajk+l)¢G(2), VkE{l,...,K—l}, and

Wmin = (al*u-*ajz_l,...,ajk *---*ajk+l_1,...,ajk *---*aN). (230)

1st letter kth letter Kth letter

At this stage we make the claim that

R(w) N Wix = {Win}- (2.31)
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The fact that wy,i, € R(w) N W, has already been noted. As such, it remains to show
that if w € R(w) N Wy, then necessarily W = wy,. To this end, assume that some
W € R(w)N Wy, has been given. Thus, we may assume that w is as in (2.28) and that
(@i 15 iy ) & G@ foreach k € {1,...,M — 1}. Also, by definition, M > K.
Suppose that iy < j,. Then, on the one hand, we have that (a;,—1,a;,) ¢ GO,
On the other hand, the second line in (2.30) implies (a;,—i, a;,) € G, given that
i < j» — L. Thus, necessarily, i, > j,. In a similar fashion, we also obtain that
J» = iz, hence, ultimately, i = j,. Continuing this reason in an inductive fashion
we arrive at the conclusion that iy = ji for each index k € {2,..., K}. Having
established this, we go on to observe that if K < M, then K < M — 1, which, by
our assumptions on w (with k := K), further implies that (@ig iy —15Qigyy) ¢ GO,
On the other hand, from the second line in (2.30) and the fact that jx = ik, we
obtain (ay,...,an) € GN+1=iK) This, of course, implies (a;y,—1,@iy,,) € GO,
contradicting our earlier conclusion. This proves that, necessarily, M = K. Upon
recalling that, by design,i; = 1 = j; andig4+; = N + 1 = jpy41, it follows that
W = Wmin, completing the proof of (2.31).

As acorollary of (2.31), we see that w € W uniquely determines wy,,. Hence, we
may unequivocally talk about the contraction of minimal length of any given word.
Also, we know that this contraction of minimal length is irreducible. Moreover,
given an arbitrary w € W and w € R(w), based on (2.26) and (2.31), we may write
that {Wpin} = RW) N Wiy € R(w) N Wiy = {Wmin}. Hence, Wiin = Wmin, Which
further entails

w.o=w VweW and Yw,w' € R(w). (2.32)

In particular, since w, wyi, € R(w) for any w € W, we see from (2.32) that
(Wmin)mm = Whin, Vwe W. (2.33)
For further use, let us also remark here that

W = Wpin <= W € Wi, VYweW, (2.34)
and {(a@)min = (a), VaceQgG. (2.35)

Indeed, (2.34) is a direct consequence of (2.31), while (2.35) follows from (2.34) and
(2.23). In addition, since for any w',w” € W we have w/, ® w. € R(W ®@ w")
thanks to (2.31) and (2.27), we deduce, with the help of (2.32), that

(W W) . = Whin ® Wiin) e vw,w'ew. (2.36)

Moving on, given two arbitrary words w’, w” € W, define

def
wW~w = w. =w (2.37)

min min*
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Obviously, ~ is an equivalence relation on W and we let W/ ~ stand for the
collection of all equivalence classes of words in W modulo ~. Also, if [w] denotes
the equivalence class of a generic word w € W, then (2.33) gives

w] = [wmin], VweW. (2.38)

Let S := W/ ~ stand for the collection of all equivalence classes induced by ~ on
W, and consider the binary operation o defined on S by the formula

WoWw]:=Wwew'l, VW] W]eSs. (2.39)

Note that o is unambiguously defined since whenever w', w”, w',w” € W are such
that w' ~ w’" and w” ~ w”, it follows from (2.37) that w],, = Wi, and W/, =
w” min. Hence, based on (2.38) and (2.36), we may write

[W/ ® W//] = [(W/ ® W//)min] = [(W:nin ® ngin)min] = [(Vf‘?min ® ;V\;;min)min]
= [(v7 ® v7)mm] =W W] (2.40)

as desired. Granted what we have just proved, it follows that (S, o) is a semigroup.
The next step is to consider the family of equivalence classes of singletons
inW,ie.,

H :={[{a)]: a € G} CS. (2.41)

We claim that the set H satisfies the chain conditions formulated in (2.19). To see
that this is the case, consider a, b, ¢ € G with the property that [{(a)]o[(b)] € H and
[(b)]o[{c)] € H.Then [{(a,b)] € H and [{b,c)] € H, and hence there exist d, e €
G such that [{a, b)] = [(d)] and [{b, c)] = [{e)]. In turn, since (d), (e) € W are
irreducible (cf. (2.23)), this forces (a,b), (b,c) € G?. Consequently, (a * b, ¢) €
G by (2.10), so that

[(a)l e [{B)] o [(c)] = [{a.b.c)] = [{a xb.c)] =[{axbxc)] € H, (2.42)

as desired. Next, consider the case when a, b, ¢ € G are such that [{a)] o [(b)] € H
and [{(a)] o [(b)] o [{c)] € H. Hence, [{(a,b)] € H and [{a,b,c)] € H, so there
exist d,e € G such that [(a,b)] = [(d)] and [{a, b, c)] = [(e)]. As before, since
(d) € W is irreducible, we conclude that (a,b) € G®. In turn, this shows that
[(e)] = [{a,b,c)] = [{a % b,c)]. Then the same pattern of reasoning gives that
(a *b,c) € GP, hence, ultimately, (b,c) € G® by (2.11). With this in hand, we
may then write

[(b) o [(c)] = [(b.c)] = [{b xc)] € H, (243)

which shows that the analog of the second line in (2.19) holds in the current
situation. Finally, the analog of the third line in (2.19) is verified in a similar manner,
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and this completes the proof of the fact that the set H satisfies the chain conditions.
Thus, in light of Lemma 2.13, considering

H® = {([{a)].[(5)]) : [(a)]. [(b)] € H such that [{a)] o [(b)] € H}

= {{[(a)).[(B)]) : (a.b) € G} (2.44)
turns (H, o) into a semigroupoid. There remains to check that the mapping
¢:G— H, ¢(a):=[{a)] Yaegq, (2.45)

is a semigroupoid isomorphism (in the sense of Definition 2.9). To this end, observe
that whenever (a,b) € G®, we have (¢(a), (b)) = ([(@)].[(b)]) € H® by
(2.44), and

p(a)op(b) = [{a)] o [(b)] = [(a.b)] = [{a x b)] = p(a xb).  (2.46)

Hence, ¢ is a semigroupoid homomorphism. By design, ¢ is surjective. In addition,
if a,b € G are such that ¢(a) = ¢(b), then [(a)] = [(b)], and hence (a) =
(@min = (P)min = (b) by (2.35) and (2.37). In turn, this forces a = b,
which shows that ¢ is also injective. Moreover, this reasoning proves that the
inverse ¢~! : H — G of the bijective function ¢ is meaningfully given by
¢~ '([{@)]) := a for any [(a)] € H. Much as in the case of ¢, the function ¢!
is also a semigroupoid homomorphism. All in all, the mapping ¢ in (2.45) is a
(semigroupoid) isomorphism, and this completes the proof of the theorem. O

It is also worth recording a version of Theorem 2.14 that avoids involving a
semigroupoid isomorphism and that may be viewed as a completion procedure
turning semigroupoids into semigroups in a canonical manner.

Theorem 2.16 (Completing semigroupoids to semigroups). For any given semi-
groupoid (G, *) there exists a semigroup (G, * ) with the property that

G CG and a¥b =a*b whenever (a,b) € G?, (2.47)

i.e., the inclusion map ¢ of G into G is well-defined and belongs to Hom (G, 5)

Furthermore, a completion procedure associating to any semigroupoid a semi-
group related to it as in (2.47) may be devised so that the following properties are
satisfied:

(i) A semigroupoid (G, *) is a semigroup if and only if G = G.

(ii) Given any two semigroupoids (G, *) and (H, %), any semigroupoid homo-
morphism ¢ : G — H may be extended to a semigroup homomorphism
5: G — H.

(iii) For any three semigroupoids Gy, G, G3 and any two semigroupoid homomor-
phism ¢ : Gy — Go, ¥ : Gy — G, it follows that o ¢p = Fl/‘/’ 05.

(iv) In the context of (ii), if ¢ is a semigroupoid isomorphism, then 5 is a semigroup
isomorphism.
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Proof. Utilizing notation employed in the proof of Theorem 2.14, observe first that
{{a) : a € G} C Wi, and that {[w] : w € Wi} is a listing, without repetitions,
of all elements in S. Then the idea is to define G as the set obtained from this
description of S by relabeling [(a)] simply as a forany a € G, i.e.,

G :={wl:we Wy and L(w) > 2} UG, (2.48)
disjoint union. This definition guarantees that G C G and that the function

VG —S  yw=1" ifueG\G. & (2.49)
-G — S, = eaG, )
! [(u)] if u € G, !

is a bijection. For this portion of the proof, let o stand for the semigroup multiplica-
tion on S; cf. (2.39). We then define the binary operation * on G according to

uFv =y (V) o Y (v), Yu,veG. (2.50)

The pair (5,?5) is then a semigroup and, for any (a, b) € G, there holds

axb =y~ (Y(a) oy () =y ([{a)] o [(B)]) = v ([{a.)])
=y ' ({axb)]) =axb, (2.51)

as desired. This justifies the claim made in the first part of the statement of the
theorem.

Let us consider now the properties of the completion scheme described pre-
viously for the semigroupoid (G, x) [cf. (2.48)] in greater detail. In doing so,
whenever convenient, we will not distinguish between G and S (i.e., agree to
identify [(a)] with a, for each a € G). Obviously, if G = G, then (G, ) is a
semigroup. Conversely, if (G, *) is a semigroup, then G® = G x G and, hence,
Wi = {{a) : a € G}. Then (2.48) shows that G = G. This completes the proof of
the claim in item (7).

To set the stage for dealing with the claim in item (ii), let (G, *) be a
semigroupoid and, in a first stage, assume that (H, x) is a semigroup. Given a
semigroupoid homomorphism ¢ : G — H, we note that for any a;,...,ay € G
and for any integers M € Nand iy,...,ipy+1 € N satistying

l=i1<i)<- - <ig <igg1 < <iyy1 =N +1,
S (2.52)
and (aj,,....a;,,—1) € GUH Vi e{l ... M}

we have

M
pla) * - xplay) = [ | plai *--*ai 1), (2.53)
k=1
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where the product on the right-hand side is taken in (H, x). In concert with the
structure of words in R (w), for a generic w € W, described in (2.28), this allows us
to conclude that

$ar) »---x plan) = ¢p(br) * -+ x ¢(bu)

(2.54)
whenever (by,...,by) € R((al,...,aN)).
In turn, this further implies that
ap) x---x@(a =od(b)) *x---xd(b
¢(ar) ¢lan) = ¢(b1) ¢ (bum) (2.55)

whenever (b, ...,by) ~ {ai,...,ay)

since (b], - ,bM>min = (611, ... ,aN)mm [S R((al, - ,aN)) n R((bl, el bM)) in
such a case. o
Property (2.55) permits us to unambiguously define ¢ : G — H by setting

¢([(a1,..,,aN)]) =¢(ay) x---xplay), Vai,...,ay € G. (2.56)

It may then be readily verified that 5 is a semigroup homomorphism, which
extends ¢. This proves the claim in item (ii) in the particular case when (H, *)
is a semigroup.

Having dealt with this special case facilitates the treatment of (ii) in its full
generality, i.e., when (H, ) is merely a semigroupoid. Indeed, if (H,*) is the
semigroup associated with (H, x) as in the first part of the proof, then, as already
noted, : : H < H isa semigroupoid homomorphism. Then, thanks to item (i) in
Remark 2.10,t0¢ : G — Hisa semigroupoid homomorphism and, since (H *)
is a semigroup, what we have just proved in the previous paragraph allows us to
extend ¢ o ¢ to a semigroup homomorphism L/g-(;ﬁ : G — H. Since this continues
to be an extension of the original ¢, the desired conclusion follows. This completes
the proof of the claim made in item (i), though we wish to make one last remark
in connection with (i7). Specifically, since we agreed to make the identifications
[(a)] = a foreach a € G and [(b)] = b for each b € H, for the extension a of ¢
constructed previously (cf. (2.56)) we may write

o(l{ar,....an)]) = ¢([lar)] o -+ o [{an)]) = ¢([{a1)]) o+~ 0 §([{aw)])
= p(ar) *---*play) = [(¢p(@))] oo [(pan))]
= [{p(a1),....d(an))] (2.57)

foranyay,...,ay € G.

Finally, the claim made in item (iii) is a direct consequence of (2.57), whereas
the claim made in item (iv) is a simple consequence of (iii) and (if) applied both to
the function ¢ and to the function ¢—". O
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2.1.2 Groupoids

The concept of groupoid, generalizing that of group, is defined as follows.

Definition 2.17. A groupoid is a triplet (G, *, (-)~") with the property that
(G, *) is a semigroupoid and (-)~! : G — G is a function subject to the following
two axioms:

(i) Foreverya € G the products a™! * a and a * a~' are meaningfully defined.

(ii) If a,b € G are such that a * b is meaningfully defined, then a * b * bl =a
anda 'xaxb=>h.

While a variety of examples of groupoids will be presented shortly, for the time
being we record an intuitively simple example that mimics, in the abstract, the
groupoid structure associated with the collection of all geometric vectors in R”,
regarded as physical arrows.

Example 2.18 (Vector groupoids). Let V be the collection of “vectors” v, infor-
mally thought of as arrows, uniquely determined by a source, denoted by s(¥), and a
target, denoted by #(v). Consider a partially defined binary operation “+” such that
two vectors v, w € V can be added if and only if #(v) = s(w), in which case v + w
is the arrow with source s(v) and target 7(w) (assumed to be in V). Also, define
—7, the inverse of a vector ¥ € V, as being the arrow with source 7(v) and target
s(v) (assumed to be in V). Then (V, +, —) is a groupoid, referred to as a vector
groupoid.

An equivalent way of expressing axioms () and (i7) in Definition 2.17, which is
more reminiscent of the manner in which the usual group axioms are postulated, is
as follows:

(i) One has
aeG = (a'a), (a.a')eG?, (2.58)
(ii") Foreverya,b € G
(a.b) eGP = axbxb'=a and a'xaxb=>b. (2.59)
For an arbitrary subset A of a groupoid (G, *, (-)~') define
AVi={a"" ae A, (2.60)

and call A € G symmetric if A = A~!. Several useful identities valid in a
groupoid (G, *, (-)~!) that are consequences of axioms (i’) and (i) are collected in
the next lemma.

Lemma 2.19. Let (G, *, (-)~") be a groupoid. Then the following relations hold:
(a.b) e G? < a,beGanda ' xa=bxb"", (2.61)

(a,c),(b,c) eGP andaxc=bxc = a=>h, (2.62)
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(c.a),(c.,b) eGP andc*a=c*b = a=b, (2.63)
@ '=a, Vaed, (2.64)
(a.h)eG? = b ' aYeGPand(@xb)' =b""xa"!, (2.65)
(a,bHeG?® = axb'sb=aandaxa ' xb=0>b, (2.66)
(a.c), (c7'.b) e G?P = (a,b), (axc.c”' xb) € G? and
axb=(axc)x( ' xb). (2.67)

Proof. Implications (2.62) and (2.63) follow directly from the cancellation proper-
ties in (2.59). To justify (2.64), write the first identity in (2.59) with b = a”' to
obtain a * a~! x (a~')™' = a. Multiplying both sides of this identity to the left
by a~! and using the second identity in (2.59) written for 5 = a~' we obtain that
a” ' % (a=")™' = a~! % a. This and (2.63) allow us to conclude that (2.64) holds.

To justify (2.65) for any (a,b) € G, we write, based on the cancellation
property (2.59), that (a * b) ™' xa = ((a xb) ™' xa) x (bxb~") = ((a *b) "'«
(axb))*b~" = b~". This shows that (b~',a™") € G, and, once again appealing
to (2.59), we obtain (@ xb) ™' = (axb) ' xaxa”! = b~ xa”!, as desired. Going
further, (2.66) is a consequence of (2.59) and (2.64).

Let us now check the equivalence in (2.61). In one direction, if (a,b) € G2,
then ¢ := a * b € G is well defined and @ = ¢ * b~! by (2.59). Based on this,
(2.64), and the cancellation property (2.59), we may then write a ' xa = (b~1) 7! %
¢ 'scxb™! = bxb!, as desired. Concerning the opposite direction, assume that
a,b € G are such thata™' x a = b * b~ Since, by (2.10), (a,a™' xa) € G?, it
follows that (a, b xb~") € G® . Giventhat (bxb~ ', b) e GP andbxb~'xb =b
by (2.66), this further implies that (a, b) € G®, by virtue of (2.10).

Finally, (2.67) follows from (2.59) and the associativity of the partial multiplica-
tionon G. O

An equivalent way of introducing the concept of groupoid that makes no
reference to the notion of semigroupoid is presented below.

Remark 2.20. A groupoid is a triplet (G, *, (-)~'), where G is a nonempty set, * is
a partially defined binary operation on G, and (\)™! : G — G is a function such
that, with G := {(a, b) € G x G : a * b is meaningfully deﬁned}, the following
axioms are valid:

(i) [Associativity]If (a,b) and (b,c) are in G, then so are (a * b, c) and
(a,b*c),and (a x b) *xc = a * (b *c).

(i) [cancellation] Forevery a € G it follows that (a,a™"), (@', a) € G?,
and if (a,b) € GP thena™' x (a xb) = b and (a *b) x b~! = a.

Moving on, given an arbitrary nonempty set X, call a subset Z of X x X the
graph of an equivalence relationon X provided
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diag(X) :=={(x,x): x e X} X2, (x,y)€Z= (y,x) €Z,

and (x,2),(z,y) € Z = (x,y) € Z. (2.65)
Hence, if (G, *, (-)7") is a groupoid and GR, G* € G x G are defined as

GR={a.b)eGxG: (a,b7") e G}, (2.69)

Gri={(a.b)eGxG: (a',b) e G}, (2.70)

then it follows from (2.64)—(2.67) that
each of the sets GR and G is the graph of an equivalence relation on G. (2.71)

Finally, define the unit space of the groupoid G as the collection of idem-
potent elements in G, i.e., the set G® from (2.16). Unlike groups, the unit space
can be quite large, given that the groupoid multiplication is only partly defined. In
fact, a groupoid G is actually a group if and only if its unit space G'? is a singleton.
Combining this with identity (6) in Proposition 2.21, it follows that

if G is a groupoid, then G® = G x G <= G is a group. (2.72)

Some of the properties of G that are of relevance for our work are singled out
next.

Proposition 2.21. Let (G, *, (-)~!) be a groupoid, and let G be as in (2.16). Then
the following properties hold.

(1) GO :={axa':aeG={a"*a:aecG)

(2) Ifa € GO, thena™ = a.

(3) If (a,b) € G?, thena x b = a ifand only if b € G©.
(4) If (a,b) € G®, thena x b = b ifand only ifa € G©.
(5) Foranya,b € G we have

(a.b)yeGRandaxb™ eGP & a=b & (a.b) e G anda™ xb € G,
(2.73)
6) (GO x GO)YN G = diag (GO).

Proof. If a € G©, then (a,a) € G® and a * a = a. Hence, if we use (2.59),
then we may writta = a*axa™' =axa'anda =a ' xa*xa =a"' *a.
This proves that G© is included in the two sets described in (1). Suppose now that
a € G is arbitrary, and let b := a * a~'. Then (2.67) implies (b,b) € G? and
bxb=axa' = b, thush € GO, Similarly, if c := a~! * a, thenc € G©.
This completes the proof of (1). The statements in (2)—(5) can be easily seen from
(1) and definitions. One inclusion corresponding to the equality in (6) is immediate
from the definition of G©, while the other follows from (3) and (4). o
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Remark 2.22. Let (G,*) be a groupoid. By naturally regarding this as a
semigroupoid, we may associate to it the semigroup (S, o) as in the proof of
Theorem 2.14. Employing notation introduced on that occasion, we may then define

[(ar.....an)] 7" = [lay's .. .oa7 )], Vai,....ay €G. (2.74)

Thanks to (2.66), it follows that this definition is unambiguous. Also,
(™) =] and (W]o[w']) " =T oWl ¥[Wwl.W].WeS.
(2.75)

by Lemma 2.19. Next, call [w], [w”] € § 1inkable provided the pair consisting
of the last letter in the word w’ and the first letter in the word w” is composable
in (G, *). Relying on Lemma 2.15 it is not difficult to see that this definition is
unambiguous. Recall H from (2.41). Then, in addition to (2.75), the operation
defined in (2.74) satisfies, for any [w], [W'] € S,

W™ o[w]o[w]=[w] <= [w] € H and [w],[w] are linkable. (2.76)

We continue by adopting the following convention.

Convention 2.23. Given that any groupoid is a semigroupoid, it is agreed that
the notions of homomorphism and isomorphism for groupoids will retain the same
significance as in the previous setting (cf. Definition 2.9).

An example of a groupoid homomorphism that will play a significant role later
is described in the next remark.

Remark 2.24. Let (G, *, (-)™") be a groupoid, and set V := {v, : a € G}, where
foreacha € G the object v, is considered a vector with source s(v,) := a*a~' and
target 7(V,) := a~' * a. It is then possible to organize this set as a vector groupoid
(V, 4, —) as in Example 2.18. If we now introduce the mapping

Gsawrv, eV, (2.77)
then, based on (2.61), we may write
@.bh)eG?® o alsxa=bxb™! & t(V) =s5(p) © (g, vp) € VP
(2.78)
and
Vaxo = (@*xa”' b7 % b) =V, + V5, V(a.b) eGP, (2.79)
As a consequence, the mapping (2.77) is a groupoid homomorphism.

Remark 2.25. Let (G,*,(-)"") be a groupoid. Remark 2.24 suggests that it is
natural to consider the source and target mappings s, ¢ defined by

s,t :G— G, s(a):=a xa !, t(a) := a'xa, VYaced. (2.80)
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Then some of the basic algebraic properties enjoyed by the groupoid G naturally
translate into properties of the source and target mappings just defined. More
precisely, the following statements are true.

(1) Forevery a,b € G we have (a,b) € G? if and only if 1 (a) = s(b).

(2) If (a,b) € GP, then s(a * b) = s(a) and t(a * b) = t(b).

(3) Ifa € G, thens(a) =t(a ') and t(a) = s(a™").

4) If a € G, then s(a),t(a) € G©. In addition, if a € G, then s(a) = a and
t(a) =a.

(5) Ifa € G, then (s(a),a), (a,t(a)) € GP,s(a) ¥a =a,and a * t(a) = a.

Indeed, (1) is a consequence of (2.61), the equalities in (2) follow from (2.58),
(2.11), and (2.59), while the statement in (3) is based on (2.64). The first part of
(4) follows from (1) in Proposition 2.21, whereas the second part of (4) is seen
by combining (2) in Proposition 2.21 with (2.16). Finally, (5) is a consequence of
(2.58) and (2.66).

An equivalent characterization of groupoids, in the spirit of the original definition
of Brandt [21] and which avoids direct references to semigroupoids, inverses, and
cancellation properties, is as follows.

Proposition 2.26. Let G be a nonempty set equipped with a partially defined binary
operation “x” and, as before, denote by G® the collection of composable pairs
in G. Then there exists an inversion (-)~' on G such that (G, *, (-)~") becomes a
groupoid in the sense of Definition 2.17 if and only if the following five axioms are
satisfied:

(1) Foreverya € G there exist unique elements ay,a, € G such that (ay, a), (a,az)
belong to G® anda; *a = a = a * a,.

(2) If (a.b) € G anda xb = a, orif (b,a) € G? and b *x a = a, then
(b,b) € GP and b x b = b.

(3) For every a,b € G there holds (a,b) € GP if and only if there exists ¢ € G
such that (a,c), (c,b) € G® anda xc = a, c xb = b.

(4) Ifa,b,c € G are such that (a,b), (b,c) € G, then (axb,c), (a,bxc) € G®
and (a x b) x ¢ = a x (b * ¢).

(5) Ifa,d,5 € G are such that (d,a),(a,é) eGPandd*xa=a=ax 5, then
there exists b € G such that (a,b), (b,a) € G® anda xb = G andb xa = a.

Proof. If there exists an inversion (-)~! on G such that (G, *, (-)™') becomes a
groupoid in the sense of Definition 2.17, then the five conditions in the statement of
the proposition are readily verified based on the algebraic properties of groupoids
discussed earlier. The crux of the matter is dealing with the implication in the
converse direction. To this end, assume that properties (1)—(5) listed in the statement
hold, and introduce G© as in (2.16). Next, for each a € G define o(a) := ay,
t(a) := a,, where a,a, € G are (uniquely) determined by a € G as in axiom
(1). Translating axioms (1)—(3) in the language of the mappings o, t : G — G then
yields the following properties:
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o(a),7(a) e G?, Vaceg, (2.81)
o(@)=1(a)=a, VaeG?, (2.82)
(o(a),a),(a.1(a)) e GP ando(a) xa=a=axt(a), YaecG, (2.83)
(a.b) € G? ifand onlyifa,b € G and o (b) = 7(a). (2.84)
Note that, in concert, (2.81) and (2.82) entail that the mappings o, T are involu-
tive, i.e.,

o(o(a)) =o0(a) and t(r(a)) = t(a) forevery a € G. (2.85)

In addition, based on axiom (1) it may also be verified that
o(a*b)=0(a) and t(a xb) = t(b) forevery (a.b) € G?. (2.86)

Going further, observe that axioms (1) and (5) tell us that

for every a € G there exists some b € G such that
(2.87)
(a.b),(b,a) € GPando(a) =a*b,t(a) =b*a.

We claim that » € G in (2.87) is uniquely determined by the choice of a € G. To
prove this claim, assume that @ € G has been fixed and that b, ¢ € G are such that

(a.b),(b,a) e GP ando(a) =axb,t(a) =b *a,
(2.88)
(a.c),(c,a) e GPando(a) =axc,t(a) =c *a.

Then t(b) = t(a * b) = t(0(a)) = o(a), by (2.86), (2.88) and (2.81), (2.82). In a
similar manner, we also obtain that 7(c) = o(a). Keeping these, as well as (2.88),
in mind we may then write

c=cxt(c)=cx*xo(a)=c*x(@*xb)=(cxa)*b
=t(a)xb=(bx*xa)xb=bx(axb)=bxo(a)=bxt(b)=0>b, (2.89)
where we have also made repeated use of the associativity axiom (4) and
property (2.83). This completes the proof of the claim made just after (2.87).
Granted this, it follows that it is unambiguous to define the inverse of @ € G as

a ' :=bifb € G isrelated to a € G as in (2.87). In this notation, (2.87) then
reads

(a.a™"),(@",a) e G? and o(a) =axa™', t(@)=a'%a, VaeG.
(2.90)

There remains to show that (G, , (-)™') is a groupoid, and a convenient way to
do so is to check properties (i) and (i7) listed in Remark 2.20. In fact, since
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the associativity axiom (i) coincides with the current axiom (4), it is only the
cancellation axiom (i7) that concerns us. As a way to justify this, we make the
following claim:

foreverya € G and b € G such that (a,h) € G® onehasa b =bh. (2.91)

To see that this is the case, note that if a € G© and b € G are such that (a,b) €
G, then t(a) = o(b) by (2.84). In turn, based on this and (2.82), we conclude
that a = o(b). Hence, a x b = o(b) x b = b, by (2.83), completing the proof of
(2.91). With this in hand, given (a, b) € G, we may write

a'sxaxb=1(a)xb=h, (2.92)

where we have also made use of (2.90) and (2.81). This completes the verification
of the first identity in part (ii) of Remark 2.20. The second identity in part (ii)
of Remark 2.20 is checked in a similar fashion; hence the conclusion is that
(G, *,(-)™") is a groupoid. O

In the context of Remark 2.24, it may be verified directly that —v, = ¥,
for every a € G. As proved below, this is no accident since it turns out that any
groupoid homomorphism intertwines inverses. Based on this, it is then possible
to show that a groupoid homomorphism is an isomorphism if and only if it is a
bijection. Concretely, we have the following proposition.

Proposition 2.27. Suppose (G, *, («)_1) and (H, o, [-]_1) are two groupoids, and
assume that ¢ € Hom (G, H). Then the following assertions are valid.

(1) [p@]™" = ¢(a™") foreverya € G.
(2) ¢ is a groupoid isomorphism if and only if ¢ is a bijection.

Proof. To prove (1), fix a € G arbitrary. Then, since by (2.58) we have (a,a™!) €
G, it follows that (¢ (a),p(a™")) € H? and p(a xa™') = ¢(a) o p(a™"). Note
that by (2.10), this entails ([¢(a)] ™", ¢(a * a~')) € H®. Composing both sides of
the last identity with [¢(a)] ™" we further obtain, on account of (2.59),

[p@)] ' opaxa™)=[p@)] ' op@opl@)=¢@ ). (293

On the other hand, since a xa~' € G, Proposition 2.11 gives that ¢ (a xa~") €
H®O_ which, in combination with part (3) of Proposition 2.21, further yields that
[p(@)] ' op(a*a') = [¢p(a)]”!. Now the identity stated in (1) follows from this
and (2.93).

It is immediate from the definition that if ¢ is an isomorphism of groupoids,
then ¢ is bijective. Conversely, suppose that the homomorphism ¢ is bijective.
To conclude that ¢ is an isomorphism, we need to show that ¢~! is a homo-
morphism. Let (u,v) € H®. Then there exist a,b € G such that u = ¢(a)
and v = ¢(b). By (2.61), we have [¢p(a)]™' o ¢p(a) = ¢(b) o [¢p(b)]”". On the
other hand, (@', a), (b,b™") € G®, and since ¢ is a homomorphism, we have
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da ' xa) = [p@)] ' op(a)and ¢p(b x b~') = ¢(b) o [¢(h)]~"'. Consequently,
¢(a"'*a) = ¢(b*b"). The latter, in combination with the fact that ¢ is injective,
implies a~! *a = b+ b~!. Returning with this to (2.61) it follows that (a, b) € G?®.
Furthermore, since ¢ is a homomorphism, ¢ (a xb) = ¢(a)o¢p(b) = uov. Applying
¢! to this identity we obtain ¢! (uov) = a*xb = ¢~ (u) *¢ ' (v). This completes
the proof of the fact that ¢! is a homomorphism and, with it, the proof of part (2).
O

Remark 2.28. Suppose (G, *, (-)_1) and (H, o, [-]_1) are groupoids and assume ¢ :
G — H is a homomorphism. Then

(G = HO NImg, (2.94)

where Im¢ := ¢(G) denotes the image of the function ¢. In particular, we have
(GO C HO and ¢(G) = HO if and only if H® C Im ¢.

To see why the equality in (2.94) holds, first note that, based on Proposition 2.11, we

have ¢(G©) € HO hence ¢(G©) € HONIm¢. Conversely,if u € H®NIm ¢,
then there exists a € G such that u = ¢(a) and u o u = u. Consequently,

u=uofu ' =¢@olp@)] " =¢@op@ ) =¢@xa), (295

and since a xa~' € G, it follows that u € ¢(G®). Thus, H® NIm¢ < ¢(G©),
so that, ultimately, (2.94) holds.

Below we present several examples of groupoids. The aim here is twofold. On
the one hand, such a list underscores the thesis that groupoids occur naturally and
frequently in practical situations. On the other hand, this is intended to help the
reader better understand the salient features of the abstract definition of groupoids.
The first two examples illustrate the fact that the fundamental notions of group and
set occur as particular, extreme cases of groupoids.

Example 2.29 (Groups). Any group can naturally be regarded as a groupoid.

Example 2.30 (Sets). Any set X carries a groupoid structure, namely, (X, *, (-)71),
where X@ := diag (X) and x * x := x, x~! := x forevery x € X.

Example 2.31 (Groupoid induced by an equivalence relation). Let X be an arbi-
trary, nonempty set, and let G € X x X be the graph of an equivalence relation on
X . Then the triplet (G, *, (-)~!), where

G? :={((x.y).(zw) € GxG:y=z} and

(2.96
(0, ) * (row) 1= (ow), Y ((x,9). (0. w) € G2, :

and
(x, )" i=(,x),  Y(x.y)€G, (2.97)

is a groupoid. Note that in all cases, G© = diag (X).
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The special cases when G := X x X and G := diag (X) yield, respectively,
the pair groupoid and the diagonal groupoid associated with the set X.
The latter groupoid is isomorphic (in the sense of Definition 2.9) with the groupoid
associated with the set X from Example 2.30.

It is worth pointing out that the groupoid induced by an equivalence relation on
a set is isomorphic to a vector groupoid (as described in Example 2.18).

Example 2.32 (Brandt groupoids). Assume that X is an arbitrary, nonempty set and
that (H, o) is a group. Set G := {(x,a,y): x,y € X anda € H}, consider
G? :={((x,a,2),(zb,y)): x,y.z€ X anda,b € H}, (2.98)

and define

(x,a,2) * (z,b,y) := (x,aob,y), V((x.a,2),(z.b,y)) €GP, (2.99)
(x.a,y) V= (a7t x), V(x,a,y) €G. (2.100)

Then (G, *,(-)"!) is a groupoid. Any groupoid isomorphic (in the sense of
Definition 2.9) to (G, *, (-)7!) is called a Brandt groupoid.

It is clear from the definitions given previously that any pair groupoid is a Brandt
groupoid. Our next three examples give recipes for constructing new groupoids from
older ones.

Example 2.33 (Direct sums of groupoids). If (G, *, (-)™") and (H, o, []™!) are two
given groupoids, then the semigroupoid G @ H defined in Example 2.6 becomes a
groupoid if we define (a,b)™! := ((a)~'.[b]™") for every (a.h) € G x H.

Parenthetically we note that, in the context of Example 2.32, G is isomorphic to
(X x X)@® H. The manner in which a given groupoid can be contracted via a subset
of its unit space is illustrated below.

Example 2.34 (Contractions of a groupoid). Let (G, *, (-)_1) be a groupoid, and
let E be an arbitrary nonempty subset of G©). Then the subset G | g of G, defined as

G|, ,={aeG:a'xacE axa'€E} (2.101)

can be given a natural groupoid structure by taking (G | E)(Z) = (G | xG | E) nG®
and by considering the restrictions to G ‘ . of the groupoid operations on G. Call
(G| 4. *.()7") the contraction of G by E.

Example 2.35 (Groupoid of composable pairs). Let (G, *, (~)_1) be a groupoid,
and recall the semigroupoid (G®, o) constructed as in Example 2.8. Equipped
with the inversion (a,b)™" := (a * b,b™") for each (a,b) € G, we have that
(G, 0, (-)7") becomes a groupoid.
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We continue our discussion by presenting the definition of the fundamental
groupoid associated with a topological space.

Example 2.36 (Fundamental groupoid). Assume that (X, 7) is a topological space.
Define the fundamental groupoid (IT(X), *, (-)~") by taking IT(X) to be the set of
equivalence classes (homotopy classes of continuous paths in X)

I(X) :={y : [0,1] - X : y continuous} /~, (2.102)

where for two continuous paths y;, ¥, in X we write y; ~ y, if there exists a
homotopy between y; and y, fixing the endpoints (cf., e.g., [24, Sect. 6.2, p. 207]).
Denote by [y] the equivalence class of y, and define

(MX)N? == {(n]. [r2) € (X)) x TI(X) : y1(1) = »2(0)},  (2.103)

and for each ([y1]. [y2]) € (I1(X))® set [y1] * [y2] := [y1 * y2], where y; * y, is the
concatenation of y; with y, as in (2.3). Finally, for [y] € I1(X) define

yI7' = [y 'l e I(X), where y '(t):=y(1—1), Vtel0,1]. (2.104)

Example 2.37 (Bundle of groups). Let U be an arbitrary set, and let {I', },cv be a
family of groups indexed by U. Consider G := {(u,a) : u € U, a € I',}, called a
bundle of groups over the set U. Furthermore, define

GO .= {((u,a),(v, b)) eGxG:u= v}, (2.105)

and set (u,a) * (v,b) := (u,a o b) for every ((u,a), (v,b)) € G@ and (u,a)™" :=
(u,a™") for every (u,a) € G, where o denotes the composition in the group I, and
a~!is the inverse of ¢ in T',. Then (G, *, (-)~!) is a groupoid.

Example 2.38 (Transformation groupoids induced by groups). Let I' be a group
acting on a set X from the right, and, given x € X ando € I', denote by x - o € X
the transformation of x by «. Set G := X x I', and define

G = {((x.@).(.$) €GxG: x-a =yl (2.106)

For every ((x,oc),(y,,B)) € G? set (x,a) * (y,B) = (x,aB), and for every
(x,a) € G set (x,a)”! := (x - a,a”!). Then (G, *,(-)"") is a groupoid (the
transformation groupoid determined by the action of I' on X). Note that in such
asetting, G = X x {e}, where e is the neutral element in T.

There is an abundance of transformation groupoids induced by actions of groups
on sets, generated according to the abstract scheme described in Example 2.38. Here
are a couple of examples.
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Example 2.39. (i) Given an arbitrary, nonempty set X, define G as the collection
of triplets (p, ¢, p'), where ¢ : X — X is a bijective function and p, p’ are
quasidistances on X with the property that

p'=pog, ie, p'(x,y) = pd(x), () Vx,yeX. (2107

Two such triplets (o1, ¢1, p}) and (p2, ¢2, p5) are said to be composable if p| =
02, in which case we define (p1, ¢1, p})* (02, d2. p3) := (p1. P10¢, p5). Finally,
for every (p, ¢, p') € G set (0, ¢, p )" := (0'.¢7 ", p). Then (G, *, ()" isa
groupoid.

(ii) Assume that M is a smooth differentiable manifold, and define G as the
collection of triplets (g, ¢, g’), where g, g’ are smooth Riemannian metrics on
M and ¢ is a diffeomorphism of M that takes g to g’ (i.e., g’ is the push-
forward of g into g’). Then, with %, ()~ defined analogously to part (i) of this
example, (G, *, (-)~") is a groupoid.

An example of a groupoid that does not fall under the scope of any of the previous
constructions is the so-called Deaconu—Renault groupoid described next.

Example 2.40 (Deaconu—Renault groupoids). Let X be a compact, Hausdorff
topological space, and assume that 0 : X — X is a covering map. Define

G:={(x.,n,y) e XxZxX:3k LeZ,sothatn =k —{, o¥x =o'y}.
(2.108)
Then, if G® := {((x,n,y),(w,m,2)) € G x G : y = w} and

(x.n,y)* (y.m.,2) == (x,n +m.2) Y ((x,n.y),(y.m.z)) € G?
(2.109)
and ()c,n,y)_l = (y,—n,Xx), V(x,n,y) €qG,

it follows that (G, *, (-)™') is a groupoid.

Example 2.41 (Isomorphism groupoid of a fibered set). Let X,U be sets, and
suppose w : X — U is a surjective function. For each u € U call the set
X, := 7w~ ({u}) the fiber over u. Furthermore, define

Iso(X,7,U) := {(u,p,v): u,v € U and ¢ : X, — X, bijective}, (2.110)

and if (u,¢,v), W', ¢’,v) € Iso(X,w U), then say that they are compatible
provided v = ', in which case set (u,¢,v) ® (u',¢',V) = (u, ¢’ o ¢,V).
Also for each (u,¢,v) € Iso(X,m, U) define (u,¢,v)"" = (v,¢~',u). Then
(Iso (X, m.U),e, ()7 ") is a groupoid called the isomorphism groupoid of the fibered
set X.

A more general scheme for constructing groupoids that contains as particular
cases both the bundle of groups from Example 2.37 and, up to isomorphisms, all
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the Brandt groupoids from Example 2.32 (see the comments in Remark 2.43) is
described below. Indeed, as discussed later in Theorem 2.54, this constitutes the
“blueprint” according to which all groupoids can be generated.

bl

Example 2.42 (Group bundles over equivalence relations). Let X be a set, ©“ ~’
an equivalence relation on X, and I' := {I'¢}¢cx/_ an arbitrary family of groups
indexed by the equivalence classes induced by ~ on X . Consider the set

H = {(x,g,y) &€ X/suchthatx,y e fand g € FE}, 2.111)
and introduce
H? :={((x,g.9).(z.h,w)) e Hx H : y =z}. (2.112)
Also, define

(x,g.y) * (zh,w) = (x,g - h,w), V((x.g.7).(zhw)eH?, (2113)
(x.g.y) ' =0.g"x), Y(x,gy e€H, (2.114)

where, if £ denotes the equivalence class of x, y, then g - & stands for the product
of g,h € I't and g~' € T denotes the inverse of g in Is. Then (H,*,(-)"!) is a
groupoid to be denoted by [X, ~, {Fg}geX/N]-

Remark 2.43. In the context of Example 2.42, when the equivalence relation ~ is
such that its graph is X x X, in which case there exists a unique class of equivalence
and thus the family of groups reduces to one group I', the groupoid [X ,~, {Fg}g]
is the Brandt groupoid X x I' x X. On the other hand, if the equivalence relation
~ is such that its graph is diag (X), then [X ,~, {FE}E] becomes the bundle of the
family of groups {I'¢ }¢ (which can be thought of as being indexed by the elements
of X).

In summary, the notion of groupoid generalizes that of set, group, equivalence
relation, transformation group, etc. In this vein, let us note that, remarkably, a
groupoid contains many (generally speaking) different groups, in a natural fashion.
Specifically, the following result holds.

Proposition 2.44. Let (G, *, (-)_1) be a groupoid, and for each a € G define
Se=Gl,=eG:b xb=a=bxb""}. (2.115)

Then, with the groupoid operations inherited from G, (Sy, *, (-)~") becomes a group
whose neutral element is a € S,.

Proof. This is clear from definitions, (2.61), and Proposition 2.21. O

We continue by discussing the concept of subgroupoid.
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Definition 2.45. Let (G, *, (-)_1) be a groupoid. Call H a subgroupoidof G if
the following conditions are satisfied:

(i) GO c HCG.
(ii) Forevery (a,b) € (H x H)N G® there holdsa x b € H.
(iii) Foreverya € H thereholdsa™' € H.

Remark 2.46. (1) Note that if H is a subgroupoid of groupoid G, then
(H.x,()7"), where H® := (H x H) N G, becomes itself a groupoid,
and HO = GO,

(2) Let (G, *, (-)_1) be a groupoid, and let E be an arbitrary nonempty subset of
G©. Then the groupoid G|, the contraction of G by E (cf. Example 2.34),
is a subgroupoid of G if and only if E = G (in which case G|, actually
becomes G itself).

Our next result catalogs all subgroupoids of a given pair groupoid.

Proposition 2.47. Let X be an arbitrary set, and assume that G € X x X. Then

G is a subgroupoid of G is the graph of (2.116)

the pair groupoid X x X an equivalence relation on X .

Proof. The right-to-left implication follows from Example 2.31 and Definition 2.45.
Conversely, suppose now that G is a subgroupoid of the pair groupoid X x X. Since
(X x X)© = diag (X), it follows that diag (X) € G C X x X. Also, if (a,b) € G,
then (b, a) = (a,b)™" € G by (iii) in Definition 2.45. Finally, if (a, b), (b.c) € G
then (a,c) = (a,b) * (b,c) € G by (ii) in Definition 2.45. Hence, G is the graph
of an equivalence relation on X. O

We continue by identifying a distinguished subclass of homomorphisms between
two given groupoids whose relevance will become more apparent in Proposi-
tion 2.50 below.

Definition 2.48. Let (G, *,(-)~") and (H,o.[]™") be two groupoids, and assume
that ¢ € Hom (G, H). Call ¢ a tight homomorphism provided the function
¢ : GO — H©O (which, by Remark 2.28, is well defined) is a bijection.

Remark 2.49. (i) If Gy, G, G3 are groupoids, and if the functions ¢; : G; — G,
and ¢, : G, — Gj3 are tight homomorphisms, then ¢, 0 ¢; : G| — G3 is a tight
homomorphism as well.

(i) Any groupoid isomorphism is a tight homomorphism.

Proposition 2.50. Let (G, *, (~)_1) and (H, o, [']_1) be two groupoids, and assume
that ¢ € Hom (G, H). Then the following claims are true.

(i) A necessary condition for Im ¢ to be a subgroupoid of H is that the function
¢ : GO — HO must be surjective.

(ii) If ¢ is a tight homomorphism, then ¢ maps any subgroupoid of G into
a subgroupoid of H. In particular, Im¢ is a subgroupoid of H and
(Im¢)(0) = HO,
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(iii) The preimage under the homomorphism ¢ of any subgroupoid of H is a
subgroupoid of G.

Proof. Tf Im ¢ is a subgroupoid of H, then, by Definition 2.45, H® C Im ¢, hence
further, by Remark 2.28, ¢(G©) = H©, ie., the function ¢ : GO — HO is
surjective. This proves (i).

To prove claim (ii), assume that ¢ : G — H is a tight homomorphism and fix
an arbitrary subgroupoid K of G. Then G C K and ¢(G©) = H©, which in
concert imply that H® C ¢(K) € H. This proves that the analog of (i) (for the
present situation) in Definition 2.45 holds. Moving on, if (u,v) € (¢(K) x ¢(K)) N
H®, then there exist a,b € K such that (¢(a),¢(b)) € H® and u = ¢(a),
v = ¢(b). Making use of (2.61) we can write

(#(a).¢(b) € H? & [p(@)] ' 0 ¢(a) = ¢(b) o [p(B)] !
S ¢l Nod@ =¢b)og(d™)

sSoa'xa)=¢pbxb )Y s a'xa=bxb"!
2.117)

since a™' xa,bx b7 € GO and ¢ : GO — HO is injective. Conse-
quently, (a,b) € G@ [by (2.61)]. Given that ¢ is a homomorphism, this entails
(@), (b)) € H® and uov = ¢(a) o p(b) = ¢(a x b) € ¢(K) since
a x b € K, given that K is a subgroupoid of G. This shows that ¢ (K) satisfies the
natural analog, for the present situation, of condition (i) in Definition 2.45. Finally,
as far as condition (ii7) in Definition 2.45 is concerned, observe that, whenever
u € ¢(K), there exists @« € K such that u = ¢(a); hence, by Proposition 2.27,
ul =[p(a)] = ¢p(a") € p(K)sincea™! € K given that K is a subgroupoid of
G . Thus, ¢ (K) is a subgroupoid of H. The very last claim in (i i ) follows from what
we have proved so far and Remark 2.46. This completes the proof of claim (i 7).
There remains to justify claim (iii). To see this, assume that K is a subgroupoid
of H and denote by ¢~!(K) its preimage under the mapping ¢. Since ¢(G©) C
HO® < K, it follows that G© € ¢~!1(K), hence GO € ¢~!1(K) € G. Next,
if a,b € ¢~'(K) are such that (a,b) € G?, then, since ¢ is a homomorphism,
we have that, on the one hand, (¢(a), ¢ (b)) € H® and ¢(a * b) = ¢(a) * ¢ (b)
and, on the other hand, the fact that ¢(a),¢(b) € K, (¢(a),¢(b)) € H?, and
K is a subgroupoid of H entails ¢(a) * ¢(b) € K. All things considered, we
arrive at the conclusion that ¢(a * b) € K or, equivalently, a * b € ¢~ (K).
Finally, ifa € ¢ ' (K), then ¢(a) € K, which, given that K is a subgroupoid of H,
implies [¢(a)]™' € K, or ¢(a~") € K by assertion (1) in Proposition 2.27. Hence,
a”!' € $71(K). Collectively, these arguments prove that ¢ ' (K) is a subgroupoid
of G. This concludes the proof of (iii) and, with it, the proof of the proposition. O

A basic example of a tight groupoid homomorphism is offered by the next
proposition.
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Proposition 2.51. Let (G, *, (-)~') be a groupoid. Then the function
n6:G— G %G nga):=(a*xa'.a" xa), VaeG, (2.118)

is a tight homomorphism if G x G is regarded as the pair groupoid on G©
(cf. Example 2.31). Furthermore, if H is another groupoid and if ¢ € Hom (G, H),
then the following intertwining identity holds:

ngodp =®ong, where ®:=(¢p,$):G?xGY — HOxHO (2.119)

Proof. That n¢ is a homomorphism can be seen from an inspection of the discussion
in Remark 2.24. A direct argument is as follows. By (1) in Proposition 2.21, the
mapping (2.118) is well defined. Assume that (¢, b) € G, sothata™'xa = bxbh~!
by (2.61). This and the definition of ng imply (1 (a), n6 (b)) € (G x G©)@ and

ng(a xb) = (a*b*b_l sa ', b wa! *a*b) = (a xa ', b7} *b)
= ng(a) * ng(b). (2.120)
Thus, ng is a homomorphism. As regards the claim that this homomorphism is
tight, observe that ng(a) = (a,a) for every a € G©. Since, as already noted in
Example 2.31, (G x G©)© = diag (G©), the desired conclusion follows.
Finally, the function ® in (2.119) is well defined by Proposition 2.11, and the

intertwining identity in (2.119) is a consequence of (2.118) and assertion (1) in
Proposition 2.27. O

We now discuss an important example of a subgroupoid of a given groupoid. To
present it, it is useful to recall the groups defined in (2.115).

Proposition 2.52. Given a groupoid (G, *, (-)_1), it follows that

St@G):= | Sa={beG: b xb=bxb""} (2.121)

aeGO

is a subgroupoid of G, called the stabilizer subgroupoid of G. In fact,

S. =ng'({(a.a)}) forevery a € GO and

(2.122)
SL(G) = 15 (diag (G™)). 16 (St(G)) = diag (G).

where 1 is the mapping defined in (2.118).

Proof. The identities in (2.122) are easily seen from definitions. From Proposition
2.51 we know that the mapping (2.118) is a homomorphism. Hence, since the
diagonal groupoid associated with G@ (see the last part in Example 2.31) is
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a subgroupoid of the pair groupoid G x G©, then, based on claim (iii) in
Proposition 2.50 and the first identity in the second line of (2.122), we obtain that
St (G) is a subgroupoid of G. O

The relevance of Example 2.41 is underscored by the next theorem.

Theorem 2.53 (Cayley’s theorem). Every groupoid is isomorphic to a sub-
groupoid of Iso (X, r, U) for some choice of X, 7, U.

Proof. The proof below elaborates on the brief outline given in [86]. Suppose
(G, *, (-)7") is an arbitrary groupoid, and let 7 : G — G'© be the mapping defined
by m(a) := a x a~' for a € G. By (1) in Proposition 2.21, the mapping 7 is
well defined and surjective. We will prove that G is isomorphic to a subgroupoid of
Iso (G, 7, G(O)). To this end, consider the function

®:G—150(G,7,G?), ®@):=(axa ' ¢s.a ' xa), VaeG, (2.123)
where, foreacha € G,

ot ' {axa}) — 7 (a7 xa)),
(2.124)
¢a(b):=a ' xb, Vben '({axal}).

First note that for each a € G the mapping ¢, is well defined. Indeed, for every
ben'faxa')={hbeG:bxb' =axa'}wehave (a”',b) € G®
anda'*ben'({a'*xa))={ceG:cxc' =a! xa}. Second, we claim
that ¢, is a bijection for each a € G. That ¢, is surjective is a consequence of the
identity ¢, (a*c) = c forevery c € m~'({a~ " xa}). Also,if b, b’ € n7'(Ja*xa™'})
are such that ¢, (h) = ¢,(b’), thatis, a™' * b = a~' * b’, then applying a* to the
left-hand side of the last equality yields b = &', hence ¢, is injective. By combining
what we proved so far, we can conclude that ® as in (2.123) is well defined.

Next we show that ® is a homomorphism. Let (a, b) € G®. Then by (2.61) we
havea™' % a = b x b~!, so that (®(a), (b)) € (Iso (G, , G))@ and

D(a) e (b)) = (a sa ' gpopy, b x b) = (a s a "\ pusp. b % b) =®(a x b),
(2.125)

proving that ® is a homomorphism. In fact, this homomorphism satisfies
®(G?) = {(a,id,1(qap. @) :a € GOV = (Is0 (G, 7, G)”,  (2.126)

where id;—1((,y) is the identity function on 77 '({a}). In addition, ® is injective
since ®(a) = P(b) for some a,b € G implies ¢, = ¢», which further yields
a = b. Hence, we can apply claim (i7) in Proposition 2.50 in concert with (2.126)
to conclude that Im @ is a subgroupoid of Iso (G, 7, G©). The proof of the theorem
is now complete. O
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A drawback of Cayley’s theorem (formulated in Theorem 2.53) is that there
is no intrinsic description of all the subgroupoids of Iso (G, , G(O)), where G is
some given groupoid. A more satisfactory answer to the question of providing a
transparent scheme according to which all groupoids can be constructed is given in
Theorem 2.54 below.

Theorem 2.54. Every groupoid G is isomorphic to a group bundle over an
equivalence relation groupoid, constructed as in Example 2.42 with X = G©.

Proof. Fix a groupoid (G, *, (-)~'), and recall the function in (2.118). From (1) in
Theorem 2.58 we know that Im 7 is the graph of an equivalence relation on G(©),
which will be denoted by “~.” Denote by [a] the equivalence class of a € G©
relative to the equivalence relation ~. For each equivalence class £ € G¥/ . pick
an element e; € £. That such a selection is possible is ensured by the axiom of
choice. Furthermore, if

s = ng' ({(es.e)}), YE€GY/., (2.127)

then for each § € G©'/_ we have that [y = S, where S; is as in (2.115). Hence,
by Proposition 2.44, it follows that It is a group for each £ € G /... Also, define

H :={(a.g.b): 3£ € G/ _ suchthatx,y € § and g € I'¢}, (2.128)

regarded as the groupoid [G(O), ~, {Te}eec /N] in the sense of Example 2.42. Our
goal is to prove that the groupoid G is isomorphic to the groupoid H .

To this end, note that the fact that e,) € [a] foreacha e GO entails ejq ~ a for
eacha € G hence (a, efq)) € Imng foreacha € G© which in turn implies

ne ({(a.ee)}) #0, YE€GY/., Vaek. (2.129)

Based on (2.129) and the axiom of choice, for every a € GO select 7, €
ngl({(a, e[u])}). This selection ensures that 76 (7,) = (a, ejq) foreverya € G or,
equivalently,

wxt,'=a and ©'x1, =e¢p forallae GO, (2.130)

Now define
D(a) = (a w0 (Tyug—1) " @ % Tym14,, a” ' % a), foreverya € G. (2.131)

Let us show that this definition of ®(a) is meaningful for each @ € G. Indeed, from
(2.130) we have (a, 7,) € G forevery a € G, so in particular, (a * a™', Ty4q—1) €
G for every a € G. The latter implies (@', 7,4,—1) € G for every a € G,
hence

((taxa—1)"'a) €GP Vaed. (2.132)
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Similarly, from (2.130) we have ((t,-1x,)"'.a™" xa) € G forevery a € G,
which yields

(@, Tuxa—1) €GP, VYaeG. (2.133)

Combining (2.132) and (2.133), it follows that (2.131) is meaningful.
The next order of business is to check that

(fa*a—l)_l *a ¥ Ty—tag € Ppiag) = nal({(e[a—l*a]ve[a—l*a])})’ VaegG,
(2.134)

which is true if
(Cla=1 ] €a=1%a) = N6 ((Tana=1)"" % @ % Ty=14,)
= (s ™ # et (G120 # o). Va € G
(2.135)

The fact that (2.135) holds is a consequence of the second condition in (2.130) and
the identity [@ * a™'] = [a~! * a] for all @ € G, given that ng(a) € Imng for all
a € G. This completes the proof of (2.134). In summary, we have proved that

®: G — H isawell-defined mapping. (2.136)

In the next stage, the goal is to show that ® is a homomorphism from the groupoid
(G, *,(-)7") into the groupoid H = [G©, "’,{Fs}gec<<1)/~]- To this end, fix
(a,b) € G arbitrary. Then a~! x a = b x b~', from which we conclude that
(®(a), P(b)) € H? . In addition,

D(a) x P(b) = (a*xa™", (tuug—1) "' ¥ @ b * Gy-1,4. b7 xb) = B(a xb),
(2.137)

proving that ® € Hom (G, H). To complete the proof of the theorem, we are
therefore left with showing that the function ®, defined as in (2.136) and (2.131),
is a bijection [here, part (2) of Proposition 2.27 is used]. The injectivity of the
function @ readily follows by observing that if ®(a) = ®(b) for some a,b € G,
thenaxa™ = bxb™' a7 'xa = b7 xband (Tyu—1)"" *a * T,m14, =
(‘L’b*b—l)_l * b * Tp—1xp, SO that

-1 -1
a = Typg—1 * (Tywa—1)" %@ % Ty—14y * (Ty—144)
= Tpxp—1 * (‘L’b*b—l)_l * b x Tp—lyp * (‘Cb—l*b)_l = b, (2138)

as desired. To prove that ® is surjective, pick an arbitrary triplet (a, g,b) € H. Then
a,b € GO, [a] = [p] and g € T, Hence, g * g7 = ejy) = epp) = g~! * g and,
further,

(el 8)- (. ep)) € GP. (2.139)
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In addition, the second condition in (2.130) implies
(tar (@) ™). (ep) "7, ") € GP. (2.140)

In concert, conditions (2.139) and (2.140) ensure that 7, * g * 7, !'is meaningfully
defined in G. Moreover, we have ®(t, * g * rb_l) = (a, g,b), proving that ® is
surjective. This completes the proof of the bijectivity of ® and, with it, the proof of
the theorem. O

Proposition 2.55. Let (G, *, (-)™") be a groupoid. Then the following statements
are equivalent:

(1) The function ng defined in (2.118) is injective.

(2) Ifa € Gissuchthata xa™' =a~' *a, thena € G©.

(3) St(G) = GO,

Proof. Suppose the function 7¢ is injective, and let @ € G be such that a * a™' =
a”' % a. Then ng(a) = ng(a~') which implies that @ = a~'. The latter yields
(a,a) € G Furthermore,

nglaxa)=(@xaxa'sa',axa”

La ' xa) = ng(a), (2.141)

Ys%axa)

=(axa"

hence a * a = a. This proves thata € G, so (1) = (2).

Suppose now that (2) is true, and leta, b € G be such that ng (@) = ng(b). Thus,
axa~' = bxb~'anda~'xa = b~'xb, whichimplies (a,b~"), (h™',a) € G?P. Let
c:=axb . Thenc 'xc =bxb~! =axa™' = cxc™'. Given that (2) holds, this
forces ¢ € G, Knowing that a x b~! € G©), we may use (4) in Proposition 2.21
toobtaina = a x b~! x b = ¢ * b = b. Hence, 7 is injective, proving (2) = (1).
Finally, the fact that (2) <= (3) is an immediate consequence of (2.121). O

Definition 2.56. A groupoid G is called principal if the function ng defined
in (2.118) is injective, and it is called transitive if the function ns defined in
(2.118) is surjective.

For instance, if X is an arbitrary set, then
the pair groupoid X x X is both principal and transitive (2.142)

since Nyxx ((x, y)) = ((x, x), (y, y)) forevery x, y € X. Let us also note here that
if G is an arbitrary, given groupoid, then G®, regarded as a groupoid in the sense
explained in Example 2.35, is always principal. In addition, G® is transitive if and
only if G is a group. Furthermore, from (2.119) and (i) in Remark 2.49 we also
have the following useful result:

Remark 2.57. Each of the qualities of being principal and transitive is invariant
under groupoid isomorphisms.
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The aim of the next theorem is to elaborate on the following issue: how typical
are the following types of groupoids, listed in increasing order of generality:
(1) pair groupoids, (2) groupoids induced by an equivalence relation, and (3) Brandt
groupoids?

Theorem 2.58. Let (G, *,(-)™") be a groupoid, and recall the function ng from
(2.118). Then the following statements hold:

(1) Imng, the image of the function ng, is the graph of an equivalence relation on
G Hence, in the sense of Example 2.31, Im ng can be regarded as a groupoid.
Denote this groupoid by Or (G), and call it the orbit groupoid associated
with G.

(2) Or(G) is a principal groupoid with unit space (Or (G))?) = diag(G?), and
the function ng : G — Or (G) is a surjective homomorphism.

(3) G is a principal groupoid if and only if G is isomorphic to Or (G), if and only
if G is isomorphic to a groupoid induced by an equivalence relation (as defined
in Example 2.31).

(4) The following conditions are equivalent:

G is isomorphic to a pair groupoid, (2.143)
the function ng defined in (2.118) is a bijection, (2.144)
G is simultaneously principal and transitive, (2.145)

G is principal and Or (G) is the canonical pair groupoid on G, (2.146)
G is transitive and St (G) = G©. (2.147)

(5) G is a Brandt groupoid if and only if G is transitive.

Proof. By Proposition 2.51, the mapping in (2.118) is a tight homomorphism.
As such, we can apply (i7) in Proposition 2.50 to conclude that Imng is a
subgroupoid of the pair groupoid G x G, and (Imn6)©® = (G© x G©)© =
diag(G?). Hence, by Proposition 2.47, Or(G) is the graph of an equivalence
relation on G© and, as noted in Remark 2.46, Or (G) may naturally be viewed
as a groupoid (Or (G), o, (-)"). This completes the proof of (1).

Turning our attention to (2), based on what we have proved so far, we are
only left with checking that the groupoid (Or (G), o, (-)~!) is principal. Based on
Proposition 2.55, it suffices to show that if @ € Or (G) satisfies o o al=aloa,
then a € (Or (G))©. Fix such an «, and pick @ € G such that ng(a) = . Then

1 1 —1 —1 —1

(axalaxa)=aoa ' =aloa= (" *a,a ! xa), (2.148)

which implies @ * ' = a~' * a. In turn, this shows that & = ng (a) € diag(G?).
The fact that « € (Or(G))® now follows since diag(G®) = (Or(G))©, as
already seen in (1). This completes the proof of (2).
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Next, the first equivalence in claim in (3) follows from what we proved so far
and Definition 2.56. In turn, the second equivalence in claim (3) is implied by the
first equivalence in (3), by (1), the fact that any groupoid induced by an equivalence
relation (as in Example 2.31) is principal, and Proposition 2.51.

Let us now deal with (4). The implication (2.143) = (2.144) is a consequence
of Remark 2.57 and (2.142). Next, the fact that (2.144) — (2.143) is trivial.
The equivalence of (2.144) with each of (2.145)—(2.147) is immediate from
Definition 2.56, the definition of Or (G), and Proposition 2.55. This completes the
proof of (4).

We are left with proving the statement in (5). If G is a Brandt groupoid, then,
in view of Remark 2.57, in order to show that 7 is surjective, it suffices to assume
that G is of the form described in Example 2.32. Then, retaining the notation from
Example 2.32, it is easy to check that GO = {(x,ey.x) : x € X}, with ey
denoting the unit element in H, and if ((x,eH,x), (y,eH,y)) e GO x GO js
arbitrary, then ng ((x,eH, y)) = ((x,eH,x), (y,em, y)). This proves that ng is
surjective. Conversely, if ¢ is surjective, then Imng = G©@ x G©. Hence, there
exists a unique class of equivalence for the equivalence relation whose graph is
Imng, which implies that the family of groups {I't}zego),_ from Theorem 2.54
reduces to just one group I'. Consequently, by Theorem 2.54, G is isomorphic to
GO x T x GO, proving that G is a Brandt groupoid. O

Remark 2.59. Proposition 2.26, together with statement (5) of Theorem 2.58 and
the discussion in Example 2.32, permits us to characterize Brandt groupoids as
follows. Assume that G is a nonempty set equipped with a partially defined binary
operation “x” and denote by G® the collection of composable pairs in G. Then
there exists an inversion (\)~' on G such that (G, *,(-)~') becomes a Brandt
groupoid if and only if the following six axioms are satisfied:

(1) For every a € G there exist unique elements a;,a, € G with the property that
(ar,a),(a,a) € GP anda, xa =a = a *a,.

() If (a,b) € GP anda xb = a, orif (b,a) € G® and b * a = a, then
(b,b) e GPand b xb = b.

(3) Forevery a,b € G there holds (a,b) € G if and only if there exists ¢ € G
such that (a,¢), (c,h) e G®P anda xc =a,c xb = b.

(4) Ifa,b,c € G are such that (a, b), (b,c) € GP, then (a*b,c), (a,bxc) € G®
and (a xb) xc =a = (b *xc).

(5) Ifa,d,a € G are such that (@, a), (a,a) € G® and@ xa = a = a * a, then
there exists b € G such that (a,b), (b,a) € G® anda b = Gand b *a = a.

6) If a’,a” € G are such that (¢’,a’),(a",a") € GP and a’ xa' = d,
a” % a" = a”, then there exists « € G such that (a’,a), (a,a”) € G® and
adxa=a=axa.

In closing, we wish to point out that it is a common occurrence in the literature
(cf., e.g., [25]) to take the axiomatic setup from Remark 2.59 as the very definition
of a Brandt groupoid. As the discussion in Remark 2.59 shows, this point of view
leads to the same class of Brandt groupoids as the one considered here.
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2.2 Topological Considerations

This section is reserved for a discussion of results and concepts of topological flavor
that are pertinent to the present work. We begin by recalling the notion of topological
groupoid.

Definition 2.60. A topological groupoid is a groupoid (G, *,(-)~!) en-
dowed with a topology t on G with the property that the groupoid operations
()7': G = Gand x : G® — G are continuous functions (in the latter case,
considering the topology on G® inherited from (G x G, t x 1)).

Topological groupoids generalize the familiar notions of topological groups and
topological space. Concretely, any topological group is a topological groupoid.
At the other extreme, if (X, 7) is a topological space, then X, considered as a set
groupoid in the sense of Example 2.30, can naturally be regarded as a topological
groupoid. In addition, the pair groupoid X x X also becomes a topological groupoid
when equipped with the product topology 7 X t.

Most of the examples of groupoids presented in Sect.3 naturally become
topological groupoids if suitable topologies are given in the background. To
illustrate this point note that if I" is a topological group acting continuously on a
topological space X, then the groupoid X x I' (defined in Example 2.38) becomes
a topological groupoid when equipped with the product topology (cf., e.g., [87,
p. 86]). Furthermore, X x I' is Hausdorff if I" and X are so and is locally compact
if I' and X are so.

To describe another instance of how one of the groupoids from Sect.3 can
be naturally turned into a topological groupoid, we first recall some definitions.
Let (X,7) be a topological space. A family B of open sets in X is called a
base for t if every open set in X can be written as a union of members of B
(or, equivalently, whenever U is open in X and x € U, then there is an open
set V € Bsuchthat x € V C U, cf. [71, pp.46—47] and [87, p.78]). Given a
topological space (X, 7), call a family 3, of open sets in X a subbase for 7 if the
collection B of finite intersections of elements of B, is a base for t. Going further,
the compact-open topology is the topology on the space C°(X,Y) of all
continuous functions from a topological X into a topological space Y, characterized
by the fact that a subbase for this topology is given by the family of sets of the form
Wixu = {f € C%X.,Y) : f(K) C U}, where K is compact in X and U is
open in Y. Then the groupoid in part (ii) of Example 2.39 becomes a topological
groupoid if one considers the corresponding compact-open topologies both on the
space of all diffeomorphisms of the manifold M and the space of metrics on M.

Remark 2.61. (i) If (G, *,(-)™") is a topological groupoid, then the inversion
mapping G > a + a~! € G is a homeomorphism, while the source and
target functions s, ¢ defined in (2.80) are continuous.

(i) Given a Hausdorff topological groupoid G, it follows from (i) and the
descriptions G© = {a € G : t(a) = s(a)} and G® = {(a.h) € G x G :
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t(a) = s(b)} that the unit space G is a closed subset of G and the collection
of composable pairs G is a closed subset of G x G (where the latter set is
equipped with the natural product topology; cf., e.g., [87, p. 86]).

We next describe the topology induced on a given groupoid G by an arbitrary
nonnegative (and possibly infinite) function ¥ defined on G.

Definition 2.62. Given a groupoid (G, *, (-)~!) and a function ¥ : G — [0, +o0],
define t};, the right -topology induced by ¥ on G, by taking

def
O C G is openin tll; &5 Vae 0 3r > 0 with the property that

Bi(a,r):={beG: (a.b7) eGP andy(axb™) <r} CO. (2.149)

The left-topology induced by ¥ on G is denoted by r]I/; and is defined
analogously, this time taking

def
O C G is open in rf; £ Vae O 3r > 0 with the property that

Bia.r):={beG: (b"".a)eGPandy(b' xa) <r} S O. (2.150)

The reader should have no difficulties in verifying that r}; and ‘L'J;, introduced in
(2.149) and (2.150), are indeed topologies on the set G.

Recall the convention made in (2.14), which is used in the formulation of the
conclusion in the following lemma.

Lemma 2.63. Assume that (G, *, (-)™') is a groupoid and that ¥ : G — [0, +00]
is an arbitrary function. Then

Bji(a.r)xb = Bj(ax*b.r). V(a,b) e G?, Vre(0,+00), (2.151)
bxBj(a.r) = By(b*a.r), V(b.a) e G?, Vre(0,400). (2.152)

Proof. Pick (a,b) € G® along with r € (0, +00). Now, if ¢ € Bf;(a, r) x b, then
there exists some u € B};(a, r) such that (u,h) € G® and u * b = c, hence also
(a,u™) eGP y@xu") <r,and b, u™") € GP, b7 xu~! = ¢7!. Thus,
(@axb,c™ye GPand Y(a*xbxc™") = ¥(a *u") < r, which shows that ¢ €
Bf; (axb, r). This proves the left-to-right inclusion in (2.151). To justify the opposite
inclusion, suppose that ¢ € B:; (a*b,r), and note that this entails (a ¥b,c ') € G®
and ¥ ((a * b) x ¢™') < r.Thus (b,c™") € G? and, further, (c,b™") € GP . If we
now set u := c xb~! € G, then it follows that u~! = bhxc~', hence (a,u”") € G®
since (a,b) € G®. Moreover, Y(a *x u~') = 1//((a * b) * c‘l) < r, which shows
thatu € B:;(a, r). In addition, (1, b) € G® and u*b = c, which ultimately implies
that c € B}; (a,r) = b. This gives the right-to-left inclusion and completes the proof
of (2.151). Finally, (2.152) is established in a similar manner. ]
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Note that, in the context of Definition 2.62,

G” cy~'({0}) = a€Bja.r)N Bi(a.r). VYaecG, Vr>0.
(2.153)

Our next lemma describes a setting in which the center of a left-ball or right-ball
actually belongs to the interior of the ball in question.

Lemma 2.64. Let (G, %, (-)™") be a groupoid, and assume that  : G — [0, +00]
is a function for which there exists a finite constant C; > 1 such that

GO cyT'({0}), and Y(axb) < Cimax{y(a), y(b)} V(a.b)eG?.
(2.154)

Then
ac(Bja.r)’. YaeG, Vr>0, (2.155)

where the interior (...)° is taken with respect to rf;, the right-topology induced by
¥ on G, as in Definition 2.62.

Moreover, a similar result holds for the left-balls associated with ' given that
this time the interior is taken with respect to rllﬁ‘, the left-topology induced by  on
G in the sense of Definition 2.62.

Proof. First, it is clear from the quasisubadditivity condition on ¥ that the quantity
(3.207) is, in the case when G does not reduce to G, a well-defined number that
belongs to the interval [1, C;] and satisfies

Y(a xb) < A(V(a) + ¥ (b)). Y (a,b) € G?. (2.156)

In fact, inequality (2.156) also holds when G reduces to G© (in which scenario
A := 1) since, in this case, ¥ = 0 given that G < % ~1({0}). To proceed, fix
a € G and some finite r > 0. Consider

0 :={x € Bj(a.r): 3r, >0 suchthat Bj(x,r,) C Bj(a.r)}, (2.157)
and note that, thanks to (2.153),
a€0CBia.r). (2.158)

We claim that O € rf;. To justify this claim, pick an arbitrary x, € O. Then there
exists r, > 0 such that

B} (x,.70) € Bjj(a.r). (2.159)

Select a number § € (0,r,/A) and set ¢ := r,/A — § > 0. At this stage, we make
the observation that

By (x,.8) € 0. (2.160)



48 2 Semigroupoids and Groupoids

Indeed, assume that y € B};(xo,S) and 7 € Bf;(y,e). Then (x,.y™ "), (y,z7") €

G, hence also (x,,z') € G?®. Based on these considerations and (2.156), we
may estimate

Yo x 2 ) S AW *y )+ Y xz ) <A@ +e) =1,  (2.161)

which further entails ¥ (x, * z‘l) <r, Assuch,z e Bf; (x,,1,), hence, ultimately,
BJ(y.€) € B (x,,15). Thus, B (y.€) € Bji(a,r) by (2.159), which proves that
y € O. Given that y has been arbitrarily chosen in B};(xo, 8), we deduce that
Bf; (x,,8) € O, completing the proof of (2.160). In turn, the latter condition implies

that O € r]l;. In light of (2.158), we may therefore conclude that (2.155) holds. The
version of this result for left-balls is proved in an analogous fashion. O

Given an arbitrary topological space (X, 7), denote by .4 (x; t) the family of
neighborhoods of the point x € X, relative to the topology t. Also, forany A € X
let Int(A; 7) stand for the interior of the set A, relative to the topology 7. Finally,
recall that, given a topological space (X, 7) and a point x € X, a collection F of
neighborhoods of x is called a fundamental system of neighborhoods
of x if forevery W € A4 (x; 1) thereexistsa IV € F such that V C U.

Proposition 2.65. Let X be an arbitrary set, and consider the assignment
X>x > F, 2%, (2.162)
satisfying the following properties:

(i) For each x € X there holds F, # 0.
(ii) For each x € X and for each By, By € Fy there exists some B € F, such that
B C B; N B».

Define
7= {OQX: VxeO 3B e Fy suchthat BgO}. (2.163)

Then the following statements hold:

(1) tisatopologyon X.

(2) Int(A4;7) C {x € A: 3B e F, suchthat B C A}foreachA cC X.

(3) Foreach x € X and eachV € N (x; ) there exists B € Fy suchthat B C V.
(4) t is the largest topology on X for which (3) holds.

Moreover,
Frisa fundamental systemof neighborhoods (in t)of x foreachx € X
(2.164)
if and only if the following two (additional) properties hold:

(iii) For each x € X and each B € Fy one has x € B.
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(iv) For each x €~X and each B € F, there exists §~§ B such that x € E, and
foreach y € B one can find B, € F, with B, C B.

Finally, if in addition to (i) and (ii), properties (iii) and (iv) are also satisfied
by the assignment from (2.162), then one has equality in (2), i.e.,

Int(4;7) = {x € A: 3B e F, suchthat B C A}, foreach A C X, (2.165)

and t is the largest topology on X for which F, is a fundamental system of
neighborhoods of x in t, for each x € X.

Proof. Assume first that (i) and (ii) hold and consider 7 as in (2.163). Tautologically,
@ € t. Property (i) entails X € t, while property (ii) ensures that t is stable under
intersection. Finally, since by design t is stable under arbitrary unions, it follows
that 7 is a topology on X. The claims made in parts (2) and (3) follow simply by
unraveling definitions. Next, consider a topology 7; on X with the property that for
each element x € X and each V' € .4 '(x; 1;) there exists B € F, suchthat B C V.
Let O € 71 be arbitrary. Then O € 4 (x;1;) for each x € O. Hence, for each
x € O there exists B € F, such that B € O. This forces O € t and, ultimately,
71 € 7. This proves the claim in (4).

Let us prove the fact that (2.164) implies (iii) and (iv). To this end, assume that
for each x € X the collection F, is a fundamental system of neighborhoods in ©
of x. In particular, for each x € X there holds 7, € .4 '(x;t). Consequently, if
x € X, thenx € ﬂ B, proving (iii).

BEF,

Next, let x € X and B € F,. Since by hypothesis 7, € 4/(x; 1) it follows
that there exists B € T such that x € B < B. Moreover, that for each y € B one
can find B, € F, with B, C B follows from the fact that B € © (cf. (2.163)).
This establishes ( iv) and completes the proof of the implication (2.164) = (iii)
and (iv). Conversely, consider the implication (i)—(iv) = (2.164). First notice that
assumptions (iii) and (iv) guarantee that for each x € X and each B € F, one
has B € .4 (x; ). Combining this with (3), the claim from (2.164) immediately
follows.

Moving on, assume that (i)—(iv) hold. With the goal of proving (2.165), fix A C
X and x € A such that there exists B € F with the property that B C A. Appealing
to (iv) it follows that there exists B such that x € B B C B, and foreach y € B
there exists By € F), with the property that B, < E € B C A. Consequently,
B etand

Bc {x €A:3BcF, suchthat B C A}. (2.166)

This shows that the set {x € A: dB € F, suchthat B C A} is open in 7. Since
this set is also, by design, a subset of A, it follows that the right-to-left inclusion in
(2.165) holds. This, together with (2), completes the proof of (2.165). Finally, the
last claim made in the statement of the proposition is a direct consequence of (4). O
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The following proposition ensures that Definition 2.62, introducing the topolo-
gies tj; and 7}, is in agreement with the descriptions of z; and ¢} utilized in the
statement of Theorem 3.26.

Proposition 2.66. Let (G, *,(-)™") be a groupoid, and assume that ¥ : G —
[0, 400] is a function satisfying the conditions in (2.154) (for some finite constant
Cy > 1). Then rllﬁ‘ and rf; are the largest topologies on G with the property that for
any point a € G a fundamental system of neighborhoods is given by {B]/L/ (a,r)}r=o0
and by {B};(a, ) }r=0, respectively.

Moreover, for every A C G one has

Int(A4; t,]/j) = {a € A: 3r € (0, 4+00) such that B]]/j(a, r) C A}, (2.167)
Int(A4; r]l;) = {a € A: 3r € (0, 4+00) such that B]l;(a, r) C A}. (2.168)

Proof. The claim in the first part of the statement is a direct consequence of the
fact that the families Fy := {By(x,7)},>0 and F¥ = {B}(x,7)}>0, x € G,
satisfy properties (i)—(iv) from Proposition 2.65. Indeed, properties (i)—(iii) are
easily checked from definitions, while property (iv) is a consequence of Lemma 2.64
(taking B to be the interior of B). Finally, the claim in the second part of the
statement is seen from (2.165). ]

It should be noted that while, as established in Proposition 2.66, for every a € G
the family {Bf;(a, r)}r>o constitutes a fundamental system of neighborhoods for a
in r]l;, the right-topology induced by ¥ on G, the balls B};(a, r), r > 0, are not,
generally speaking, open in the topology t$ [likewise, the balls B]]; (a,r), r >0,
are not necessarily open in the topology rf;].

We continue by recording a useful result pertaining to the continuity properties
of the multiplication and inverse operations in a groupoid.

Proposition 2.67. Suppose (G, *, (-)~!) is a groupoid and  : G — [0, +00) is a
given function for which there exists a finite constant Cy > 0 such that the following
properties hold:

V(@) < Cov(a) foralla € G, and G© < ¢y~ 1({0}). (2.169)

Let ‘L']I; and TI/L/ denote, respectively, the right-topology and left-topology induced by
¥ on G, according to Definition 2.62. Then the mappings

O (G — (G, ()7 (G ) — (G.ty) (2.170)

are homeomorphisms (and, in fact, are inverse to one another). Furthermore, if
a € G is arbitrarily fixed and
AY(@):={beG: (a,b) eGP}, AR):={beG: (b,a)c G?},
2.171)
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then the mappings
ax(): (A @)ty |y ) — (G.5y), (2.172)
()xa: (AR(a), rf;‘AR(a)) — (G, rf;) (2.173)

are continuous (where, generally speaking, ‘E]ﬂ g and ‘L']I;| g Stand, respectively, for

the topologies induced by r]I/; and tll; on the subset E of G). Finally, for each fixed
a € G the mappings

O (AM@, 7 |y ) = (AR@D T jrge)- 2.174)
O (M@ Ty ) = (ARE@D 7 |- (2.175)
O (M@ 7| pry) — (M@, 7 yry): (2.176)
O (AN@ 7 | yr) — (M@ ) ) (2.177)

are homeomorphisms.

Proof. That the mappings (2.170) are homeomorphisms is clear from (2.64) (which
shows that (-)~! : G — G is a bijection, indeed, its own inverse) and the fact that
foreach a € G and r > 0 we have (again, based on (2.64))

(Bi@™.r) ' =7 eG: (b7a) eGPy xaT) <1}
={beG: (ha')yeG? y(bxa)<r}
CheG:(a,bHeG? Yyaxb™) < Cyr}
= B} (a. Cor) (2.178)

and, similarly, (B};(a_l, r))_l C B{; (a, Cor), which shows that the two mappings
in (2.170) are continuous.

Next, fix a € G, and consider the issue of the continuity of the mapping (2.172)
at some point b, € A"(a). Concretely, given an arbitrary r > 0, we wish to find
& > 0 with the property that

beG, (a,b)e G, be Bj(by,e) => axb e By(axb,.r). (2.179)

However, since ¥ (b, x a™! x a x b) = ¥(b,! * b) < e, it follows that (2.179)
holds for the choice & := r. This proves that the mapping (2.172) is continuous
at any b, € A“(a). A similar argument shows that the mapping (2.173) is also
continuous at any point in AR(a), and this completes the proof of the continuity of
the mappings (2.172)—(2.173).

Finally, givena € G, the mappingsin (2.174) and (2.176) are clearly well defined
and inverse to one another, as are the mappings (2.175) and (2.177). Since for each
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a € G we have (AL(a))_1 = AR(a™") and (AR(a))_1 = A%(a™"), using the fact
that the map in (2.170) is a homeomorphism it follows that the mappings in (2.174)—
(2.177) are continuous and, thus, homeomorphisms. This completes the proof of the
proposition. O

At this stage, we momentarily digress for the purpose of introducing the notion
of partially defined pseudodistance on a given arbitrary set, as well as other related
concepts.

Definition 2.68. Fix an arbitrary, nonempty set X . For a given set #Z C X x X and
a given function d : Z — [0, +00] consider the following conditions:

(1) Nondegeneracy: there holds diag (X) C &% and, for any (a, b) belonging
to %, one has d(a,b) = 0 if and only if a = b (i.e., d 71 ({0}) = diag (X)).

(2) Symmetry: the set #Z is symmetric (i.e., (a,b) € Z implies (b,a) € %)
and the function d is symmetric, i.e., one has d(a,b) = d(b,a) for every
(a,b) e Z%.

(3) Triangle inequality: whenever (a,c),(c,b) € %, it follows that
(a,b) e Zand d(a,b) <d(a,c)+d(c,b).

If the function d is such that conditions (1)—(3) above are satisfied, then d is
called apartially defined distance on X with domain Dom (d) := Z.

Furthermore, call d:#—[0,400] a partially defined pseudo-
distance (with domain Dom (d) := %) if conditions (2) and (3) above hold
as stated and, in place of the nondegeneracy condition (1), the following, weaker,
version is satisfied:

(I") Pseudo-nondegeneracy: there holds diag (X) € &% and diag (X) C
d='({0}) (i.e., (a,a) € Z and d(a,a) = O forevery a € X).

It is useful to note that the domain of a partially defined pseudodistance on a
set X is always the graph of an equivalence relation on X. Of course, any partially
defined distance is a partial pseudodistance, and a partial distance on a set X is a
genuine distance on X if and only if it is finite and its domain is X x X. A partially
defined pseudodistance on a set X whose domain is X x X will be referred to simply
as apseudodistanceon X.

The manner in which a partially defined pseudodistance on a set X induces a
topology on X is described next.

Definition 2.69. Let X be an arbitrary nonempty set, and assume that d is a
partially defined pseudodistance on X, with domain Dom (d). Then 7, the topology
induced by d on G, is defined by demanding that

def
OCXisopeninty <= O C X and Vx € O Ir > 0 with the property that
By(x,r):={y€X: (x,y) €eDom(d)andd(x,y) <r} < O.
(2.180)
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In the context of Definition 2.69, it may be readily verified that for each x € X and
r € (0, 400),

the d-ball B, (x,r) is open in t; and contains its center, x. (2.181)

It follows from this and Proposition 2.65 that t; is the largest topology on X with
the property that for any point x € X a fundamental system of neighborhoods is
given by {Z,(x,r)}r>0-

We next record a lemma that will be useful later on (in the proof of The-
orem 3.46). Recall that given two topological spaces (X;,t;), j = 1,2, the
product topology 11 X 72 on X; x X5 is characterized by the property that
Cartesian products of open sets in X; with open sets in X, form a base for 7; x 1,
(cf.,e.g., [87, p. 86]).

Lemma 2.70. (i) For j = 1,2 let d; be a partially defined pseudodistance on a
nonempty set X ; with domain Dom (d ;). Consider

Dom (di ® d>) := {((x1.x2). (y1.¥2)) € (X1 x X2) X (X1 x X3) :

(2.182)
(xj,y;) € Dom(d;) for j = 1,2}
and
di ® dy : Dom (d; ® dy) —> [0, +00] defined
for each ((xl,xz), (y1.»2)) € Dom (d| ® d>) by (2.183)
(di @ do)((x1.x2), (y1, ¥2)) := di(x1, y1) + da(x2, y2).
Then

dy ® dy is a partially defined pseudodistance onX| x X,
whose domain isDom (d| ® d»), andta,ga,, the topology (2.184)

induced byd, ® dy on X x X, coincides withty, X tg,.

(ii) Ifd : X x X — [0, +00) is a pseudodistance, then d is (d ® d)-Lipschitz with
constant < 1, in the sense that

|d(x1,x2) —d(y1.y2)| < (d ® d)((x1.x2), (y1.2))

(2.185)
forevery (x1,x2),(y1,y2) € X x X.
As a consequence,
d: (X X X, 14 X t7) —> [0, +00) is continuous. (2.186)

Proof. All the claims are routine consequences of definitions given previously (with
(2.181) also playing a role in the proof of (2.184)). ]
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Moving on, we now review the concept of uniform space. This notion originates
in A. Weil’s monograph [128], and elegant, modern, accounts may be found in, e.g.,
[44,71].

Definition 2.71. A uniform space is a pair (X,l) consisting of a nonempty
set X and a nonempty family U/ of subsets of X x X satisfying the following system
of axioms:

(1) Eachset U € U contains the diagonal diag (X).

2) fU elUandV C X x Xissuchthat U C V,then V € U.
B) U, Veld,thenUNV eld.

(4) If U € U, then there exists V' € U with the property that

V2:={(x,y) € X x X :3ze€ X sothat (x,2),(z,y) € V} CU. (2.187)

(5) IfU eU,thenU ™" := {(y.x) : (x,y) € U}isalsoinl.

The set U is called the uniform structure (or uniformity) of X, and its
elements are referred to as entourages. Call an entourage U € U symmetric
ifU =U"". Finally, for each U € U and x € X define

Ulx] i ={ye X : (x,y) e U} (2.188)

If (X,U) is a uniform space and U € U, then x,y € X are called U-close
provided (x, y) € U. In this terminology, U[x] in (2.188) can be described as the
collection of all points in X which are U-close to x.

Definition 2.72. If (X,U) is a uniform space, a fundamental system of
entourages of the uniformity I/ is any subset V of U/ such that every entourage
of U contains a set belonging to V.

Clearly, by axiom (2) in Definition 2.71, a fundamental system of entourages
specifies the uniformity of a uniform space in a unique fashion. Also, every uniform
space has a fundamental system of entourages consisting of symmetric entourages.
Every uniformity induces a canonical topology, as described in the next definition.

Definition 2.73. Let (X, /) be a uniform space. Then 1, the topology induced by
the uniformity ¢/, is the unique topology on X with the property that foreach x € X
the family {U[x] : U € U} is a neighborhood filter for x.

Hence, every uniform space (X, ) becomes a topological space in a canonical
fashion and

O C X isopenin iy <= Vx € O U €U suchthat U[x] € 0. (2.189)

Also,

(X, ry) is Hausdorff <— ﬂ U = diag (X). (2.190)
veu
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Compared to a general topological space the existence of a uniform structure on X
makes it possible to compare the sizes of neighborhoods of points in X. Indeed,
heuristically, given x, y € X and U € U, the sets U [x] and U [y] should be thought
of as having the “same size.”

A convenient way to think about the uniformity &/ of a uniform space (X, /) is
to consider X to be a reasonable topological space and envision U/ as the collection
of neighborhoods of the diagonal in X x X . Three basic examples follow.

Example 2.74. Let (X, p) be a quasimetric space, and consider then the sets
Us:={(x,y) e X x X : p(x,y) <e}, where ¢&>0. (2.191)

Define U, to be the collection of subsets of X x X with the property that each
contains a set U, for some ¢ > 0. Then {, is a uniform structure on X, referred to
as the uniformity canonically associated with p, and the family of
sets described in (2.191) is a fundamental system of entourages for this uniformity.

Note that, given a quasimetric space (X, p), the topology induced by the
uniformity U, (canonically associated with p) coincides with the topology t,
induced by the quasidistance p on X (for more on the nature of 7, see item (10)
of Theorem 3.46, and the discussion in Sect. 4.1).

Example 2.75. Let & = (p;)ier be a family of pseudometrics on a set X (recall
that a pseudometric on X is a real-valued, nonnegative, symmetric function that
satisfies the triangle inequality and vanishes on the diagonal on X x X). Define U/ &
to be the collection of subsets of X x X with the property that each contains a set
of the form

{m pi_l([O, ri]) : I, C I finite, r; > 0 fori € I(,}. (2.192)

i€l,

Then U is a uniform structure on X, called the uniformity canonically
associated with the family of pseudo-metrics &2, and the collec-
tion of sets described in (2.192) is a fundamental system of entourages for this
uniformity.

Example 2.76. Let G be a topological group, i.e., a group (G, %) equipped with a
topology 7 that makes the group multiplication * : G x G — G and the operation
of taking the inverse ()~! : G — G continuous functions. Then there is a natural
uniform structure on G that induces the topology 7. To describe it, let {W,}yea
be a fundamental system of neighborhoods of the identity element e € G in this
topology. Consider the family of sets

Uy ={(x,y)eGxG:xxy 'eW,), where «cA, (2.193)

and define the uniform structure Z/{SG on G, called the right uniformity of the
topological group G, as the collection of all subsets of G x G with the property that
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each contains a set U, for some o € A (that the half-neighborhood axiom (4) from
Definition 2.71 is satisfied is a consequence of the fact that, since * is continuous,
for each o € A there exists 8 € A such that Wg x Wy C W,,).

Note that the family of sets described in (2.193) is a fundamental system of
entourages for this uniformity and the topology induced by this uniformity (in the
sense of Definition 2.73) is precisely 7.

Of course, there is a natural variant of this construction, yielding what is
called the 1eft uniformity Z/{ILG on G (generally speaking, the left and right
uniformities are different), which once again induces the topology g on G.

It should be noted that, in concert with Theorem 1.1, the discussion in Example
2.76 yields the following classical metrization theorem for topological groups.

Theorem 2.77 (Birkhoff-Kakutani [19,65]). Let G be a Hausdorff topological
group. Then the topology on G is metrizable if and only if the identity element in G
has a countable fundamental system of neighborhoods. Furthermore, in such a case,
the distance function may be taken to be either left-invariant or right-invariant.

For a related discussion, the reader is also referred to [71, p. 210], where it is shown
that the demand of metrizing a topological group via a distance that is simulta-
neously left-invariant and right-invariant is rather stringent and cannot, generally
speaking, be accommodated. A generalization of Theorem 2.77 is discussed in
Sect. 6.2 (cf. Theorem 6.33).

We continue by making several definitions and discussing some purely topolog-
ical results that will be useful later on, in Sect. 3.2.

Definition 2.78. A topological space (X, 7) is called quasiregular provided
for each nonempty open set A4 in (X, 7) there exists some nonempty open set B in
(X, ) whose closure, B, is contained in A.

Definition 2.79. Let (X, ) be a topological space. A collection % of nonempty
open sets of (X,7) is called a pseudobase (for (X, t)) provided for each
nonempty open set A in (X, t) there exists some B € 4 such that B C A.

Definition 2.80. A topological space (X, 1) is called pseudocomplete pro-
vided it is quasiregular and there exists a sequence (%’n)n ey Of pseudobases (for
(X, 7)) with the property that

for each sequence (B of subsets of X such that
quence (B )ners — [ B. #9.

B, € #, and B,+; € B, forevery number n € N neN

(2.194)

Definition 2.81. A subset of a topological space is called nowhere dense if the
interior of its closure is empty. Also, a subset Y of a topological space (X, 7) is said
to be of second Baire category provided Y may not be written as the union
of countably many nowhere dense subsets (relative to (X, 7)).
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A useful practical criterion ensuring that a given topological space is of second
Baire category then reads as follows (cf. [92]):

(X, v) pseudocomplete topological space
(2.195)
— (X, 1) is of second Baire category.

For completeness, we indicate how the standard proof of the fact that a complete
pseudometric space is of second Baire category may be adapted to justify (2.195).

Consider a topological space (X, 1) that is pseudocomplete, i.e., (X, 1) is
quasiregular, and there exists a sequence (%n)n oy Of pseudobases for (X, 1)
satisfying (2.194). For (X, t), being of second Baire category is equivalent to the
property that the intersection of any sequence of dense open sets in (X, 7) is dense
in (X, ). With this in mind, let (O,),en be a countable collection of open dense
subsets in (X, 7). The goal is to show that

A:= (") O, isdensein (X, 7). (2.196)

neN

i.e., that every nonempty open subset of (X, 7) intersects A.

Pick a nonempty open set W in (X, ). Since O is open and dense in (X, 7), it
follows that W N O, € t \ {@}. Granted this and given that 4, is a pseudobase for
(X, 1), it follows that

there exists By € %, such that By C W N O;. (2.197)

Recall that (X, 7) is assumed to be quasiregular and, since the membership of B; to
A, guarantees that B; € 7 \ {0}, we deduce that

there exists W, € 7 \ {@} such that W, C B,. (2.198)

Since O; is open and dense in (X, 7), it follows that Wi N O, € t \ {@}. Granted
this and given that %, is a pseudobase for (X, 1), it follows that

there exists B, € %, such that B, C W, N O,. (2.199)

Proceeding inductively, we therefore obtain two sequences (W, ),en, and (By)nen
of subsets of X (where Ny := N U {0}) satisfying the following properties:

Wo=W, W,et\{0} and W, C B, Vn eN, (2.200)
B, € %, and B, C W,_1 N O, forevery n € N. (2.201)

In particular, these entail

B,+1 € B, and W, C W, 4, VnelN (2.202)
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As such, (2.194) may be invoked, and we obtain

B:=()B,#09. (2.203)

neN

Since B, € W N O, for every n € N, by (2.201) and (2.202), we finally arrive at
the conclusion that @ # B € W N A. This justifies (2.196) and completes the proof
of (2.195).

In closing, we make two comments pertaining to the nature of the first two
metrization results stated in Sect. 1.

Comment 2.82. Here we attempt to place the Alexandroff—Urysohn theorem for
uniform spaces, stated in Sect. 1 as Theorem 1.1, in a proper, broader perspective.
The starting point is the observation that both the formulation and the proof of the
Alexandroff-Urysohn theorem have undergone significant developments since the
initial publication of [4]. A version closer to the manner in which Theorem 1.1 is
stated was established by Chittenden in [31], and his proof has been substantially
simplified by Frink in [49], by Aronszajn in [8], and by Bourbaki in [20]. In its
current format, Theorem 1.1 first appeared in Weil’s monograph [128], where the
role of uniformity was brought to the forefront. Presently, this classical theorem
is an integral part of the landscape of modern topology, and excellent expositions
may be found in, e.g., the monographs [71, p. 186] by Kelley, [20, pp. 15-17,35]
by Bourbaki, and [74, pp.29-30, 45-47] by Kothe. Up to a point, in the historical
development of this subject, there has been a pervasive belief that there are three
distinct types of metrization results pertaining, respectively, to topological spaces
(as in [18, 30, 88, 90, 105, 112, 115, 124, 125]), proximity spaces (as in [43, 76]),
and uniform spaces (as in [4, 71]). See the comments in [71, Note 14, p.186],
where J.L. Kelley opinionated that the Alexandroff—-Urysohn result (stated as in
Theorem 1.1) was a “rather unsatisfactory solution to the topological metrization
problem.” More recently, however, it has been realized that such distinctions are
somewhat artificial and that such a criticism is largely unwarranted, as the vast
majority of these results can be fairly easily deduced from the Alexandroff—Urysohn
theorem.

Consider, for instance, the Nagata—Smirnov metrization theorem (cf. [88, 112]
and the more timely presentations in [71, Theorem 18, p. 127], [87, Theorem 40.3,
p- 250]), asserting that a topological space is metrizable if and only if it is Hausdorff,
is regular (i.e., any closed set and any point not belonging to it have disjoint
neighborhoods), and has a countably locally finite base (i.e., a base for the given
topology that is the union of a countable family of subsets of the space in question,
each of which is locally finite). In this case, the connection with the Alexandroff—
Urysohn theorem stems from the observation that every completely regular space
can (typically in a variety of ways) be equipped with a uniform structure that induces
(in the sense of Definition 2.73) the same topology as the original one. A more
detailed discussion, which also indicates how the Alexandroff-Urysohn theorem
implies the metrization results from [18, 30,43, 76, 88,90, 105, 112, 115, 124, 125],
can be found in the informative survey[40]. [ |
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Comment 2.83. This further expands on the discussion initiated just prior to the
statement of Theorem 1.2. Specifically, quasimetric spaces are uniform spaces
whose uniformity has a countable base; hence, by Theorem 1.1, they are metrizable.
This is a classical result that has been understood for a long time. As far as the issue
of metrization of quasimetric spaces is concerned, the main contribution by Macias
and Segovia in [79] was to quantitatively relate the distance d given by Theorem 1.1
to the original quasidistance p on the set X. Concretely, following the approach in
[79], consider the entourages

U ={(x,y) € X xX: p(x,y) < M}, i eN, (2.204)

where the constant ¢ > 1 is asin (1.1) and M > 1 is to be chosen shortly. Then,
clearly,

forevery i € N the set U; is symmetric, and ﬂ U; = diag (X). (2.205)
ieN

The idea is now to choose M > 1 in a manner that ensures that
U? C U foreachi > 2. (2.206)

Unraveling definitions, this condition comes down to checking that for every quartet
x,y,z,w € X and for eachi € N with i > 2 the following implication holds:

p(x,y) < M7 p(y.2) < M7, plz,w) < M~ = p(x,w) < M1,
(2.207)

On a separate track, applying the quasitriangle inequality listed at the end of (1.1)
twice yields p(x,w) < co(x, y)+c2p(y,z)+c?p(z. w); hence, the optimal selection
of M for which (2.207) is valid is M := c¢(2¢ + 1). For this choice, the metrization
lemma from [71, p. 185] (cf. also [44, Theorem 8.1.10, p.430]), which is closely
related to Theorem 1.1, guarantees the existence of a distance d on X with the
property that

U C{(x,y) e XxX:d(x,y) <2} C Uy, Vi>2. (2.208)

Since 277 = ([C Qc+D]™ )a precisely when « is as in (1.2), it follows from (2.208)
that p &~ d'/%. Thus, if one defines ps := d'/%, then it follows that p, is equivalent
to p, and (1.3) holds.

Inherently, this approach has the basic drawback that, in the process of rec-
onciling the aforementioned topological result with the quantitative features of p
(cf. (1.1)), the exponent « for which the claims in assertion (1) of Theorem 1.2
hold is the nonoptimal value given in (1.2). This explains why a conceptually new
approach is needed if the aim is to identify the sharp value of the exponentew. W



Chapter 3
Quantitative Metrization Theory

This chapter contains the bulk of our work pertaining to metrization results for
semigroupoids and groupoids, dealt with, respectively, in Sects. 3.2 and 3.3. Then,
in Sect. 3.4, we will specialize these results to obtain a sharp metrization theorem for
quasimetric spaces, which considerably strengthens the work of Macias and Segovia
cited earlier (cf. discussion in Sect. 1). As a preamble, we begin by studying the
regularization of quasisubadditive functions in the next section.

3.1 Regularizing Quasisubadditive Functions

To set the stage, we first recall the following definition.

Definition 3.1. (i) A monoid is an algebraic structure (M, +) consisting of a
nonempty set M and an associative binary operation M x M 3 (x,y)
X + y € M that has a null element, denoted by 0 € M (i.e., 0 € M is such
that x + 0 = 0 4+ x = x forall x € M).

(ii) Call (M, +, <) an ordered monoid if (M, +) is a monoid and < satisfies
the following conditions:

(1) <is atotal order relation on M, i.e., and for any x, y,z € M
x<yandy <z=x <z
eitherx < yory <x, 3.1
x=y&x<yandy <x.

(2) < is compatible with the monoid binary operation, in the sense that

x,yeMandx <y=—z+x<z+yandx +z<y+zforeach z € M,
(3.2)

D. Mitrea et al., Groupoid Metrization Theory, Applied and Numerical 61
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where x < y means that x < y and x # y.

In such a setting, denote by M the ordered monoid of nonnegative elements

in M, i.e.,
MTi={xeM:0<x}. (3.3)
Also, given x,y € M, write x > y (or x > y) ifand only if y < x (or y < x).

Two simple observations to be used later on are as follows. If (M, 4, <) is an
ordered monoid, then for each x;,y; € M, j = 1,2, we have that

x; <y for j =12 = x1+x =<y + »m. (3.4)
Also, if we set
nx:=x+---+x foranyx € Mandanyn € N, (3.5)
~————
n times

then for any x, y € M there holds

2x <2y &= x <y, 3.6)
which further implies
2min{x,y} <x+4+y, Vx,yeMT, (3.7)
2min {x, y} = min{2x,2y}, VYx,y e M™T. (3.9)
In particular,
min {2x,2y} < x + y, Vx,yeMT. (3.9)

We are now prepared to state and prove an iteration lemma of a purely abstract,
algebraic nature, which is of paramount importance for all our subsequent results.
We wish to stress that the context in which we work is, generally speaking, highly
noncommutative and lacks any type of cancellation.'

Lemma 3.2. Let (G, *) be a semigroupoid, and assume that (M, +, <) is an
ordered monoid. Suppose that A : M+ — M™ is a function satisfying

x < A(x) <2x, forall x e M. (3.10)
Also, consider a function ¥ : G — M™ with the property that

V(a *b) < A (max{y(a), ¥(b)}). forall(a,b)e G®?. (3.11)

The issue of proving metrization results in the spirit of the Aoki-Rolewicz theorem in the
noncommutative context has been occasionally raised in other works, such as in [28, Problem 5.2,
p-47].
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Then for every N € N and every (ay, . ..,ay) € GN) there holds

N—1

V(@ xas % xay) < AW (@) + )20 (@) + A (ay)),  (3.12)

i=2

with the convention that the sum on the right-hand side of (3.12) is omitted if N < 2.
In particular, if y : G — M is a function satisfying

V(a % b) < 2max{y(a), v (b)}, forall (a,b)e G?, (3.13)

then for every N € N and every (ay, ...,ay) € G there holds

N—1

V(@ *az 5ok ay) < 29(a) + Y 4y (a) + 29 (an), (3.14)

i=2

with the convention that the sum on the right-hand side of (3.14) is disregarded if
N <2

Proof. The proof of (3.12) proceeds by induction on the parameter N € N. Given
that ¥ (a) > 0 for every a € G, estimate (3.12) corresponding to N = 1 holds
thanks to (3.10), while (3.12) corresponding to N = 2 is a consequence of (3.11)
since, trivially,

A (max {x, y}) < A(x) + A(y), Vx,yeMT. (3.15)
Assume now that N € N, with N > 2, is such that

estimate (3.12) holds with N replaced by K
(3.16)
if Ke{l,...,N}and (aj,...,ag) € GK),

Next, fix an arbitrary (ay,...,an+1) € G+ | with the goal of proving that
N
Y(ay *ay *---*xayy1) < Ay (a1)) + ZZA(W(%)) + AW (an+1)). (3.17)
i=2
For M € {1,..., N + 1} consider the inequality
Ylay *---xayy1) < A (ay * - *an+1)) . (3.18)

Denote by M, the largest number M € {1,..., N + 1} for which (3.18) holds.
Since (3.18) is verified for the choice M = 1 granted the inequalities (3.10),
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it follows that My € {1,..., N + 1} is well defined. If My = N + 1, then (3.17)
holds as well (since ¥ is MT-valued). Hence, it suffices to analyze the case when
1 < My < N.By design,

Yay *---xan+1) < AW (am, * - *an+1)) (3.19)
and
Viay *---xan+1) > A (Y (apy+1 % ---*an+1)) . (3.20)

On the other hand, by (3.11), we have

Vlay -+ *kayq1) = A(max {Y(a * - xanp), YV(@m+1 % *an+1)}) -
(3.21)
In light of (3.20), we deduce from (3.21) that

Yiap *---xayy) S AW (ag *---*xay,)). (3.22)

If My = 1, given that ¥ is M -valued, it follows from (3.22) that (3.17) holds, so
we are done. Thus, there remains to study the case when 2 < My < N. Under this
assumption, from (3.19), (3.22), and (3.10) we deduce that

1//‘(01 *---*LZN_H)fZI// (aMO*---*aN+1), (3.23)
Ylay *---xayg1) <2¢ (ar *---*xapy,). (3.24)
Having established (3.23) and (3.24), we conclude from these and (3.9) that

1//((11 * ook aN+1) < min {ZW(QI ORRRE aMo)v ZW(aMO Kook aN-H)}

< ¥(a; *-~~>x<aM0)+1ﬂ(aM0 ek ANt]). (3.25)
On the other hand, by the induction hypothesis (3.16), we have

My—1
Ylay-xam) < AW@)) + Y 2AW (@) + A (an,)).  (3.26)
i=
N
Ylam, -k ant1) < AW am)) + Y 20 (@) + AW (an+1).
i=Mp+1
3.27)

Summing up (3.26) and (3.27) and then returning with this to (3.25), it follows in
view of (3.4), that (3.17) also holds when 2 < M, < N. This completes the proof
of the claim made in the first part of the statement of the lemma.

Finally, the claim made in the second part of the statement of the lemma becomes
a consequence of what we have proved so far if we take A(x) := 2x for each
x e M. |
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Note that when equipped with the canonical addition and order (on the extended
real line), [0, +00] can be naturally regarded as an ordered monoid (in the sense of
Definition 3.1). This scenario is considered separately below.

Theorem 3.3. Let (G, *) be a semigroupoid, and assume that a function A :
[0,400] — [0,4o00] is given having at most linear growth, i.e., there exists
C € [0, +00) such that

A(x) < Cx, forall x € [0, +0o0]. (3.28)

Consider a function ¥ : G — M with the property that
V(a xb) < A (max{y(a), ¥(b)}) forall (a,b) e G?. (3.29)

Then, for every N € N and every (ai,...,ay) € G™, whenever C > 1, there
holds

Ylar s ax ke ay) = [max (v @), AW (@)=
N—1

+2 3 max {y (@) AW (@)}

i=2
+ max {¥ (ay), A(w(aN))}“"ng”‘]bgzc (3.30)

with the convention that the sum on the right-hand side of (3.30) is omitted if N < 2.
In particular;, if C > 1, then for every N € N and every (ai,...,ay) € G
one has

N log, C
w(al*az*m*aN)sc[Zmax{w(a,-),A(w(af))}“%““} . (33D

i=1

Finally, in the case when C < 1, for every N € N and every (ai, ...,ay) € GV
there holds

Y(ay xaz*---*xay)

< max {Cy(ar), C*Y(ar).....C" 'y (ay—). C" y(an)). (332

Proof. In the case when C < 1, estimate (3.32) follows by simply iterating the
inequality ¥ (a * b) < max{C (a),C vy (h)}, which holds for all (a,b) € G?.
Consider now the case when C € (1, +00). In this scenario, we bring in the function
¥ : G — [0, +00] given by

V@) = @)= Vaeg, (3.33)

and define A : [0, +00] — [0, +00] by setting
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K(x) ‘= max {x, A(xk’gzc)(k’gzc)il} , Vx €0, +o0]. (3.34)

Since for every x € [0, +-00] we have
A(xlogz C)(10g2 C)71 < (Cxlog2 C )(1032 o)t — ZX, (335)

it follows that
x < K(x) <2x forevery x € [0, +0o0]. (3.36)

Furthermore, condition (3.29) entails

og, €\ (022 o)t
ww*mmw”‘sA«mwme%“‘W@W%“‘ﬁwc)
= K (max{y (@) =07y (b)) (3.37)

for each (a,b) € G®. Hence,
V(a*b) <A (max{y(a), ¥(b)}) forall (a,b) € G?, (3.38)

and (3.30) follows from Lemma 3.2, granted (3.36) and (3.38). O

Corollary 3.4. Let (G, *x) be a semigroupoid, and assume that ¥ : G — [0, + 0]
is a function with the property that there exists a constant C € (1, 4+00) such that

V(a *b) < C max{y(a), v (b)) forall(a,b) e G®?. (3.39)

Then for every N € N and every (ay, ... ,ay) € GW) there holds

N—1 log, C

@)= £23 @)= g (ay) O

i=2

'(ﬂ(al*az*"'*a]v)fc

<C?

N log, C
> vlant=O } , (3.40)

i=1

with the convention that the sum in the middle term of (3.40) is omitted if N < 2.
In particular, if C € (1,2] for every N € Nand every (ay, . ..,ay) € G™), then
one has

N-1
Y(ay *azx---xay) <C (‘/f(al) +2 Z Y(a;) + 1/’(UlN)) , (3.41)

i=2

with the convention that the sum on the right-hand side of (3.41) is omitted if N < 2.
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Proof. The first inequality in (3.40) follows from Theorem 3.3 used in the case
when A is the linear function

A 1[0, +00] = [0, +00], A(x):= Cx foreach x € [0, +o0]. (3.42)

In turn, the second inequality in (3.40) is an immediate consequence of the first upon
observing that 2'°2¢ = C. Finally, whenever C € (1,2], estimate (3.41) readily
follows from the first inequality in (3.40) (alternatively, (3.41) is directly implied by
the first part of Lemma 3.2 by observing that the function A considered in (3.42)
satisfies (3.10)). O

In the following theorem we present a related version of Theorem 3.3. For a
discussion on the relationship between these two results the reader is referred to
Remark 3.6.

Theorem 3.5. Let (G, %) be a semigroupoid, and fix two constants Cy € [1, +00)
and K € [0, +00). In this context, let Yy : G — [0, K] and A : [0, K] — [0, K] be
two functions satisfying (with id denoting the identity function)

id<A, AoA=<Cy-id, A nondecreasing, (3.43)

as well as
Y(a*b) < A (max{y(a), y(b)}),  V(ab)eG?. (3.44)

Introduce
= 0, . 3.45
o oz, Co € (0, +00] ( )

Then for each N € N and each (ay, . ..,ay) € G there holds

1/a
Ylay -+ *xay) < {i[(/\ o A) (Y (a)]” / if a €(0,+00)  (3.46)
i=1
and
Ylay *---*xay) <max{y(ar),....¥(an)} if a =-+oo. (3.47)
As a consequence, for each N € N and each (ay, . ..,ay) € G™),
N 1/a
V(a) *---xay) < Cy Zw(ai)“} if a € (0,+00). (3.48)
i=1

In particular, if Cy = 2, i.e., if the function  satisfies (3.44) where A is such that

id<A, AoA <2id, A nondecreasing, (3.49)
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then for each N € N there holds

N
Ylay-xay) <Y (Ao AW (a)).  V¥(ai.....ay) € GM:  (3.50)

i=1

hence, further,

N
w(al*-~-*aN)§2zw(ai), Y (ai,....ay) € G™. (3.51)

i=1

Proof. We will first treat the case Cy = 2, i.e., when the functions ¥ : G — [0, K]
and A : [0, K] — [0, K] satisfy (3.44) and (3.49). Our goal is to show that estimate
(3.50) holds, and we will prove by inductionon N € N that

VM e{l,...,N}, V(al,...,aN)eG(N) one has

M (3.52)
Ylay - xay) < (Ao AV (a)).
i=1

The case N = 1 is clear from the observation thatid < A o A, which in turn follows
by writing x < A(x) < A(A(x)) for each x € [0, K] using the first inequality
in (3.49) twice.

Assume next that (3.52) holds for some N € N, with the goal of proving
that (3.52) holds with N replaced by N + 1. Using the induction hypothesis, this of
course reduces to showing that

N+1
Y(ay *--xang1) < Z(A o N)(W(a)), V(ai,...,any1) € GNTD (3.53)

i=1
To this end, fix (a1, ...,ay+1) € GNTD and introduce

N+1

A=Y (AoA)(¥(a)) € [0. +00]. (3.54)

i=1

Given that Im(y) C [0, K], inequality (3.53) is obvious if A > K since, whenever
(ai,....ay+1) € GVFD we may write

N+1

Ylar*--xaye) <K <i= ) (Ao M)y (a)). (3.55)

i=1

Thus, without loss of generality we may work under the assumption that A € [0, K).
In particular, we may assume that A < +oo in what follows. Consider first the case
when

(Ao N)(Y(ar)) = A/2. (3.56)
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Then
N+1

Ylaz s xays) < Y (Ao M)W (@) < A/2, (3.57)

i=2
where the first inequality follows from the induction hypothesis and the second one
is a consequence of (3.54), (3.56), and the fact that A < 4o0. Thus,

Vlar*---*xay41) < A(Y(ar), max{y(az * -+« an+1)})

= A (max{y(a1),A/2})

< (Ao A) (max{y(ar),A/2})

= max{(A o A)(¥(a1). (Ao A)A/2)} <A.  (3.58)
The first of the preceding inequalities follows from (3.44), the second is a conse-
quence of (3.57) and the fact that A is Nondecreasing, the third inequality follows
from the bound from below on A from (3.49), and the equality is again a conse-
quence of the monotonicity of A. Finally, the last inequality in (3.58) follows from
the bound from above for Ao A from (3.49), along with the fact that, using (3.54), we
have (Ao A)(¥(a;)) < A. Given the significance of A, estimate (3.58) proves (3.53)

in the case when (3.56) is satisfied.
Consider next the case when

(Ao AN)(W(an+1)) = A/2. (3.59)

Then, as before, based on the induction hypothesis, the definition of A from (3.54),
(3.59), and the fact that A < +o00, it follows that

N
Ylay - xay) < Y (Ao AW (a;)) < 1/2. (3.60)

i=1
Again, similarly to our reasoning for establishing (3.58) in the previous case, this
further implies
Ylay x - xayy) = A(max{y(ay *---*xan), Yy(an+1)})
= A (max{A/2, ¥ (an+1)})
= (Ao A)(max{A/2, ¥(an+1)})
=max {(A o A)(A/2). (Ao M)(¥(av+1))} =A.  (3.61)

This establishes (3.53) in the case when (3.59) holds.
At this stage, there remains to consider the situation when

(Ao M)(Y(a)) <A/2 and (Ao A)(Y(ant1)) < A/2. (3.62)
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Assuming that this is the case, define

Nyp:=maxdn € {l.....N + 1} : Y (Ao AW (a) < A/2¢ . (3.63)

i=1

Then the first inequality in (3.62) entails that the number N, is well defined and
that N, > 1. Also, the second inequality in (3.62), together with the definition of A

N
from (3.54), and the fact that A < 400 further imply that Y (Ao A)(¥(a;)) = A/2,
i=1

1

which further forces N, < N — 1. Moreover, by design,

No No+1

D (AoM(W@) <A/2 and Y (Ao M)(W(@) = A/2.  (.64)

i=1 i=1

From the latter estimate, (3.54), and given that A < 4oocand N, < N — 1, we
deduce that
N+1

> (Ao MW(ai) < /2. (3.65)

i=N,+2
Hence, using (3.65) and the induction hypothesis we obtain

N+1

Y@y 2 kxay) < Y (Ao A)(Y(a) < A/2. (3.66)

i=N,+2
Also, using the fact that N, < N — 1, the induction hypothesis, and the first
inequality in (3.64), we conclude

N,

Ylar - xay,) < Y (Ao A)(Y(a) < A/2. (3.67)

i=1

Consequently,

Vay *---xayt1) < A(max{y(ar *---xan,), Y(an,+1 * -+ *ay+1)})
< A (max{1/2, A (max{yr(an,+1). Y (@n,+2 % ... x an+1)})}
= A (max{A/2, A (max{y(an,+1).A/2})})
= A(max{A/2, A(Y(an,+1)), A(A/2)})
= A(max{A (¥ (an,+1)). A(A/2)})
= max{(A o A)(Y¥(an,+1)), (A o A)(A/2)}
<A. (3.68)
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The first inequality above follows from (3.44), the second one is a consequence
of (3.67), and the third one is implied by (3.66). Also, the first equality in (3.68) uses
the fact that the function A is nondecreasing, the second equality is a consequence
of the lower bound on A from (3.49), while the last equality in (3.68) uses again
the monotonicity of A. Finally, the last inequality in (3.68) relies on the upper
bound property on A from (3.49) along with the fact that, as seen from (3.54),
we have (A o A) (Y (an,+1)) < A. Given the significance of A, this completes the
proof of (3.53) in the case when (3.62) is satisfied. Hence, the proof of the estimate
in (3.50) is complete. Since (3.51) follows immediately from (3.50) using the upper
bound on A from (3.49), this concludes the analysis of the case Cy = 2.

Next, we will treat the case Cy = 1. In this scenario, thanks to (3.45), we have
o = 4o0 and using the two inequalities from (3.43) we obtain

x < A(x) < A(A(x)) < x, Vx e€[0,K]. (3.69)
Thus, A = id. Hence, in this case, (3.44) becomes
V(a * b) < max{y (a), ¥ (b)}, Y (a,b) € G?, (3.70)

and estimate (3.47) follows by repeated applications of (3.70).
For the remainder of the proof we may suppose that Cy € (1, 400), thus o €
(0, 400). Assuming that this is the case, introduce the function

A:0,K%—[0,K%, A(x):=[AGY)]",  Vxel0,K"]. (371
Note that since A is a nondecreasing function, then
A is nondecreasing on [0, K]. (3.72)
In addition, using the first inequality from (3.43), we may write
Ax) = [AGY)]" = [x*]" =x,  Vxelo,K], (3.73)

ie.,

id < A. (3.74)

Going further, based on the definition of the function A, the upper bound on A o A
from (3.43), and the definition of o from (3.45), we write

(Ko R)(x) = A ([AGY))) = [A (AG)]"
< (Cox'*)* = C¢x =2x,  Vxel0,K%, (3.75)

which shows that
Ao A <2id. (3.76)
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Thus, based 0n~(3.72), (3.74), and (3.76), we may conclude that (3.49) holds with
A replaced by A. "
Introduce now the function ¥ : G — [0, K*] by setting

V() :=[v@]*. VYaed. (3.77)

Then, using (3.77), (3.44), and the definition of A from (3.71), for every (a,b) €
G® we have

V(a*b) = [Y(a*b)* < [A (max{y(a). y(b)}]"
= [ ((max @, 7o) |
= A (max{y (a), ¥ (b)}), (3.78)

i.e., (3.44) holds with ¥ replaced by J and A replaced by A. Consequently, based
on what we have proved so far in the case Cyp = 2, it follows that for each N € N
there holds

N
Ylar#-xay) <Y (Ao NP (a)).  VY(a.....ay) €GN (379

i=1

Unraveling definitions, for each N € N, estimate (3.79) may be written as

N
[Wiai s xay)* <Y [AA@ @), Via,....av) € G, (3.80)

i=1

which proves (3.46) (recall that in the current scenario o € (0, 400)). Finally,
(3.80), in concert with the upper bound on A o A from (3.43), immediately implies
the estimate in (3.48). The proof of the theorem is now complete. |

Remark 3.6. If A = C,id for some C; € [l,+0o0), then estimate (3.48) from
Theorem 3.5 works with

1 1
log,(C2)  2log, Ci’

Co:=C} and «:= (3.81)

whereas Theorem 3.3 yields an estimate of the same type as (3.48) but for the
choices

Co:=C; and «o:= (3.82)

log, C;’

The latter is better on both counts, i.e., it uses a smaller multiplicative constant
and a larger exponent on the right-hand side. That being said, estimate (3.51) from
Theorem 3.5 is sharper than what (3.30) yields in this case. This is because in the
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context of Theorem 3.5, stronger assumptions have been made on the function A
(compared with the requirements on A from Theorem 3.3). Thus, for this portion
of our results we have a natural phenomenon in which stronger assumptions imply
stronger conclusions.

A relevant consequence of Theorem 3.5 is singled out below.

Corollary 3.7. Let (G, *) be a semigroupoid, and let ¥ : G — [0, +0o0] satisfy
Y(a *b) < n(max{y (@), y(®)}).  V(ab)eG?, (3.83)
for some nondecreasing function 1 : [0, +00] — [0, +00]. In addition, assume that
id<n and @onon=<2¢ on [0,+o0], (3.84)

where ¢ : [0, 4+00] — [0, +00] is a continuous function that is strictly increasing
and satisfies ¢(0) = 0. Then for each N € N there holds

N
e+ xan) <2 oW(@).  Va.....ay) €GNV, (3.85)
i=1
Proof. Consider the functions

@:G—)[O,—}—oo], J::(pow and

(3.86)
A:[0,K]—=[0.K], A:=¢onogp !,
where
K:= lim ¢(x). (3.87)
xX—>+00

Here ¢! stands for the inverse of the bijective function ¢ : [0, +00] — [0, K]. We

claim that the following properties hold:
Im(¥) < [0, K], (3.88)
A is nondecreasing, (3.89)
id<A<AoA <2id, (3.90)
V(a*b) < A (max{y(a), ¥(b)}), V(a,b)eG?. (3.91)

Indeed, the inclusion in (3.88) follows from the definition of {/7 in (3.86) and the fact
that Im(¢) = [0, K]. Next, (3.89) is an immediate consequence of the definition of
A in (3.86) and the monotonicity properties of ¢ and 7. Turning to (3.90) we first
notice that, due to the bound from below on 7 from (3.84), for each x € [0, K] we
have ! (x) < n(¢~"(x)). Since ¢ is nondecreasing, this further implies that

x =97 (x) =ep™ (x) = A(x),  Vxe[0,K], (3.92)
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establishing the first inequality in (3.90). In particular, A(x) < (A o A)(x) for any
x € [0, K], i.e., the second estimate in (3.90) also holds. Next we write

AoA=((pon0(p_1)o((pono¢_l)
=gononop ' <2id on [0,K], (3.93)

where the inequality in (3.93) follows by appealing to the second estimate in (3.84).
This completes the proof of (3.90). Finally, fix an arbitrary pair (a,b) € G® and
notice that

V(axb) = g((a b)) < (¢ on) (max{y(a), ¥(h)})
= (ponoep™") (max{y(a), ¥(h)})
= A (max{y/(a), ¥ (b)}), (3.94)

as desired. In (3.94), the first equality follows from the definition of fﬂ, the
first inequality is a consequence of (3.83) and the fact that the function ¢ is
nondecreasing, the second equality uses again the definition of 17, along with the
fact that ¢! is nondecreasing, while the last equality follows immediately from the
definition of A. This completes the proof of (3.91).

There remains to observe that, by virtue of (3.88)—(3.91), the hypotheses of
Theorem 3.5 are satisfied with Axﬂ in place of ¥ and Cp = 2. The main estimate
in Theorem 3.5 then yields (3.85). |

Comment 3.8. In the particular case when the semigroupoid (G, *) is given by
G :={(x.y): x,y € X}, (3.95)

where X is some fixed nonempty set, with G® := {((x,y),(y,2)) : x,y.z € X}
and (x,y) * (y,z) := (x,2) for any ((x,y),(y,2)) € G?, estimate (3.85) has
established in [2] under the additional assumptions that 7 is convex and continuous,
n > 2id, n(0) = 0, and ¢ is continuous and concave, and ¢(0) = 0. In [2] it was
also shown that the second functional inequality from (3.84) has a solution ¢, given
any such 7. |

Next we present a second corollary of Theorem 3.5, this time in the spirit of the
Aoki—Rolewicz theorem.

Corollary 3.9. Let (X, +) be a semigroup and assume that || - || : X — [0, +00]
and A : [0, +00] — [0, +00] are functions satisfying

A is nondecreasing, id <A, and AoA <(y-id, (3.96)
for some Cy € (1, +00), and

x + yll = Adllx]D). Vx.y€X suchthat |x| = |y (3.97)
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Then, for each N € N and {x;}1<i<n C X there holds

e+ +xnl = Co

N 1/a |
Z||xi||°‘§ . Where «a:= . (3.98)

i=1

Proof. This is a direct consequence of Theorem 3.5. |

Going further, the aim is to describe a regularization procedure suggested by
our earlier considerations for a given, arbitrary (real-valued) nonnegative function
defined on a semigroupoid. To set the stage, we first make the following definition.

Definition 3.10. Assume that (G, *) is a semigroupoid. A function ¢ : G —
[0, 400] is said to be a-quasisubadditive for some @ € (0, +o0] provided
there exists a finite constant C > 2~1/¢ guch that

Ylaxb) < CW@F +W®)e. Vb eG?, (3.99)

if @ < +00 and, corresponding to o = +o00 (in which scenario it is assumed that
c=0,

V(a *b) < C max {y(a), v(b)}, Y (a,b) € G?. (3.100)

Furthermore, it is agreed that the notion “co-quasisubadditive” may be abbreviated
simply as quasisubadditive.

Finally, say that ¢ : G — [0, 4-00] is «-subadditive for some o € (0, +00]
if one may take C = 1 in (3.99) when o < +o0 and in (3.100) when o = +oc0.

Remark 3.11. Note that given a semigroupoid (G, %), a function ¢ : G — [0, +00]
is a-quasisubadditive for some « € (0, +00] if and only if ¥ is quasisubadditive
(what varies is the nature of the constant involved in the definitions of these
properties). Moreover, if ¥ : G — [0,400] is a-quasisubadditive for some
a € (0, +o¢], then ¥ is B-quasisubadditive for any S € (0, «].

Remark 3.12. 1f (G, %) is a semigroupoid and ¥ : G — [0, +00] is a quasisubad-
ditive function, then G 3 a > min{y/(a), 1} € [0, +00) is also a quasisubadditive
function. Moreover, if 1, ¥» : G — [0, +00] are quasisubadditive functions, then
so are the functions max{y, ¥} and ¥; + V.

The following definition, describing the «-subadditive regularization of a real-
valued, nonnegative function defined on a semigroupoid, plays a key role in much
of our subsequent work.

Definition 3.13. Given a semigroupoid (G, %), a function ¥ : G — [0, +00], and
an exponent « € (0, +00), define ¥, : G — [0, +00] by setting for eacha € G

1

N o
WQ(G) = inf (ZW(CI{)Q) : N eN, (al,...,aN) S G(N), a=aj x---*ay

i=1

(3.101)
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Also, corresponding to @ = 400, define Yoo : G — [0, +00] by setting for each
aeG

Vool(a) := inf lma?ivlﬂ(ai): N eN, (ar,....ay) €GN, a =a; x---xay}.
<i<

(3.102)

Finally, call the function ¥, the ¢-subadditive regularizationof y.

The following lemma substantiates the heuristic principle that while v, con-
tinues to be closely related to v, in general it possesses better functional analytic
properties. In fact, the reason for using the terminology “«-subadditive regular-
ization” for the function v,, defined according to the regularization scheme in
Definition 3.13, becomes clear from part (3) of the lemma.

Lemma 3.14. Given a semigroupoid (G, ), the following properties hold.
(1) For each o € (0,+00] and any ¥ : G — [0, +00] the function Y, : G —
[0, +00] is well defined and has the property that for every C € [0, +00) and
B €(0.a]
Yo < Vg, CY)e=CYy and Yo <V on G. (3.103)
(2) Forany o € (0, 400] and any two functions Y, Y, : G — [0, +00]
Vi=y2 on G = (Y1)a = (Y2)o on G. (3.104)

(3) For each a € (0,+00], each ¥ : G — [0,400], and each B € (0,«] the
function VW, is B-subadditive. That is, if B is finite, then there holds

Valaxb) < W@V + W)’ . V(@b eG?,  (3.105)
and, corresponding to the case f = o = 400,
Voola % b) < max {Voo(a) , Yoo(b)}, Y (a,b) € GP. (3.106)

(4) For each index o € (0, +00] and each function ¥ : G — [0, +o<] the function
Yy is quasisubadditive, in the precise sense that

Vola x b) < 2% max {Vy(a) . Yo (b)), Y (a,b) e G?. (3.107)
(5) For any function ¥ : G — [0, 400] and any exponent o € (0, +00] one has

Vv =Yy < V¥ is a-subadditive. (3.108)
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As a consequence of this, as well as part (3), for each exponent o € (0, +00]
and B € (0,a] and each function  : G — [0, +-00] one has (Vo) = Vo. In
particular,

Ya)o = Vo (3.109)

(6) Assume that the function ¥ : G — [0, +00] and the index o € (0, +00] are
given. Then v, the a-subadditive regularization of Y, can be characterized as
the largest nonnegative function defined on G with the property that it is both
a-subadditive and < vy on G.

(7) Assume that « € (0,+00) and that ¥; : G — [0,+00], i € N, are «-
subadditive functions. Then for each B € [a, +00) the function

00 /8
VG —[0,400], Y= (Zwﬁ) , (3.110)

i=1

is also a-subadditive.

(8) The regularization process described in Definition 3.13 is invariant under
semigroupoid isomorphisms in the following sense. Suppose that o € (0, +00]
and ¥ : G — [0, +00] are given, G is another semigroupoid, and ¢ : G—>G
is a semigroupoid homomorphism. Then Y, 0 ¢ < (Y o @), In particular,

¢ : G—>G semigroupoid isomorphism =—> (Y o P)q = Yy 0. (3.111)

(9) For each a € (0,400] and B € (0, +00) and any function ¥ : G — [0, +00]
one has (wﬂ)a = (Wocﬁ)ﬂ'

Proof. The claims in (1) and (2) are straightforward consequences of definitions.
To prove (3), fix @ € (0, +00) and (a,b) € G®. Also, assume that M, N € N and
(ai,....ay) € GM™ (ayy1.....an+yu) € GM aresuchthata = a; *--- *x ay
andb = ayy1*---*ayyy.Then(ay,...,ansy) € GV M anda - xayy =
a x b. Consequently, by (3.101),

N+M

N M
[Wela* D) < Y [W@)]* =Y (@) + Y [+, (3.112)

i=1 i=1 i=1

Taking the infimum over all such N, M and a1, ..., ay+u, we obtain that

Vala *b) < (Wa@]” + [a(®)])7 . (3.113)
Let now § € (0, «] be arbitrary, fixed. Then, since a/f > 1, we have
(Ve (@] + W) = (We(@)))7 + ([We®)) )"
< (Ve @ + e b)), (3.114)
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so that (3.105) is proved in the case when « € (0, +00) by combining (3.113)
and (3.114). Finally, the case « = -4o00 of (3.105) is treated similarly [us-
ing (3.102)], and the same type of reasoning also proves (3.106). This completes
the proof of (3).

Consider next the claim made in (4). The case « = 400 is contained in (3.106),
so it suffices to treat the situation when o € (0, 4+00). In this scenario, the inequality
proved in (3) written for B := « gives that for each (a,b) € G® we have

Vala % b) < (Wa(@]* + [Yu®I)* < @ max {[Yu @] . [a b))

= 24 max {Yu(a), Y (D)}, (3.115)

and hence (3.107) is proved.

As far as (5) is concerned, the right-pointing implication in (3.108) is a direct
consequence of (3.105) and (3.106). To prove the opposite implication, consider
first the case @ < +o0, and note thatifa € G, N € Nand (ay,...,ay) € G™)
are such that @ = a; * --- * ay, then an inductive argument (on the parameter N)
shows that

N
Y@ <Y Yla)”. (3.116)

i=1
Fixing a € G and taking the infimum of both sides of (3.116) over all representa-
tions of @ as a producta = a; * ---* ay with N € Nand (a;,...,ay) € GV
then yields ¥ (a)* < ¥4(a)* for every a € G, ie., ¥ < ¥,. Since the opposite
inequality is contained in (3.103), we eventually conclude that ¥y = v, as desired.
Finally, the reasoning in the case @ = 400 is similar except that, this time, one has

Y(a) < max Y(a;) (3.117)

in place of (3.116). The proof of (5) is therefore complete.

Concerning the maximality claim made in (6), thanks to (3) and the last
inequality in (1), it suffices to show that if the functions ¥,¢ : G — [0, +00]
and the exponent o € (0, +0o0] are such that ¢ < ¥ on G and ¢ is a-subadditive,
then necessarily ¢ < ¥, on G. This, however, follows from (3.108) and (2), which
allow us to write that ¢ = ¢, < ¥, on G.

The claim in (7) is readily implied by the special case when all but finitely many
Y;’s are identically zero, via a limiting argument. In turn, the latter scenario can
be handled by induction (on the number of nonzero functions involved) as soon
as we have established the corresponding assertion for two arbitrary «-subadditive
functions 1, ¥ : G — [0, +00]. To this end, pick (a,b) € G? and, based on the
«-subadditivity of ¥, ¥», estimate

1
(1@ x b +9(@xb)) " < [r@ 4y 0 + st +92019"]

= [(x1+y)?+(xa+y2)"1"7 (3.118)
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where we have set x; := y¥1(a)%, x2 := V2(a)¥, y1 := Y1(D)%, y2 := Yp(b)%, and
p = B/a.Since p > 1 and x1, X2, y1, y2 > 0, the discrete version of Minkowski’s
inequality gives [(x1 + y1)? + (xa + y2)?1/7 < (x] + X))V + (3 + y})V/7.
Using this back in (3.118) and unraveling notation then yields

1
o

(1@ xb) + (@55 <[ @ + v@f) + (@) +v20)) ]
(3.119)

which shows that (1//{3 + 1//5 )P 1 G — [0, +00] is an a-subadditive function. This
completes the proof of (7).

As regards the claim made in (8), note that if ¢ : G > Gisa semigroupoid
homomorphism, then for any N € N and (ay,...,ay) € 5(]\'), a e 5, such that
a =aj - *ay, it follows that (¢(ay), ..., ¢(ay)) € G™) and ¢p(a) = ¢(a;) *
-+« % ¢(ay). This shows that ( o ¢)y(a) > Vu(¢(a)) for every a € G, hence,
ultimately, ¥, o ¢ < (Y o ¢),. If, on the other hand, ¢ : G — Gis actually a
semigroupoid isomorphism, then writing the inequality just proved with G and G

intertwined, ¥ replaced by v o ¢, and ¢ replaced by ¢! yields

(Yodlaod ' <((Wog)od™'), = V. (3.120)

which further implies that (¥ o ¢), < ¥ o ¢. All together this proves (3.111) and
completes the proof of (8).
Finally, the claim in (9) is a straightforward consequence of Definition 3.13. O

For the purpose of comparing various functions we now introduce the following
equivalence relation.

Definition 3.15. Let G be a fixed, arbitrary, nonempty set. Call two given functions
Y1,¥2 © G — [0,400] equivalent and write ¥, & 1, if there exist two
constants C’, C” € (0, +00) with the property that

C'yri(a) < yn(a) = C"Yi(a), Vaeg. (3.121)
Remark 3.16. (i) For any two functions ¥1, ¥» : G — [0, 400] we have that y; &

Y, if and only if there exists  : G — (C’, C"), where C’, C” € (0, +00), with
the property that

Va(a) = n(a)yi(a), YaegG. (3.122)
It is natural to think of any function  : G — (0, +-00) with the property that

0 < inf n(a) < supn(a) < +oo (3.123)
aeG aeG
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asamodulation (ormultiplicative weight) and to call the product
ny the n-modulated version of v (or the n-multiplicatively
weighted version of y).

(i) Given a semigroupoid (G, *), for any index @ € (0, +o00] and any two functions
Yi,¥2 © G — [0,+0o¢], it follows from (3.104) and the second formula
in (3.103) that

Y1~y on G = (Y1) &~ (Y2)y on G. (3.124)

Our next theorem, which should be contrasted to (3.108), shows that if v is
a real-valued, nonnegative function defined on a semigroupoid G that, for some
a € (0, 400], is equivalent (in the sense of Definition 3.15) with its «-subadditive
regularization v, (cf. Definition 3.13), then v is also a-quasisubadditive or,
equivalently, quasisubadditive (cf. Remark 3.11). Also, in the converse direction,
if v is quasisubadditive, then 1 is equivalent with its «-subadditive regularization
Yy for a judicious choice of the index o (depending on the constant involved in
the quasisubadditivity condition satisfied by the function ). The latter result is of
paramount importance for our work.

Theorem 3.17. Let (G, *) be a semigroupoid.

(I) Assume that ¥ : G — [0, +00] is a function that is quasisubadditive on G in
the sense that there exists a finite constant C, > 1 with the property that

V(a *b) < Cymax{¥(a), y(b)}, forall (a,b) e G?. (3.125)

Introduce

= 0, . 3.126
@ = gy € (0.4 (3.126)

and define the function ¥, : G — [0, +00] as in Definition 3.13.
Then ¥, ~ . More specifically, with C; the same constant as in (3.125),

C7Y <y, <y on G (3.127)

In particular,
(V) ™' ({0}) = ¥~ ({0}). (3.128)
More generally, if B € (0, a, then
272y <yp <y on G. (3.129)

(II) Conversely, if  : G — [0, +00] is a function for which there exist some finite
constant C > 1 and some o € (0, +00] with the property that

Yy <Cv¥, onG (3.130)
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(hence ¥ ~ Y, since the estimate W, < V¥ is always true), then \ satisfies
estimate (3.125) for the choice Cy := C2'/* (hence Vr is quasisubadditive).

() In the setting of part (I), consider the constant Cy € [0, +00] defined by
Cy := 1ifthe function  is either identically zero or identically infinity on G
and, otherwise,

Y(ay *---*xay)

CW (= sup ﬁ lf o < 400, (3131)
(£ viar)
i=1
where the supremum is taken over all N € N and all (ay,...,ay) € G

with 0 < maxi<j<ny ¥ (a;) < 400, and, corresponding to ¢ = +00,

Y(ay *---*xay)

max ¥ (a;)

1<i<N

Cy :=sup , (3.132)

with the same conventions regarding the supremum. Then the following
improvement of (3.127) holds:

1<Cy<C! and C;'Y <yu<¥ on G. (3.133)
Also,
Cy =1 < ¥ isa-subadditive. (3.134)
Proof. Consider the claims made in part (/) of the theorem. The case C; = 1,

corresponding to ¢« = +o00, is immediate from Lemma 3.14; therefore, we will
assume in what follows that « < +o00. From (3.103) we know that ¥, (a) < ¥ (a)
for every a € G. Corresponding to the inequality in the opposite direction, the idea
is to apply Lemma 3.2 (taking M to be [0, +o0] with its natural structure of ordered
monoid) to the function (). Note that the choice (3.126) ensures that C* = 2, and
hence () satisfies an inequality as described in (3.13). This allows us to conclude
that

N
[Wiar*---xan)]* <4 [Y@)] (3.135)

i=1
eachtime N € Nand (ay,...,ay) € GW™) In particular, this implies that
1
A a
Y(a) < 4a (Z [w(af)]“) (3.136)

i=1



82 3 Quantitative Metrization Theory

ifa € G,N eN,and (ay,...,ay) € G™) are such thata = a; *---* ay. Starting
with an arbitrary @ € G and then taking the infimum in (3.136) over all N € N and
(ai,...,ay) € GW) satisfying a = a; * --- * ay allows us to conclude that

V(@) < 4% Yu(a) = C2Yul@),  VYaeG. (3.137)

This completes the proof of (3.127). Note that (3.128) readily follows from (3.127).
To see (3.129), observe that if B € (0, «], then C; < 2!/#. Hence,

V(a % b) < 2YF max{y (a), v (b)}, Y (a,b) € GP. (3.138)

Consequently, (3.127) may be used with « replaced by B and C replaced by 2!/#.
This yields (3.129) and completes the proof of (/).

As regards part (I1), note that based on (3.130), (3.107), and (3.103), for each
pair (a,b) € G» we may write

V(a *b) < Cyy(a xb) < C2Y%max {Yu(a), Yu(b)}
< C2Ymax {y(a), ¥ (b)}. (3.139)

and hence ¥ satisfies a quasisubadditivity condition with C, := C2!/%,

Finally, concerning part (/ /1), first observe that, by design, Cy, > 1 (as seen by
taking N = 1 in (3.131) and (3.132)). Next, if « = +o00, then we have C; = 1
and, hence, ¥ (a * b) < max{y(a), ¥ (b)} for every (a,b) € G?. In turn, this
and (3.132) imply that Cy < 1; thus, ultimately, Cy = 1 in this case, and all
desired conclusions follow (from earlier results). Consider now the case o < +o0.
Then inequality (3.135) entails Cy, < 4l = C?. This proves the first double

inequality in (3.133). In addition, from definitions we have that, for every a € G,

N 1/a
Y(a) < Cy (Z w(a,-)”) (3.140)

i=1

forall N € Nand all (a1,....ay) € G™) with a; * --- x ay = a. Taking the
infimum over all such choices we arrive at the conclusion that ¥ < Cy ¥, on
G. Since the inequality ¥, < v on G has already been noted, this completes the
proof of (3.133). Lastly, if Cy = 1, then the fact that ¥ is a-subadditive follows
from (3.140), whereas the converse is a consequence of (3.131) and (3.132). O

Remark 3.18. In the context of the first part of Theorem 3.17, if in place of the
quasisubadditivity condition (3.125) the function ¥ : G — [0, 400] is assumed to
have the property that there exist p € (0, +o00) and C > 27!/7 such that

V(a *b) < C(W(@)” +yB)")?, forall (a,b) e G?,  (3.141)
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i.e., ¥ satisfies a p-quasisubadditivity condition, then

Y(a*b) < C([W@] + [y®)]")7
<27C max{y (), y(b)), ¥(a,b)eG®?, (3.142)

which means that estimate (3.125) holds for the choice C; := 2% C. Note that we
-1

have (log2 [Z%C]) = p/(1 + plog, C). Hence, part (/) in Theorem 3.17 gives

that ¥ ~ v, where, instead of (3.126), this time we take « to be

)4

— € (0, . 3.143
1+ plog,C (0. o] ( )

At this stage, the goal is to define a notion of symmetry and quasisymmetry for
a function v defined on a semigroupoid G with respect to a given involution of G
and study how the regularizations of i (in the sense of Definition 3.13) relate to this
property. We begin by making the following definition.

Definition 3.19. (i) Let G be an arbitrary, nonempty set. Call a given function
t:G — G an involutionif

@) =a,  VaecG. (3.144)

(ii) If (G, %) is a semigroupoid, then call t amultiplicative involution
of G ift : G — G is an involution and if

(a.b) € G?Y = (1(b),1(a)) € G? and i(a xb) = 1(b) * 1(a). (3.145)

We are now ready to define the notions of symmetry and quasisymmetry alluded
to earlier.

Definition 3.20. Let G be an arbitrary, nonempty set, and assume that¢ : G — G
is an involution. Call a given function ¥ : G — R symmetric with respect
to ¢ provided

V((a) =y(a)., VYaegG, (3.146)
and call ¥ quasisymmetric with respect to( provided
3Cy > 0 such that Y (i(a)) < Cov¥(a), VacegG. (3.147)

Parenthetically we wish to note that, in the context of (3.147), if the function
Y is not identically zero, then necessarily Cy > 1. Indeed, if @ € G is such that
V(a) > 0, then Y(a) = Y (t(t(a)) < Cov(i(a)) < CZ¥(a), and the desired
conclusion follows.
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In the next lemma we introduce a certain symmetrization procedure of an
arbitrary function and study some of its most basic properties.

Lemma 3.21. Suppose that G is an arbitrary, nonempty set and that . : G — G is
an involution. Given a function ¥ : G — [0, +00], consider Y, : G — [0, +0o0], its
max symmetrization relative to (, defined by

Y.(a) ;= max{y(a), ¥((a))}, Vacedl. (3.148)

Then the following properties hold.

(1) The function v, is symmetric with respect to (.

(2) The function  is symmetric with respect to v if and only if Y = ..

(3) One has  ~ Y, if and only if V is quasisymmetric with respect to L.

(4) The function  is quasisymmetric with respect to ¢ if and only if there exists
¥’ G — [0, +00] that is symmetric with respect to v and such that =~ .

(5) The function , may characterized as the smallest [0, +o00]-valued function
defined on G that is symmetric with respect to t and that is >  pointwise
on G.

(6) Assume that (G, %) is a semigroupoid and that ¢ is a multiplicative involution
on G. Then, if Y is quasisubadditive on G, then it follows that so is \,, and with
the same constant. More precisely, if  satisfies (3.125) for some finite constant
C, > 1, then also

V.(a x b) < Cymax{y,(a)y,(b)}, forall (a,b) € G?. (3.149)
Proof. Since ( is an involution, for every a € G we may write
Y (t(a)) = max {Y(u(a)), ¥ (1(c(a)))}
= max {Y(t(a)). ¥ (@)} = V.(a). (3.150)

Hence , is symmetric with respect to ¢, proving (1). Then (2) is an immediate
consequence of (1) and (3.148). As regards (3), note that if i satisfies the
quasisymmetry condition (3.147), then

Y(a) < ¥, (a) < max {1, Co} ¥ (a), VaegqG, (3.151)

which shows that ¥ ~ ¥,. In the opposite direction, if Y & v, then, since V¥, is
symmetric with respect to ¢, there exist two finite constants C, C’ > 0 such that

V(i(a)) < C¥,(t(a)) = Cy,(a) < C'Y¥(a), Vaceg. (3.152)

Hence ¥ is quasisymmetric with respect to ¢, completing the proof of (3). Going
further, the right-pointing implication in (4) follows from (1) and (3), whereas the
left-pointing implication in (4) is handled much as in (3.152). This justifies (4).
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To prove the claim in part (5), observe that, on the one hand, v, is symmetric
with respect to ¢ and satisfies ¥, > i on G. On the other hand, given a function
¥’ 1 G — [0, +o0] that is symmetric with respect to ¢ and satisfies ¥’ (a) > ¥ (a)
for every a € G, we have ¥/ (a) = ¥’'(t(a)) > ¥ («(a)) for every a € G. Thus,
ultimately, ¥/ (a) > max {y(a), ¥ (t(a))} = ¥.(a) forall a € G. Thus, ¥ > ¢,
on G, as desired.

Finally, as concerns (6), if i satisfies the quasisubadditivity condition (3.125)
for some finite constant C; > 1, then for every (a,b) € G® we may write

Yi(a *b) = max {Y(a x b), ¥ (t(a x b))} = max {y(a «b), Yy ((b) *t(a))}
< Crmax {max {y(a), ¥ (b)}, max {y(.(b)), ¥ (1(a))}}
= Cymax {max{y(a), ¥ (t(a))} . max {y(b). ¥ (1(b))}}
= Cymax {y,(a), ¥, (b)}. (3.153)

As a result, ¥, satisfies the same estimate as 1 in (3.125) and, as claimed, with the
same constant C; as in (3.125). This completes the proof of the lemma. |

We next discuss how the regularization procedure from Definition 3.13 interacts
with the notions of symmetry and quasisymmetry from Definition 3.20.

Lemma 3.22. Assume that (G, *) is a semigroupoid and that t : G — G is a
multiplicative involution on G. Also, fix an arbitrary index o € (0, +00]. Then for
any function ¥ : G — [0, +00] the following claims are valid.

(1) There holds Yy 0t = (Y ot)y on G. In particular, if ¥ is symmetric with respect
to L, then so is Y.

(2) If ¥ is quasisymmetric with respect to i, then so is V. More precisely, if Co > 0
is such that ¥ o1 < Co ¥ on G, then Y, 0ot < Co ¥y on G.

Proof. We will treat in detail the case when o < +o00 since the argument for ¢ =
~+o00 is similar. Thus, assuming that « < 400, for every a € G we have

L
I

N
Va(t(@) = inf{(Z ‘/f(ﬂi)u) N eEN (..., ay) €GN (@) =ay * -+ *aN}
i=1

1

N o
= inf{(Z(w OL)(t(a,-))a) N €N, (a,..., ay) €GNV a = (ay) * - *L(lll)}

i=1

1

N o
=inf{<2(l//01)(b,-)”) :NEeN, (by,..., by) €GN, a = b, *~~~*bN}
i=1

= (¥ 0 1ala), (3.154)
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proving (1). Next, if i is quasisymmetric with respect to ¢, then there exists Cyp > 0
such that ¥ ot < Cy ¢ on G. In light of (3.103) and (3.104), and given what we
have proved so far, this entails

Yoot=(Yot)y < (Cov¥)o = CoVa, (3.155)

proving (2). The proof of the lemma is therefore complete. O

Our next result is a version of Theorem 3.17 in which, given a quasisubadditive
function v defined on a semigroupoid G, we seek to construct an equivalent,
regularized version of it that is symmetric with respect to some background
multiplicative involution on G. As property (4) of Lemma 3.21 shows, for this
type of conclusion it is actually necessary to assume that ¥ is quasisymmetric with
respect to the named involution.

Theorem 3.23. Let (G, %) be a semigroupoid, and suppose that t is a multiplicative
involution on G. Also, assume that v : G — [0,+00] is a function that is
quasisymmetric with respect to the involution 1 and has the property that there
exists a finite constant Cy > 1 such that (3.125) holds. Finally, define the exponent
a € (0, +o0] as in (3.126).

Then the function (), defined according to the recipe from Definition 3.13 (but
using W, in place of ), satisfies the following properties.

(i) (V) is symmetric with respect to the involution (.
(ii) (V,)a = Y. More specifically, with C the same constant as in (3.125) and with
Cy the constant appearing in (3.147), one has

C2Y < (Y)e <max{l,Co}¥  on G. (3.156)
Consequently,
(Y7 ({0} = v~ ({0}). (3.157)

(iii) For each B € (0, a] the function () is B-subadditive. That is, one has (with
a natural interpretation when f = o = +00)

(Y)ala xb) < ([(Wt)oc(a)]ﬁ + [(Wt)a(b)]ﬂ)% , V(a,b)e G?. (3.158)

(iv) The function (V) is quasisubadditive. More precisely, for the same constant
C, as in (3.125) one has

(V)ela * b) < C; max {(Y)a(a), (W)a(®)}, VY (a,b) € GP. (3.159)

Proof. From (1) and (6) in Lemma 3.21 we know that v, is symmetric with respect
to ¢ and that it satisfies the same estimate as ¥ in (3.125), with the same constant



3.1 Regularizing Quasisubadditive Functions 87

C;. Based on this, claim (1) in Lemma 3.22 then gives that (v/,) is also symmetric
with respect to ¢, as claimed in (7). Also,

C72 < C720, < (Y)e < ¥, < max{l,Co}¥ on G,  (3.160)

by (3.127) and (3.151). This proves (3.156) in (ii). Finally, (iii) is a direct
consequence of property (3) in Lemma 3.14 while (iv) is clear from property (4) in
Lemma 3.14. a

For the remainder of this subsection we will strengthen the working algebraic
assumptions by considering the case when the semigroupoid G is actually a
groupoid (cf. Definition 2.17). In this scenario, G is equipped with a natural
multiplicative involution, namely, the function defined by ((a) = a™!,a € G
[cf. (2.64)], with respect to which we will adapt our earlier notions of symmetry and
quasisymmetry. Most importantly, however, the “cancellation” condition implicit
in (2.67) permits us to manufacture a partially defined distance (cf. Definition 2.68)
on G that s left- (or right-) invariant under the groupoid multiplication, each time we
are given a nonnegative function ¥ on G that is symmetric with respect to ¢, satisfies
a nondegeneracy condition (cf. (3.188)) and is quasisubadditive (cf. (3.186)).

Theorem 3.24. Let (G, *,(-)™") be a groupoid, and suppose that v : G —
[0, +00] is a function for which there exists C1 > 1 such that (3.125) holds. Define o
as in (3.126), and construct W, as in Definition 3.13. Finally, recall GR from (2.69),
and fix a finite number 8 € (0, «]. Then the function

AR5 GR > (0. 400 dRg(a.b) = [YulaxbH]". ¥ (a,b) € G,

(3.161)

satisfies the following properties.

(i) diﬁ satisfies the triangle inequality (in the sense of (3) in Definition 2.68).

(ii) df; 8 is right-invariant in the following sense:

(a.b) € GRand ¢ € G such that (a,c), (b,c) € G?
(3.162)
= (axc,bxc)eGr anddll;ﬁ(a xc,bxc)= df;ﬁ(a,b).

(iii) If ¥ is quasisymmetric with respect to the multiplicative involution 1 := (-)™!
on G, i.e., there exists Co > 0 for which

V(@) < Coyr(a), YaegG, (3.163)
then

dfg(b.a) < C{ dY4(a.b) forall (a.b) € G (3.164)
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In fact,
if ¥ is symmetric with respect to i, then d:; 8 is symmetric ~ (3.165)

in the sense of (2) in Definition 2.68.
(iv) One has

C2y(axb™l) < [d;ﬁ(a,b)]l/ﬂ <y@@*b"), V(ab)eGR. (3.166)

(v) With G denoting the unit space of the groupoid G, one has

(o) =G0 = d}/iﬂ is nondegenerate => G C 1 ({0}),

(3.167)
and GO Ccy({0}) = d:;ﬁ is pseudo-nondegenerate,

with the notions of nondegeneracy and pseudo-nondegeneracy understood,
respectively, in the sense of (1) and (1) in Definition 2.68.

(vi) If ¥ is symmetric with respect to 1 = ()7' and GO < y~I({0}),
then d:;ﬁ is a partially defined pseudodistance on G, with domain G, and
has the property that the topology induced by diﬁ on G (in the sense of
Definition 2.69) coincides with rf; (the right-topology induced by ¥ on G,
defined in Definition 2.62). Furthermore, if in fact G = y~1({0}), then d]l;ﬂ
is actually a partially defined distance on G.

Finally, analogous results are valid for

G = [0, 40cl,  dhgab):=[vela xb)]", V(a.b) e g".
(3.168)

Proof. Assume that (a,c), (c,b) € GR, and note that, from (2.71), this entails
(a,b) € GR. Moreover,a * b~ = (a *x ¢c™') * (¢ * b~') by (2.67). Consequently,
using this, (3.161), and (3.105) we may write

dRy(a.b) = [Yalax b)) = [V (@x ) % 5]

< [Wul@x ™) + [Yalc xb7H]°
= dygla.c) +dygc.b). (3.169)
This proves (i ). Now let (a, b) € GR and ¢ € G such that (a,¢), (b,c) € G® . Then,

by (2.65) and (2.67), it follows that (a*c, bxc) € GR and (axc)*(bxc)™! = axb™!,
so that df;ﬁ(a *c,b* c) = djf(a,b), proving (ii).
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Suppose next that v satisfies (3.163). If (a, b) € GR, then (b,a) € GR by (2.71)
and

dfpb.a) = [ubxa ™) = [uon@xb™)]
=< & Wataxb O] = ¢l dffya.b), (3.170)

where the inequality uses claim (2) in Lemma 3.22. This proves (3.164). If ¥ is
actually symmetric with respect to ¢, then from claim (1) in Lemma 3.22 we deduce
that v, is also symmetric with respect to ¢. Granted this and keeping in mind (2.65),
for every (a,b) € GR we may write

dRs(b.a) = [Yub xa]" = [(Yuo (@b ]
= [Vula*bH]" = dRy(a.b). (3.171)
completing the proof of (ii7). Going further, (iv) follows directly from (3.127).
As regards (v), note that if (¢, b) € GR, then by (3.166),
dpgla.b) =0 <= Yaxb™) =0 <= axb' ey~ '({0}). (3.172)

Hence, if ¥ ~'({0}) € G©, then the last condition in (3.172) forces a = b, by
virtue of (2.73). On the other hand, the double inequality in (3.166) gives that

CY(axa™') < [dﬁﬂ(a,a)]l/ﬂ <yaxa), YaeG, (3.173)

C Y (a) < I:d:;ﬁ(a,a)]l/ﬂ <vy(), YaeGO. (3.174)

In addition, a * a=' € G for every a € G. With these in hand, all implications

displayed in (3.167) follow easily.

Finally, the claims in (vi) are direct consequences of (i), (iif), and (v), as well
as (3.166), Definitions 2.62, and 2.69 (which, collectively, show that the topology
induced by d I}i g on G coincides with t},}). a

Our last result in this section pertains to the (Holder-type) regularity of the
regularization (in the sense of Definition 3.13) of a nonnegative function defined
on a groupoid that is symmetric with respect to the groupoid inversion and is
quasisubadditive and nondegenerate as well.

Theorem 3.25. Let (G, *, (-)™') be a groupoid, and recall the set GR introduced
in (2.69). Also, assume that ¥ : G — [0, +00) is a function satisfying the following
two properties:

There exists Cy € [1, 400) such that (3.125) holds, and (3.175)

the function \ is symmetric with respect to v := (-)™1. (3.176)
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Finally, define a as in (3.126). Then for each exponent
B € (0,min{l,a}] (3.177)

the function v, constructed as in Definition 3.13, satisfies the following local
Holder regularity condition of order B: for each r > 0 and (a,c),(c,b) € GR
such that

max {Yo(a*b™"), Yolaxc )} <r, (3.178)
one has
[Vala b7 = Yala x| < 57 [yalc x b7 (3.179)

If on the other hand, 1 < B < a, then (3.179) holds whenever (a, c), (¢, b) € GR
and r > 0 are such that

min {Yq(a*b~"), Yolaxc™ )} = r. (3.180)
Proof. Fix « as in (3.126), and assume that 8 is as in (3.177). Let (a, ¢), (¢, b) € GR

be arbitrary. Then, by (2.71), we also have that (a,b), (b,c) € GR. The triangle
inequality and the symmetry condition for d}; 8 then yield

d}g(a.b) <dff4(a.c) +dff4(c.b) and

(3.181)
d]};ﬂ(a,c') < d},iﬂ(a,b) + d]};ﬂ(b,c') = d]l;ﬂ(a,b) + d},iﬂ(c,b).
In concert, the inequalities in (3.181) further imply
‘diﬂ(a,b)—diﬁ(a,0)| fd:;ﬁ(c,b). (3.182)

An elementary fact that is useful in this context is the estimate

X — 7| <y lx—y| [max{x,y})’™" if x,y € (0, +00) andy > 1. (3.183)

Writing (3.183) for x = [Va(a * b_l)]ﬁ, y = [Vala= c_l)]ﬂ (analyzing
separately the case when one of these numbers vanishes) and y := 1/8 > 1 yields

[Walaxb™") = Yolaxc™h)|

IA

p |d} 4(a.b) —d} g(a.c)| [max {d},iﬂ(a,b),df,iﬂ(a,c)}]ﬁ—1

IA

LR g(e.b) [max {Yala b vl x e}

= g [Valc * bH]" [max {Ya(a * b)Y yulaxc)}]' ™, (3.184)
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where for the second inequality in (3.184) we have used (3.182). Based on this,
(3.179) follows whenever (3.178) holds. Finally, the last claim in the statement of
the theorem is proved in a similar fashion, this time making use of the fact that

|x¥ —y¥| < y|x —y| [min{x,y}]""" if x,y € (0, +o0) and y € (0, 1).
(3.185)

This completes the proof of the theorem. |

3.2 Main Groupoid Metrization Theorem

This section is devoted to presenting the most complete statement of the groupoid
metrization theorem (GMT) (summarily reviewed in Theorem 1.5) and to providing
the proof of this basic result. Later on (Sect. 3.3), we will indicate how a significant
portion of this GMT continues to hold in the more general setting of semigroupoids.

3.2.1 Formulation of Groupoid Metrization Theorem

Strictly speaking, the notation employed in the formulation of the GMT below
was already introduced in Sects.2.1 and 3.1. Nonetheless, in an effort to make its
statement as self-contained as possible, we will occasionally incorporate definitions
of such notions/symbols once more into the actual body of the theorem.

Theorem 3.26 (Groupoid metrization theorem). Let (G, *, (-)~") be a groupoid,
with partial multiplication *, inverse operation (-)~", and unit space G, Further-
more, introduce GR = {(a,b) € G x G : (a,b™") € GP}.

Next, assume that ¥ : G — [0, +00) is a function for which there exist two finite
constants Cy > 0 and Cy > 1 such that the following properties hold:

o quasisubadditivity: ¥ (a * b) < C; max{y(a), y(b)} forall (a,b) € G?;

(3.186)
o quasisymmetry: ¥ (a~") < Co ¥ (a) forevery a € G; (3.187)
e nondegeneracy:a € G and y(a) =0 < a € GO, ie, vy~ '({0}) = GO.

(3.188)

Denote by ‘L']I; the right-topology induced by W on G, defined as the largest topology
on G with the property that for any element a € G a fundamental system of
neighborhoods is given by {Bll;(a, r)}r~0, where for each r € (0, +00)

Bji(a.r):={beG: (a.b) eGXandy(axb~") <r}. (3.189)
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Also, with Cy € [1,+00) as in (3.186), let

= 0, . 3.190
o oz, C1 € (0, +00] ( )

Finally, introduce a symmetrized version of { by setting
Vsym(@) := max{y(a), ¥ (@™ ")}, VYaeGq, (3.191)

and define the canonical regularization Yy : G — [0, +00) of ¥ by considering
foreacha € G, in the case @ < +00,

1

N o
Yreg(a) 1= inf (Z wsym(a,-)“) : N eN,
i=1

(3.192)
(ay,...,an) € GM, a=a x---%xay
and, corresponding to ¢ = 400,

VYreg(a) 1= inf 1151}:2\] Yam(ai) : N €N,

(al,...,aN)eG(N), a=a; *---xay,; . (3.193)
Then the following conclusions hold.

(1) The function Vg is symmetric, in the sense that

1//reg(a_1) = Yreg(a) forevery a € G, (3.194)

and Yreg is quasisubadditive, in the precise sense that, with Cy denoting the
same constant as in (3.186), one has

Vreg(a * b) < Cy max{Yree(a), Yreg(h)} forall (a,b) € GP. (3.195)
In other words, Yy also satisfies (3.186) and (3.187) with Co = 1 and the

same constant Cy as for the original function .
(2) One has Vg ~ ¥ on G so that, in particular,

Vreg ({0}) = G (3.196)
More precisely, with Cy and Cy as in (3.186) and (3.187), there holds

C%Y < Yree <max{l,Co}¢¥ on G. (3.197)
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(3)

(4)

(5)

Furthermore,

a =400 (ie, Ci =1) = Yreg = Ysym. (3.198)
Moreover, a from (3.190) is the optimal exponent ensuring the validity of
VYreg ~ Y on G.

For each B € (0, a] the function Vg is B-subadditive in the sense that one
has (with a natural interpretation when f = o« = +00)

Yreg(@ % b) < (Yreg@)’ + wreg(b)ﬁ)% . VY(a.b)eG?.  (3.199)
In particular, if Cy € [1, 2], then Yy is subadditive in the sense that
Vreg(@ % b) < Yreg(@) + Yreg(h), VY (a,b) € G?. (3.200)
Moreover, if for any B € (0, +00] one considers
RE(G):={¢ : G—[0, +00] : ¢ is symmetric and B-subadditive}, (3.201)
then the following alternative description of the regularization of ¥ holds:
Ve = sup {¢ : ¢ € R(G) and ¢ <y on G}. (3.202)

The process that associates to a function ¥ : G — [0,400) satisfy-
ing (3.186)—(3.188) the function Ve, defined as in (3.190)-(3.192) (which,

as (1) and (2) above show, can be iterated) is idempotent in the sense that

(Wreg)reg = Yreg- (3.203)

Furthermore, this regularization process is invariant under groupoid isomor-
phisms in the sense that if G is another groupoid and ¢ : G — G is a
groupoid isomorphism, then ¥ o ¢ : G — [0, +00) is also quasisubadditive,
quasisymmetric, and nondegenerate, and

(V0 P)reg = Yreg © 9. (3.204)

For each finite number B € (0, ] the function VY, satisfies the following
Holder-type regularity condition of order B:

|1/freg(a) — wreg(b)| < % max {l/freg(a)l_ﬂ, wreg(b)l—ﬂ} [wreg(a * b—l)]ﬁ
(3.205)

whenever (a,b) € GR (with the understanding that when B > 1, one also
imposes the condition that a,b ¢ G©).
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The function Ve : (G, t},}) — [0, +00) is continuous and for every a € G
and r > 0 the right Yee-ball

B:;mg(a, r):=14{beG: (a,b)cGRand Yreg (@ * b <r}
is open in the topology rf;. As a consequence of this and (3.197),
B]I;(a, r) is a neighborhood ofa € G in ‘L'};fOl" everyr > 0. (3.206)
In fact, if A := 1 when G reduces to GO and, otherwise,
b
A= sup yiaxb)

(a,)eG? m’

not both a, b in G (0)

(3.207)

then it follows that A is a well-defined number that belongs to [1,C,] and
satisfies

B (a.r/A) < (B};(a,r)) VaeG, Yr>0, (3.208)

B (a.r/A,) € Bj(a,r) if Ay>CjA, VaeG, Vr>0, (3209
where the interior (...)° and closure (...) are taken with respect to the
topology r]l;.

Furthermore, while V¥ : (G, t$> — [0, 400) may not be continuous, for

any sequence {a ynen S G that converges to some a € G in the topology ‘L']I;
one nonetheless has

C;min {1,C; '} ¥r(a) < liminf v (a, )

< limsup ¥ (a,) < C}max {1,Co}y¥(a) (3.210)

n—od
and
sup ¥ (a,) < 4oo0. (3.211)
neN
For each finite number B € (0, o] define the function

R 1 GR = [0.400),  dR4(a.b) = [Yregaxb)]" . V(a.b) € G~
(3.212)

Then dRﬁ is a partially defined distance on G with domain GX, i.e., it satisfies
the following properties:
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(8)

9)

(10)

for any (a,b) € GR one has d};ﬂ(a,b) = 0ifandonly ifa = b;

d};ﬂ(a,b) = d};ﬂ(b,a)for every (a,b)eGR;

if (a,c), (c,b)eGR, then (a,b)eGR and d};ﬂ(a, b)fdll;ﬂ(a, c’)+d$ﬂ(c, b).
(3.213)

In the particular case when G is a group, G& = G x G, and hence d]l;ﬂ
becomes a genuine distance on G.

The partially defined distance d}; P introduced in (3.212) is right-invariant in
the sense that

(a,b) € GRand ¢ € G such that (a,c), (b,c) € G?

= (axc,bxc)egr andd},iﬂ(a xc,b*xc)= d},iﬂ(a,b). (3.214)

Thus, when G is a group, the function df; B is a genuine right-invariant
distance on G.
The topology induced by the partially defined distance d:; pon G is precisely

rf; in the sense that a set O C G is open in tll; if and only if for every element
a € O there exists some finite number r > 0 with the property that {b € G :
(a,b) € G} anddf;ﬁ(a,b) <r}co.

IfG" := {(a.b) € G xG : (a',b) € GP} and for each finite number
B € (0, «] one defines the function

dhy:GY = [0.400),  dly(a.b) = [Yrela xb)]". ¥ (a.b) e g,
(3.215)

then dxbﬂ is a partially defined distance on G with domain G-, and is left-
invariant in the sense that

(a.b) € G* and ¢ € G such that (c,a), (c,b) € G?
= (cxa,c*b)eG-and df,;ﬁ(c xa,cxb)= dllpjﬂ(a,b). (3.216)

Furthermore, the topology induced by the partially defined distance dllp“, g on
G is, in a sense analogous to item (9) above, precisely ‘L']I//‘, which is the left-
topology induced by W on G, defined as the largest topology on G with the
property that a fundamental system of neighborhoods for any element a € G
is given by { By (a, r)}=0, where for each r € (0, +00)

Bja.r):={beG: (a.b)eG andy(a ' xb)<r}. (3217
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(12)
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Also, the function Yres : (G, tdL/) — [0, 400) is continuous, and for every
a € G andr > 0 the left Yeg-ball

B{Zreg(a’ r) = {b €G: (a,b) € gL and Wreg(a_l * b) < I‘}

is open in the topology rllp‘. Consequently, BII/; (a,r) isaneighborhoodofa € G
in t},} foreveryr >0, and if A is as in (3.207), then

BY (a.r/4) (B]]/j(a,r)) . VaeG, ¥r>o, (3.218)
B]/L/ (a,r/A,) C Bb(a,r) if A, > C02A, Yae G, Vr>0, (3219

where the interior (...)° and closure (...) are taken with respect to the
topology r{;. In addition, (3.210) holds whenever {a,},en C G is a sequence
that converges to a € G in the topology t,/L/. Finally, in the particular case
when G is a group, the function d; 8 becomes a genuine left-invariant distance
on G.

The function Ve, - (G, TI/L/ \ t},}) — [0, +00) is continuous, where ‘E]I/; \ ‘Cll; is
the topology on G characterized by the property that a fundamental system of
neighborhoods for a point a € G is given by {Bb (a,r)u Bf;(a, r)}r>o-

The Holder-type regularity result described in part (5) above is sharp in the
following precise sense. Given Cy > 1, there exist a groupoid (G, *, (-)~') and
a function ¥ : G — [0, +00) satisfying (3.186)—(3.188) for the given C, and
with Cy := 1, that has the property that if ¥' : G — [0, +00) is such that
Y a  and there exist B € (0, +00) and C € [0, +00) for which

¥/ (@) — ¥/ (b)| < € max {y'(@)' .9/ 5) P} [y'(ax b)) (3.220)
whenever (a,b) € GR [and also a,b ¢ G if B > 1], then necessarily

1

=< .
b= log, Cy

(3.221)

If in lieu of (3.186) the function ¥ satisfies the p-quasisubadditivity condition
Yaxb) < (W@ + WO forall (a.b) € GP (3.222)

for some p € (0, +00) and some Cy > 277, then the same conclusions as in
(1)—(12) above hold if in place of (3.190) one takes o to be

)4

———— € (0, +o0]. 3.223
1+ plog, G, ( ] ( )
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(14)

(15)

With the topologies r};, TI/L/ induced by W on G being defined as before, the
Jfollowing equivalences hold:

(G, r};) is a topological groupoid <= ‘L']l; = ‘E]I/j
— (G, tb) is a topological groupoid. (3.224)

Thus, ifrf; = ‘E]I/; =: 1y, then (G, ty) is a topological groupoid whose
topology may be given by either a left-invariant or a right-invariant partially
defined distance. In particular, if G is a group and tll; = ‘E]I/; =: Ty, then
(G, ty) becomes a topological group whose topology may be given by either
a left-invariant or a right-invariant (genuine) distance.

Furthermore, if the groupoid G is actually a group and, in addition to the
previous hypotheses made on , this function also has the property that there
exists a finite constant C > 0 such that

Y(axb)<Cy(b*a), Vabeg, (3.225)

then necessarily ‘L’J; = t$. In particular, if the groupoid G is an Abelian group,
then (3.225) always holds (with C = C, the constant from (3.187)), and hence
(G, rll;) and (G, rf;) are identical topological groups whose common topology
may be given by either a left-invariant or a right-invariant (genuine) distance.
Continue to assume that ¥ : G — [0, +00) satisfies the quasisubadditivity
and quasisymmetry properties listed in (3.186) and (3.187), and weaken the
nondegeneracy condition (3.188) to just

V(a) =0 foreach a € GO, ie, GO Cy~'({0}). (3.226)

Then df;ﬁ (defined as in (3.212)) is a partially defined pseudodistance on G
with domain GR (i.e., (3.213) holds with the first line weakened to d]l;ﬂ (a,a) =
0 for any a € G), which induces the topology t$ on G. Similar properties are
valid for dllﬁﬁ.

If, in addition to the background assumptions on \ imposed so far, one also
assumes that G is right-complete with respect to V, i.e.,

A4 C G withth that

(@n)nen < " ¢ property iha da € G such that

Ve>0 3N €N suchthatif n,m > N, ; = . . g (3.227)
lim a, =a in T,
n—00 14

then (an,am) € GR and V(ay * a,') < ¢
then

the topological space (G, rll;) is of second Baire category.  (3.228)
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Moreover, if in place of (3.227) it is assumed that G is left-complete with
respect to W (a concept defined in a similar fashion to (3.227), with natural
alterations), then

the topological space (G, r]I/;) is of second Baire category.  (3.229)

The proof of Theorem 3.26 is presented in Sect.3.2.2. For now, we wish to
comment on the nature of the quantitative assumptions in the formulation of the
GMT, specifically on the necessity of the quasisubadditivity estimate (3.186). First,
such an assumption is indeed actually necessary in the light of the conclusions in
Theorem 3.26. To illustrate this aspect, assume that (G, *) is a group that has a
right-invariant distance d®. Then ¥ : G — [0, +00) defined at every a € G
by ¥(a) := d®(a,e), where e € G is the identity element on G, is subadditive,
symmetric, and nondegenerate, and induces (from the right) the same topology as
d® on G. More concretely, one has t}; = 1,4&, and, with (-)~! denoting the inverse
group operation on G, the following (stronger) counterparts of (3.186)—(3.188) hold:

V(axb) < y(a)+ ¢¥(b) <2max{y(a),¥(b)}, Va,beq,
V@) =vy(@), VaeG, and ¥ ({0}) = {e}. (3.230)

Second, we wish to emphasize that there are many instances when conditions such
as (3.186)—(3.188) arise naturally, and whenever this is the case, Theorem 3.26
yields a useful metrization procedure. Indeed, as demonstrated in later chapters,
given a groupoid (G, *, (-)~") along with an arbitrary function ¥ : G — [0, +00),
its regularization V., defined as in (3.192) and (3.193) for an arbitrary a €
[0, +00), always satisfies (3.186)—(3.188) with Cy = 1 and C; := 2'/%. The crux of
the matter is that in the case when ¥ : G — [0, 4-00) does satisfy (3.186)—(3.188)
to begin with, it follows that its canonical regularization v/, defined as in (3.192)
and (3.193) for v as in (3.190), is actually equivalent to the original function ¥ (in
the sense that it is pointwise dominated by a fixed multiple of the other). Thus, in
such a scenario, the regularization procedure takes place in such a way that one is
able to retain control of the size of the resulting regularized function, relative to the
original one (cf. (3.197)). Remarkably, as we will later show in Proposition 3.31, the
value of the exponent « in (3.190) is optimal as far as the validity of an estimate like
(3.197) is concerned.

3.2.2 Proof of GMT

Here, the goal is to present the proof of our main result pertaining to the metrization
of groupoids, i.e., the

Proof of Theorem 3.26 The claims in conclusion (1) are consequences of (i)
and (iv) in Theorem 3.23, used in the case when ¢ := (-)~!. With the exception
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of (3.198), which is a corollary of (5) in Lemma 3.14 and (6) in Lemma 3.21,
conclusion (2) follows from (i7) in Theorem 3.23 (again, when ¢ := (-)~"). Next,
estimate (3.199) in conclusion (3) is a direct consequence of (3.105) and (3.100).
Let us also observe here that if C; € [1,2], then « € [1, +0o0], and hence we may
take § := 1 in (3.199) to obtain (3.200). To justify (3.202), note that, thanks to
what we have proved up to this point, Ve, € M@ (G). Thus, on the one hand,
Yreg 1s pointwise dominated by the supremum on the right-hand side of (3.202).
On the other hand, if ¢ € R®(G), then ¢ < ¥ < Yy on G, and for any
(ai,....ay) € GM) we may write

N 1/a N 1/a
d)(al Kook aN) =< (Z ¢(ai)a) = (Z WSym(ai)a) . (3231)

i=1 i=1

In turn, this implies that ¢ < 4 on G; hence the supremum on the right-hand
side of (3.202) is pointwise dominated by .. This completes the proof of the
claims made in conclusion (3). Going further, the first claim in conclusion (4) is a
corollary of (3.194), (3.195) and (3.109). Also, (3.204) is a consequence of (3.192)
and (3.193) and the manner in which a groupoid isomorphism commutes with the
groupoid operations. The fact that the value of « from (3.190) is optimal vis-a-vis
the validity of the equivalence ¥, &~ ¥ follows from Proposition 3.31.

Moving on, from Theorem 3.25 applied to ¥, in place of ¥ (and again with
t := (-)7!) we can conclude that for each finite number 8 € (0, «] the function
Yreg (defined in (3.192) and (3.193)) satisfies the Holder-type regularity condition
of order

[Vreg(@ % b™") — Yreg(a % 1)
< 1 max {Yeg(@ £ b)Yy (@ 5 ™)' [Yregle x57H]7 (3.232)

whenever (a,¢), (c,b) € GR, with the understanding that when 8 > 1, one also
imposes the condition that a ¢ {b,c}. Now fix a finite number § € (0, «] and
a,b € G such that (a,b) € GR and with the property thata,b ¢ G if B > 1.Itis
not difficult to check that (a‘1 xa,b), (b,a) € GR and that, whenever a, b ¢ GO,
we have a™! x a ¢ {a, b}. Hence, we can write (3.232) with a replaced by a~! * a,
b replaced by a, and c¢ replaced by b, to obtain that

[Vree(@™ kaxa™") — Yreg(a™ xaxb™")|

< % max {Yreg(@ ™' xaxa™")' 7P Y@ xa kb7 TP [Yreg (b a_l)]ﬂ.
(3.233)

Now (3.205) follows from (3.233) with the help of (2.59) and (3.194). This proves
conclusion (5).
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Next, take B € (0, min{l,«}], fix a € G, and fix ¢ > 0. We claim that it is
possible to find r > 0 such that

be Bql;(as r) = ’Wreg(a) - Wreg(b)’ <é. (3.234)

For now consider r > 0 arbitrary. Starting with (2.59) and, making use of (3.195)
and (3.194), for every b € B};(a, ) we obtain

1ﬂreg(b) = Ipreg(b xa ! x a) < C| max {wreg(b * a—l), Ipreg(a)}

= C) max {Vree(a * b™"), Yrep(@)} < C max{y(axb~"), ¥(a)}
= C max{r,¥(a)}, (3.235)

where C := C; max{l, Cy} and the second inequality in (3.235) is justified based
on (3.197). By combining (3.235) with (3.205) it follows that

[Vreg (@) = Yreg(B)| < CB™ max {r'™? Yney(@)' P} P, Vb € Bi(a.r). (3.236)

It is now immediate that the right-hand side of (3.236) converges to 0 as r — 07;
thus we can choose r > 0 small enough to ensure that (3.234) holds. This shows

that the function VY, : (G, r]f;) — [0, 400) is continuous.

Let us now show that for every a € G and r > 0 the set Bx};reg (a,r) is open in
the topology z;f. To this end, fix b € B};reg (a,r) so that (a,b) € GR and Yee(a *
b~ < r. We claim that if ¢ > 0 is small enough, then

By (b.e) € By (a.r). (3.237)

Indeed, if ¢ € B};reg (b, ¢), then (b,c) € GR and Yo (b * ¢™1) < &. Consequently,
since Yreg is continuous (when G is endowed with t};), we have that the quantity
iwreg(a %) — Yreg(a * b_1)| becomes as small as desired if Yyeq (b * ¢ 1) is taken
to be appropriately small. Thus, given that Yeq(a * b~') < r,itis possible to select
& > 0 small enough to ensure that Yeq(a * ¢™!) < r. For such a choice, (3.237)
holds.

Next, given @ € G and r > 0, the claim in (3.206) follows from the fact that
Bf;mg (a,r) is open in the topology 7, and the inclusion Bf;mg (a,r/CP) € Bi(a,r),
guaranteed by (3.197). As regards (3.208), first it is clear from the quasisubadditivity
condition on ¥ that the quantity (3.207) is, in the case when G does not reduce to
G, a well-defined number that belongs to [1, C;] and satisfies

V(a*b) < AW(a) + v(b)), Y (a,b) € G?. (3.238)

Inequality (3.238) also holds when G reduces to G (in which scenario 4 := 1)
since, in this case, ¥ = 0, by (3.188). Second, the inclusion in (3.208) may be
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equivalently written as
G\ Bf(a,r) € G\ B} (a,r/A), YaeG, Vr>0, (3.239)

where the closure is taken with respect to the topology r};. To justify this, fixa € G,

r > 0, along with some b € G \ B]l;(a, r). Then b € G, and for every ¢ > 0 there
holds Bf; (b, &)\ Bf; (a,r) # @, thanks to (3.206). Thus, there exists some element
¢ € G such that (b,c™') € G®, y(b x ¢™') < &, and either (a,c') ¢ G®
or (a,c™') € G® and ¥(a * ¢~') > r. Our goal is to show that b ¢ B};(a,r).
Note that if (a,h~") ¢ G®, then this is automatically true, so it remains to study
the case (a,b™") € G®@. In this scenario, since (b,c™!) € G?, it follows that
(a,c™") € G? and, hence, ¥ (a * c~') > r. Consequently,

r<vy@xc ) <AWaxb™)+ybxc")) < AW(axb") +e). (3.240)

which further entails v (a * b~') > r/A. Thus, once again b ¢ Bf;(a, r), as desired.
This concludes the proof of (3.208). To justify (3.209), fix a € G, r > 0, along
with 4, > C02A, and select b € B}; (a,r/A,). Then, thanks to (3.206), for each
& > 0 we have B};(b, )N B}; (a,r/A,) # 0, 1i.e., there exists ¢ € G such that
(b,e™H) eGP, (a,c™) € GP,and (b * c7') < &, ¥(a*c') < r/A,. Then
also (c,a™) € G®@ and Yr(a~! *¢) < Coyr(a *c™') < (Cor)/A,. Hence, we have
(b,a™") € G?, (a,b™") € G?, and

Y@axb™) < Coy(bxa™) < CoA(y(bxc™") +y(cxa))
< CoA (e + (Cor)/Ay) < r, (3.241)

where the last inequality holds if ¢ > 0 is sufficiently small, granted the original
choice of Ay. Thus, in such a scenario, b € Bf; (a,r), and this completes the proof
of (3.209).

The next step in the proof of conclusion (6) is to show that (3.210) and (3.211)
hold whenever the sequence {a, },eny € G convergestoa € G in rf;. With this goal
in mind, use (3.197) to estimate

(max {1, Co})~" Yreg(an) < ¥(a,) < Clzwreg(a,,) foreach n e N, (3.242)
then invoke the continuity property of ¥, recently established, to conclude that

min {1, Cy "} Yreg(@) < liminfy(a,) < limsup ¥(a,) < Clyreg(a).  (3.243)
n—00 n—>00

With this in hand, (3.210) follows by appealing once more to (3.197). Concern-
ing (3.211), observe that lim Yieg(an) = VYree(a) € [0,400) since Yy is
n—od



102 3 Quantitative Metrization Theory

continuous. Thus, {1//reg(an)}nGN is a bounded numerical sequence. Then, thanks
to (3.197), so is {¥(an)},en. and (3.211) follows. Hence, as far as conclusion (6)
is concerned, it remains to give an example of a groupoid (G, *) and a function
¥ G — [0, +00) satisfying (3.186)—(3.188) that fails to be continuous when G is
equipped with the topology rf;. Specifically, take (G, %) := (R, +) and, for some
fixed C € (1, +00), consider ¥ : G — [0, +00) given foreacht € G = R by

e, if e <1, lt], if 1€Q,
either ¥ (1) := or Y(t):= (3.244)
Cle, if Je] =1, Clt], if teR\Q.

In each case, ¥ is equivalent to the absolute value function, | - |, on R, and hence R
is the ordinary topology on R. However, it is obvious that the functions in (3.244)
are not continuous in such a context. This completes the proof of conclusion (6).

Going further, conclusions (7)—(10) are covered by the results established in
Theorem 3.24 (in the case of the last part of (10), a similar reasoning as in the
case of (6) applies). Moreover, the claim in (11) is a direct consequence of the first
part in (6) and last part in (10).

Let us now address the sharpness issue as formulated in conclusion (12). To this
end, consider the real line with the natural groupoid structure, i.e., (G, *, (-)~!) with
G :=R,axb:=a+Dbforeverya,b € G and (a)~" := —a for every a € R.
Note that, in this scenario, we have G = {0} and G® = GR = R x R. Next, fix
C; > 1 and set s := log, C; € (0, +00). Finally, define

¥R — [0, +00), Y(a) :=lal®, VYaeR. (3.245)

The choice of s is designed so that this function satisfies (3.186)—(3.188) for the
given C; and with Cy = 1. Assume now that ¢’ : R — [0, +00) is a function such
that ' =~ ¥ and there exist § € (0, +00) and C € [0, +00) for which the version
of (3.220) holds in the current setting. Writing this inequality for @, b € R arbitrary
(with the understanding that we also assume that @, b # 0 if 8 > 1) yields

W' (@) — ¥/ ()] < € max {y/' (@), ¢'0) P} [y (@~ b))
< C max {|a|"" P, b |a — b (3.246)

Note that s > 1 would force ¥’ to be constant on (0, +00), which in turn would
contradict the fact that ¥'(a) ~ |a|' — +o00 as a — +o0o. Hence, necessarily,
B < 1/s, ie., (3.221) holds. This completes the proof of the claim made in
conclusion (12).

As far as conclusion (13) is concerned, if it is assumed that (3.222) holds in place
of (3.186), then Remark 3.18 applies and yields the desired conclusion.

We now turn our attention to conclusion (14) in the statement of Theorem 3.26.
Recall that r}; and TT]/; denote, respectively, the right-topology and left-topology
induced by ¥ on G, according to Definition 2.62. It suffices to establish the first
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equivalence in (3.224) since the second one is proved analogously. We start by
proving the left-to-right implication in

(G, ‘L':;) is a topological groupoid <= ‘L':; = tb. (3.247)

Hence, assume that (G, rf;) is a topological groupoid. Then the inverse operation is
continuous, and since it is its own inverse, we may conclude that

()7 (G, r,l;) — (G, r,l;) is a homeomorphism. (3.248)

Composing this on the left with ()" : (G,zy) — (G,ty), which, from
Proposition 2.67, is also known to be a homeomorphism, we conclude (based also
on (2.64)) that

idg : (G, r]I/j) — (G, r,l;) is a homeomorphism, (3.249)

where idg denotes the identity function on G. This in turn entails that r}; = ‘L'J;, as
desired. To prove the right-to-left implication in (3.247), assume that

T =1y =Ty, (3.250)

with the goal of showing that (G, 7y ) is a topological groupoid. The continuity
of the inverse map ()™ : (G,ty) — (G, 1y) is clear from (the first part of)
Proposition 2.67 and (3.250). Thus, it remains to show that if 7, x 7y is the product
topology on G x G, then (with 7y X Ty |G(2) denoting the relative topology induced
by 7y x 7y onthe set G® C G x G)

() % () : (G®. 1y x 14| 0) — (G.1y) is a continuous function. ~ (3.251)

To show this, fix (a,.b,) € G® and r > 0, with the goal of proving that there exists
& = ¢e(ay, by, r) > 0 such that the following implication holds:

(a,h) € GPn (B;(a,,,e) x B;(bo,e)) = axbe By (a,%by.1). (3.252)

where B1]Zreg (@ * by, 1) is defined analogously to By (a, * by, 1) (cf.(2.150)), this
time with Y., playing the role of 1. Since, as proved in conclusion (2), ¥ ~ Vreg,
(3.252) suffices as far as (3.251) is concerned.

To this end, first notice that for every ¢ > 0 we have (based on (2.65) and the
definition of the ball from (2.150))

(a,b) e Bf;(ao,s) X Bb(ba,s) = (a,,a), (b,,b) € G-

— (a ' a,), (b7, b)) € GP. (3.253)
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As a consequence, (a * b)~! x (a, * b,) is meaningfully defined and
(@axb) ' x(a, xby) =b"'xa xa, xb,. (3.254)

In particular, (a * b, a, * b,) € G-. Hence, to show that a * b € B{;mg (ap x by, 1),
we need to ensure that, in the context of (3.252), if the number ¢ > 0 is sufficiently
small, then Y, (b_1 xa ' xa, x b,) < r. In turn, this will follow as soon as we
establish the following three claims:

(a0, by) € G and (a,b) € GO N (B{;(ao,s) x BJ;(ba,s))

(3.255)
imply that b, ! x a™! % a, * b, is meaningfully defined;

[Vreg (™" % a™" s @y % by) — Yreg (b, % a™" 5 a, x b,)| is as small as desired
if (ag,bo) € G? and (a,b) € G N (B{;(ao,s) x BJ;(ba,s)) (3.256)

and provided the number € > 0 is chosen to be appropriately small;

1/freg(b0_1 xa~! xa, x b,) is as small as desired, provided
(3.257)
(a,,b,) € G, ae B; (a,, €) and & > 0 is sufficiently small.

As far as (3.255) is concerned, thanks to (3.253) and the fact that (a,, b,) € G@, it
suffices to prove that (b, ',a™") € G® or, equivalently, (a,b,) € G? (cf. (2.65)).
However, since we are assuming that (a,b) € G? and, from (3.253), we know
that (b=',b,) € G2, it follows from (2.67) that (a,b,) € G?®, as desired. This
completes the justification of (3.255).

Turning our attention to (3.256), assume that ¢ € (0, 1), that (a,,b,) € G?,
and that (a,b) € G® N (Bf/; (@,. ) x Bjj (b, s)). From the previous discussions

we know that both b~! x a™! % a, x b, and b, ! * a™! * a, * b, are meaningfully

defined in G. As a preliminary matter, we propose to show that, under the stated
background hypotheses,

0 < Yreg(b™" xa™" xa, % b,), Yreg(b, ' % a™ xa, xb,) <M, (3.258)
where, for some finite constant C = C(y) > 0,

M = M(a,,b,) := C - max {wreg(ao)v Vreg (Do), 1} . (3.259)

Indeed, by (3.195) and (3.194), it follows that there exists a finite constant C =
C(y) > 0 such that
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0< 1//reg(b_1 xa ' xa, xb,)
< C -max {Wreg(b_l)v Ipreg(a_l)s 1ﬂreg(ao)v Ipreg(ba)}
= C - max {Vieg(D), Vieg (@), Vieg (do), Yreg(bo)} . (3.260)

On the other hand, since (b, !, b) € G® (cf.(3.253) and (2.65)), we may once again
employ (3.195) to estimate
Vreg(D) = Yreg (b * ba_l *b) < C - max {Wreg(ba)s 1ﬂreg(bg_l * b)}
< C -max {Iﬁreg(ba), (b, * b)}
< C -max {Yree(b,). &} < C -max {Yieg(by). 1}, (3.261)
where in the second inequality we have used e, ~ ¥, for the third inequality the

fact that b € Bf/; (Do, €), and for the last inequality the fact that ¢ € (0, 1). Similarly,
we also obtain that

Vieg(@) < C -max {Yiep(a,), 1}, (3.262)

and now (3.258) follows from (3.260)—(3.262).
Having established (3.258), we now observe that
(b7 xa"!xa, xb,, by xa” xa, *b,) € G and

B B B B - B (3.263)
(b7"ka " wa, xby) * (b xa™ xa, xb,) =b"" xb,.

Consequently, if we now fix some § € (0, min {e, 1}], then writing (3.205) for the
preceding pair from GR and keeping in mind (3.258) and the last line in (3.263)
yields

[Vreg (0™ % a™" % ay % by) — Yreg (b % ™ % ay % b))

< C M [P0 %b,)]" <C M'"F [y xb,)]" < C M'TFeP,
(3.264)

where in the second line we have made use of the fact that ¥, ~ ¥ and b €
B{; (b,, €). From this, (3.256) follows.

It remains to justify (3.257). Fix (a,.b,) € G® along with some ¢ > 0 and
consider the mapping

By (ay.€) 3 a > Yreg(b, ' xa™" % a, % b,) € [0, +00). (3.265)
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Since ata :=a, € B]/L, (a,, €) this function takes the value
Viea (b, % a) % ay % by) = Yreg (b, % by) = 0, (3.266)

given that b, ! x b, € G and (3.196) holds, the claim in (3.257) is true if we show
that the assignment in (3.265) is continuous when BJ; (a,,e) € G is considered
with the topology induced by r]I/;. To this end, the idea is to regard (3.265) as
a composition of the following four mappings, in the order listed below (with
the convention that, in each case, the given topology is understood as being
appropriately restricted to the set in question):

(Bf,;(a(,,s) N AR(b,), z;) Sarale (B};(a;l, Coe) N AL(BY), z};) . (3.267)
(BRa;" Coe) N AL, ). 78) 3 ¢ > % a, % b, € (AL, ). 78), (3.268)
(AL(b,,—l), r};) - (AL(b;l), zb) Sc byl v e (Goh), (3.269)

and

(G.1y) 3 ¢ = Yieg(c) € [0, +00), (3.270)

where we have used notation introduced in (2.171). The fact that the map-
ping (3.267) is well defined and continuous (in fact, a homeomorphism) is a direct
consequence of the results proved in Proposition 2.67. Regarding the mapping
in (3.267), note that

Bji(a,"'. Coe) N AM(b; ") € Bi(a, ", Cog) € AR(a,) = AR(a, x by), (3.271)

and if ¢ € Bji(a,", Coe) N A"(b, "), then ¢ * a, x b, € AM(b;"). Based on these
observations and the continuity results proved in Proposition 2.67, we may therefore
conclude that the mapping in (3.267) is also well defined and continuous. Going
further, the equality in (3.268) is a consequence of the fact that we are currently
assuming that rf; = t};, whereas that the assignment described in (3.268) is well
defined is clear from definitions. That this is also continuous is again a consequence
of Proposition 2.67. Finally, the mapping in (3.270) has been shown to be continuous
in conclusion (6) of Theorem 3.26. This completes the justification of the claim
made in (3.257).

All together, this analysis proves that the function (3.251) is continuous, com-
pleting the proof of the right-to-left implication in (3.247). This takes care of the
double equivalence stated in (3.224). Finally, the remainder of the claims made in
conclusion (14) of Theorem 3.26 are clear from what we have proved so far. This
concludes the treatment of (14).

The first claim in conclusion (15) of Theorem 3.26, pertaining to the fact that
under the weaker condition (3.226) one nonetheless has that d}iﬂ is a partially
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defined pseudodistance on G with domain G® that induces the topology rf; on G, is
seen by inspecting the treatment of conclusion (9). Also, that similar properties are
valid for d 15; ) is seen by inspecting the treatment of conclusion (10).

Turning our attention to the proof of the next claim made in conclusion (15)
of Theorem 3.26, we first note that, by (2.195), it suffices to show that (cf.
Definition 2.80)

the topological space (G, rll;) is pseudocomplete. (3.272)

First, the fact that (G, t};) is quasiregular (cf. Definition 2.78) is a direct conse-
quence of (3.208), (3.209), (2.149), and (3.226) (which ensures that every right-ball
is nonempty, as it contains its center). Next, for each n € N define

By = {(B]I;(a,r))o CaeG, 0<r< 1/n}, (3.273)

where the interior is taken with respect to rf;. Once again based on (3.208),

(2.149), and (3.226), we deduce that each %, is a pseudobase for (G, r]l;) (cf.
Definition 2.79).

In relation to these, we claim that the implication in (2.194) holds. To prove this,
consider a sequence (B,),en of subsets of X such that

B, € #, and B,+; € B, foreach n € N. (3.274)

Hence,
B, € B, forall n,m ¢ N with m > n, (3.275)
and there exist (a,),eny € G and (7,)nen < (0, +00) with the property that
B, = (B{;(a,,,r,,))o and r, € (0,1/n) foreach n € N. (3.276)
In particular,
a, € B, C B};(an, r,) whenever m > n, (3.277)

thanks to the fact that v vanishes on G and (3.275). Using this and (3.276) we
therefore arrive at the conclusion that

(@n.an) € G and V¥ (a, *a;l) < 1/n forall n,m e N with m > n.
(3.278)

However, it is assumed that G is right-complete with respect to v, i.e., that (3.227)
holds. In concert with (3.278) this proves that

Ja € G suchthat lim @, =a in ;. (3.279)

n—oQ
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Observe from (3.275) and (3.277) that a,, € B, whenever m > n. Together
with (3.274) and (3.279), this implies that, for each n € N withn > 2,

a € B, C B, (3.280)

Consequently, a € (), ey Bn, which proves that this intersection is nonempty. This
proves the implication in (2.194) for the choice of the sequence (%), @s in
(3.273). Hence, (3.272) holds, and this concludes the proof of the claim made
in (3.228). Finally, (3.229) is justified in a similar manner. This completes the
treatment of (15) and completes the proof of Theorem 3.26. a

3.2.3 More on the Relationship Between GMT
and Macias—Segovia, Aoki—-Rolewicz,
and Alexandroff-Urysohn Theorems

While it is fairly clear that both Theorems 1.2 and 1.3 contain provisions that
conceivably play the role of quasisubadditivity in their respective settings (see the
last inequalities in (1.1) and (1.5)), it is perhaps less obvious how such a property
manifests itself in the context of Theorems 1.4 and 1.1. As regards the former, the
incisive observation is that, in the context of Theorem 1.4, one has (with ¢ denoting
the constant from the inclusion B + B C ¢B)

Ix +ylls < c-max {llxlls. lIylls},  Yx.y€X. (3.281)

The manner in which Theorem 3.26 contains the Aoki—Rolewicz result stated as
Theorem 1.4 as a special case is made transparent by (3.281), and as such our result
can be regarded as a noncommutative version of the Aoki—Rolewicz theorem. This
is significant since the proof given in [69] of Theorems 1.3 and 1.4 crucially relies on
the fact that the group structure underpinning a vector space is Abelian. In particular,
other ideas are required to cope with the present degree of generality.

For the purpose of this discussion, it is actually instructive to record the version of
Theorem 1.3 given by our main metrization theorem when applied to the case where
the groupoid in question is a vector space and the mapping v is a given quasinorm
on it. Concretely, in such a setting Theorem 3.26 yields the following more precise
version of Theorem 1.3:

Theorem 3.27. Let (X, ||-||) be a (nontrivial) quasinormed vector space. Consider
K= sup (M) . (3.282)
syex  \maxg|x[l [y}

not both zero

Then k € [2, +00), and, as such,

1
log

pi= € (0, 1]. (3.283)
2/(
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In addition, if for each x € X one defines

N ; N
| xl4 := inf (Z ||x,-||”) N eN, xi,....xy € X with in =Xy,

i=1 i=1

(3.284)

then || - ||4 is a quasinorm on X which is a p-norm, and which is equivalent to || - ||;
in particular,

lx + y|| <2max{|x]|, |y}, VYx,ye€X = X is (equivalently) normable.
(3.285)

More specifically,

k2xl < lxlle < llxll - and |lx + yly < x|y + lylly forall x,y € X.
(3.286)

Consequently, for any exponent q € (0, p] and any finite family of vectors
X1,...,XNn € X there holds

N N 5
H D H = { >l ||"§ : (3.287)
i=1

i=1
In particular, for any exponent g € (0, p] and any sequence (x;)ien € X there
holds

sup
NeN

< { > llx,-||q§ : (3.288)

i=1

Moreover, the topologies tlllj” and t|l|{'|| coincide, and if .| stands for TIIFII = rﬁ{,”,

then, while || - | : (X, t||.||) — [0, +00) may not be continuous, for any sequence
{Xn}nen € X that converges to some x € X in the topology t). one nonetheless
has

k72| x|l < liminf||x,| < limsup|x,| < «?|x]|| (3.289)
n—>00 n—»00

and

sup ||x, || < +oo. (3.290)
neN

The exponent p defined in (3.283) is sharp in the context of (3.286). One way
to express this is via the claim that for each k € [2, +00) there exist a nontrivial
vector space X and a quasinorm || - || on X that satisfies

K = sup (M) (3.291)
wyex  \max{|[x|], [[y[}

not both zero
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and has the property that if || - || is a g-norm on X for some q € (0, 1] such that
Il -l & || - ||, then necessarily g < (log, k).
To justify this, fix an arbitrary x € [2, +00) and define p := (log, «)~! € (0, 1].

1
Also, take X := L?(R) and set || /| := (f]R | f(x)|? dx)” for each f € X. Then
foreach f,g € X

ILf+gll = (/R(If(X)IJrIg(X)I)” dX)pS(A(If(X)IP+Ig(X)IP) dX)p

<27 ([ireorar) +2 7t ([ leeor ax) =24 a1+ e

<20 max {|| £l Igll} = x max {|| £ I} (3.292)

On the other hand, if f :=1jp;; € X and g := 1j19 € X, then || f|| = |Igl| =1

and | f + gl = 27 = k. This proves that (3.291) holds. Suppose now that || - || :
X — [0,+400) is a function with the property that there exist C € [1,+o00) and
q € (0, 1] for which

Cf=NfN=Clfl. YfeX, and

(3.293)
I +gl <A1+ g, v fgeX.
Fix an arbitrary N € N, and consider the functions f; := 1;—1;) € X fori =
1,...,N.Then
1 N N N i
e DA Y ) E {menq}
i=1 i=1 i=1
N q .
=Ci{y IIffll‘f} =CN7. (3.294)
i=1

Hence, necessarily, ¢ < p, as desired. Incidentally, (3.294) also shows that the upper
bound ¢ < (log, k)~! is sharp in the context of (3.287) as well.

Yet another way of understanding the sharpness of the exponent p from (3.283)
in the context of (3.286) (cf. the very first inequality there) is via the following claim:
for each k € [2, +00) there exist a nontrivial vector space X and a quasinorm | - ||
on X that satisfies (3.291) and has the property that if for some q € (0, +00) one
has

N

N
cllx|l < inf (Z ||xi||‘1) : NeN, xi.....xy € X with ) x; =x
i=1

Q=

i=1

(3.295)
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foreach x € X (for some constant ¢ € (0, +00) independent of x), then necessarily
¢ < (log ).

This claim may be justified by working in the same setting as before, i.e., given
Kk € [2,+00), define p := (log, k)~! € (0, 1] and take X := L?(R) equipped with

the quasinorm | f'|| := (f]R | f(x)|? dx)% for each f € X. In this context, pick an
arbitrary N € N and consider the functions f; := 1_1;; € X fori =1,..., N.
Finally, set f = Zf\;l fi = Lpn) € X. Then, if (3.295) were true for some
q € (0, 400), we would be able to estimate

N 1/q
N7 =c|f] < (Z IIffll‘f) = No. (3.296)

i=1

Since N € N has been arbitrarily chosen, this forces ¢ < p, as desired.

Below, we wish also to elaborate on the nature of the relationship between
Theorems 3.26 and 1.1 and explain how a uniform space X, which is Hausdorff
and has a countable fundamental system of entourages, can be equipped with a
quasidistance p that is compatible with the topology. (Again, for basic definitions
the reader is referred to the appropriate chapters.) Then the quasitriangle inequality
satisfied by p plays the role of our quasisubadditivity condition (3.186), and this is
the key connection that make it possible to invoke (a special case of) Theorem 3.26
to provide a conceptually natural proof of the Alexandroff—-Urysohn metrization
result stated in Theorem 1.1.

Turning to specifics, suppose that (X,{) is a uniform space that is Hausdorff
and has a countable fundamental system of entourages V = {V;};en. Construct
a countable fundamental system of symmetric entourages {U;};cn as follows. Set
U =Vn Vl_l. Then, inductively, for each i € N, i > 2, choose (cf. (4) in
Definition 2.71) an entourage W; € U with the property that W C U;_;; then
define U; := W; N W' N V; N V! N U;_,. This is a fundamental system of
symmetric entourages that also possess the following properties:

U1 CU;, UY CU, VieN (3.297)

For related considerations see also [74, p.46], [53]. The crux of the matter is that if
for some fixed C; > 1 and for each x, y € X one now sets

o0
inf C~ if(x,y) e Ui,
i€eN: %/?B(X,y) 1 ! (x y) igl

o (3.298)
1 if(x,y)eX\(UUi),
i=1

p(x,y) =

then p is a quasidistance on X (compatible with the topology). Indeed, the symmetry
of p is ensured by design, while its nondegeneracy (i.e., the fact that p(x,y) = 0
if and only if x = y) is a consequence of the fact that X is Hausdorff. To dispense
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with the issue at hand, we make the claim that

p(-xs y) = Cl max{p(x, Z)s p(Zv y)}’ V-x’ y,.zZ € X. (3299)

To justify (3.299), observe that if either (x,z) or (z, y) does not belong to G Ui,
then max{p(x,z),p(z,y)} = 1, in which case inequality (3.299) holdsl =slince
p(x,y) < 1 (recall that C; > 1). If, on the other hand, (x,z),(z,y) € G U;
and, say, p(x,z) = C; % and p(y,z) = C; ¢ with k < ¢, then (x,2) € l}k:land
(z,y) € Uy C Uy. In turn, these imply (x, y) € Uk2 C Uk—. As a consequence, we
obtain

p(x.y) < C7* 1 = ¢ - 7% = Crmax{p(x.2), p(z. y)}.  (3.300)

as desired. Thus, p defined as in (3.298) is a quasidistance. Moreover, the topology
induced by the quasidistance t on the set X coincides with the original topology on
the topological space X . It follows, then, from the metrization result for quasimetric
spaces proved in Theorem 3.46 that the original topological space X is metrizable.

A word of explanation as to how the Macias—Segovia result (Theorem 1.2) fits
into the general framework of Theorem 3.26 is appropriate, particularly since the
very formulation of Theorem 1.2 makes no explicit mention of a particular groupoid
structure. The idea is that while the set X in the statement of Theorem 1.2 is arbitrary
and, as such, is void of any nontrivial algebraic structure, the Cartesian product
X x X has a canonical groupoid structure vis-a-vis the composition (x, z) % (z, y) :=
(x,y) and inversion (x,y)~' := (y,x) for any x,y,z € X (see the discussion
in Example 2.31). Specializing Theorem 3.26 to this pair groupoid then yields a
sharpened version of Theorem 1.2 (see Theorem 3.46 for a precise statement). It
is interesting to contrast our proof, which is of a purely algebraic nature, to the
original argument in [79] which relies on topological methods (the metrization result
described in Theorem 1.1). Indeed, this is the source of the discrepancy between
the Macias—Segovia exponent o from (1.2), which is used to formulate the Holder
regularity property (1.4), and our larger exponent « from (3.190), which appears in
the formulation of the sharp Holder regularity condition (3.205). In this regard, the
reader is invited to consult the discussion in Comment 2.83 included at the end of
Sect.2.2.

Note that there is an obvious disagreement between the Aoki—Rolewicz theorem
on the one hand and the Macias—Segovia theorem on the other hand, in the sense
that, if the former result is to be treated based on the latter for the choice of the
quasidistance p(x, y) := ||x — y||g with || - || 3 as in (1.9) (where B is a bounded
and balanced neighborhood of the origin in X)), then this would only yield the
existence of a p-norm compatible with the topology for the strictly smaller value
p = [logy[c(2c + 1)]]”" than the one predicted by Theorem 1.4 in (1.7). Our
Theorem 3.26 corrects this deficiency by producing a value of « that is in line with
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the exponent p from (1.7) in the formulation of the Aoki—Rolewicz theorem. In our
approach, it also becomes apparent that the nondegeneracy condition for the original
quasinorm plays no role and that the symmetry condition can be weakened to mere
quasisymmetry. We will revisit these issues in Sect. 3.4.

3.2.4 Connections with Homogeneous Groups

Letn € N, and recall that the Heisenberg group H,, is defined as the set
H, =C"xR={[t]: teC", t eR} (3.301)

endowed with the group inverse operation
(a7 =[-8t V(Ge] € H, (3.302)

and the group multiplication

[S.e]eln.s]:=[¢+nt+s+2Im@ 7). V1] [n.s] € H,  (3.303)

n
where we have set ¢ -7 := > {7 foreach & = (§1,...,¢,) € C',n =
k=1

M1,-..,my) € C", and where 7 and Im(z) denote, respectively, the complex
conjugate and imaginary part of a complex number z € C. Then (H,, e, (-)7!)
is a (non-Abelian) group, in which the identity element is [0,0] € C" x R. The
Heisenberg group is homogeneous in the sense that it posseses a family of
(anisotropic) dilations {8, },~ that are group isomorphisms satisfying §, 0§, = §,,/
for every r,r’ > 0. Concretely, for each r > 0 one may define §, : H,, — H, by
setting 8, ([, t]) := [r¢, rt] for every [, 1] € H,,.

Generally speaking, given a group G [with multiplication e, inverse (-)~!, and
identity e € G], a function ¢ : G — [0, +-00) is called a group norm provided
¥ is subadditive, symmetric, and nondegenerate, i.e., for any a, b € G one has

V@eb) =y(@+y®). y@')=y(@). and y~'({0}) = {e}. (3.304)
If in place of the first condition in (3.304) it is only assumed that
Y(aeb) < C(¥(a)+ (b)) forall a,beG (3.305)
for some finite constant C > 1, we will say that ¥ is a quasinormon G.
On the Heisenberg group H,,, frequent use is made of the Koranyi norm (cf., e.g.,

[36], [114, Sect.7.12, p. 638])

Yk D H, = [0,400), Yk (&) = (¢ + [tV VG 1] € H. (3.306)



114 3 Quantitative Metrization Theory

Then the function d : H,, — [0, +00) given by

d (1&.1]. [n.s]) = yx (.1 o [n.s]7") . VI t] [n.s] € Hyy  (3.307)

is a distance on H, called the Carnot metric. The Heisenberg group
norm (3.306) has the additional property that it is homogeneous in the sense
that Yx o §, = ryg on Hl, for every r > 0 (whenever a quasinorm satisfies
such a property we will refer to it as being a homogeneous quasinorm). Other
examples of homogeneous norms ¥ on Hl, may be constructed by starting with v
being defined as identically 1 on the Euclidean sphere (in canonical coordinates in
C" x R = R?"*1), centered at the origin and having a sufficiently small radius, then
extending v to the entire Hl, via homogeneity. This point of view is explored in
[58] in the more general context of homogeneous groups (recalled below).
Consider next the function

Y H, — [0.400),  y([L.1]) = max{|].[e]*}, V(1] €H,.  (3308)

This function is symmetric with respect to the group inverse operation on H,, i.e.,
¥ ([5.1]7") = ¢ ([¢,1]) for every [{. 1] € H, is nondegenerate since ¥ ([¢,7]) = 0
if and only if [{,¢] = [0, 0], and homogeneous, in the sense that ¢ o §, = ry
for every r > 0. Furthermore, as noted in [114, pp.541-542], ¥ is quasisubad-
ditive, but the proof given there only yields that ¥ satisfies the quasisubadditivity
condition (3.305) for some C > 1. Here we wish to improve upon this statement by
showing that v is actually subadditive and, hence, is a homogeneous group norm on
H,,. Indeed, as far as the subadditivity of ¥ is concerned, for every [, {], [1, s] € H,,
we may estimate

14+ nl < 18]+ Inl < max{|g]. [¢["/?} + max{|n]. |s|'*}

=y (¢ 1) + ¥ ([n,s) (3.309)

and
l+s+21m(§'-ﬁ)|l/2§ (1] + Is| + 21¢]nl]>
< [ (max {121, 11123)” + (max . 151"/}’

1/2
+2 max {J¢]. |r]"/2} - max (. s|'/%}

= max {[¢]. [¢]"/?} + max {|n]. |s|'/?}

=y (1)) + ¥ (n.s). (3.310)
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Together, (3.309) and (3.310) prove that

V(¢ t]en.s) =y (S.D) + ¥ (n.s]). V1] [n.s] € Hy, (3.311)

i.e., ¥ is subadditive and, as such, is a homogeneous norm on the group H,. In
addition, using the fact that, for each fixed ¢{ € C”, the mapping

C" 5 n+ Im (¢ -7) € R is continuous and vanishes at n = ¢, (3.312)

it can be readily verified that for every r > 0 and every [(, t] € H,, there exists ¢ > 0
such that

By([¢.1],6) € By([¢.1],r) and By ([51].€) € By([¢.1].7) (3.313)

(recall the definitions in (3.189) and (3.217)). This implies that if the right-topology
and left-topology rf; and r]I/;, respectively, are constructed on H, as in Sect.2.2
(cf. Definition 2.62), then TR = tf/; =: Ty. By a similar argument, one may also
show that 7y coincides with the canonical topology on C" x R. Based on this
discussion, item (14) of Theorem 3.26 then confirms the conclusion (which may
also be verified directly or with the help of Theorem 2.77) that, when equipped
with the canonical topology on C" x R, the Heisenberg group H, becomes a
Hausdorff, locally compact topological group whose topology is metrizable by a
left-invariant (or right-invariant) metric (recall that, as was pointed out in the last
part of conclusion (7) in Theorem 3.26, in the current setting the functions d}; ) and
dllﬁ" B defined as in (3.212) and (3.215), respectively, are genuine distances on H,
since (H,, e, (-)~!) is a group).

These considerations are indicative of a more general phenomenon, sketched
below. More specifically, the Heisenberg group belongs to the more general class
of homogeneous groups, introduced in the 1970s by E.M. Stein. Recall that
a homogeneous group is a connected and simply connected nilpotent Lie group G
whose Lie algebra g is endowed with a family of dilations {§,},~0. An excellent
exposition on this topic, underscoring its significance in the context of harmonic
analysis, can be found in the monograph [45] by G.B. Folland and E.M. Stein. In
[45, p. 8, and Proposition 1.6 on p. 9] it is shown that a continuous, homogeneous,
quasinorm ¥ exists on any homogeneous group G.

As such, any given homogeneous group G fits into the framework of Theo-
rem 3.26. Consequently, if G is a homogeneous group and if ¥ is a homogeneous
quasinorm on G, then the function Y., : G — [0, +-00) defined according to the
recipe in (3.192), with « (related to the quasitriangle inequality (3.222) considered
for p = 1) given by the expression in (3.223), becomes a continuous, homogeneous
quasinorm on G that is equivalent to ¥ and is «-subadditive (the homogeneity
property is a consequence of (3.204), used with ¢ replaced by the dilation §,).
In addition, based on [45, Proposition 1.5 on p. 9], it can be shown that the right-
topology and left-topology rf; and tb, respectively, on G coincide with 7, the
canonical topology on G; hence, (G, 7¢) is a Hausdorff, locally compact topological
group whose topology is metrizable by left-invariant (or right-invariant) metrics.
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3.3 Metrization Theory in Semigroupoid Setting

As is apparent from the discussion in previous chapters, Theorem 3.26 is constructed
from gluing together a number of separate, more specialized results that collectively
are stronger than the aforementioned theorem in the sense that they indicate how
various individual parts of the hypotheses in Theorem 3.26 imply various parts of
the conclusions.

For example, on the algebraic side, a large portion of our results actually holds in
the more general setting of semigroupoids, and on the analytical side, our treatment
highlights the somewhat incidental role of the quasisymmetry condition (3.187),
of the nondegeneracy condition (3.188), and of the fact that the function v is
(pointwise) finite. The main goal in this section is to further expand the scope of
Theorem 3.26 by adopting a similarly more general point of view. In particular,
the aim is to develop a quantitative metrization theory in the algebraic setting
of semigroupoids that, on the analytical side, illustrates the principle that the
quasisubadditivity property alone lends itself to some type of metrization method.

3.3.1 A Sharp Semigroupoid Metrization Theorem

The following result may be regarded as the counterpart of Theorem 3.26 in the
more general algebraic context of semigroupoids.

Theorem 3.28 (Semigroupoid Metrization Theorem). Let (G, *) be a semi-
groupoid, and assume that ¥ : G — [0, +00] is a quasisubadditive function, i.e.,
there exists a constant C; € [1, 400) such that

V(a *b) < Ciymax {¥(a), y(b)}, forall (a,b)e G?. (3.314)

Introduce

= 0, , 3.315
o og, C: € (0, +o9] ( )

and define the regularization Y» : G — [0, 400] of the function by setting, for
eacha € G,

1

N a
Yu(a) ;= inf (Zlﬁ(ct,)“) : NeN, (a1,...,ay) e GW™), a =a; *---*xay
i=1

(3.316)
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if « < +o00 and, corresponding to the case @ = +00,
Yu(a):=inf lrn_ale//(ai) :NeN, (a,...,ay) € G a=ay x---xayt . (3.317)
<i<

Then, with C the same constant as in (3.314), one has
Cl?y <ys<vyon G (3.318)
and

forevery (a,b) € G® one has
Y=Y = { e (3.319)
V(a*b) < (@) + y(b))

with the convention that the last expression in (3.319) is interpreted as
max {Y(a), ¥ (b)} in the case when a = +o0.

Moreover, for every finite number B € (0,«] the function 1//5 is genuinely
subadditive, i.e.,
Vala xb)" < yu(@) +yu(b)’. Y (a.b) € G (3.320)
As a consequence,

Vi(a * b) < Cymax {Yg(a), Yu(b)} forall (a,b) e G®,  (3.321)

with Cy as in (3.314). Also, for each N € N the original function v satisfies

N B
Y@ *--xay) < Cf Zw(ai)ﬂ} (3.322)
i=1
whenever ay,...,ay € G are such that
(ai.aiy1) € G®  forevery i €{1,...,N —1}. (3.323)

In particular, if (a;)ien S G is a sequence with the property that (3.323) holds for
every number N € N with N > 2, then for each finite number 8 € (0, o] one has

1

00 B
> (@)’ § . (3.324)

i=1

sup Y (ay * -+ ay) < C}
NeN

Finally, all quantitative aspects of the assertions formulated above are sharp in
the sense discussed in Propositions 3.30-3.32 stated below.
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Proof. The claims in the statement of the theorem up to (and including) (3.320) are
consequences of Theorem 3.17 and properties (3), (4) and (5) in Lemma 3.14. Also,
estimate (3.322) is implied by (3.318) and iterations of (3.320), whereas (3.324)
follows directly from (3.322). |

Remark 3.29. Let (G, %) be a semigroupoid, and assume that ¥ : G — [0, +00) is
a function with the property that there exists C; € [1, o) for which

V(a xb) < Cymax{y (a), ¥ (b)}, Y (a,b) € G?. (3.325)

Then, via iterations of (3.325), for each N € N and for each N-tuple (ay,...,ayn) €
G @) there holds

Y(ay *---xay) < max {Cuﬂ(al), Clzl//(az), ey
O Y (an—). N T Y an—), €)Y T Y (an)
N—1 N
<Y Clya) + ¢ ay) =N wa). (3326)
i=1 i=1
On the other hand, for each B € (0, (log, C;)~'] finite number and for each N € N

N 1/p
dow@)y L VYi(ar.....ay) € GM. (3.327)

i=1

Y(ay *---*ay) < C}

Thus, for each € (O, min{1, (log, C;)™! }] Holder’s inequality gives

N B /8
Ylar - xay) < C} (Z(w(af)ﬂ)”ﬂ) '<N1/1€7/;1)

i=1

N
= CINV/A! {ZI//((I,’)} Y (ar,...,ay) € G, (3.328)
i=1

Note that while estimates (3.326) and (3.328) have the same format, the mul-
tiplicative constant on the right-hand side of (3.326) grows exponentially in N,
whereas the multiplicative constant on the right-hand side of (3.328) grows only
polynomially in N.
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In relation to Theorem 3.28, we wish to note that, remarkably, the upper bound
B < a := (log, C;)~! guaranteeing that (compare with (3.322))

1

N B
> @) } (3.329)

i=1

AC €[0,400) suchthat (a; x---*xay)<C

forany N € N and any {a; }1<i<y C G satisfying (3.323) is actually sharp, as seen
from the following proposition.

Proposition 3.30. There exists a semigroupoid (G, ) with the property that for
any given C, € (1,+00) the following statement holds: one can find a function
¥ G — [0,400] that satisfies (3.314) for the given constant C, such that if
(3.329) holds for some B € (0, +00), then necessarily B < (log,C1)™".

Proof. Denote by G the collection of all subintervals of (0, +o00] of the form / =
(x, y] forsome 0 < x < y < +o0. For each such interval set [iei 1= X, lright 1= ).
Call two intervals I, J € G composable if I;jgne = Jiefi, and in such a case, define
I * J to be the interval / U J = (Lief, Jrign] € G. Then (G, *) is a semigroupoid
and

G? ={UJ): I=(x,y]. J=(y,z] with 0<x <y <z=<+o0}. (3.330)

Consider now an arbitrary, fixed constant C; € (1, 400), and introduce the function
Y : G — [0, +00] by setting

Y (I) := [length of ]°2 1 for each interval I € G. (3.331)

One may then verify without difficulty that the optimal constant for which an
estimate of the type (3.314) holds in the present setting is precisely the given number
C;. Having noted this, it remains to prove that the claim in (3.329) (corresponding
to the current case) fails for each exponent f € («, +00) where, as in (3.315), we
let o := (log, C1)™!. To see this, for each n € N take N := 2", and consider the
family of intervals in G given by

L = (i —1)27",i27"], i e{l,...,N}. (3.332)
Then condition (3.323) is satisfied and, in fact,
Iy x---x Iy = (0,1]. (3.333)

Hence, ¥(I; % ---* Iy) = 1, and if (3.329) were true, it would be possible to find
aconstant C € [0, +00) that is independent of n and has the property that

1
on

B
> [1ength(1,-)]ﬂ/“} . (3.334)

i=1

1<C
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2" 2"
However, given that f > «, we have Y [length(/;)]f/® = Y 277/
i=1 i=1
2(1=B/®) 5 0asn — oo, contradicting (3.334). O
The construction in the proof of Proposition 3.30 may also be used to show
that the value of « in (3.315) is optimal vis-a-vis the validity of (3.318). This is
formulated precisely in the result below.

Proposition 3.31. There exists a semigroupoid (G, ) with the property that for
any given C, € (1,+00) the following statement holds: one can find a function
¥ 1 G — [0, 400] that satisfies (3.314) for the given constant Cy such that if the
number B € (0, +00) and the function Yg : G — [0, +-00], given by

1
N B
Yg(a) ;= inf (Zl//(a,-)ﬁ) : NeN, (ay,...,ay) € GWM, g = ap *---kay
i=1

(3.335)
foreach a € G, satisfy
3C €[0,4+00) suchthat  <Cvyg on G, (3.336)

then necessarily B < (log,C1)~'. In fact, there are examples for which ¥ is a
Sfunction taking strictly positive values but Vg is identically zero whenever B >

(log,Cy)~".

Proof. Assume that an arbitrary constant C; € (1, 4+00) has been given, and fix
a number B € ((log, C;)™', +00). Let the semigroupoid (G, %) and the function
¥ 1 G — [0, +00] be as in the proof of Proposition 3.30. Then, as already noted,
(3.314) is satisfied (for the given constant C}), and we claim that (3.336) fails in
this case. To see this, let Y5 be as in (3.335). Also, for an arbitrary n € N, consider
N := 2" and recall the family of intervals in G from (3.332). Then, if (3.336) were
true, it would be possible to select some C € [0, +00) with the property that for
each n € N we had (cf. (3.333) and (3.316))

1
B

N
1=y ((0.1) < Cyp(0.1) = C (Z w(l,-)”)
i=l1

b4 5
3 g nhlos: cn}
i=1

— C 2n(ﬁ_1—10g2 Cl). (3337)

2 4
=C [length(7;)]Pl2t = ¢
g

i=1
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However, this can never happen since the fact that we are assuming 8 > (log, C1)™!
forces 27(B™ ~lo22C1) 5 0 as n — oo.

In fact, this reasoning shows that if 8 > (log, C1)~", then ¥4 ((0,1]) = 0, and
this type of argument may be naturally adapted to show that actually ¥ (/) = 0 for
each I € G if B > (log, C1)™". O

The same circle of ideas may be further employed to show that, in the class of
semigroupoids, the largest exponent 8 > 0 for which a quasisubadditive function
is equivalent (in a pointwise, uniform fashion) with some fB-subadditive function is
the reciprocal of the base-two logarithm of its quasisubadditivity constant. This is
made precise in the following proposition.

Proposition 3.32. There exists a semigroupoid (G, *) with the property that for
any given C; € (1,400) the following statement holds: one can find a function
¥ 1 G — [0,400] that satisfies (3.314) for the given constant C, and with the
property that the existence of a function ’1,7; : G — [0, +o0] satisfying

3C’,C" €[0,400) suchthat C'v <y <C"¥ on G and (3.338)
3B € (0, 400) so that Y(a *b)f <Y (a)? + ¥ (), V(a.b)eG?, (3.339)

forces B < (log,Cy)™\.

Proof. Fix an arbitrary constant C; € (1, +00), and let the semigroupoid (G, *) and
the function ¢ : G — [0, +00] be as in Proposition 3.31. In addition, assume that
there exists J : G — [0, +o0] such that the properties listed in (3.338) and (3.339)
hold. Finally, recall the piece of notation introduced in (3.335). Then, on the one
hand, C'yp < (w)ﬂ < C"yj by (3.338), while on the other hand, (w)ﬂ =V
by (3.339) (cf. Lemma 3.14 for more details). Based on these facts and (3.338), we
may therefore conclude that

¥ <(C"/C"yp on G. (3.340)

With this in hand, the conclusion in Proposition 3.31 forces 8 < (log,C)~!. a

It is instructive to state separately Theorem 3.28 when the quasisubadditivity
condition (3.314) is formulated differently, as in the following corollary.

Corollary 3.33. Let (G, %) be a semigroupoid, and assume that  : G — [0, +00]
is a function with the property that there exists a finite constant C > 1 such that

V(a *b) < C(Y(a) + v (b)), forall (a,b)eG?. (3.341)

Introduce

1
= —— € (0,1], 3.342
¢ 1 +log, C €©.1] ( )
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and define the function ¥y : G — [0, +00] as in (3.316) (with a as in (3.342)).
Then Yy ~ . More specifically, with C the same constant as in (3.341), one has

QC) 2y < vy <y on G. (3.343)
In particular, (Ys) "' ({0}) = ¥~ ({0}). Furthermore, for every B € (0, ] one has
Ya(a xb) < yu(@)f +y4(b). ¥ (a.b) € G2, (3.344)

and = Yy on G if and only if y(a * b)* < ¥ (a)® + ¥ (b)® for all (a,b) € G?.
Finally, estimates (3.322) and (3.324) hold (under the same algebraic conditions
as before) for any f € (O, (1+1og, C )_1], provided the constant C\ is replaced
by 2C.

This is a direct consequence of Theorem 3.28 (cf. also Remark 3.18 with p = 1).
Significantly, in Proposition 3.35 (stated and proved below), we will actually show
that, via an argument based on Fekete’s lemma, the value of the exponent «
from (3.342) is sharp in the context of Corollary 3.33.

In the last part of this subsection we will show that, in the class of all
semigroupoids, Corollary 3.33 is actually sharp. This is going to be a consequence
of the result proved in Lemma 3.34 below, dealing with the issue of growth for
quasisubadditive sequences. To set the stage, recall first that a sequence {x,},en
of real, nonnegative numbers is said to be subadditive if x,4+, < X, + Xpn
for all n,m € N. More generally, call a sequence of real, nonnegative numbers
{Xn}neny quasisubadditive provided there exists a finite constant C > 0 with
the property that

Xp4m < C(x, + x,) foralln,m e N. (3.345)

For each given finite constant C > 0 let us denote by 2(C) the class of all
sequences with nonnegative terms that satisfy (3.345). We are now ready to state
and prove the following lemma.

Lemma 3.34. Fix an arbitrary, finite constant C > 1 and recall the class of
quasisubadditive sequences 2(C) just introduced. Then for any sequence {X }nen
belonging to 2(C) one has

Xy = 02 45 n - +oo, (3.346)

and this rate of growth is optimal in the class 2(C).
In addition, for each real number N > 0 the following three statements are
equivalent:

(I) N >1+log,C.
(Il) For each sequence {x,},en in 2(C) there exists a sequence {yy}nen of real,
nonnegative numbers satisfying
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Vn & X, uniformly for n € N, and (3.347)
(P en is subadditive, ¥ B € (0,1/N]. (3.348)

(Il1) For each sequence {x,}nen in 2(C) there exists a sequence {y,}nen of real,
nonnegative numbers satisfying

Yn & X, uniformly for n € N, and {y;/N tnen is subadditive.  (3.349)

Proof. Fix a finite constant C > 1 and assume that N € R is such that N >
1 + log, C. Given a sequence {x,},en belonging to the class 2(C), consider ¥ :
N — [0, 400) defined by ¥ (n) := x, for each n € N. The incisive observation
is that (N, +) is a semigroup and condition (3.345) implies that, in the framework
of this algebraic structure, the function v is quasisubadditive. More precisely, ¥
satisfies the version of (3.341) corresponding to the current context, with C the
constant fixed at the beginning of the proof.

Moving on, let us now define the function ¥4 : N — [0, +00), according to the
recipe described in (3.316) for the exponent & := (1 + log, C)™!, and set y, :=
Y4(n) for each n € N. Then (3.343) implies that

(2C) 2 x, < yu < x, forevery n € N, (3.350)

which shows that (3.347) holds. Next, fix 8 € (0,1/N], and observe that the
assumptions on N and the choice of the exponent « ensure that § € (0, «].
Consequently, by (3.344), the sequence { yf }nen is subadditive, so (3.348) is valid
as well. This reasoning proves the implication (1) = (/1).

That (/1) = (I11) is obvious. The starting point in the proof of the implication
(IIT) = (1) is to recall the elementary inequality

(a+b)? <2°7'@a® +b%, Vo =>1, Va,b>0. (3.351)

With @ = (1 + log, C)™! € (0, 1] as before, this readily implies that the sequence
{n a tnen belongs to the class 2(C). Hence, given N > 0 for which condition (/11)
holds, it follows from this that there exists a sequence {y, },en of real, nonnegative
numbers with the property that

Vn A né, uniformly for n € N, and {y,yN}neN is subadditive.  (3.352)

To proceed, we recall a result known as Fekete’s lemma, to the effect that if a

sequence {z, }»en of nonnegative numbers is subadditive, then {Zni}n <y 18 bounded

below and converges to inlg = In particular, z, = O(n) as n — +oo. In concert
ne

with (3.352), this yields N > 1+1log, C, after some simple algebra. Thus, the proof

of the implication (/1) = (/) is complete.
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Consider next the issue of estimating the growth of a sequence {x,},en from
2(C) as in (3.346). As a consequence of Fekete’s lemma (recalled above) and
the fact that, as we have just shown, there exists a nonnegative sequence {y, },en
satisfying (3.352) for N := 1 + log,C, we may write x, ~ y, = (y,l/N)N =
Omn") = On't2C) as n — oo. This justifies (3.346). Finally, the fact
that (3.346) is optimal follows from the observation (made earlier) that the sequence
{n'Tlo2Cy « belongs to 2(C). This completes the proof of the lemma. |

From Lemma 3.34 it is now immediate that, in the context of Corollary 3.33, the
value of the exponent « in (3.342) is sharp, in the precise sense described in the next
result.

Proposition 3.35. There exists a semigroup (G, %) with the property that if a given
Junction  : G — [0, +00) satisfies (3.341) for some finite constant C > 1, then
the existence of a function 1/f G — [0, +00) such that 1/f Y and for which there
exists B > 0 with the property that

V@b <y @’ +y®). V(a.b)eG?, (3.353)
necessarily forces B < (1 +log,C)™".

Proof. Taking (G, %) to be the semigroup (N, 4), the conclusion we seek is a direct
consequence of the equivalence (/) < (/1) in Lemma 3.34. |

3.3.2 An Application to Analytic Capacity

Part of the motivation in considering the more general algebraic framework of
semigroupoids (compared with the setting of groupoids in which Theorem 3.26 has
been stated) stems from the realization that there are many interesting examples,
arising naturally in various applications, of quasisubadditive functions defined on
semigroupoids that lack a genuine groupoid structure. Below, we elaborate briefly
on one such instance, related to the notion of analytic capacity.

Recall that the analytic capacity of a compact set £ € C was defined by Ahlfors
in the late 1940s as the quantity

y(E) = sup {f’(oo) -

Jim z(f(2) = f(00))] :

f analyticon (CU {oo})\ Eand |f| <1onC\ E; , (3.354)

where f(c0) stands for ‘ ‘1im f(2). Its relevance is most apparent from a (by now
Z|—> 00

classical) theorem proved by Ahlfors in [1], to the effect that a compact set E C
C is removable relative to the class of bounded analytic functions if and only if
E has vanishing analytic capacity (i.e., y(E) = 0). The longstanding, deep issue
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of deciding whether Ahlfors’s analytic capacity (3.354) is quasisemiadditive, i.e.,
whether

y(EUF)<C(y(E)+y(F)) forall compactsets E, F € C, (3.355)

for some C > 0 was relatively recently settled by Tolsa in [116], who showed that
there exists a finite, universal constant C > 1 such that (3.355) holds. In [117,
p. 1521], Tolsa also asks whether the analytic capacity y is subadditive, in the sense
that (3.355) is valid with C = 1. While this question remains open at the moment,
here we wish to note that it is possible to construct a version of Ahlfors’s analytic
capacity that is equivalent to it and that, when raised to an appropriate power,
becomes subadditive (cf. (3.359) below). Most significantly, based on our abstract
regularization procedure, we are able to obtain capacitary estimates for sequences
of compact subsets of the plane (cf. (3.361) and (3.362)).

Corollary 3.36. Define Tolsa’s constant as the number

y(EUF)
Cr:= sup (— € [1, +00). (3.356)
rrce \Y(E)+y(F)
E,F compact
Also, introduce the exponent o := (1 + log, C1)~! € [1,400), and define the

regularized analytic capacity of a compact set E C C as the quantity

N i
y#(E) := inf (Z y(Ei)") . N eN,

i=1

E\,...,Ey CCcompact, E = U E: ;.
1<i<N

(3.357)

Then the following properties hold.

(1) The regularized analytic capacity considered in (3.357) is equivalent to
Ahlfors’s analytic capacity considered in (3.354). More precisely, for every
compact set E C C

(ACH™'y(E) < ys(E) < y(E); (3.358)

hence, for every compact set E C C one has y4(E) = Oifand only if y(E) = 0.

(2) Foreach B € (0, ] the regularized analytic capacity yy is B-subadditive in the
sense that ys(E U F)P < yu(E)P + yu(F)P for all compact sets E, F € C. In
particular,

ve(E U F)* < ys(E)* + ya(F)* for all compact sets E, F C C. (3.359)
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(3) One has ys = y if and only if y satisfies
y(EU F)* <y(E)* + y(F)* forall compactsets E,F C C. (3.360)

(4) For any exponent f € (0,«] and any finite family of compact subsets
E,, ..., Ey of C there holds

N
y (U Ei) < 4C?

i=1

N 3
> y(E

i=1

(3.361)

Moreover, for any sequence (E;);en of compact subsets of C and any exponent
B € (0,a] one has

N
. ) 2
()

i=1

é
(3.362)

> y(E)

i=1

Proof. 1t is clear that the family Comp (C) of all compact subsets of the complex
plane becomes a semigroupoid when equipped with the usual union of sets (con-
sidered as the semigroupoid binary operation). Since by Tolsa’s result mentioned
in (3.355) the function y : Comp (C) — [0, +00] is quasisubadditive, the desired
conclusions, with the exception of (3.362), are direct consequences of their abstract
counterparts in Corollary 3.33. As regards (3.362), Corollary 3.33 only ensures that
for any sequence (E;);en of compact subsets of C and any exponent § € (0, «]
there holds

00 B
> y(E)

i=1

N
sup y (U E,») < 4C? (3.363)

NeN  \;I;

However, once this has been established, (3.362) follows since the analytic capacity
is monotone (cf., e.g., [42, Proposition 1.8]). O

The remarkable aspect of (3.361) is that the multiplicative constant on the right-hand
side of this estimate does not depend on N.

Incidentally, note that if Cy = 1 (i.e., if Tolsa’s question has a positive answer),
then the regularized analytic capacity coincides with Ahlfors’s analytic capacity.
Also, it is clear that the regularization result described in (3.357) works equally well
for other types of capacities used in analysis (such as the electric intensity capacity;
cf. [89]).

Remark 3.37. Actually, Tolsa proved that the analytic capacity function y is
countably quasisemiadditive in the sense that there exists a finite constant C > 0
such that

y (U Ef) <CY y(E) (3.364)

i€N i€N
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for any family (E;);en of compact subsets of C. As a result, if for any compact set
E C C we define

V(E) := inf Z y(E;) : (E;);en compact subsets of C
ieN

suchthat E = | J Ei¢ . (3.365)
ieN

theny =~ y in the sense that (with C as in (3.364))
C'y(E) <V(E) < y(E) foreach compactset E C C (3.366)
and ¥ is genuinely subadditive, i.e.,

VY(EUF)<V(E)+79(F) forall compactsets E, F C C. (3.367)

3.3.3 Metrization Results with Additional Constraints

The sharp metrization result proved in Theorem 3.28 in the abstract setting of
semigroupoids may be further adapted to accommodate additional conditions
imposed on the semigroupoid (G, *x) as well as the quasisubadditive function
and its regularization ¥4. Schematically, the philosophy behind subsequent results
may be described as follows:

additional structure on G or properties for ¥

= more information about the regularized version ¥4 of V. (3.368)

We have already seen this principle at work in several instances so far. For
example, this is the way in which Theorem 3.26, where the assumption on G is
strengthened (compared to Theorem 3.28) by demanding that this be a groupoid
and where the quasisubadditive function i is also assumed to be quasisymmetric
and nondegenerate, is related to Theorem 3.28. Also, in the case of Theorem 3.27,
where the background semigroupoid is the underlying Abelian group of a vector
space X and the function ¢ := | - || is homogeneous if || - || is a quasinorm, the
regularized version || - ||l# of || - || (defined as in (3.284), which is consistent with
the recipe described in Theorem 3.28) is also homogeneous and, hence, ultimately,
a quasinorm. Finally, as will become apparent later, a similar principle is at work
in the statement and proof of Theorem 3.46 (sharpening the Macias—Segovia result
presented in Theorem 1.2).

Here we wish to further exemplify the manner in which the generic scheme
(3.368) may be implemented by proving several other metrization theorems with
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additional constraints. The first such result involves dealing with a background
partial order structure.

Theorem 3.38. Let (S, x) be a semigroup, and suppose that < is a partial order
relation on the set S that is compatible with the semigroup multiplication operation
in the sense that

forany a,b,c,d € S satisfying a <b and ¢ d = axc <bxd.
(3.369)

In this context, assume that W : S — [0, +00] is a function that is quasisubadditive,
i.e., there exists a constant C| € [1, +00) such that

Y(axb) < Ciymax{y(a),¥(b)} forall a,be S, (3.370)
and that is quasimonotone, i.e., there exists a constant C, € (0, +00) such that
Y(a) < Coyr(b) whenever a,b € S are such that a < b. (3.371)

Consider

o= € (0, + <], (3.372)
log, Cy

and define the regularization ¥, : S — [0, +00] of the function by setting, for
eacha € S,

i
N o
Yy (a) := inf (Zt//(a,-)“) :NeNay,...,aveS, a<ayx---*xayy (3.373)

i=1

if & < +o00 and, corresponding to the case @ = +00,

Then, with Cy, C, the same constants as in (3.370) and (3.371), for every finite
number B € (0, ] one has

C'CT2y <y < pointwise on S, (3.375)
Vo(ax b)Y <. (@) +v.(b)P, Ya,be S, (3.376)
Yo(a) <Y, (b) forall a,b €S suchthat a <b. (3.377)

Proof. Viewing (S, *) as a semigroupoid, define ¥ : S — [0, +00] as in (3.316)—
(3.317) (with G replaced by ). Then, from the manner in which the functions v,
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V¥, are designed, we obviously have (cf. also (3.318))

Yu(a) < Yu(a) < ¥(a), Ya € S. (3.378)

Furthermore, given an arbitrary a € S, if a;,...,ay € S are such that a < a; *
-+ % ay, then, thanks to the quasimonotonicity of v, (3.318), and the definition of
V., we have, in the case ¢ < 400,

N o
V(a) < Cop(a) * - xay) < CoCYu(ar * - x ay) < C,C} (Z W(ai)a) .

i=1

(3.379)

If we take the infimum overall N € Nand ay,...,ay € S suchthata < aj *--- %
ay , then estimate (3.379) yields

Y (a) < CCP Y (a). (3.380)

The same type of argument works in the case & = 4-oo (this time using (3.374));
hence, ultimately,

¥ < C,CHy, on S. (3.381)
In concert with (3.378), this proves (3.375). Next, assume that a,b € S are such

thata < b. Then, if N € Nand by,...,by € S satisfy b < by % --- x by, then it
follows that @ < b; * --- * by; hence, in the case @ < +00,

RI=

N
V.(a) < (Zw(bf)“) . (3.382)

i=1

Taking the infimum overall N € Nand by,...,by € S suchthath < by *x---x by,
we arrive at the conclusion that, if @ < 400, then

Ye(a) < Y (b), Ya,b e S, satisfying a <b. (3.383)
The same type of analysis works in the case when o« = +o00, and this completes
the proof of (3.377). As far as (3.376) is concerned, pick two arbitrary elements

a,b € S and assume thatay,...,ay, € S and by,...,by, € S are such that

a=<ap*x---*ay,, b <Dy %x---xbp,. (3.384)
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Then (3.369) implies that @ * b < a; % ---x ay, * by % --- % by,. In turn, in light
of (3.373), this forces (assuming that ¢ < +00)

1

Nl Nz o
Yulaxb) = (Z la)* + W(bi)“) : (3.385)
i=1 i=1
Taking the infimum over all finite families of elements a;,...,ay, € S and

by, ..., by, € S satisfying (3.384) then leads to

Vula*b) < (Yu(@)® + Y (D))" (3.386)

With this in hand, (3.377) readily follows in the case when 0 < 8 < a < 4-00. The

case @ = +o0 is treated similarly, and this concludes the proof of the theorem. O
Examples of semigroups (S, ) satisfying (3.369) include:

e Any semigroup (S, *) equipped with the trivial partial order relation
a=b <= a=h, Va,besS; (3.387)

e The underlying Abelian additive group of any partially ordered vector space;

e Any lattice (S, X, V, A) (defininga * b := a v b foreacha,b € §);

e More generally, let (S, <) be a partially ordered set with the property that
sup {a, b} exists for each a, b € S; then, ifa x b := sup {a, b} foreacha,b € S,
it follows that (S, %) is a semigroup in which (3.369) is satisfied.

Parenthetically, we note that in the case of a semigroup (S, *) equipped with the
trivial partial order relation (3.387), we have ¥, = ; hence Theorems 3.38 and
3.28 coincide in such a situation.

Our next theorem may be regarded as yet another generalization of the Aoki—
Rolewicz theorem (stated as Theorem 1.3).

Theorem 3.39. Let X be a vector space, and assume that || - || : X — [0, +00] is a
function satisfying the following properties:

(1) (Quasisubaditivity) there exists a constant Cy € [1, 4+00) for which
[lx + ylI < Comax {|x]l, [ ¥}, Vx,yeX; (3.388)
(2) (Pseudohomogeneity) there exist Cy € (0, +00) and 0 € R such that

x| < CiA?|Ix]l, VxeX, VieR\{0}. (3.389)
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Set

= 0, o], 3.390
«i= o € O] (3:390)

and for each x € X define

1

N o
x|, ;== sup inf{|A|7? (Z ||/\xi||“) : N eN, and

A€R\{0} o

N
X1,...,Xy € X are such that in =X (3.391)
i=1
if & < 400 and, corresponding to the case o« = +o0,

x|l ;= sup inf{|A|™" max ||Ax;[|: N € N, and
A€R\{0} l=i=N

N
X1,....,Xy € X are such that Zx,- =x;,. (3392
i=1

Then || - ||« : X — [0, +o<] satisfies
Co lxll < lixll < Cullxll forall x € X, (3.393)
Inxll. = nllx|l. forallx € X and all n € R\ {0}, (3.394)
Ix + ylI? < Ix|If + |y|? forallx,y € X and each B € (0, ] finite, (3.395)

Ix + yll« = Comax {|ix[.. |yll.},  Vx,yeX (3.396)

Proof. To get started, denote by || - || the regularization of the given || - || relative
to the group (X, +), in the sense of Theorem 3.28, and observe that (3.391) and
(3.392) amount to

Ixl. = sup [IAI7?[Ax]l4] forall x € X. (3.397)
AeR\{0}

Now Theorem 3.28 gives
Co2lxll < llxll# < llx||  forall x € X, (3.398)

Ix + ylI8 < 1%l + [ y]I forall x, y € X and each B € (0, o] finite. (3.399)
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Thus, on account of (3.398), taking A = 1 in the supremum process in (3.397) yields
that, on the one hand,

Cy2llxll < lxllg < llx]l,  forall x € X, (3.400)

and, on the other hand, (3.398) and the pseudohomogeneity condition permit us to
estimate

I Ax s < [AOIAx] < Cillx]l. VxeX, VAeR\{0}, (3.401)

and by taking the supremum over all A € R\ {0} in the most extreme sides of (3.401)
we arrive at

Ix|l. < Cillx|]| forall x e X. (3.402)

Now, (3.393) follows from (3.400) and (3.402). Going further, given x € X, for
each fixed n € R\ {0} we have

Inxll. = sup [IA771IAm)x]l4]
LeR\{0}
=[nl® sup [IAnI""IIAmxlls] = [nl°lIx].. (3.403)
AeR\{0}

proving (3.394). Moving on, if x,y € X and 8 € (0, ] is a finite number, then
(3.399) allows us to estimate, for each A € R\ {0},

— B — — —
(A2 IAG + el = AP 0Ax + Ayl < AP IAx G + A7 1Ayl

< =l + 1% (3.404)

Taking the supremum over all A € R \ {0} in the most extreme sides of (3.404)
produces (3.395). Finally, given any x, y € X, then for each number 8 € (0, «) we
have, thanks to (3.395),

Ix + ylIf <2 max{|x]f, Iy[£},  VxyeX (3.405)

Hence, ||x + y[. < 2" max{|x|..|y|.} for each x,y € X, and (3.396)
follows, on account of (3.390), by letting 8 " «. This completes the proof of the
theorem. a

A natural context in which the pseudohomogeneity condition (3.389) from
Theorem 3.39 occurs is as follows. Let (X, | - ||) be a quasinormed vector space, and
assume that || - | : X — [0, +00) is a function with the property that || - ||" =~ | - ||,
i.e., there exist constants ¢y, ¢; € (0, +00) such that

collxl < Ix[" < elllxl,  VxeX. (3.406)
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While in general || - ||” itself might fail to be a quasinorm (since it may lack
homogeneity), we nonetheless have

IAx] < erllAx]| = crlAllx] < g'erAllx]’. YxeX. YAeR. (3.407)

Hence, (3.389) holds for || - || with C; := ¢;'c; and 6 := 1. Another situation
where (3.389) occurs naturally is in considering powers of a given quasinorm.

We also note that our regularization scheme may be naturally adapted to other
types of settings. To illustrate this point, recall that an F-norm (short for Fréchet-

norm) on a vector space X is a function || - || : X — [0, +-00) satisfying
x| =0 <= x =0 foreach x € X, (3.408)
[x +yll < lix + Iyl forall x,ye X, (3.409)
[Ax| < ||x] forallx € X if |A] <1, (3.410)
[A.x|| = O foreach fixed x € X if A,, — 0. 3.411)

A word of caution is in order here. Specifically, the reader is made aware that
frequently (cf., e.g., [74, p. 163], [91, p. 19]) authors impose an extra axiom in the
definition of an F-norm, namely,

[Ax,]| = O for each fixed scalar A if ||x, || — O. (3.412)

However, as the next lemma demonstrates, the latter axiom is redundant in the
context of (3.409) and (3.410).

Lemma 3.40. Let X be a vector space over C, and consider a function || - || : X —
[0, +00) with the property that there exist ¢, ¢ € [1, +00) such that

IAx|| < collx|l, Yx€X and YA e C suchthat |A| <1, (3.413)
lx +yll <cdixl + 1y, Vx.yekX (3.414)
Then
[Ax]l < coct (co + def|A" T2 |Ix]l, VA eC and ¥x € X. (3.415)
In particular,

lim ||[Ax,]| =0, V{xu}luen C X suchthat lim |x,|| =0 and VA € C.
n—oo n—o00
(3.416)
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Proof. En route to (3.415) we will first establish that
VAeC with [A| <1 and Vx € X there holds

gt IAx]l < [[IAlx| < collAx]. (3.417)

Clearly (3.417) is valid if A = 0. Assume next that A € C \ {0}, and for any
arbitrarily fixed x € X write

A
lALx] = H('/\-') -)LxH < collAx|, (3.418)
where the inequality follows from property (3.413) since M—I\ = 1. Using again
(3.413) we have
A
Iaxl = [ (57) (A0 = colliaix] (3.419)
since Ii_l € C satisfies ‘ﬁ‘ = 1. In concert, (3.418) and (3.419) prove the claim

made in (3.417).
Moving on, we will prove that

VAeRiandVx € X thereholds [[Ax|| < c¢; (co+4eiA'TO2¢T) x|, (3.420)
To see this, fix A € R4 and denote by N the greatest integer < A. Then
NeNU{0} and N <A <N + 1. (3.421)
Next, for any x € X write

[Ax] = (A = N)x + Nx]|

IA

cr([(A = N)x[| + [INx])) < e1 (collxl + INx[D),  (3.422)

where the first inequality in (3.422) follows from (3.414), while the second
inequality uses (3.413) and (3.421). At this stage, bring in (3.287) to conclude that

INx|| = ||x + -+ x|| < 4ciNTloe . (3.423)

Together, (3.422), (3.423), and the fact that N < A prove (3.420).
After this preamble, (3.415) is obtained by writing, based on (3.417) and (3.420),

IAx]l < o [Alx] < cocr (co + 4ef|Al" T2 1) ||x| (3.424)
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forevery A € C and every x € X. a

Of course, any norm on the vector space X is an F-norm on X. The “standard”
example of an F-norm is as follows: if (X, 90, i) is a finite measure space, and X
is the vector space of scalar-valued, $J1-measurable functions on X' that are finite
-a.e., then an F-norm on X is given by

._ |f(x)]
171 .—/2—1+|f(x)|du(x), V f e X. (3.425)

It is then natural to consider the related, yet more flexible, notion of
quasi-F-norm, defined in a similar manner as before but with (3.409)
weakened to a quasitriangle inequality, and with (3.410) altered by allowing
a fixed multiplicative constant on the right-hand side (thus, in particular, any
quasinorm is a quasi-F-norm). Specifically, given a vector space X, assume that
|- : X — [0,+00) is a function with the property that, for some constants
o, ¢y € [1, +00),

x| =0 <= x =0 foreach x € X, (3.426)
X + yll < co(lx +Ilyl) foral x,yeX, (3.427)
[Ax] < eci|x| forall x € X if [A] <1, (3.428)
[A,x|| = O foreach fixed x € X if A,, — 0. (3.429)

From Lemma 3.40 it follows that property (3.412) continues to hold even under
these more relaxed conditions.

To give an example of a quasi-F-norm, assume that (X, 901, 1) is a finite measure
space, and, as before, denote by X the vector space of scalar-valued, 2)t-measurable
functions on X', which are finite t-a.e. on X'. Then a quasi-F-norm on X is given by

1f] = /2 0 (fOD du(). Y feX. (3.430)

where ¢ : [0, +00) — [0, +00) is a bounded function that vanishes continuously
at the origin, is strictly positive on (0, +00), is Borel-measurable, and satisfies, for
some fixed constant C € [1, +00),

p(At) < Co(r), VA€ (0,1), Vit e[0,+00), (3.431)
ot +5) < C () +@(s), Vi, s €[0,+00). (3.432)

In relation to this, it is relevant to note that for a sequence {f,},en € X one
has || f;]| = 0 as n — oo if and only if f, — 0 in measure as n — oo. Also, a
convenient way of producing examples of functions ¢ satisfying the aforementioned
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properties is to take

t

where 6 is any Borel-measurable function bounded away from zero and infinity.
Observe that (3.425) corresponds to the recipe from (3.430) used with ¢ as in (3.433)
with 8(¢) = 1, in which case (3.431) and (3.432) hold with C = 1. In general, if
1 < 6(t) < C foreveryt > 0, then this observation may be used to give a short
proof of the fact that (3.431) and (3.432) hold as stated whenever ¢ is as in (3.433).

Our next goal is to show that the properties of a given quasi-F-norm improve once
it undergoes a suitable regularization procedure in the spirit of the discussion in this
subsection. This is made precise in the theorem below. Before we state it, recall that

a p-norm (0 < p < 1) on a vector space X is a function || - || : X — [0, +00)
satisfying
|x]| =0 <= x =0 foreach x € X, (3.434)
lx +yll < x|l + |yl forall x,y € X, (3.435)
[Ax|| = |A?||x]| forall x € X and all A € R. (3.436)

The following result may be regarded as a version of the Aoki—Rolewicz theorem in
the more general context of vector spaces equipped with quasi-F-norms.

Theorem 3.41. Let X be a vector space, and assume that || - || : X — [0, +00) isa
quasi-F-norm. That is, there exist ¢y, ¢, € [1, +00) such that (3.426)-(3.429) hold.
Define

= €(0,1], 3.437
L T, (0,1] (3.437)

and for each x € X set

N N
X[« o= sup inf{ > " Axi 7 : N €N, xi.....xy € X with Y xi=x

1A=l i=1 i=1
(3.438)
Then |||« : X — [0, +00) is a genuine F-norm, and |- ||« ~ ||- ||? in the precise
sense that
47N x|? < Ixl« < e Nx|1P forall x € X. (3.439)

In addition,

| - |l is a quasinormon X = || - ||« is a p-normon X . (3.440)
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This result is sharp, in the following sense. For any (nontrivial) normed vector

space X and any cy € [1,400) one can find a quasi-F-norm || - || on X that
satisfies (3.427) for the given constant ¢, satisfies (3.428) with ¢, := 1, and has
the property that the existence of an F-norm || - ||« on X such that || - |9 =~ || - ||« for

some q € (0, +00) necessarily forces ¢ < (1 + logyco)™".

Proof. Note that ||x + y|| < 2comax{|x|.[yll} = 27 max{||x]|,||y|} for all
vectors x,y € X. Denote by || - [+ : X — [0, +00) the function obtained by
regularizing the quasisubadditive function | - || : X — [0, 400) relative to the
group (X, +), as described in Theorem 3.28 with C; := 217 and @ := p (hence,
|| - |l% is defined as in (3.316) with o := p). Then, by design,

[x]l« = sup [[Ax|%, VxeX, (3.441)
A€ER, [A|<1

while Theorem 3.28 ensures that
2727 x|l < |Ix|l# < ||lx|| forall x € X, (3.442)
lx + ylf < llxlI§ +lIylly forall x,y e X. (3.443)

As a result, [|[Ax]lf < [[Ax||? < ¢]|x||? for every x € X and every A € R
with |A| < 1. Taking the supremum over all such A proves the second inequality
in (3.439). Also, taking A = 1 in the supremum process in (3.441) implies that
x|« = lx|lf = 47"|x|| for each x € X. Thus, the first inequality in (3.439)
holds as well. Note that axioms (3.408) and (3.411), (3.412), formulated for
|| - |l«, subsequently follow from (3.439) with the help of (3.426), (3.429), and
Lemma 3.40. As regards the triangle inequality for || - ||«, observe thatif x,y € X,
and if A € R satisfies |A| < 1, then

IAGe+ 2lE = 1Ax + Ayl < IAxllE + 1Ay 15 < Ixll« + 11yl (3.444)

by (3.443) and (3.441). Taking the supremum over all A € R with |A| < 1 then
yields [|x + y|l« < [|x|l« + ||y ||« as desired.

At this point, as far as the claim that || - ||« is an F-norm is concerned, it remains
to check the analog of (3.410) for || - ||«. To this end, if x € X and A,n € R with
[A| < 1, |n| < 1 are arbitrary, then we have |[(An)x||; < ||x||« thanks to (3.441) and
the fact that |An| < 1. Hence,

Inxll« = sup  [[An)x]lf < [[x]x. (3.445)
1

AER, A<

This shows that || - ||« : X — [0,400) is a genuine F-norm. The implication
in (3.440) is then justified by observing that |[Ax]|« = |A|?|x]« for all x € X
and all A € R by (3.441) if || - || is homogeneous since the latter condition forces
| - |l# to be homogeneous as well.
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Finally, consider the claim pertaining to the optimality of the exponent p
from (3.437) formulated in the last part of the statement of the theorem. In this
regard, assume that (X, | - |) is an arbitrary, nontrivial normed vector space, and,

given an arbitrary constant ¢y € [1, +00), define || - || : X — [0, 400) by setting

x| :== |x|'T1°22¢ for each x € X. Then, clearly, | - || is a quasi-F-norm on X that

satisfies

x4yl = x| RO < (x| 4 |y TR (3.446)
< 20 (|x|! om0y |yIHoR ) — ¢ (x| + [ly[).  Vx.yeX,

i.e., (3.427) holds for the given constant ¢y. Also, for each x € X and each A € R
with M| < | we have ||)UC|| — |Ax|l+log200 — |/\|l+log200|x|l+log2c0 < |x|l+logzco —
|lx ||, which shows that (3.428) is satisfied with ¢ := 1. Assume next that || - ||, is an
F-normon X such that C~!||-|l, < ||-|? < C||-||, on X for some ¢ € (0, +00) and
some finite constant C > 1. Fix a unit vector x € X, and for each n € N consider
the finite family of vectors x; := 27"x,i € {1,...,2"}. Then

2’1 2’1 2’1
q
L=l = | x| = | x| = Y.
i=l i=1 i=1

2" 2"
< C Y |1 = €Y 2w = 2 grnaHona - (3.447)

i=1 i=1

which necessarily forces ¢ < (1 + log,co)~'. This completes the proof of the
theorem. |

We wish to note that other variants of the notion of quasi-F-norm are amenable
to the same type of regularization procedure as in Theorem 3.41. For example, this
is the case for a notion of a quasi-Fréchet norm || - || on a vector space X satisfying
[for some fixed ¢ € [1, +00)]

x| € [0,+00) and |x]| =0 & x =0 foreach x € X, (3.448)

lx+yl = cdxl +lyl) forall x,yeX, (3.449)
[Ax|| < cl|lx]|| forall x € X and scalars with [A| = 1, (3.450)
|[Anx|| — O foreach fixed x € X if A, — O, (3.451)
A x| = O if {A,}, bounded and | x,| — O. (3.452)

We conclude this section by presenting yet another example of the regularization
procedure under additional constraints. To set the stage, we make the following
definition.
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Definition 3.42. Let (H, o) be a group, and consider X an arbitrary set. A left
group action of H on X is a binary operation © : H x X — X satisfying the
following axioms:

(1) (Associativity)
Aod)Oa=1 0 (A 0a), VA,A, € H and VaclX.
(3.453)
(2) (Identity)
ey ©Oa=a, VaeH, (3.454)
where ey denotes the identity element in H .

What follows is the statement of the regularization with constraints mentioned
earlier.

Theorem 3.43. Let (G, %) be a semigroupoid, and consider (H, o) a group that
has a left group action © : H x G — H on the set G. In addition, suppose that ©
satisfies the following distributivity axiom:

(a,b) e G?
Ae H

AOa,r0b)ecG? and

(3.455)
(LOa)*(AOb)=A0 (a*b).

Let ¢ : H — (0,+00) be a semigroup homomorphism, and assume that the
function ¢ : G — [0, +00] has the property that there exist two constants Cy, C| €
[1, 400) such that

V(A ©a) < Cop(M)Y(a), YVAeH and VaeG, (3.456)
V(a % b) < Cy max{y(a), ¥(b)}, Y (a,b) e G?. (3.457)

Define ¥, : G — [0, +00] by setting

V.(a) :== sup [pA"Hy (A © a)], Vaeg, (3.458)
AEH

where A™! denotes the inverse of > € H in the group (H, o), and introduce

1//** = (1//*)#’ (3.459)

where the subscript # denotes a-regularization as described in (3.316) and (3.317)
with

1
o= o8, G’

(3.460)
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Then the following properties hold:

Cl_zlﬂ < Vs <Co¥ on G, andinparticular Y. ~ Y, (3.461)
Vix(A ©a) = M) Yuu(a), YA€ H and VaeG; (3.462)
Vs (@ * D) < Cy max{¥u«(a), Vax(b)}, V(a,b) € G(Z); (3.463)

1/p
pe (0, (logy Cl)_l] = Yuulaxb) < (z//“(a)ﬂ + w**(b)ﬂ) . V(a.b)eGP.
(3.464)
Proof. We begin with a couple of useful observations. First, since ¢ : H —

(0, +00) is a semigroup homomorphism, ¢(egy) = ¢(ey o ey) = @len)p(en),
it follows that

olen) = 1. (3.465)

Second, using identity (3.465), for each A € H we may write that 1 = ¢(ey) =
oA o A7) = @(L)p(A7"), from which we obtain that

1
p(A)’

Since 61_11 = ey, based on (3.465) and the identity axiom (3.454), we have

p(A™hH = VAeH. (3.466)

pleg)VW(en ©a)=vy(a), Vaeg, (3.467)
and thus, using the definition of d, from (3.458),
V(a) < Yu(a), VaegG. (3.468)

Going further, using (3.456) for each A € H we may write
e YA ©a) = CpA (MY (@) = Coy(a).  VYaeG. (3.469)
and thus, taking the supremum over A € H in (3.469) allows us to conclude that

Y(a) < Coy(a), Vaeg. (3.470)

Next, for each A € H and each (a,h) € G, employing the distributivity
axiom (3.455), (3.457), and (3.458), there holds

eA YA O (@xb)) =AY (A0 a) * (A O b))
< Cimax {p(A" Y (A © @), (A Y (A © b)}

< Cymax {y,(a), ¥.(b)}. (3.471)
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Taking the supremum over A € H in (3.471) and using again the definition of d,
from (3.458) allows us to conclude that

V.(a * b) < Cymax {y,(a), V. (b)}, Y (a,b) € G?. (3.472)

From Theorem 3.28 and the fact that # denotes «-regularization as described
in (3.316) and (3.317), with « as in (3.460), estimate (3.472) further implies that

CroVw < (V)4 = VYuw < V. (3.473)

Consequently, using (3.473), (3.468), and (3.470) we obtain

Y <Y, <CL(Yu)y and  (Y)y < ¥ < Coy. (3.474)

Now (3.461) immediately follows from the two sequences of estimates in (3.474).
Turning our attention to proving (3.462), we start by claiming that

Us(A ©a) = M Y.(a), VAeH and VYaceG. (3.475)

To see this, fix A € H and ¢ € G, and observe that since ¢ is a semigroup
homomorphismand (noA)™" = A~"on™!, there holds p(n™") = @(A)p ((no A)7")
for each n € H. As such, using this and the associativity axiom (3.453), for each
n € H we may write

oW (o)™ ¥ (roh) ©a) =™ W (O (L 0a) < V(R ©a), (3476)

where the inequality follows from the definition of ¥, in (3.458). Given that the
mapping H > n — no ) € H is a bijection, if we take the supremum over n € H
in (3.476) and use again (3.458), then

MV, (a) < V(A O a). (3.477)

On the other hand, it follows from the definition of ¥, that, for each n € H, the first
term in (3.476) is < ¢(A)¥,(a). Thus, using the identity from (3.476) we obtain
that

e Y (1O (A oa) <eM)Y.(@). VneH. (3.478)
Taking the supremum over n € H in (3.478) further implies
V(A ©a) < p(A)Y.(a). (3.479)

In concert, (3.477), (3.478), and the fact that A € H and @ € G were arbitrary
give (3.475), as desired.
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Going further, fix again A € H and a € G, and recall « from (3.460). Since by
definition v, is the o-regularization of v,, it follows that

N 1/a
V(A © a) = inf (Z w*(ai)a) :NeN, (a,....ay) € G™,
i=1

and a; x---xay =A0Qay. (3.480)
Next, note that using repeatedly the distributivity axiom (3.455), for each N € N
there holds

ai,...,ay) € G
@ v) (3.481)

§ (A Oar..... A" ©ay) € GV,

ayx---xay =A0a A 'oa)*x--x(A"Oay) =a.
Indeed, an N-tuple (ay,...,ay) belongs to GV) provided (a;,a;+1) € G® for
eachi € {1,..., N —1}. Using (3.455) this further implies (A™' ©a;, A7 ©a;+1) €
G? foralli € {l,...,N — 1} and, consequently, (A™' ®ay,....A" ' ©ay) €
G If in addition to (ay,...,an) € G we also have that a; * --- x ay =
A © a, then it follows from (3.455), a straightforward induction argument, and the
associativity axiom (3.453) that

A l'oa)*-— A" 0ay)=A""10@ *x-xay) =20 L 0a) =a.
(3.482)

Hence, for every participant (ay,...,ay) € G®™) in the infimum defining ¥,, (A ©
a) in (3.480), the N -tuple ()k_l Qap,.... A "o aN) € G™) is a participant in
the infimum defining V.. (a). This and (3.475) give that for each N € N and
(ai,...,ay) € G™ suchthata; % ---xay = A O a there holds

N 1/a N 1/a
Vuula) = (Z V(a7 @ai)“) = ¢ (Z w*(ai)“) . (3483)

i=1 i=1

Taking the infimum in (3.483) over N and all N-tuples (ay,...,an) € G®) such
thata; x---xay = A ®a, and using that A € H and a € G are arbitrary, we obtain

Vr(@) < oA DYy (A © a), VAeH and VaceG. (3.484)

Replacing first a by ™! ® a in (3.484) and then A~! by A allows us to establish that
also

Ve(A©a) < g\ Yur(@), VAeH and YaeG.  (3.485)
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Now (3.484) and (3.485) immediately give (3.462).
Next we will prove (3.463). To this end, consider (a, b) € G®, and write

Vas(ax b) = (Y)y (@ x b) < Crmax{(Y.)y (@), (V)y (D)}
= Cimax {Y..(a), Yuu(b)}. (3.486)

where the first equality follows from the definition of ., in (3.459), the first
inequality follows from (3.472) and (3.321), and the last equality relies again on the
definition (3.459). This completes the proof of (3.463). Finally, (3.464) is a direct
consequence of the definition of V., in (3.459) and (3.472). O

Below we discuss a couple of concrete settings in which the regularization result
established in Theorem 3.43 applies.

Example 3.44. Let (X, +) be an arbitrary Abelian group, and take (G, *) to be the
pair semigroupoid associated with the set X. That is, G := X x X, with the set
of composable pairs G@ := {((x, ), (y.2)) : x,y,z € X} and the semigroupoid
binary operation (x, y) * (y.z) := (x, z) for every ((x. ), (y,2)) € G®. Consider
the group (H,o) := (X,+) and its left group action © : H x G — G on G
defined by

AO(x,y):=(x+A,y+ 1), VAe H and V(x,y)eG, (3.487)

along with the semigroup homomorphism ¢ : H — (0, +00) given by ¢p(4) = 1
for each A € H. Then Theorem 3.43 applies and yields a regularization result for
any function ¢ : X x X — [0, +00] with the property that there exist two constants
Co, C; € [1, 4+00) such that

Y(x+z,y+2 < Cp@¥(x,y), Vx,y,z€ X, (3.488)

Y(x,y) < Crmax{y(x,2),¥(z, )}, Vx,y,z€ X, (3.489)

such that the regularization .. satisfies (3.488) with equality and Cy = 1, among
other things. |

Example 3.45. Let X be a vector space, and consider the semigroupoid (G, *) as
in Example 3.44, along with the group (H,0) := (R \ {0}, -), where - denotes the
multiplication of real numbers. Define the left group action © of H on G by setting

O:HxG— G, A0 (x,y):=(Ax,Ay), VA e R\ {0}, V(x,y) € G. (3.490)

Finally, let ¢ : H — (0, +00) be the semigroup homomorphism given by ¢(1) :=
|A| foreach A € H = R\ {0}. Then, once again, Theorem 3.43 applies and yields
a regularization result for any function ¢ : X x X — [0, +o00] that has the property
that there exist two constants Cy, C; € [1, +00) such that
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U (Ax, Ay) < Cop(MY(x,y), YA €R\ {0} and Vx,yeX, (3.491)
w(xv y) = Cl max{xﬁ(x, Z)s W(Zv y)}’ V-x’ y,Z € X’ (3492)

such that the regularization .. satisfies (3.491) with equality and Cy = 1, among
other things. |

3.4 A Sharp Metrization Result for Quasimetric Spaces

Here we will specialize Theorem 3.26 to the case where the groupoid in question
is the pair groupoid associated with the ambient set X of a quasimetric structure
(X, p). As mentioned in Sect. 1, this yields a sharpened version of the Macias—
Segovia result presented in Theorem 1.2. Since the latter result has been hailed as a
cornerstone of the analysis on quasimetric spaces (cf. [122, p.25], [123, p. 113],
etc.) and is a result of wide, independent interest, we will actually record the
most general and nuanced version that the current work yields. In particular, it is
now possible to further refine many of the existing results in the literature whose
proofs make use of Macias—Segovia’s theorem (cf. Theorem 1.2) by using instead
Theorem 3.46 below. The reader is referred to Sect. 4, where a large number of such
concrete examples are considered in detail.

Compared with the generic statement that the canonical topology induced by a
quasimetric is metrizable (which follows directly from the Alexandroff—Urysohn
theorem; cf. Theorem 1.1), our Theorem 3.46 gives a concrete formula for the
distance yielding the same topology as that induced by the original quasidistance
(see (3.519) below), which, in particular, makes it transparent how this distance is
related to the original quasidistance.

Theorem 3.46. Assume that X is an arbitrary, nonempty set. Given an arbitrary
function p : X x X — [0, +00] and an arbitrary exponent a € (0, +0o0], define the
function

Po i X X X —> [0, +oq] (3.493)

by setting for each x,y € X

1

N a
pa(x,y) := inf (ZP(&,&H)Q) : N eNandf,...,yr1€X

i=1

(not necessarily distinct) such that &, = x and Ey41 =y ¢,

(3.494)



3.4 A Sharp Metrization Result for Quasimetric Spaces 145

whenever o < +00 and its natural counterpart, corresponding to the case when
o = +o09, ie.,

Poo(x, y) := inf max p&,&41): NeNandé,...,En;s1 € X

(not necessarily distinct) such that & = x and Exy41 = y¢ . (3.495)

Then the following conclusions hold for any function p : X x X — [0, +o00] and
any exponent o € (0, +00].

(1) One has:

P is well defined and py, < pon X x X; (3.496)

B € (0,a] finite = p(x, ) = (Ipu(x. DV +lpu e I)F . V2,72 € X;

(3.497)
Poo(X,¥) = Max {poo(X,2), poo(z, ¥)}, VX, y,z€X; (3.498)
palx.y) = 2" max {pu(x.2). pa(z.y)}. Vx.y.z€X. (3.499)
In addition, if ¢ < +o00, then
p = Py < p is a-subadditive, (3.500)
ie, p(x,y) < (p(x,2)* + p(z,y)"‘)é , Vx,y,ze X.
Also,
(Pa)p = pa Whenever B € (0,a], (3.501)
(0")e = (paﬁ)ﬁ whenever B € (0, +00), (3.502)
(Ap)e = A po foreach A € [0,+00), (3.503)

pa < pl, foreach p': X x X — [0,+00] suchthat p <p' on X.(3.504)

(2) Consider the function psy, : X X X — [0, 4-00] defined by

Psym(X, y) := max {p(x,y), p(y,x)}, Vx,y€X. (3.505)
Then

Psym is Symmetric, i.e., Psym(X,y) = psym(y, X) for every x,y € X; (3.506)

p is symmetric <= p = Psym; (3.507)
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(,Osym)sym = Psym- (3.508)
Moreover, pym may be characterized as the smallest [0, +oo]-valued function
defined on X x X that is symmetric and pointwise > p.

(3) One has p = peym if and only if p is quasisymmetric, i.e., there exists a finite
constant Cy > 0 such that

p(y,x) < Cop(x,y), Vx,yeX. (3.509)
Furthermore, in the case when (3.509) holds, one actually has
P < psym < max{l, Co} p. (3.510)
(4) The function p is quasisymmetric if and only if there exists p' : X x X —

[0, +00] that is symmetric and such that p ~ p'.
(5) If t: X x X — X x X isdefined by (x,y) := (y,x) forevery x,y € X, then

peot=1(pot)y on X xX, (3.511)
0 symmetric = p, symmetric, 3.512)
p quasisymmetric == p,, quasisymmetric. (3.513)

Specifically, if p satisfies (3.509), then so does py, and with the same con-
stant Cy.

Say that p : X x X — [0, +00] satisfies a quasiultrametric condition if there exists
a finite constant Cy; > 1 with the property that

p(x,y) < Cy max{p(x,z), p(z, y)}, Vx,y,z€X. (3.514)

Moreover, whenever this is the case, define

= 0, . 3.515
@i= o € (0. od] (3.515)

Then the following properties hold.

(6) If p : X x X — [0,+400] satisfies the quasiultrametric condition (3.514),
then its symmetrized version, psym defined as in (3.505), also satisfies a
quasiultrametric condition and with the same constant as in the case of p.

(7) If p: X x X — [0, +00] satisfies the quasiultrametric condition (3.514), and
ifais asin (3.515), then p, ~ p. More specifically, with C| the same constant
as in (3.514), one has

C/’p<pao<p on XxX. (3.516)
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In particular, py is finite precisely when p is finite, and they vanish simultane-
ously, i.e.,

(pa)~'({0}) = p~' ({0}). (3.517)

(8) Conversely, if p: X x X — [0, +00] is a function for which there exist some
exponent o' € (0, +00] and some finite constant C > 1 with the property that

p<Cpy onXxX (3.518)

(hence p ~ p, since the estimate p,y < p is always true), then p satisfies the
quasiultrametric condition (3.514) for the choice C| := c2',

(9) Assumethatp : X xX — [0, +00] is a function satisfying the quasiultrametric
condition (3.514) for some finite constant C; > 1. Define o as in (3.515) and
construct py as in (3.494) and (3.495). Finally, fix a finite number B € (0, «].
Then the function

dppg: X x X — [0, 4+00], dpp(x,y) = [pa(x,y)]ﬂ, Vx,yeX,
(3.519)

satisfies the following properties:
dop(x,y) <dpp(x,2) +dpp(z.y), Vx,y,z€ X; (3.520)

p satisfies (3.509) = d, g(y,x) < CO’B dpp(x,y) VYx,yeX;
(3.521)

p symmetric <= d, g symmetric; (3.522)

C2p(x.y) < [dpp(x. )] < p(x.y), YxyeX: (3523)

P71 (40}) = d ({0}, (3.524)

(10) Assume that p : X x X — [0, 400) is a symmetric function satisfying the
quasiultrametric condition (3.514) for some finite constant C, > 1. Define o
as in (3.515), construct p, as in (3.494) and (3.495), and, for a fixed, arbitrary,
finite number B € (0, a], define the function d, g as in (3.519). Then

o '({0}) = diag (X) <= dp g is a distance on X,
(3.525)
diag (X) € p~'({0}) <= d,z is a pseudodistance on X .

Also, if diag (X) € p~'({0}), then the pseudodistance d,, g induces the same
topology on X as t,, where the latter is defined as the largest topology on X
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with the property that a fundamental system of neighborhoods for each point
x € X is given by the family of p-balls

By(x,r):={yeX:plxy <r}, (3.520)
indexed by all r € (0, +00). Furthermore, if diag (X) € p~'({0}), then

Pa - (X x X, 1, % ‘L'p) —> [0, +00) is continuous. (3.527)

(11) Assume that p : X x X — [0,+0o0] satisfies both the quasiultrametric

condition (3.514) and the quasisymmetry condition (3.509). Introduce psym
as in (3.505), and, with o as in (3.515), construct the canonical regularization
of p, namely,

Py = (psym)as (3.528)
as described in (3.494) and (3.495) but using psym instead of p. Finally, let

B € (0, ] be arbitrary. Then, with Cy and C, denoting the same constants as
in (3.509) and (3.514), respectively, the following properties hold:

Py 1S symmetric; (3.529)

p# ~ p in the precise sense that C;2p < py < max{l,Co} p;  (3.530)

Py (10}) = p~' ({0}): (3.531)

pu(x,¥) < (ps(x.2)? + pu(z, y)ﬂ)é ., Vx,y,zeX; (3532

pi(x,y) < €y max {pg(x,2), p#(z. y)}, Vx,y,z€ X; (3.533)

Ci=1= ps = (Psym)oo = Psym- (3.534)

In addition, for any set Y,

ifg : Y — X is abijection, and if p(x,y) = p(¢(x),d(»)), Vx,y €Y

== Fﬁ(y’x) =< COF(x’y)’ Pﬁ(x’y) =< Cl max{ﬁ(x,z),?)'(z,y)}, V)C,y,Z €Y, (3535)

and for every x,y € Y there holds (p)#(x,y) = pa(¢(x),p(»)).

(12) Letp: X x X — [0, +00) be a function satisfying the quasiultrametric con-

dition (3.514), the quasisymmetry condition (3.509), and the nondegeneracy
condition p~' ({0}) = diag (X). Define a as in (3.515), and introduce py, the
canonical regularization of p, as in (3.528).

Then the function ps is a quasidistance on X (which is equivalent to p).
In addition, the quasidistance pg is actually a genuine distance on X if o €
[1,400] (i.e., when C; € [1,2]) and, in fact,
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p distanceon X anda =1 (i.e.,, C; =2) = ps = p. (3.536)
Furthermore, if for each finite number 8 € (0, o] one considers the function

dpp: X x X > [0.400), dpp(x.y) = [os(x.7))}. Vx.yeXx,
(3.537)

then :ilpﬁ is a distance on X that induces the same topology on X as p and, in
fact, has the property that

_ ~ 1/p
C, 2p(x,y) < [dpﬁ(x,y)] <max{l,Co}p(x,y), Vx,yeX.

(3.538)

In particular,
the topological space (X, t,) is metrizable. (3.539)

Moreover,
P4 (X x X, 1, % rp) —> [0, +00) is continuous. (3.540)

In fact, for each finite number B € (0,a] the canonical regularization ps
satisfies the following Holder-type regularity condition of order B in both
variables (simultaneously):

|P#(va’) — px(w, Z)|
< 4 max {pu(x. )" .04 (0.9 P} ([ouCr. )P + [pn(r.2)") 3541

whenever x,y,z,w € X (with the understanding that when B > 1, one also
imposes the conditions x # y and z # w). As a consequence, for each finite
number B € (0, a] one has

|oa(x, ¥) = pi(x,2)| < § max {ps(x, )7, ps(x, )7} sy, ) (3.542)
whenever x,y,z € X (with the understanding that when § > 1, one also
imposes the condition that x € {y, z}).

In addition,
B,(x,r) isaneighborhood of x € X in t, for everyr > 0;  (3.543)
B, (x,r/C) C (By(x.r))" if C>C,, ¥YxeX, Vr>0; (3.544)

B,(x,r/C) € By(x,r) if C>C,, VYxelX, Yr>0, (3.545)



150 3 Quantitative Metrization Theory

where the interior (...)° and closure ﬁ are taken with respect to the
topology t,.

(13) The Hélder-type regularity result described in claim (12) is sharp, in the
Sfollowing precise sense. Given a finite number Cy > 1, there exist a nonempty
set X and a symmetric quasidistance p : X x X — [0, +00) satisfying the
quasiultrametric condition for the given C and having the property that if
0 X x X — [0, +00) is such that p’ ~ p and there exist B € (0, +00) and
C € [0, +00) for which

|0/ (x,3) = p'(x, 2)| < € max {p'(x, )P, 0'(x,2)' P} [0’ (1. 2]"  (3.546)
whenever x,y,z € X (and also x ¢ {y,z} if B > 1), then necessarily

1

< .
p= log, C;

(3.547)

(14) If throughout all preceding claims the quasiultrametric condition (3.514) is
replaced by a condition stating that

p(x,y) < G ([p(x,2)]” + [p(z. )IP)'7, forall x,y,z€ X, (3.548)

for some exponent p € (0, +00) and some finite constant C, > 27VP then
the same conclusions as before hold if in place of (3.515) one defines « to be

p

= ——— € (0,400]. 3.549
1+ plog, G, ( ] ( )

op

Proof. With a couple of exceptions (treated separately below), this theorem is a
summary of the results proved in Sect. 3.2 in the particular case when the groupoid
G is the canonical pair groupoid on X x X, as described in Example 2.31, and when
the function ¥ : X x X — [0, +o00] from Sect. 3.2 has been redenoted here as p.
One of the exceptions mentioned above is (3.527) [which, in turn, has (3.540) as
a consequence]. However, this follows from part (ii) in Lemma 2.70 applied to the
pseudodistance d,, g from (3.519), keeping in mind that 74,, = T, )¢ = Tp, =
7,. The other exception referred to previously is (3.541) (which implies (3.542) by
making w := x). To prove this, in the case when 8 < 1, for arbitrary x, y,w,z € X
we write based on (3.537), (3.183), and (2.185)

1P Cx. )=, )= [pn(r. 217 = [pow. D8] [=[d v, 1)~ o2 |
5% |"7/>,ﬁ(xs y) _:{p,ﬁ(w, z)\ [max {pg(xx, )2, ps(w, Z)ﬂ}]%‘l

<4 [dnpteow) + o5 (0.2) | x
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X max {p#(xv y)l_ﬁs p#(wv Z)l_ﬂ}
:% [p#(wi)ﬂ + P#(J’v Z)ﬁ] X
x max {px(x, »)' 7P, ps(w,2)' P}, (3.550)

as desired. The case when 8 > 1 is treated similarly, this time making use of (3.185).
This completes the proof of Theorem 3.46. a

In closing, we wish to note that a proof of conclusion (12) in Theorem 3.46
appears in [59, Proposition 14.5, p. 110] and in [2], albeit for smaller values of the
exponent « (specifically, for @ = (2log, C;)~! in [59], which is half the value of
« in (3.515), and for o; = (log, (3C22))_1 in [2], which is strictly smaller than the
value a; = (1 + log, C;)™! predicted by (3.549)). Under the stronger condition of
genuine symmetry for the function p and under the unnecessary restriction that o
from (3.515) is <1, this portion of our result has also been recently dealt with in
[93].2 The monograph [50] also contains an alternative proof of conclusion (11) of
Theorem 3.46 (cf. Theorem 1.1.3 on p.5 in [50]), but for the nonoptimal value of
the exponent o given in (1.2).

2We became aware of this reference right after we had completed the present work.



Chapter 4
Applications to Analysis on Quasimetric Spaces

The metrization result contained in Theorem 3.46 leads to natural improvements for
a large number of basic results in the area of analysis on quasimetric spaces, and in
this chapter we single out several topics for which we intend to show that our work
so far has a significant impact. The presentation here underscores the thesis that a
considerable portion of the well-established body of results in the area of analysis
on metric spaces may be quite successfully developed in the more general context
of quasimetric spaces. This is relevant since not only is the category of quasimetric
spaces more inclusive than the category of metric spaces but, at the same time, the
former constitutes a more natural and flexible setting than the latter. For example,
the category of quasimetric spaces contains the family of all quasi-Banach spaces,
which in turn encompasses a multitude of function spaces (measuring smoothness,
on various scales) that are of fundamental importance in analysis. Also, as opposed
to the case of metric spaces, the category of quasimetric spaces is stable under any
positive “power dilation,” p > p%, of the quasimetric. Lastly, we wish to note
that while our results here are either generalizations of known facts or altogether
new, in all cases the emphasis is on the optimality of smoothness measured on the
Holder scale.

4.1 Category of Quasimetric Spaces

We start with some preliminary considerations. For the remainder of our work, if
X is a given set of cardinality >2, then we denote by (X)) the collection of all
quasidistances on X. The reader is reminded that, as in (1.1), a quasidistance on
X is a function p : X x X — [0, +00) with the property that there exists a finite
constant ¢ > 1 such that for every x, y,z € X one has

p(x,y) =0 x =y, p(x,y)=py,x), plx,y) =clpx,z)+py)).
4.1

D. Mitrea et al., Groupoid Metrization Theory, Applied and Numerical 153
Harmonic Analysis, DOI 10.1007/978-0-8176-8397-9_4,
© Springer Science+Business Media New York 2013



154 4 Applications to Analysis on Quasimetric Spaces

Next, for each p € Q(X) define

< p(x,y)
wreex Max {p(x,2), p(z, y)}

not all equal

C, =

4.2)

and note that

VpeQX) = p(x,y) < C,max{p(x,2),p(z,y)}, Yx,,z€X, 4.3)

VpeQX) = C, el,+00), (4.4)
VpeX). VBe (0 +o00) = pf €Q(X) and Cp = (C,)”. (4.5)
VpeX), Yae (0,+00] = po € 2(X) and C,, <C,, (4.6)

where the last inequality is a consequence of (3.107).

Remark 4.1. (i) Recall that a distance d on the set X is called an ultrametric
provided the stronger version of the triangle inequality

d(x,y) <max{d(x,z),d(z,y)} forall x,y,z€ X 4.7)
holds. Hence,
p ultrametricon X <= p € Q(X) and C, = 1. (4.8)

In light of this observation, it is natural to refer to an inequality of the type (4.3)
as a quasi-ultrametric condition for p. Thus, C, from (4.2) is the
optimal constant appearing in a quasi-ultrametric condition for a given p €
Q(X).

(ii) If (X, d) is an ultrametric space, then a number of highly specialized properties
hold:

(1) Each triangle in X is isosceles, i.e., forall x, y,z € X
d(x,y) =max{d(x,z),d(z,y)} whenever d(x,z) # d(z,y). (4.9)

(2) Every point inside a ball is its center, i.e., By(x,r) = By(y,r) for each
x,y € X and r > d(x,y). In particular, a ball does not determine its
center uniquely.

(3) Intersecting balls are contained in each other. More precisely, if x,y €
X and 0 < r < R < +o0 are such that B;(x,r) N By(y,R) # 0,
then By (x,r) € B(y, R). In particular, intersecting balls of equal radii are
necessarily identical.

(4) All balls are both open and closed sets in the topology induced by the
ultrametric.
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Given any nonempty set X, the discrete distance on X, i.e., d(x,y) = 1
if x# y,and d(x,y) := 0if x = y, is an ultrametric. Further examples of
utrametrics on X may be constructed starting with a function ¢ : X — [0, +00)
that vanishes at most once (i.e., #¢$ ' ({0}) < 1) and then considering

d(x,y) = { zliz{f(i)’yd’(y)} iy, Vx,yeX. (4.10)

In particular, given a quasimetric space (X, p) and a fixed point x, € X, the function
d: X xX —[0,+00) given by

0)» » VO f ’
dx.y) ::{maX{P(x,X)p(yX)} if x#y VryeX. @il

0if x =y,

is an ultrametric on X that satisfies d > Cp_ 1,o, though in general d and p are not
equivalent. In fact, in this scenario, the d-balls have the form

By(x,r) ={x} if p(x,x,) >r and By(x,r) = By(x,,r) if p(x,x,) <r.
(4.12)

Convention 4.2. Given a set X and p € (X)), it is agreed that for the remainder
of this work py stands for py, as defined in (3.494) and (3.495) for the value o« :=
[log,C 17!, with C,, as in (4.2).

Remark 4.3. In view of Convention 4.2, (3.502), and the last formula in (4.5), it
may be readily verified that for any set X and any quasidistance p € Q(X),

(py)# = (p#)yv v Yy € (Os +OO) (413)

Moreover, (4.6) entails
C,, < Cp, (4.14)

whereas (3.530) yields
C,2p < pr =< p. (4.15)

Recall that we have a natural equivalence relation on £(X), as described in
Definition 3.15, and we call each equivalence class q € Q(X)/~ aquasimetric
space structure on X. Finally, for each p € Q(X), denote by [p] € Q(X)/~
the equivalence class of p.

By aquasimetric space we will understand a pair (X, q), where X is a set
of cardinality > 2 and q € Q(X)/~. If X is a set of cardinality > 2 and p € Q(X),
then we will frequently use the simpler notation (X, p) in place of (X, [p]) and still
refer to (X, p) as a quasimetric space. Finally, we note that any quasimetric space
(X, q) has a canonical topology, denoted 74, that is (unequivocally) defined as the
topology 1, naturally induced by a choice of a quasidistance p in q. As discussed
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in conclusion (10) of Theorem 3.46, the latter is defined as the largest topology
on X with the property that for each point x € X the family {B,(x,r)}, >0 is
a fundamental system of neighborhoods of x (here it is relevant to note that this
family of p-balls, defined in (3.526), satisfies axioms (i)—(iv) in Proposition 2.65;
cf. Proposition 2.66).

Call a sequence {x;};en of points in a quasimetric space (X,q) Cauchy
provided that for some (hence, any) quasidistance p € q and any ¢ > 0 there
exists N, € N with the property that p(x;, x;) < & whenever j, k € N are such that
min{j, k} > N,. Also, call a quasimetric space (X, q) complete provided any
Cauchy sequence in (X, q) converges, in the topology 14, to a (unique, a posteriori)
pointin X.

Given a quasimetric space (X, q), call E € X bounded if E is contained in a
p-ball for some (hence all) p € q. In other words, a set E C X is bounded, relative
to the quasimetric space structure ¢ on X, if and only if for some (hence all) p € q
we have diam,(E) < 400, where

diam,(E) := sup {p(x,y) : x,y € E}. (4.16)

4.2 Extensions of Holder Functions

We start with some preparations. Let X be a nonempty set and assume that p €
0(X), B € (0,+00), and E C X has cardinality > 2. Given a real-valued function
f on E, define its HO1lder seminorm (of order B, relative to the quasidistance
p) by setting

| __ |/ (x) = fO)I
1/ sk ) = X!yes};ﬂ#y ol y)f

Next, if q is a quasimetric space structure on X, then we define the homogeneous
Holder space ¢P(E,q)as

4.17)

¢P(E,q) :={f: E—>R: £ Wl g ) < oo for some p € qf
=/ E—>R:|fllgsg, < +ooforeveryp € qf. (4.18)

Given any 8 > 0, it follows that {]| - ”%’ﬂ(E,p) : p € q} is a family of equivalent

seminorms on €7 (E, q). In the same setting, the space of Lipschitz functions and
the associated Lipschitz seminorm correspond to the case when § = 1, i.e., are
defined as

Lip(E.@) = " (E.@. |- lupep =1 lgis,, Ypea (419
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As far as these spaces are concerned, if p € $Q(X) is given, then we will
sometimes slightly simplify the notation and write ¢P (E, p) and Lip (E, p) in place
of 6P (E. [p]) and Lip (E, [p]), respectively. Occasionally, we will refer to functions
in Lip (E, p) as being p-Lipschitz on E. We continue our series of preparations by
proving the following result.

Lemma 4.4. Let (X, p) be a quasimetric space, and suppose that the set E € X
and the index B € (0,+00) are fixed. Given a family {f;}icr of real-valued
functions on E with the property that

M :=sup || fillgs g ) < +00. (4.20)

iel
consider

f*(x) :=sup fi(x), fu(x):= in}cﬁ(x), VxekE. (4.21)
i€l L€

Then the following conclusions hold.

(a) Either f*(x) = +oo for every x € E or f* : E — R is a well-defined
function satisfying || f* ||(€'ﬁ(E’p) <M.

(b) Either fi«(x) = —oo forevery x € E or fi : E — Ris a well-defined function
satisfying ”f*”cg'ﬁ(E,p) <M.

Proof. Consider the conclusion in (a). If f* is not identically +oc on E, then there
exists x, € E such that sup;; fi(x,) < 400. On the other hand, condition (4.20)
entails that, foreachi € [,

fi(x) < fiy) + Mp(x,y)’,  Vx,yeE. (4.22)

Using (4.22) with y := x, gives sup;¢; fi(x) < sup;¢; fi(x,) + Mp(x,x,)f <
+oo forevery x € E. Thus, f* : E — R with f*(x) := sup,¢; fi(x) for each
x € E is a well-defined function. Moreover, (4.22) readily implies that f*(x) <
f*(y) + Mp(x, y)? forall x,y € E; hence, ultimately, I f* N6k, < M. This
completes the proof of (a).

Finally, (b) follows from (a) used for the family {— f;};e;. O

Recall that a topological space (X, t) is said to be normal if for each pair of
disjoint closed subsets Ey, E| of X there exist two disjoint open subsets Uy, U; of X
such that £y € Uy and E; C U,. A classical extension result is the Tietze—Urysohn
theorem, which states that a topological space (X, t) is normal if and only if every
real-valued continuous function defined on a closed subset of X may be extended
to the entire space with preservation of continuity (cf., e.g., [95, Proposition 3.7,
p. 19], [44, Theorem 2.1.8]).

Assume that (X, 7) is a metrizable topological space, i.¢., there exists a distance
d on X such that T = 7,4, the topology canonically induced on X by the distance d.
In this setting, for £ € X and x € X define disty(x, E) := inf{d(x,y) : y € E}.
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Then, given two disjoint closed subsets Ey, £ of X, the function f : (X,7) —> R
defined by

disty (x, E})
disty (x, Eo) + disty(x, Ey)’

fx) = VxeX, (4.23)

is continuous and has the property that f = 0 on Ey and f = 1 on E;.
Hence, if we define Uy := f~'((—o0, %)) and U; := f_l((%, +00)), then Uy, U;
are disjoint open subsets of X satisfying £y € Uy and E; < U;. Since the
Alexandroff-Urysohn metrization theorem (cf. also Theorem 3.46) gives that the
topology induced by the quasimetric space structure on any given quasimetric space
is metrizable, this shows that

if (X, q) is a quasimetric space, then (X, 74) is a normal topological space. (4.24)

Of course, these considerations apply to metric spaces, and hence the Tietze—
Urysohn theorem yields an abstract extension procedure in such a setting. Inter-
estingly, however, in the case where E is a closed subset of a metric space (X, d)
and f : E — R is a continuous function, a concrete formula for a continuous
extension of f to X is given by Hausdorff’s formula

inf{f(y) boden g E} if xeX\E,

disty(x.E)

f(x) if xekFE

F(x) := (4.25)

(see e.g., [44, Exercise 4.1.F]). This result can be extended to the setting of
quasimetric spaces as follows.

Proposition 4.5. Assume that (X, q) is a quasimetric space and that the quasidis-
tance p € q and the real number B satisfy 0 < B < [log,C,]™". Also, recall
the regularized version ps of p defined as in Theorem 3.46. Finally, given a closed
subset E of (X, tq) and a function f : E — R that is continuous relative to the
topology induced by tq on E, define

inf{f(y)+[%]ﬁ—1: yeE} if xeX\E,
S (x) if xeE.

F(x) := (4.26)

Then F : X — R is a continuous extension of f.

Proof. This follows (after some minor adjustments) from Hausdorff’s for-
mula (4.25) used for (X, (pg)?), which, by Theorem 3.46, is known to be a metric
space under the hypotheses of the current proposition, and after observing that
Yon = Ta- =
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Note that, with the set E fixed, the extension operator f +> F described in
Proposition 4.5 is nonlinear. A linear extension operator in the class of continuous
functions will be constructed later, in Theorem 4.11 below (based on ideas originally
introduced by H. Whitney), but for the more specialized setting of geometrically
doubling quasimetric spaces.

Passing from continuous to smoother functions, one has the basic result due to
McShane [81] and Whitney [129] to the effect that if (X, d) is a metric space and
if E C X is an arbitrary nonempty set, then for any function g € Lip (E, d) there
exists f € Lip (X,d) such that f|r = g and |g|luip£.4) = II.f llLip (x.4)- Indeed,
one may take

f) i=inf{g(y) + lglupEadx,y): ye E},  VxeX.  (427)

However, as opposed to the setting of metric spaces (considered in [72, 81, 129])
where Lipschitz functions are abundant,' the space of Lipschitz functions is often
trivial (i.e., it reduces to just constants) in the framework of quasimetric spaces. For
example, elementary calculus shows that this is the case for (X,, p,) if, for some
fixed y > 1, we take

X, a nonempty, connected, open subset of R”
(4.28)
and p,(x, y) := |x — y|” forevery x,y € X,.

In turn, the fact that the only functions that are globally Lipschitz on such a
quasimetric space (X,, p,) are constant functions shows that the extension problem
of Lipschitz functions fails to have a solution in this setting. Indeed, if the cardinality
of E C X, is finite and > 2, then any nonconstant real-valued function f defined
on E is Lipschitz but does not extend to a Lipschitz function F on (X,, p,) since
the latter would have to be constant. The moral of this discussion is that once the
focus shifts from metric spaces to the more general category of quasimetric spaces,
one must necessarily formulate the extension problem for classes of functions other
than Lipschitz.

Below, the goal is to extend the aforementioned extension result of McShane and
Whitney to the more general context of Holder scales of quasimetric spaces.

Theorem 4.6. Let (X, q) be a quasimetric space, and assume that B is a finite
number with the property that there exists a quasidistance p € q such that

0 < B < [log,C,] ™" (4.29)

Finally, fix a nonempty set E C X. Then any function in &P (E, q) may be extended
with preservation of the Holder property to the entire set X, i.e., one has

CHE, @ ={flp: [ e’ X, @} (4.30)

"Trivially, if (X, d) is a metric space, then for each fixed x, € X the function d(-, x,) : X — Riis
Lipschitz.
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Furthermore, the Holder seminorm may be controlled in the process of extending
Holder functions in the sense that there exists a finite constant C > 0 having the
property that

VgebP(E,q 3f e%P(X,q)suchthat
(4.31)
g =fle and | fllgsx ) < Clglgs k)

As a corollary, the space EP (X, q) separates the points in X. In particular, the
space €P (X, q) contains nonconstant functions.

Proof. Let X, q, B, p be as in the statement of the theorem. Then it follows from
(12) in Theorem 3.46 that there exists py € q with the property that (pg)? is a
distance on X . Consequently, given an arbitrary nonempty set £ C X, by virtue of
the discussion preceding the statement of the current theorem, we have

¢P(E,p) = €P(E, py) = Lip (E, (ps)")
= Lip (X, ()| =P (X.pn)| =" Xop)|  432)

with control of seminorms. This proves (4.30) and (4.31). In fact, if p € q is such
that 8 < [log,C,]~", then two explicit extensions of a function f € EP(E,p)to X
with preservation of Holder regularity are f*, fi defined below. Concretely, upon
recalling that py4 is the regularized version of p as defined in Theorem 3.46, we set

F*(x) :=infep £77(x),  fe(x) :=sup.ep £, (x). Vx€X, where,

(4.33)
for each z € E, we define fzi(x) = f(z) £ Cps(x,2)?, VxelX,

for some sufficiently large C > 0, to be specified shortly. Note that, by Theorem
3.46, each fzjE is (p#)P-Lipschitz on X with constant < C. Hence, choosing C >
C§ﬁ||f||(g-ﬁ(E,p) ensures that .~ < f < f." on E forevery z € E. Since f,*(z) =

f(z) foreach z € E, (4.30) and (4.31) follow from this analysis and Lemma 4.4.
To justify the last claim in the statement of the theorem, given two distinct points
X0, X1 € X, apply (4.31) in the case where E := {x¢, x1} and f : E — R is defined
as f(xo) := 0, f(x1) := 1. The desired conclusions follow. O

Remark 4.7. Theorem 4.6 is sharp, in the sense that the upper bound in (4.29) is
optimal in the class of all quasimetric spaces. To see this, for some fixed y > 0
consider (X,, p,) as in (4.28) and note that, in this scenario, (4.29) becomes 0 <
B < y~'. On the other hand, if 8 > y~!, then, since Holder functions of order 8
with respect to p, are Holder functions of order B > 1 with respect to the standard
Euclidean distance in the nonempty, open, connected subset X, of R", it follows that
this Holder class contains only constant functions. Hence, much as in the discussion
following (4.28), the extension problem does not have a solution in this setting.
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According to the last part in Theorem 4.6, if (X, q) is a quasimetric space, p € q,
and B € R is such that 0 < B < [log,C,]™!, then the Holder space €F (X, p)
contains plenty of nonconstant functions. Note that the case [log,C,]™! = +oo
corresponds precisely to the situation when C, = 1, i.e., when p is an ultrametric.
In this scenario, there are nonconstant Holder functions that are Holder of any finite
order on X . This is made precise in the remark below.

Remark 4.8. Let X be a set, and assume that p is an ultrametric on X. Consider a
function n € € (R) satisfying ||1'||co < I, as well as

0<n<1, n)=I1forallre[4,8], n()=0forallt e R\ [2,16]. (4.34)
Finally, fix z € X and, for each r > 0, define
¢.r X >R, ¢ (x) :=n(p(x,2)/r), VxeX. (4.35)
Then, making use of (4.34), (4.35), and (3.542), it can be readily verified that
0<¢, <1, ¢, =1onB,(z,8r)\ By(z,4r), (4.36)
¢.r =0o0n X \ (By(z, 16r) \ B,(z.2r)), (4.37)

and that for each real number 8 > 1 there exists a finite constant C = C(8) > 0
with the property that

I=rllogo .y < CrP. (4.38)

We proceed by discussing a version of Theorem 4.6 in which the issue is the
extension (with control) of functions satisfying a Holder condition at a single point.

Theorem 4.9. Suppose that (X, p) is a quasimetric space, E is a subset of X, and
X, Is a fixed point in E. Let f : E — R be a function with the property that there
exist an exponent o € (0, +00) and a constant C € [0, +00) such that

|f(x) = f(xo)| = Cp(x, x0)*,  Vx€E. (4.39)
Then there exists F : X — R such that F|E= f and
|F(x) — F(x,)] < Cop(x,x,)%, VxelkX, (4.40)

where C, € [0, +00) depends only on a, C, and p.

Proof. Let d be the ultrametric on X defined in relation to the quasidistance p and
the point x, as in (4.11). Then for each x, y € E with x # y we may estimate

If(x) = SO = [F(x) = Fxo) + [ () = f(x0)]
= 2max{|f(x) — fx) 1 f () — f(xo)|}
< 2C max{p(x,x,)*, p(y.x,)*} =2C d(x,y)*, (4.41)
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which proves that f : (E,d) — R is Holder of order o relative to the ultrametric
d. In fact, since d(x, x,) = p(x, x,) for any x € X, it follows that

the class of functions f satisfying an estimate

. (4.42)
of the type (4.39) coincides with €“(E, d).
Next, since « is a finite number with the property that 0 < o < [logZCd]_1 = 400

(given that C; = 1), Theorem 4.6 applies and gives a function F' : X — R such
that F| .= f and (cf. (4.31))

”F”cgu(X,@ = Co”f”cl,éw(E,d)s (4.43)

where C, € [0, 400) depends only on «, C, and p. In turn, from (4.43) we deduce
that | F(x) — F(x,)| < Cod(x,x,)* = Cop(x, x,)* for every x € X; hence, (4.40)
follows. |

In the last part of this section we wish to comment on the relationship between
our Theorem 4.6 and the technology developed by Whitney for extending functions
from rough subsets of R” with preservation of smoothness. Specifically, recall
that if n € N and | - | denotes the standard Euclidean norm in R”, then for any
closed subset E of R” there exists a linear operator & with the property that if
0 < B < 1, then & maps functions from €7 (E,| - — - |) into €#(R",| - — - |),
with control of the Holder seminorm, and which satisfies & f | g= J for each
f e €F(E.|-—-]). See [113, Theorem 3, p.174] where it is also shown that
the norm of the operator & may be bounded independently of £ € R”. The proof
presented in [113, pp. 174—175] makes use of three basic ingredients, namely: (1)
the existence of a Whitney decomposition of the open set R” \ E (into Whitney balls
of bounded overlap), (2) the existence of a smooth partition of unity subordinate
(in an appropriate, quantitative manner) to such an open cover of R” \ E, and (3)
differential calculus in open subsets of R” (the mean-value theorem, to be precise).

The ingredients listed in items (1) and (2) have been subsequently extended
to the setting of spaces of homogeneous type, which raises the natural question
as to whether the approach in Stein’s book [113] may be adapted to this more
general framework. Of course, item (3) is utterly ill-suited in the named setting, so
the strategy outlined above must be suitably altered. We also wish to mentioned
that, as far as spaces of homogeneous type are concerned, the existence of a
doubling measure is an unnecessarily strong hypothesis, given the nature of the
problem at hand (e.g., the setup of Holder spaces is free of any measure-theoretical
considerations and only requires a quasimetric space structure).

This point is underscored by the extension result discussed in Theorem 4.11
below, whose formulation is akin to the original result of Whitney (as presented
in [113, Theorem 3, p.174]) and which is valid in the general framework of
geometrically doubling quasimetric spaces. The formal definition of the latter
concept is as follows.
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Definition 4.10. A quasimetric space (X,q) is called geometrically
doubling if there exists p € q for which one can find a number N € N, called
the geometrically doubling constant of (X, q), with the property that
any p-ball of radius r in X may be covered by at most N p-balls in X of radii /2.
Finally, if X is an arbitrary, nonempty set and p € (X)), call (X, p) geometrically
doubling if (X, [p]) is geometrically doubling.

Note that if (X, q) is a geometrically doubling quasimetric space, then

Vpeq V6 e (0,1) 3N e Nsuch that any p-ball of radius r
(4.44)
in X may be covered by at most N p-balls in X of radii 6r.

In particular, this ensures that the last part in Definition 4.10 is meaningful. Another
useful consequence of the geometrically doubling property for a quasimetric space
(X,q) is as follows. Given ¢ > 0O and p € q, aset E C X is said to be
(e, p)-disperse provided

p(x,y) > e, Vx,ye€E with x # y. (4.45)
Then, if (X, q) is a geometrically doubling quasimetric space, p € q and ¢ > 0,

any family of p-balls in X of bounded radii, and whose centers 146
(4.46)
make up an (&, p)-disperse subset of X, has bounded overlap

for some bound depending only on ¢, the bound on the radii of the p-balls in
question, and the geometrically doubling constant of the quasimetric space (X, q).

Another point of view on this matter is as follows. Suppose that (X, p) is a given
quasimetric space. Recall that the diameter of any nonempty set E of X (relative to
the quasidistance p) is defined as diam,(E) := sup{p(x,y): x,y € E} and thata
subset E of X is called bounded if it has finite diameter. Finally, recall that a subset
of E of X is said to be totally bounded provided for every ¢ > 0 there exist
some N = N(¢) € Nand xy,...,xy € X such that £ C Ul<i<N B,(x;,¢). Then

a subset of a geometrically doubling quasimetric space

(4.47)
is bounded if and only if it is totally bounded.
Also, in the category of quasimetric spaces,
the geometric doubling property is a quantitative,
(4.48)

scale-invariant version of total boundedness.

Lastly, let us point out here that
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if (X, q) is a geometrically doubling quasimetric space, .40
(4.49)
then the topological space (X, 7q) is separable.

What follows is the extension theorem mentioned previously.

Theorem 4.11. Let (X,q) be a geometrically doubling quasimetric space and
assume that E is a nonempty, closed subset of the topological space (X, tq), where
4 is the topology canonically induced on X by the quasimetric space structure q.

Then there exists a linear operator &, extending real-valued continuous functions
defined on (E, tq|E) into continuous real-valued functions defined on (X, tq), that
has the following property. Whenever p € q and B € R are such that 0 < f <
[log,C,]7", then

& CP(E,p)— CP(X,p) (4.50)

is well defined and bounded. In addition, & also maps bounded functions on E into
bounded functions on X, without increasing the bound, i.e., forany f : E — R

sup [& f(x)| =< sup | f(x)]. (4.51)

xeX x€E

In particular, & : €P(E, p) — €P(X, p) linearly and boundedly for the same range
of B as before.

The proof of Theorem 4.11 will be presented later, in the second part of Sect. 4.6,
after a number of necessary tools have been properly developed. At this point we
only wish to remark that, while Theorem 4.11 yields a stronger conclusion than
Theorem 4.6 (in the sense that in the former theorem we manufacture a linear
extension operator, compared to the nonlinear extension procedure in the latter
theorem), the setting in Theorem 4.11 is more restrictive than that in Theorem 4.6
as it presupposes that the quasimetric space in question is geometrically doubling.

4.3 Separation Properties of Holder Functions

Here we will improve upon the separation property described in the last part
of Theorem 4.6 by establishing the separation result for Holder functions on
quasimetric spaces described in Theorem 4.12. In particular, this result sheds light
on the structural richness of the space of Holder functions (of a given order) on
a quasimetric space by specifying an order up to which the named spaces do not
reduce to just constant functions. Even though the issue of the triviality of the Holder
spaces for large exponents has come up on earlier occasions (cf., e.g., the comment
on the footnote on p. 591 in [35]), to the best of our knowledge no attempt has been
made to quantify this statement in a satisfactory manner.

Before stating the aforementioned result, let us recall that, given a quasimetric
space (X, p), the p-distance between two arbitrary, nonempty sets £, F C X is
defined as
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dist,(E, F) :=inf{p(x,y): x € E, y € F}. (4.52)

Corresponding to the case £ = {x} for some x € X and F € X, we therefore have
dist,(x, F') = dist,({x}, F). Let us also note here that, as a corollary of Lemma 4.4,
if (X, p) is a quasimetric space and if 8 > 0 is a finite number, then for any f, g €
¢b (X, p) it follows that

max{f.g} € € (X.p), min{f. g} € CP(X.p). (4.53)
and

max {|[max{ £, ¢}l x| it £, €3 gy b= % {1F iy I8l -
(4.54)

What follows is the theorem mentioned previously, which should be thought of as
a quantitative version of the classical Urysohn’s lemma (cf., e.g., [87, Theorem 33.1,
p-207]).

Theorem 4.12. Let (X, q) be a quasimetric space, and assume that § is a finite
number with the property that there exists a quasidistance p € q such that 0 < <

[logZCp]_l. Assume that Iy, I\ € X are two nonempty sets with the property that
dist,(Fo, F1) > 0. Then there exists Y € ¢P (X, q) such that

0y <1 on X, v=0o0n F, Yv=1on F, (4.55)

and for which there exists a finite constant C > 0, depending only on p, so that

1V gy < € (disto(Fo. F) ™" (4.56)

Proof. Let Fy, Fi € X be two sets such that dist,(Fp, 1) > 0, and consider the
function ¢ : Fy U F; — R given by

0 if x € Fo,
qo(x) = x € Fy U Fy. 4.57)
1 if x € Fy,

Notice that if either x,y € Fy or x,y € Fj, then |p(x) — ¢(»)| = 0 < p(x, y)~.
Also, ifeither x € Fpandy € Fiorx € Fj and y € Fj, then

lp(x) — p(»)] = 1 < (dist,(Fo, F1)) P p(x. y)? (4.58)

since B > 0 and, in the current case, p(x, y) > dist,(Fo, F1) > 0. All together these
imply

¢ € P (FoU Fi,p) and [|¢llgppur ) < [isto(Fo, F1)) 7P (4.59)
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With this in hand, Theorem 4.6 then ensures the existence of a function ¢ €
€P (X, p) that extends the function ¢ and has the property that there exists a finite
constant C = C(p) > 0 such that

191146 x py < C(disty(Fo, F1)~F. (4.60)
At this stage, consider ¢ : X — R given by
¥ := min{max{g, 0}, 1}. (4.61)

By de§ign, the function v satisfies (4.55). Moreover, (4.53) and (4.54) yield
¥ € €P(X,p) and ||1//||<(9,;,3(X,p) <C ||<Z)||%,;ﬁ(x,p). This and (4.60) then prove (4.56),
completing the proof of the theorem. O

4.4 Density and Embedding Properties of Holder Functions

Given a quasimetric space (X, q), for each finite number 8 > 0 define

¢P(X,q) ;= {f € €(X.q): f vanishes outside of a bounded subset of X }.
(4.62)

Much as in the past, if p € Q(X), then we will sometimes write %'Cﬂ (X, p) instead
of €/ (X. [p]).
The first main result in this section is the following density theorem.

Theorem 4.13. Let (X, q) be a quasimetric space, and let  be a finite number with
the property that there exists a quasidistance p € q such that 0 < f < [logch]_1

Then, for every locally finite Borel regular measure p on (X, 1q), one has

‘ff (X,q) — L?(X, ) densely for each p € (0, +00). (4.63)

The proof of this theorem makes use of the following auxiliary result, which is
of interest in its own right.
Lemma 4.14. Let (X, q) be a quasimetric space, and assume that p € qand B € R
are such that 0 < B < [logZCp]_l. Then for every set E C X that is closed in the
topology tq there exists a sequence of functions { f;} jen < ¢P(X,q) such that

0<f; <1 onXforeach jeN and fi\Ig pointwiseas j — co. (4.64)

Furthermore, if the set E is bounded, then matters can also be arranged so that all
Sfunctions f; vanish outside a common bounded subset of X.

As a corollary, for every set O C X that is open in the topology t4 there exists a
sequence of functions {h;}jen C ¢P (X, q) such that

0<h; <1 onXforeach j €N, and h; /" 1o pointwiseas j — oo. (4.65)
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Proof. With p € qand B € R as in the statement of the lemma, let d be a distance on
X such that d ~ pf (that such a distance exists is a consequence of Theorem 3.46),
and for each j € N consider the set

O :={x e X : disty(x, E) < 1/j}. (4.66)

Clearly O; is an open subset of X in the topology t; for every j € N. Since
74 = T,, this implies that for every j € N the set O, is openin (X, 7,). Also, based
on (4.66) we conclude that

O;j1CO; VjeN and EC()0; ={xeX:dist(x. E) = 0}. (4.67)
jeN

Using the last part of (4.67), the fact that d ~ pf, and the definition of E (the
closure of the set £ in the topology 7,), we obtain that

Ec()O;={xeX: dist,(x.E)=0}CE=E (4.68)
jeN

since we are assuming that E is closed in (X, t,). Consequently, we have
N jenOj = E and, given that the sets O; in (4.67) are a nested family, we
may ultimately conclude

O; \\E as j— oo (4.69)
This and the fact that d ~ p yield dist,(X \ O}, E) =~ disty(X \ O}, E) > 1/] for
each j € N, hence dist,(X \ O;, E) > 0 forevery j € N. We may therefore invoke

Theorem 4.12 to guarantee the existence of a sequence of functions g; : X — R,
J € N, satisfying

g €P(X,p), 0<g; <1 on X,

(4.70)
gi=0on X\0O;, g;=1on E.
To proceed, define inductively
fii=g and f;:=min{f;_1.g;}, VjeN, j>2. (4.71)
Then, based on (4.70), (4.71), and (4.53), we conclude that, for every j € N,
fi€ ¢P(X,p), 1> fi = fij+1 =0 pointwise on X. (4.72)

Furthermore,

fi=lon E and f; =0 on X\O;, VjeN, (4.73)
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where the fact that f; vanishes on X \ O; is a consequence of the inequality
0 < f; < g; and (4.70). In addition, (4.69) and the monotonicity of the
sequence { f; } jen (cf. (4.72)) ensure that the pointwise convergence in (4.64) holds.
Moreover, if the set E is bounded in (X, p), then the set O is p-bounded and all
functions f; vanish outside O;.

Finally, given an openset O C (X, 7q),if { fj}jen C ¢P (X, q) is the sequence as
in (4.64) for the closed set £ := X \ O, then the functions h; := 1—f; € ¢P(X,q),
for j € N, satisfy (4.65). The proof of the lemma is therefore complete. O

In general, we will denote by 1 the characteristic function of a set E. We are
now prepared to present the following proof.

Proof of Theorem4.13. Letp € qand B € Rbesuchthat0 < < [longp]_l, and
fix an integrability exponent p € (0, +00). The goal is to approximate arbitrarily
well in L?(X, ) a given function f € L?(X, u) with functions from (f;ﬂ (X, p).
Since simple functions are dense in L”(X, pt), there is no loss of generality in
assuming that f = 1z, where E C X is u-measurable and u(E) < +oc. Because
1 is a Borel regular measure, we may further assume that, in fact, E is a Borel set
(relative to the topology 7,) of finite measure. In this case, we have

w(E) = sup  pu(K). (4.74)

KCE, Kiﬁmdcd
K=K

so ultimately it suffices to approximate 1r in L?(X, ) with functions from

(f'cﬂ (X, p) in the case where FE is a closed and bounded subset of X. At this point,

Lemma 4.14 applies and yields the desired conclusion. O
The second main result in this section is the following density theorem.

Theorem 4.15. Assume that (X, q) is a quasimetric space with the property that
4 (the topology canonically associated with the quasimetric space structure ¢ on
X ) is locally compact. Let 6o(X) be the Banach space of real-valued, continuous
Sunctions on (X, tq) that vanish at infinity, equipped with the supremum norm.
Finally, assume that B € R is such that there exists a quasimetric p € ( for which

0 < B < [log,Cy] ™" Then

CP(X,q) = Co(X) densely. (4.75)

Proof. This follows from the Stone—Weierstrass theorem given that, as a conse-

quence of Theorem 4.12, (f'cﬂ (X, q) is a subalgebra of %,(X) that separates points
and vanishes nowhere. O

We conclude this subsection by discussing embedding properties for Holder
spaces of functions on quasimetric spaces. To set the stage, consider a quasimetric
space (X, p), and for each o« € (0, +00) define the inhomogeneous Hblder
space ¢*(X, p) as
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CXp) = X = R v 2= S LI 1 ey < +00).
X€e

(4.76)
Our last main result in this subsection then reads as follows.

Theorem 4.16. Let (X, p) be a quasimetric space. Then the inclusion operator

1P (X, p) — €“(X,p) iswell defined
(4.77)
and compact whenever 0 <a < f < +00

if and only if (X, p) is totally bounded.

Proof. The proof of the fact that (4.77) holds provided (X, p) is totally bounded is
organized into two steps.

Step 1. The claim in (4.77) holds when (X, 1,) is a compact topological space. In
this setting, observe first that, xo € X having been fixed, the family of pg-balls
{Bp# (xo, j)}jGN constitutes an open cover of (X, 7,). Since (X, 7,) is compact, we
deduce from this and (4.15) that diam,(X) < 4oc0. Assume now that 0 < o < 8 <
+-00. It is then clear from definitions that

1 N < max{1 diam,OF Y| f g ¥ €€ (Xp), 478)

which shows that the inclusion operator in (4.77) is well defined, linear, and
bounded. To prove that this operator is also compact, fix a bounded sequence
{fitjen C %P (X, p). Hence, there exists M € [0, +-00) with the property that

|fi ()] = M, VxeX and Vj €N, (4.79)
|fi(x) = fi] < Mp(x,y)’,  Vx,y€X and VjeN. (4.80)

Collectively, (4.79) and (4.80) show that the family of functions {f;} en is
pointwise uniformly bounded and equicontinuous on (X, 7,). Given that (X, 7,) is
a Hausdorff, compact topological space, Arzela’s theorem (cf., e.g., [87, Exercise 4,
p.293]) may be used to conclude that there exists a subsequence of { f;}en that
converges uniformly on X to a continuous function f* : (X,1,) — R. Without
loss of generality we will assume in what follows that this is the case for the entire
original sequence { f; } jen.

Passing to limit j — oo in (4.79) and (4.80) then gives that || f [l x ) < 2M.
In particular, f € €P(X,p) and, hence, f € €*(X, p) by (4.78). As such, the
proof is completed the moment we show that || f; — f'[|¢e(xp — 0as j — oo.In

this regard, fix an arbitrary number ¢ > 0, and introduce r := (5 /M ))1/ P ¢
(0, +00). This choice of r ensures that, on the one hand,
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Ui =N == N0 gy VOO i o
X xy p(x,y) wyexaty  P(XLY)
p(x,y)<r p(x,y)<r
. £ (x) - f{g(y)l . 3
wyexasry P Y)
plx,y)<r
<e, VjeN, (4.81)
and, on the other hand,
wp W=D == DON e o o pol vj el
ryex p(x, y)* xeX
p(x,y)=r
(4.82)

Choose now j, € N such that the right-hand side of (4.82) is < ¢ whenever j € N
satisfies j > j,. That this is possible is guaranteed by the fact that the sequence
{fj}jen converges uniformly on X to f. Then from (4.81) and (4.82) we deduce
that || f; — f”sé%x,m < 2¢if j € Nsatisfies j > j,. Thus, ultimately we have
| fi — flle«x, — Oas j — oo, as desired.

Step 2. The claim in (4.77) holds whenever (X, p) is totally bounded. Recall that
a quasimetric space (X, p) is said to be a completion of (X, p) provided the
following conditions are satisfied:

X C X and p|x ~ p,say c~'p < plx < cp, for some ¢ € [1, +00), (4.83)
X is dense in (X, 73), (4.84)
(X, p) is complete. (4.85)

Then any quasimetric space (X, p) has a completion (X, 5). To see that this is the
case, given a quasimetric space (X, p), associate to it the metric space (X, ,05 ),
where f is a finite number belonging to the interval (0, (log, C p)_l]. Then, as is well
known (cf., e.g., [27, Theorem 1.5.10, p. 12], [74, p. 25]), there exists a metric space
(X, d) that is the completion of (X, p,’f) in the sense described in (4.83)—(4.85).
Then (X, ) with p := d'/? becomes a completion of the original quasimetric
space (X, p).

In fact, it can be shown (either directly or by reducing matters as was done
previously to known results for metric spaces) that the completeness of a quasimetric
space (X, p) is unique up to bi-Lipschitz homeomorphisms, in the sense that for any
two completions (X1, 1) and (X», p,) of the given quasimetric space (X, p) there
exists a bi-Lipschitz homeomorphism @ : (X1, p1) = (X2, pn) such that ®|y is the
identity mapping of X.
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‘We next claim that

if a quasimetric space (X, p) is totally bounded,
- (4.86)
then its completion (X, p) is also totally bounded.

To see that this is the case, pick an arbitrary ¢ > 0 and select C € (0, (C,;)2 . c),

where c is as in (4.83). Since (X, p) is totally bounded, there exist x,...,xy € X
such that
X< | Blxi.e/0). (4.87)
1<i<N

Select an arbitrary point x, € X. By (4.84), it is possible to find a sequence
{¥n}nen € X such that

Yn —> X« in T; as n — oo. (4.88)

Note that since by (4.87) the set X is covered by the finite family of p-balls
{By(xi.e/C)},_, - there exist i, € {1,..., N} and a subsequence {y,, }xen of
{Vn}nen with the property that y,, € B,(x;,,/C) for every k € N. Then

p(xs, xi,) = (Cp)*pa(xs, xi,) = (Cp)° Jim P (Y Xi, )

< (C3)* limsup p(yn,., Xi,) < (C5)*c limsup p(yu,, x;,) <&, (4.89)

k—o00 k—o00

where the first inequality uses (4.15), the subsequent equality is based on (4.88) and
the fact that p4 is continuous, the second inequality once again follows from (4.15),
the third inequality is a consequence of (4.83), and the last inequality is implied
by the choice of the subsequence {y,, }xen and of the constant C. Estimate (4.89)
proves that xx € B;(x;,, €); hence, ultimately,

Xc | Bixi.e). (4.90)

I<i<N

completing the proof of (4.86).

Going further, fix an exponent 8 € (0, 400), and note that, thanksﬂ to (4.83) and
(4.84), any function f/ € %P (X, p) extends uniquely to a function / € € (X, p)
in such a way that

the operator 67 (X.p) > f + f € €P(X.p)

4.91)
is well defined, linear, and bounded.

To see this, given f € (X, p), define f : X — R by setting
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; — T e C
S (xs) nli)nolo f(x,) whenever xx € X and {x,},eny € X 492)
are such that x, — xx in 73 as n — oo.

Given that any Holder function maps Cauchy sequences to Cauchy sequences we
deduce that the limit in (4.92) exists. Furthermore, by interlacing sequences it
follows that this limit is unambiguously defined under the conditions stipulated
in (4.92). As a byproduct, we obtain that flx = f. Finally, to see that f €
¢P (X p) with control of the norm, pick two arbltrary points X,y € X along with
two sequences

{Xn}neN, {Vnjnen € X suchthatx, — Xandy, — yintzasn — oco. (4.93)
Then we may estimate (based on the continuity of pg)

1F@ =73 =] lim_fee)— tim ()| = tim_|fCo) = Q)

< ”f”ﬁg"ﬁ(X,p) limsupp(xnﬁyrl)ﬁ =< Cﬁ ”f”ﬁg"ﬁ(X,p) limsupﬁ(xmyn)ﬁ
n—00 n—00
= Cﬁ(Cﬁ)2||f||<éﬁ(X,p) limsupﬁ#(x,,,y,,)ﬁ = Cﬁ(Cﬁ)ZHf”fﬂ(xiyp)ﬁ#(f’f)ﬁ
n—00
< PC 1 S Ngoxpp R 7Y, 4.94)

which goes to show that

1 sz < P CoILf Ngni,): (4.95)
Moreover,
|f@)] = lim fe)] = lim | fx)] < sup | £ ()1 (4.96)
so that
sup|f(3)| < sup | /()] (4.97)
zEX

Hence, the boundedness of the operator in (4.91) follows from (4.95) and (4.97).
We are now in a position to justify the claim made at the beginning of Step 2.
To this end, assume that 0 < o < 8 < +o00, and consider a bounded sequence
of functions { f,}nen < %P(X, p). Then, thanks to (4.91), the sequence { fy }nen
is bounded in €* (X p). Since from (4.86) and (4.85) we know that (X p) is both
totally bounded and complete, it follows that (X 75) is a compact topological space.
As such, the result proved in Step 1 applies and yields the existence of some function
f € €P(X . p) with the property that, for some subsequence {fui bieen of { fu}nen,
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klggo Il for — f”(gu(}?,;) =0. (4.98)

Consequently, if f := f lx € €#(X, p), then we deduce from (4.98) that

Jim 1 fo = Flleecp = Jim | fulx = x| o

IA

c® kILH;O ”fnk - f”(ga()?,[,) =0. (4.99)

Thus, f,, — f in €“(X, p) as k — oo, completing the proof of the claim made in
Step 2.

Let us now consider the converse implication, i.e., that if (4.77) holds, then (X, p)
is necessarily totally bounded. Fix an arbitrary ¢ > 0 and use Zorn’s lemma to
construct a family of points {x;};c; € X, where J is a set of indexes, such that

p(xi.x;)>e/2, Vi jeJwithi # j, (4.100)

which is maximal, with respect to the partial order induced by the inclusion of
subsets of X, with this property. In particular, by the maximality property, this
family of points satisfies

X < | Bo(x;.0). (4.101)
jeJ
Also, since the topological space (X, 7,,) is separable (cf. (4.49)), we may actually

assume that J is at most countable; hence, in the case when J is infinite there is no
loss of generality in assuming that / = N. In this scenario, select a finite number

such that0 < 8 < [logZCp]_l, and invoke Theorem 4.12 to construct a sequence of
functions { f;} ;en € € (X, p) with the property that, for each j € N,

0<fi<lonX, [f;=0o0nX\Byx; e/2),

(4.102)
and f; =1 on B,(x;,¢/(2C,)),
and such that, for some finite constant C > 0, depending only on p,
i llgnxpy < C(disto (X \ By(xj,6/2), Bp(xj,e/(ch))))_ﬁ. (4.103)

That this is possible is ensured by observing that each ball B,(x;.e/(2C))) is
nonempty (since it contains its center), each set of the form X \ B,(x;,&/2) is
nonempty (since xx € X \ B,(x;,e/2) forevery k € N\ {;j}), and

dist, (X \ By(xj.€/2). By(x;.8/(2C,))) = &/(2C)). (4.104)
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The last inequality is justified by noting that for any points y € B, (x i.e/2C p))
andz € X \ B,(x;,¢e/2) we have

p(xjsy) < 8/(2Cp) and 8/2 = P(xij) =< Cp max {p(-xjs y)v p(y,Z)} (4105)

Based on (4.105), we obtain p(y,z) > &/(2C,), and (4.104) follows. Going further,
from (4.104), (4.103), and (4.102) we deduce that

1 filgpp <14+ CQCHPe, Vj eN. (4.106)

Thus, { f;};en is bounded in €P (X, p). If we now pick some a € (0, B), then it
follows from this and (4.77) that there exist a subsequence { f}, }xen of { fj}jen and
a function f € €“(X, p) with the property that klim | fix — flle«xp = 0.In
—00
particular,
sup\fjk(x) — f(x)| —> 0 as k — oo. (4.107)
xeX

Then for each k, k" € N with k # k" we have ji # ji and, hence, p(xj,, x,,) >
/2. In particular, x;, € X \ B,(x;,,¢/2), hence f;,(x;) = 0. Keeping k € N
fixed and letting k" — oo then yields

|fCejl = 1f ()= F ()l = sup | f ()=} ()] >0 as k' — oo (4.108)

on account of (4.107). Consequently, f(x; ) = 0 for every k € N. In turn, this
implies that, on the one hand,

U= 11 Gl =1/ () = fi ()l = sup |f(x) = fi (0)| forevery k €N,

(4.109)

and, on the other hand, by (4.107), the supremum in the rightmost side of (4.109)
goes to zero as k — oo, a contradiction. This proves that the sequence of points
{xj}jes C X satisfying (4.100) is necessarily finite. Together with (4.101), this
implies that (X, p) is totally bounded, as desired. O

4.5 Regularized Distance Function to a Set

Given a set X, a quasidistance p € (X)), and a nonempty set £ C X, define
disty(x, E) := inf{p(x,y) : y € E}, VxeX. 4.110)
If p is actually a metric, then dist,(-, £) : X — R is a Lipschitz function (with

Lipschitz constant < 1). In the general case corresponding to p being merely
a quasidistance on X, the function dist,(-, E) may even fail to be continuous
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(this is the case even in such simple instances as when the set E is a singleton).
The issue that arises is whether there exists a nonnegative function on X that is
pointwise equivalent to dist,(-, £) and exhibits better regularity properties. When
the quasimetric space in question is R” equipped with the standard Euclidean
distance and when “regularity” is understood in the differential sense, this is a
classical problem, and the reader is referred to, e.g., [113, Theorem 2, p. 171] for
an excellent exposition. Here the goal is to explore the extent to which a result of
this flavor is valid in the setting of general quasimetric spaces. Specifically, we have
the following theorem.

Theorem 4.17. Suppose that (X, q) is a quasimetric space, E is a nonempty subset
of X, and p € q. Then there exist a function §g : X — [0, +00) and two constants
co, ¢1 € (0, +00), which depend only on C,, such that

codisty(x, E) < 8p(x) < crdisty(x, E), VxelX. 4.111)

Furthermore, if B € R is such that 0 < B < [log,C,]™", then § satisfies the
following properties:

(1) If E is a closed, proper subset of (X, 1q), then 6 € ‘flﬁc (X \ E,p) in the
quantitative sense that for every ¢ € (0, Cp_l) there exists C € (0, 400),
depending only on C,, B, and &, such that

8 (x) = 8£(y)| '
= e X, B,(z,cd VE)),
Sup o(x, y)P X,y € B,(z, edisty(z )) x#y

< C[dist,(z. E)]' " forall z€ X \ E. (4.112)

(2) If0 < B < 1, then there exists C € (0, +00), which depends only on C, and B

such that
185(6) = 8£(y)] | | L
YRy d E),d E
,O(x,y)ﬂ <C (p(x,y) + max{ 1stp(x, ), 1stp(y, )})

(4.113)
forall x,y € X withx # y.

Proof. Suppose that p € q, and for now assume that E is a fixed, arbitrary,
nonempty subset of X. If p4 denotes the regularized version of p as in Theorem 3.46
and we define

Sg(x) :=inf{ps(x,y): y € E}, VxelX, (4.114)
then (4.111) follows by virtue of the fact that ps € [p].
Let B € R be such that 0 < B < [log,C,]™". Fix x, y € X and select a sequence

of points {z, },en in E with the property that

p#(¥,20) = Se(y) as n — oo. (4.115)
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Making use of (3.542), for each n € N we then write

SE(x) < pu(x,20) < pr(¥.20) + [p#(xX,20) — #(¥, Z0) |
< pu(y.zn) + & max {pa(r.2)' oy 20) P 0] @116

with the understanding that when B > 1, we also assume that z, & {x, y}.

To treat the claim made in (1), consider now the case when E is a nonempty,
proper, closed subset of (X, 74). Choose ¢ € (0, Cp_l), and fix some pointz € X \ E.
Then

r=dist,(z, £) > 0 (4.117)
since X \ £ is openin (X, 7q). Finally, assume that x, y € B,(z, ér). We then claim
that

C,°r <8p(x) <Cprand  C,°r <8£(y) < Cpr. (4.118)

To justify (4.118), fix an arbitrary 6 > 1 and select w € E with the property that
p(z,w) < Or (here, the fact that r > 0 is used). Then, by (3.530),

8E(x) =< p#(wi) = Cp max {p#(xv Z)v p#(Zs W)}

< C, max{p(x,2), p(z,w)} < C, max{er,0r} = C,0r. (4.119)

Passing to the limit as 6 “\( 1 then yields §z(x) < C,r, as desired. In the opposite
direction, for every w € E we may write

r =dist,(z, E) < p(z,w) < C, max{p(z, x), p(x,w)} < C, max {er, p(x,w)},
(4.120)

which, given that C,e < 1, yields r < C,p(x,w). Hence, Cp_lr < p(x,w) <
C /f,o#(x, w) for every w € Ej thus, ultimately, C- r<cC 58 £(x). This completes
the proof of the first double inequality in (4.118). The second double inequality
in (4.118) is proved similarly, completing the proof of (4.118).

Let us also note that if x,y € B,(z,&r), then p(x,z), p(y,z) < er and, as a
result,

p#(xv y) =< p(xv y) =< Cp max {p(xvz)v ,O(Z, y)} = SCpI‘- (4.121)

Returning now to the context in which (4.116) was derived, observe that, by (4.118)
and (4.121), whenever x, y € B,(z, er), we may write

C,°r < 85(x) < py(x,2) < Cp max{py(x, ), #(y,2)}

< C, max {eCpr, p4(y,2n)}, VneN. (4.122)
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In light of (4.115) and (4.118), this further implies

C,”r < liminf py(x.z,) < limsup ps(x.z,)
n—-+o0o n—>+o0o

< C, max{eC,r,8e(y)} < er (4.123)
whenever x, y € B,(z, er). In a similar fashion,

C,7r < liminf ps(y.z,) < limsup pg(y.2,) < Cor (4.124)
n—>+00

n—+00

if y € By(z, er). From (4.123) and (4.124) we deduce thatif x, y € B,(z, er), then,
for n large,

max {ps(x. 20)' . pu (v 2) P owx. )] & P P p(x, )P (4.125)

with proportionality constants depending only on C, and B. Collectively, (4.115),
(4.116), and (4.125) allow us to deduce that

8p(x) <8p(0) +Cr'Pp(x,y)f,  Vx,yeB,(zer), (4.126)

for some finite C > 0 that depends only on C, and B. From (4.126) and its version
with x and y interchanged we finally conclude that

162(x) = 8c(y)] < Cr'™Pp(x,y)f,  Vx,y e B,(zer), (4.127)

with C as before. Given that r = dist,(z, £), this completes the proof of (4.112).

To treat the claim made in (2), suppose now that £ is a nonempty subset of X.
Also, assume this time that 0 < § < 1 and that x, y € X are arbitrary. Of course,
the considerations pertaining to (4.114)—(4.116) remain valid, and we augment these
by noting that py(x,z,) < C, max{ps(x,y), p#(y,z,)} for all n € N. Hence,

hm Sup p#(-x7 Zﬂ) f Cp max {p#(x’ J’)’ 8E(y)}’ (4128)

n—-+00

which, when used back in (4.116) and after passing to limit #» — 400, yields, on
account of (4.115) and the fact that 8 € (0, 1],

85(x) < 85() + 5 C) 7 max{ps(x, ), 8£0)' [ ps(x, )]’
< 8£(y) + Cmax{p(x,»)' P . 8£(») Plp(x. ). (4.129)

As a consequence, for each x, y € X we see that

$5(1) < 85() + C(pr.y) + max e (). 800} plxy). (4130)
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Now, (4.113) follows from this, its version written with x and y interchanged, as
well as (4.111). This completes the proof of the theorem. O

A conceptually different proof of a slight variant of Theorem 4.17, more akin to
that of [113, Theorem 2, p. 171], but in the more specialized setting of geometrically
doubling quasimetric spaces, will be presented in the next section, following a
discussion of Whitney-like decompositions of open sets and partitions of unity in
the said setting.

4.6 Whitney-Like Partitions of Unity via Holder Functions

An important tool in harmonic analysis is the Whitney decomposition of a
nonempty, proper, open subset O of a quasimetric space (X, p) into balls whose
distance to the complement of O in X is proportional to the radius of the ball in
question. Frequently, given such a Whitney decomposition, it is useful to have a
partition of unity subordinate to it, which is quantitative in the sense that the size of
the functions involved is controlled in terms of the size of their respective supports.
Details in the standard setting of R” may be found in [113, p. 170].

More recently, such quantitative Whitney partitions of unity have been con-
structed on general metric spaces (see [73, Lemma 2.4, p.339], [51]) and on
quasimetric spaces, as in [80, Lemma 2.16, p. 278]. Here we wish to improve upon
the latter result both by allowing a more general set-theoretic framework and by
providing a transparent description of the order of smoothness of the functions
involved in such a Whitney-like partition of unity for an arbitrary quasimetric space.

Theorem 4.18. Let (X, q) be a quasimetric space, and assume that  is a finite
number with the property that there exists a quasidistance p € q such that0 < f <
[longp]_l. In this setting, assume that {E;} ej, {Ej}ja and {Ej }jer are three
families of nonempty proper subsets of X satisfying the following properties:

(a) Foreach j € I one has E; C Ej C Ej, rji=dist,(E;, X \Ej) > 0 and
distp(fj,X \ Ej) ~ r; uniformlyfor j € I. (4.131)

(b) One has r; ~ r; uniformly fori, j € I such that Ei N Ej # 0.
(¢) There exists N € N such that Z I'E,- < N.
jel
(d) One has Ujel Ej = Ujel Ej.
Then there exist a finite constant C > 1, depending only on p, B, N, and the

proportionality constants in (a) and (b) above, along with a family of real-valued
Sunctions {¢;}jer on X such that the following conditions are valid.:

(1) Foreach j € I one has
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gj € "X and |¢;llgn, < Cr;7. (4.132)
(2) Forevery j € I one has

0<¢;<1on X, ¢;=0 on X\Ej, and ¢; >1/C on E;. (4.133)

(3) One has Zqoj =1y, e =1y,,% = IUjGIEj.

jel
Proof. Fix p and B as in the statement of the theorem. Based on Theorem 4.12 and
property (a), for each j € I there exists a function ¥; € %P (X, q) such that

@)v;=1o0n E;, (ii)y; =0 on X\Ej, ({1i)0<y¥; <1 on X,
(4.134)
and

1Willgn g < CriP (4.135)

where C > 0 is a finite constant depending only on p and . Consider next the
function
v JE; — R W=y (4.136)
jel jel

and note that W is well defined and satisfies

I1<W=<N on [JE;. (4.137)
jel

Indeed, the fact that W is well defined follows from (c) and (iii) in (4.134), the
first inequality is due to (i) and (iii) in (4.134), and the second inequality is a
consequence of (ii7) in (4.134), the fact that E; C Ej for each j € I, and
statement (c¢) in the hypotheses. Going further, for each j € I introduce the function

Yi/¥ on |, Ei,
0 X —R g =1 < (4.138)

0 on X\ (Ues E).

By the discussion pertaining to the nature of W, for each j € I the function ¢; is
well defined and, thanks to (4.138), the first inequality in (4.137), and (i i) in (4.134),
satisfies "

0<g;<1on X, ¢;=0o0n X\E;. (4.139)

This proves the first two assertions in (2) in the conclusion of the theorem. Also,
employing (4.138), (i) in (4.134), and the second inequality in (4.137), we may
conclude that
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This completes the proof of (2) provided one chooses C > N. Going further, by
(c), the sum Zjel ¢; is meaningfully defined and, using (4.138) and (4.136), is
identically equal to one on [ J jer Ej, thus proving conclusion (3) from the statement
of the theorem.

It remains to prove (1). To this end, as a preliminary step we will show that there
exists a finite constant C > 0, depending only on p, 8, and the proportionality
constants in (a) and (b), such that, for each j € I, there holds

W) =0l = CrP (e V[l (0 +13 ()], Yy € X. @141
To prove (4.141), fix j € I and, based on ¥; € €F (X, p) and (4.135), estimate

W () = ¥ O = 15 o PG 2)P < CriPp(x.y)f. Y,y e X. (4.142)

By construction, ¥; = 0 on X \ Ej so that if x,y € X \ Ej, then (4.141) is
obviously true. In the case when either x € E; or y € E, using the fact that
Ej - Ej we may write
12 (x) + 15 (») = 1, (4.143)
J J

and thus (4.141) follows from (4.143) and (4.142).
Having disposed of (4.141) we focus on proving (1), i.e., show that for each fixed
index j € I we have

lo; () — ;M = CrPp(x. ). Yx.yeX, (4.144)

for some finite constant C > 0, depending only on p, B, N, as well as the
proportionality constants implicit in conditions (@) and (b). Fix j € I and note
that (4.144) is obviously true whenever x,y € X \ (UiE I E,-) as the left-hand
side in (4.144) vanishes in this case [cf. (4.138)]. Consider next the case when
X,y € Uiel E;, in which scenario we write

0, — 0y ()] = [P0 ) =‘w,(x) 0) = ¥, YE)

(x) W(y) V(x)W(y)

= Y)W () —v; ()W)

= (¥ ()= DIV +H )=V )Y ()

= Ny ()= DIHY )=V, (v) = Li+-1h. (4.145)
Here, the first inequality follows from the first inequality in (4.137), the second

estimate is a consequence of the triangle inequality, and the third one follows
from (4.137) and (ii)—(iii) in (4.134). Moving on, (4.142) immediately gives

L <CNrPp(x.y)f,  Vix.yeX. (4.146)
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As for I, we make the claim that there exists a finite constant C > 0, depending
only on p, 8, N, and the proportionality constants in conditions (a) and (b) from
the hypotheses, such that

L=cCrPpx.p)f.  Vx.yel JE. (4.147)
iel
To justify this claim, observe that if y € (Uie] Ei) \ Ej, then I, = 0, so

estimate (4.147) is trivially true. Consider next the case when y € (Uie I Ei) NnE j»
and denote by ¢ > 0 the lower proportionality constant in (4.131). If p(x, y) > cr;,

then, on the one hand, rj_ﬂp(x, y)ﬂ > P, while on the other hand I, < 2N by the
second inequality in (4.137). Hence, (4.147) holds in this case as well. Suppose now
that

X € i an S i ﬂ~' are such that X, <crj. .
JE and y (UE) E hthat p(x.y) <crj. (4.148)

iel iel
Given that y € Ej, and since by (4.131) and (4.148) we have
dist,(E;, X \ E;) > cr; > p(y,x), (4.149)

we deduce that x € E ;- Based on this, the triangle inequality, and (4.141), it follows
that

=W - V)l (1 () < Y Wi) - %0l ()1 ()

i€l

< Cole.y)! Y 1 (1) + 15, W]1z (D15 ()

iel
< Cp(x, y)ﬂ{lz’ + I3’} whenever x, y are as in (4.148), (4.150)

where

I ;:Zr{ﬁla(x)lfj(x) and 1/ ::Zri_ﬂlfi(y)lgj(y). 4.151)

i€l i€l

For each nonzero term in / 2/ we necessarily have x € E,- NnE ;> hence, E N E i #9,
which further forces r; ~ r;, by condition (b) in the hypotheses. Thus, using this
and property (c) from the hypotheses,

I;<Cr;?Y 15 (x) <CNrj P, (4.152)

iel
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where C > 0 is a finite constant that depends only on the proportionality constant
in (b). Similarly, I/ < C rj_’3 for some finite constant C > 0 depending only on
N and the proportionality constant in (b). Granted the discussion in the paragraph
preceding (4.148), it follows from this and (4.150) that (4.147) holds as stated.

In summary, this analysis shows that the estimate in (4.144) holds whenever
either x,y € X \ (Uiel E,-) orx,y € |J;e; Ei. Therefore, to complete the proof
of (4.144), it remains to consider the case when

xel JE and yex\ (U E) (4.153)

i€l i€l

or vice versa. Concretely, assume that (4.153) holds (the other case is treated
similarly). Then (4.144) is clear when x & E ;j since in such a scenario we have
@;j(x) = @;j(¥) = 0 by the second property in (4.139) and the second condition
in (4.153). Thus matters have been reduced to considering the case when

xe(gEi)mEj and yeX\(gE,)z)(\(gEi), (4.154)

where the aforementioned equality is a consequence of condition (d) in the
hypotheses. In particular, x € E and y € X \ E; j» and, hence, based on (a),
we have

p(x,y) > dist,(E;, X \ E;) > cr;, (4.155)

where, as before, ¢ > 0 is the lower proportionality constant in (4.131). In this
situation, using the definition of ¢; from (4.138) and (4.155) we may estimate

Vj(x)
Y(x) ~

0 (X) — @, (V)] = ¢;(x) = <) <1 <cPrPpxy)f. (4.156)

This proves the last case in the analysis of (4.144), completing the proof of (1) in
the conclusion of the theorem. The proof of Theorem 4.18 is now complete. O

There are several important instances where the hypotheses of Theorem 4.18 are
satisfied; in Comments 4.19, 4.20, and 4.22 we discuss three such scenarios.

Comment 4.19. Let (X, p) be a quasimetric space, and fix two finite real constants
Co, C; such that C; > C, and Cy > C,C;. Also, assume that {B,(x;,7;)},e; isa
family of p-balls in X satisfying

0<r; < Cydiam,(X), Vjel, (4.157)
as well as

{Bo(x;.r;)}ier have finite overlap, |J;¢; Bo(x;.r;/Co) = X, and (4.158)
ri ~ r;j uniformly for i, j € I such that B,(x;, ;) N B,(x;,r;) # @.
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Then taking

~ ~

E;:=By(x;,rj/Co), E;:=By(x;,rj/C), E;:=Byx;,rj), Vjel,
(4.159)

yields a triplet of families { £} j;, {E] }jer,and {E] } jer satisfying the conditions
stipulated in Theorem 4.18 (with the radii r; playing the role of the parameters r;
in the statement of this theorem).

A concrete situation when a family {B,(x;,r;)};e; satisfying (4.157) and
(4.158) arises naturally in practice is as follows. Assume that (X, q) is a geometri-
cally doubling quasimetric space, and fix some quasidistance p € q. Also, let Cy, C;
be as before, and pick a real number 7 such that 0 < r < Cpdiam,(X). In this
setting, suppose that {x; } ey is an at most countable family of points in X, which
is (r/Co, p)-disperse and such that this family is maximal among all collections
of points in X with this property (maximality is understood with respect to the
partial order induced by inclusion on the collection of subsets of X). That such a
family always exists is a consequence of Zorn’s lemma (note that, here, (4.49) is
also used in order to ensure that such a family is at most countable). If we then take
B,(xj,rj) := By(x;,r) for each j € I, then properties (4.157) and (4.158) are
readily verified with the help of (4.46). |

Another situation where the hypotheses of Theorem 4.18 are verified is described
next. Note that, in contrast to the case presented in the last part in Comment 4.19,
this time we do not assume that the quasimetric space in question is geometrically
doubling.

Comment 4.20. Suppose that (X, p) is a quasimetric space and that Cy, C, are two
fixed, finite real numbers with the property that C; > C, and Cy > C,C;. Pick an
arbitrary point x, € X along with a real number r such that 0 < r < Cydiam,(X);
then define

~ ~

Ei:= By(xo,1), Ei:=By(x,,Cir), Ei:= B,(x,,Cor), (4.160)
and, foreach j € N, j > 2,
E; = Bp(x,,,er) \ By(x,, 2771,
E; = B,(x,,2Cir) \ By(x0,2/7'C1r), (4.161)
E; = By(x,,2/ Cor) \ B,(x,,2/7'C;7'r).
Finally, consider / := {j € N : E; # @}. Then {E;} ey, {Ej}jel, {Ej}jel
is a triplet of families satisfying the conditions formulated in the statement of

Theorem 4.18 (with the parameters r; in the statement of this theorem given by
rjo= 2j_1r,j e N). [ |

Yet, perhaps the most basic setting in which families of sets { £} j¢;, {E jYjels
and {E jtjer satisfying the conditions hypothesized in Theorem 4.18 arise in a
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natural fashion is in relation to the Whitney decomposition of an open subset of
a geometrically doubling quasimetric space (for more details see Comment 4.22
below).

A statement of the Whitney decomposition theorem, which extends work in [34,
Theorem 3.1, p. 71] and [35, Theorem 3.2, p. 623] done in the context of bounded
open sets in spaces of homogeneous type, is recorded next. Note that we only
assume that (X, p) is a geometrically doubling quasimetric space and, perhaps most
importantly, our open set O is not assumed to be bounded. From the point of view of
the strategy of the proof, our approach is entirely self-contained and, as opposed to
[35], makes no use of Vitali’s covering lemma. This is relevant since the demand of
the boundedness of the open sets for which a Whitney-type decomposition is shown
to exist in [34, Theorem 3.1, p. 71] and [35, Theorem 3.2, p. 623] is an artifact of the
use of Vitali’s covering lemma (which applies to families of balls of bounded radii).
In this regard, our proof is more akin to that in the classical setting of Euclidean
spaces from [113, Theorem 1.1, p. 167].

Theorem 4.21 (Whitney’s decomposition). Let (X, p) be a geometrically doubling
quasimetric space. Then for each & € (1,+00) there exist A € (A, +00) and
M € N, both depending only on C,, A and the geometrically doubling constant of
(X, p) and which have the following significance.

For each open, nonempty, proper subset O of the topological space (X, t,) there
exist a sequence of points {x; } jen in O along with a family of real numbers r; > 0,
j €N, for which the following properties are valid:

(]) 0= U B,,(xj,rj).
JjEN
(2) > 1p,x;ar,) = M on O. In fact, there exists ¢ € (0, 1), which depends only
jEN
on C,, A and the geometrically doubling constant of (X, p), with the property
that for any x, € O one has

#{) €N By(xo,edist,(xp, X \ O) N By Ary) # 0) < M. (4.162)

(3) By(xj,Arj) € Oand By(x;,Arj)N [X \ (9] # @ forevery j € N,
(4) ri ~ rj uniformly fori, j € N such that B,(x;, Ar;) N By(x;,Ar;) # 0.

Proof. Set F := X\ O, so that F is a nonempty, proper, closed subset of (X, 7,). In
a first stage, we will decompose O into a family of mutually disjoint dyadic layers
(L,)nez defined as

L,:={xe0: 27" <dist,(x,F) <2™}, Vnel (4.163)

Clearly, L, N L,, = @ for any two distinct integers n, m, and we claim that

O = U L,. (4.164)

nez
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Indeed, the right-to-left inclusion is a direct consequence of (4.163). To justify the
left-to-right inclusion, pick an arbitrary point x € O. Since O is open in (X, 7,), it
follows that there exists r > 0 with the property that B,(x,r) € O. In particular,
we have dist,(x, F) > r > 0. Since F # @, this further forces

dist, (x. F) € (0. +00) = |_J[27""".27). (4.165)

nez

from which the desired conclusion readily follows. This completes the proof
of (4.164).

Moving on, assume next that a parameter A € (1, +00) has been given, and fix
some number ¢ that satisfies

0<e<27'(C)™. (4.166)
For each n € Z use Zorn’s lemma to construct a family of points
{x7}jen, S L, (4.167)
where I, is a set of indexes such that
p(xi', x7) > eC27"' Vi, jel,withi # j, (4.168)
which is maximal, with respect to the partial order induced by the inclusion of
subsets of L,, with this property. Observe that since the topological space (X, 7,) is
separable (cf. (4.49)), we may assume that [, is at most countable. We then claim
that for each n € Z we have
{B, (x", 82_”_1)}j€1n are mutually disjoint, (4.169)
Ly € Ujep, Bp(x]},eCp27"). (4.170)
To justify these properties, note that if n € Z is such that one can find two indexes

i, ] € I, with the property that there exists x € B,(x}',e27"~") N B,(x],27"7"),
then p(x!", x) < e27"! and p(x, x) < £27"~1, which further imply

p(x]. x) < C, max {p(x]', x), p(x}, x)} < £C,27"7", (4.171)

in contradiction with (4.168). This proves (4.169). As far as (4.170) is concerned,
from the maximality of the family {x7};¢/, in the sense described above it follows

that for each x € L, there exists j € I, with p(x, x7) < st2_"_1. Hence x €
Bp(x;?, £C,27"), proving (4.170).
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To proceed, we introduce
L,:={x € X : disty(x.L,) <eAC227™"},  VnelZ, (4.172)
then note that, by (4.167) and (4.172), we have

| B,(xl.eAC22™") S L,. Vnel (4.173)
jeIH

The claim we make at this stage is that

L,Ci{xeX:C 27" <dist,(x. F) <C,27™"},  VnelZ (4174

To prove this claim, fix n € Z, pick an arbitrary point x, € L, and note that this
entails dist,(x,, L,) < eAC /322_”. From this and (4.163) it follows that there exist
x € L, and z € F satisfying

27" < p(x.z) <27 and p(x,x,) < eAC;27". (4.175)
Thanks to (4.166), on the one hand we then have

dist,(x,. F) < p(x,,2) < C, max {p(x,, x), p(x,2)}

< C, max{eAC;27",27"} = C,27", (4.176)
which suits our purposes. On the other hand, for every w € F we may write
2771 < disty(x. F) < p(x.w) < C, max {p(x. x,). p(o0, W)}

< max {eAC;27", C,p(x,. W)} (4.177)

In turn, given that 8)LC§2_" < 2771 this implies p(x,,w) > C . ==l for all
w € F. Thus, ultimately,

dist, (x,. F) = ;712771 (4.178)

and (4.174) follows from (4.176) and (4.178).
Let us now consider the family of intervals (J,),ez, where

Jao=[C127 7 G2, VnelZ, (4.179)
and note that

nmeZ and J,NJ, #0 = |n—m| <14 2log,C,. (4.180)
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As a consequence,

the largest number of intervals in the family {J, : n € Z} m
(4.181)
that have a nonempty intersection is < 4(1 + log,C,).

Going further, for every x € O define
N(x):={neZ: C 27" <disty(x, F) < C,27™"} and n(x) := inf N(x).
(4.182)

Thus,
N(x) ={n e Z: dist,(x, F) € J,,}, VxeO, (4.183)

which, when used in concert with (4.181), gives the following estimate for the
cardinality of N(x):

#(N(x)) < 4(1 + log,Cp), VxeO. (4.184)
Together, (4.180), (4.182), and (4.184) imply that for any x € O we have
0<n-—n(x)<1+42log,C,foranyn € N(x). (4.185)
Suppose next that an arbitrary point x, € O has been fixed. We then claim that
whenever n € Z and j € I, are such that
B (x,, eAC,27") N By (x, eAC,27") # 0, (4.186)
then B,(x,e27"~") € By(x,,eAC27"0)).

To prove this claim, assume that n € Z has the property that there exists some
J € I, for which one can find y € X such that y € B,(x,,eAC,27") and y €
B, (x},eAC,27"). Then

p(xo.x7) = Cp max {p(xo. y), p(y. X))} < eAC27", (4.187)
which permits us to conclude that
X, € Bp(x]},eAC27"). (4.188)
By virtue of (4.173), (4.174), (4.182), and (4.188), we may, in a first stage, deduce
ne N(x,). (4.189)

In a second stage, we note that if z € B,(x], €271, then p(z, X < 27" 1 and,
hence,

p(x0,2) < Cp max {p(x,, x7), p(x7,2)} < Cp max {8AC§2_”,52_”_1}

= eACJ27" < eACJ27"0), (4.190)
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where the last inequality is a consequence of (4.189) and (4.182). This completes
the proof of the claim made in (4.186). Let us augment this result by observing that,
as seen with the help of (4.189) and (4.185), the ratio of the radii of the two balls in
the third line of (4.186) satisfies

82—;1—1
— An(xo)—n—1 31 5\—1 A—1 3y—1
m =2 Qe ™ e [4aC) T 27T ae) ™. (4.191)
At this stage, a combination of (4.169), (4.184), (4.189), (4.191), and (4.44)
shows that there exists a constant M € N, depending only on C,, A and the
geometrically doubling constant of (X, p), which has the property that for every
X, € O we have

#{(n,j) S n€Z, j € lyand By(xp sAC,27") N By(x", 6AC,2 ") # @} <M.

(4.192)
Hence, in particular,
> 1,1 eac,an <M on O. (4.193)
NEZ and j €I,
Furthermore, from (4.173) and (4.174) we may also deduce that
By(x},eAC,27") € O whenevern € Zand j € I,. (4.194)
Also, (4.164), (4.170), and (4.194) entail
o= |J Bl.eC2™). (4.195)
NEZ and j €1,
Finally, from (4.167) and (4.163) we conclude that
27l < distp(x;?,X \O) <27, VneZ and Vj € 1,, (4.196)

which further implies the existence of a number A € (A, +00), depending only on
C,, A and the geometrically doubling constant of (X, p), with the property that

By(x,eAC.27") N[X \ O] # 0, VneZand V) €l,. (4.197)

Thus, properties (1)—(3) in the statement of the theorem are going to be ver-
ified if we take {B,(x;,r;)}jen to be a relabeling of the countable family
{Bp(x;’., 8Cp2_”)}n ez jel, Property (4) is also implicit in the preceding construc-
tion. This completes the proof of Theorem 4.21. O
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Comment 4.22. In the setting of Theorem 4.21, if for some fixed numbers )&\,{ A o>
1 with the property that C, < A" and A’'C, < A we take E; := B,(x;.,r;), E; :=
B,(x;,A'rj) and Ej = B,(x;,Ar;) for each j € N, then conditions (a)—(d)
in Theorem 4.18 are valid for the families {E£;} e, {E] }iens {E] }jen (with the

radii r; playing the role of the parameters r; from the statement of Theorem 4.18).
|

All ingredients are now in place for presenting the proof of Theorem 4.11.

Proof of Theorem 4.11. Suppose (X, q) is a geometrically doubling quasimetric
space, and fix an arbitrary nonempty, closed subset E of (X, 7q). Also, suppose that
p € qand B € R are such that 0 < B < [log,C,]"!. If E = X, then we take & to
be the identity operator, so we assume in what follows that £ # X. Pick a constant
A > sz, and consider the Whitney decomposition X \ £ = Uj en Bo(xj,7)) as
in Theorem 4.21. Next, select A’ € (C,,A1/C,) and define the families {Ej }iens

{E jtjen as in Comment 4.22, corresponding to this choice of constants. Then,
as already noted, the hypotheses of Theorem 4.18 are satisfied, and we consider
a partition of unity {¢;};en satisfying the properties listed in the conclusion of
Theorem 4.18. Finally, for each j € N choose a point p; € E with the property
that

1
5 dist,(p;, Bo(x;. A'rj)) < dist,(E, By(x;,A'r;)) < disty(pj. By(x;,A'r))).

(4.198)

Hence, since by (3) in Theorem 4.21
distp(E, Bp(xj,)k’rj)) ~ rj, uniformlyin j € N, (4.199)

it follows from this and (4.198) that
dist,(p;, Bo(x;,A'rj)) ~ r; uniformlyin j € N. (4.200)

Given an arbitrary continuous function f : E — R, we then proceed to define

f(x) ifx e E,
(& f)(x) := %f(pj)%(x) ifxeX\E. VxeX, (4.201)
J€E

and note that, in light of (4.133) and (2) in the conclusion of Theorem 4.21, we
have that & f : X — R is a well-defined function. Also, (4.51) is clear from the
preceding definition.

We next propose to show that the operator

& EP(E,p) — €P(X,p) iswell defined, linear, and bounded.  (4.202)
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Hence, the goal is to prove that there exists a finite constant C > 0 with the property
that for any f € ¢P(E, p) there holds

(€ N)@) = (ENHDN| = Cllifllgne, px ) Vx,yeX.  (4.203)

Obviously, the estimate in (4.203) holds if C > 1 whenever x,y € E. Consider
next the case when x € X \ E and y € E. As a preliminary matter, we claim that

j €N and x € B,(x;,A'r;) = p(x,pj) ~r;, (4.204)

with the proportionality constant depending only on p. To justify the claim
in (4.204), note that if x € B,(x;, Ar;) for some j € N, then

p(x,z) < C, max{p(x,x;), p(x;,2)} < AC,r;, Vze By(xj,Arj); (4.205)
hence, further, for every z € B,(x;, Ar;),
p(x, pj) < C, max{p(x,2), p(z, pj)} < C, max{ACpr;, p(z, p;)}. (4.206)

Taking the infimum over all z € B,(x;,Ar;) and keeping in mind (4.200) we
therefore arrive at the conclusion that

p(x.pj) = C, max {ACprj . dist, (p;. Bp(xj’krj))}
< C, max {ACprj , dist, (p;. Bp(xj,k’rj))}
<Crj. (4.207)
In summary, this analysis shows that there exists C = C(p) € (0, +00) for which
jeN and x € B,(xj,Ar;) = p(x,p;) <Crj, (4.208)

which is a slightly stronger version than what is really needed in (4.204) (however,
this will be useful later on). In the opposite direction, if x € B,(x;,A'r;) for some
j €N, then

p(x,pj) Zdistp(pj,Bp(xj,)Vrj)) >cCrj, (4.209)

by appealing once more to (4.200). Since, as before, ¢ = c(p) € (0, 4+00), this

concludes the proof of (4.204). As a consequence of (4.204) and (4.199) we then

obtain

p(x, pj) ~ distp(E, Bp(xj,)k’rj)) uniformly in j € Nand x € B,(x;,A'r}).
(4.210)
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Going further, whenever y € E and x € B,(x;,A'r;) for some j € N, (4.210)
allows us to estimate

p(ys P]) S Cp max {P(J’,x)s p(-xs 17])}
< C max {p(y,x), distp(E, Bp(xj,k’rj))} < Cp(y,x). (4.211)
Hence, for some finite C = C(p) > 0, independent of x, y, j, we have
y€E, jeNandx € B,(x;,A'r;) = p(y,pj) < Cp(x,y). (4.212)

Based on (4.212), the fact that f € ¢P(E, p), and the properties of the functions
{@j}jen, whenever x € X \ E and y € E, we may therefore write

(€ )—=(E )]

F0)= 22 £ )es )| = (0= () ()
jeN jeN

IA

S O-fele, = > 1 0—f(p)le; )

JEN J €N such that
XEBy(x; Arj)

<Clflgre, 2,  PO.p)oi(x)
J €N such that
XEB,(xj.Arj)

< ClIf oz pypx 3)° 4.213)

since 0 < ¢; < 1 forevery j € N and since
the cardinality of {j € N: x € By(x;,A'r;)}is < M. 4.214)

Of course, estimate (4.213) suits our purposes. The situation when y € X \ E and
x € FE is handled similarly, so it remains to treat the case when x, y € X \ E, which
we now consider. We will investigate two separate subcases.

Subcase I: Assume that the points x,y € X \ E are such that

A
x,y) < edist,(x, E), here 0<e< —————. 4.215
p(x.y) p(x. E). w CACE T ) (4.215)
The relevance of the choice made for ¢ will become more apparent later. For now,
we wish to mention that such a choice forces ¢ € (0,1/C,). To get started in earnest,
we make the claim that in the current scenario we have

c
dist,(x, E) < (1 - )distp(y, E). (4.216)
P
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Indeed, for every z € E we may write
dist,(x, E) < p(x,2) < C,p(p(x,y) + p(y.2)) < Cp(edisty(x, E) + p(y.2)).
(4.217)

hence (1 — eC,)dist,(x, E) < C,p(y,z). Taking the infimum over all z €
E, (4.216) follows. Moving on, observe that

(EN)X) = (ENG) =Y (f(p) = f@)gj(x) —¢;(3)), VzeE. (4218)

jeN
Choose now z € E such that

1 .

3 p(x,z) < disty(x, E) < p(x,2), (4.219)

and note that this forces p(x,z) ~ dist,(x, E£) < p(x, p;). In concert with (4.208),

this implies

J €Nandx € By(x;,Ar;) = p(p;.z) < C, max{p(p;,x),p(x,2)} < Cr;.
(4.220)

Having established (4.220), we next write formula (4.218) for z € E as in (4.219)

and make use of fact that f € €P(E, p), along with the properties of {¢;}en, to
estimate

&)@ = ENHW = D 1) = F@le; () = 0,0

JjEN

=<C ||f||<(€.‘ﬁ(E4’p) p(x, J’)ﬂ Z p(pjs Z)ﬂ ”‘Pj ”sgfﬁ(x,p) [pr(.vc/ ,A/r/)(x)+pr(X/ ,A/r/)()’)]

JEN
< Clflgpe p oG )P (Ax + A,), 4.221)
where
A= > pppPr? and A= > p(pofrt @222
J €N such that J €N such that
XEBy(xj.Arj) YEB,(x;.Arj)

Now, (4.214) and (4.220) give that A, < C for some finite constant C = C(p) > 0.
To derive a similar estimate for A4,, assume that

j € N issuchthat y € B,(x;,A'r)). (4.223)

Then, by (4.216), (4.223), and the fact that B,(x;, Ar;) N E # @, we have

. C . c;
dist, (x, E) < (1 = )dlstp(y, E)<A (1 - )rj. (4.224)
o P
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In turn, (4.224) permits us to deduce that

p(x,x;) < C, max{p(x,y), p(y,x;)} < C, max {e dist,(x, E) , /\’rj}

< C, - max {SA (1—C5C,,) , A/} T
<Ar, (4.225)

where the last inequality is a consequence of the fact that A'C, < A and the way ¢
has been chosen in (4.215). Estimate (4.225) shows that

if j is as in (4.223), then x € B,(x;, Ar;). (4.226)
With (4.226) in hand, a reference to (4.220) then gives
if j is as in (4.223), then p(z, p;) < Cr; whenever z € E is as in (4.219) (4.227)

for some finite C = C(p) > 0. With (4.227) having been proved, the estimate
Ay, < C for some C = C(p) < +oo follows as in the case of A, already treated.
All together, this proves that A, + A, < C = C(p) < 400, which, in combination
with (4.221), shows that [(& f)(x) — (&f)(¥)] < C”f”%'ﬁ(E,p) o(x,y)? under
the hypotheses specified in Subcase I. This bound is of the right order, and this
completes the treatment of Subcase I.

Subcase II: Withthe parametere > 0 asinSubcase I, assumethatx,y € X\ E
are such that p(x,y) > edisty(x, E). Consider a point z € E as in (4.219)
and note that, in the current situation, this forces p(x,z) =< 2dist,(x, E) <
2¢7!p(x, y). Hence, we also have p(y,z) < C, max {p(x, y), p(x,2)} < Cp(x, y).
Consequently,

[(EHX) = (EHW)| = [(ENHX) = (EN@|+ ()@ = (E )
< Clf lgripp P2 + Cllf llgogs,y G 1)
< Cllfllgo g, P 9)P, (4.228)
by what we have established in the first part of the proof (i.e., using (4.213) twice,
once forx € X \ E and z € E and a second time for y € X \ FE and z € E).

In summary, the analysis so far proves that there exists C = C(p) € (0, +00)
with the property that for every f € €#(E, p) we have

(EN) = ENHWN| = Clflgsp,ypx ), VxyeX. (4229

This shows that the operator (4.50) is well defined, linear, and bounded.
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At this stage, it remains to prove that the operator & defined in (4.201) has the
property that

& f is continuous on X whenever f : E — R is continuous. (4.230)

To this end, fix an arbitrary continuous function f : £ — R and note that, by
design, & f is continuous on the open set X \ E (since the sum in (4.201) is locally
finite and the functions ¢; are continuous). It remains to show that & f' is continuous
at any point in £. Furthermore, since (as seen from Theorem 3.46) the topology 74
is metrizable, we may use the sequential characterization of continuity. Fix z € E
and assume that {x,},en i a sequence of points in X that converges to z in the
topology 7q4. Introduce Ny :={n e N: x, € E}and N, :={n e N: x, € X\ E}.
Then, on the one hand,

lim_(£/)(0) = lim_ f(x) = /() 4.231)

Ni3n—00

since f is continuous on E. On the other hand, for each n € N;, much as in (4.213),
we may estimate

(ENE-ENLI= Y 1@ - fr)l (4.232)
W)

Let us also note that the version of (4.212) in the notation currently employed reads
j €Nandx, € By(x;,A'r;) = p(z, p;) < Cp(xy,2) (4.233)

for some finite C = C(p) > 0, independent of n € N,. Fix an arbitrary ¢ > 0 and,
based on the continuity of f at z, pick § > 0 with the property that

| f(z) — f(w)| <& whenever w € E issuchthat p(z,w) <. (4.234)
Since N lim x, = z, it follows that there exists m € N with the property that
29n—>00
p(xy,2) < 8/C foreachn € N, with the property that n > m, (4.235)

where the constant C is as in (4.233). Thus,
(& ) (xn) = (& )2)| < Me, forevery n € N, with n >m, (4.236)

by (4.232)-(4.234) and (4.214). Since ¢ > 0 was arbitrary, it follows from (4.231)
and (4.236) that & f is continuous at z. This completes the justification of (4.230)
and completes the proof of Theorem 4.11. O
We conclude this section by discussing a version of Theorem 4.17 for closed
subsets of geometrically doubling quasimetric spaces that makes critical use of
the tools developed in the first part of this section and is more in line with [113,
Theorem 2, p. 171], dealing with the case of closed subsets of an Euclidean space.
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Theorem 4.23. Suppose that (X, q) is a geometrically doubling quasimetric space
and that E is a nonempty, proper, closed subset of (X, tq). In addition, suppose that
p € qand B € R are such that 0 < B < [log,C,]™". Let

X\E =] By(xj.r)) (4.237)

jeN
be the Whitney decomposition given by Theorem 4.21 of the open, nonempty, proper
subset X \ E of (X, 1q), and denote by (¢;);jen the Whitney partition of unity

associated with the decomposition (4.237) of the open set X \ E (in the manner
described in Comment 4.22). Finally, pick an arbitrary number y € R and define

Apy(x) =) rlgj(x). VxeX\E. (4.238)
jeN
Then the function Ak, : X \ E — [0, +00) satisfies the following properties:
(i) There exist two constants co,c; € (0, 4-00) that depend only on C, and B,y
such that

co [dist,(x, E)]" < Agy(x) < i [disty(x, E)]”, VxeX\E. (4239)

(ii) One has Ag, € (flic (X \ E, p) in the quantitative sense that for every ¢ €
(0, Cp_l) there exists C € (0, +00), depending only on C,, B, y and €, such
that

A —A .
| E’y(:()x’y)ﬂE’y(y)l DX,y € Bp(z,sdlstp(z, E)), x # y}

< C[dist,(z. E)] ", VzeX\E.
(4.240)

Proof. Fix two constants A, A" as in Comment 4.22. To prove (i), observe that based
on properties (2)—(4) from Theorem 4.21 we may write for each x € X \ E that

Apy()= > rlejx) < Y I <Cldist,(x. E)]" (4241
J €N such that J €N such that
XEB,(xj.Arj) XEB,(xj.Arj)

for some finite constant C > 0 depending only on C, and y. In the opposite
direction, for every x € X \ E there exists j, € N such that x € B,(x;,,7},).
Then r;, ~ dist,(x, E) by Theorem 4.21 and ¢;,(x) > 1/C by the last condition
in (4.133). Consequently, since all functions ¢; are nonnegative,

CH disty(x. E)]" <77 /C <1l gj,(x) =Y rlej(x) = Apy(x).  (4242)
jeN
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Now (4.239) follows from (4.241) and (4.242), completing the proof of (i). As
regards (ii), if ¢ € (0, Cp_l) and z € X \ E are fixed, then (4.111), (4.118),
and (4.117) give that

dist,(x, E) ~ dist,(z, E) ~ dist,(y, E),

(4.243)
uniformly for x,y € B,(z e dist,(z, E)),

with the proportionality constants independent of z. Based on this, and on Theo-
rems 4.18 and 4.21, for every x, y € B, (z, e dist,(z, E)) we may write

|Agy(x) = Apy (D] <Dl ]ei(x) — 0 ()]
jeN

< Cp(x, )P Z ry- rj_ﬁ[pr(xj,xr,-)(x) + 15,000 ()]
jeN

e L S S A S o2 LA S

J €N such that J €N such that
XEB,(x;.Arj) YEB,(x;.Arj)
< Cp(x, y)P[dist,(z, E)]" 7, (4.244)

where C € (0, +o00) depends only on C,, B, and e. This concludes the justification
of (4.240) and completes the proof of the theorem. O

4.7 Smoothness Indexes of a Quasimetric Space

The goal here is to introduce some new, natural concepts of lower and upper
smoothness indexes for a quasimetric space (along with some other related notions)
and to highlight the basic role they play in describing the structural richness of
Holder spaces. We indicate how these indexes compare to one another and study
their relationship with Assouad’s convexity index introduced in [10], as well as
with Rolewicz’s modulus of concavity for locally bounded topological vector spaces
from [104].

To get started, assume that X is a fixed set of cardinality >2. For each p € Q(X)
we then define

. p(x,y) )
¢, := inf | su . (4.245)
? wreX (zG)I() max{p(x,z), p(z, y)}

Recall the constant C, introduced earlier in (4.2). It is then readily seen from
definitions that
VopeQX) = ¢, €[1,C], (4.246)
p ultrametricon X = ¢, = 1, (4.247)
VpeQX), VBe (0 +00) = ¢, = (c,). (4.248)
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Let us point out that, in general, it may happen that p € Q(X) is such that ¢, < Cy;
see the discussion in Comment 4.29 below. To make the relationship between ¢, and
C, more transparent, we introduce the following definition.

Definition 4.24. Let X be a given set of cardinality >2. For each p € Q(X) define
pmia(¥, ) = inf(max{p(x,2), p(z.y)}),  Vx.yEX, (4.249)

and refer to the function pyiq : X x X — [0, +00) defined as in (4.249) as the
midpoint version of the quasidistance p.

The terminology introduced in this definition is suggested by formula (4.250) below.
Proposition 4.25. Let X be a given set of cardinality >2, and assume that p €
$(X). Then the midpoint version of the quasidistance p satisfies

Pmid(X,y) = inf{r >0: By(x,r) N By(y.r) # ﬁ}, Vx,yeX, (4.250)
and

(P"mia = (pma)'. ¥ B € (0. +00). (4.251)

Also, pmia € Q(X) and pmia ~ p. More precisely, with c, and C, as in (4.245)
and (4.2), respectively, there holds

PEY) e VxyeXwithx £y, (4.252)

" pmia(x,y) = °

and the constants involved are optimal in this context, in the sense that

¢, = inf (M) and C,= sup (p(x—y)) (4.253)
©r€X \ Pmid (X, ) vex \ Pmid (X, Y)
X7y Xy
Proof. All claims are straightforward consequences of definitions. O

Definition 4.26. The upper smoothness index of a given quasimetric space
(X, q) is defined as

Ind (X. q) := inf {[log,c,] ™" : p € q} € [0, 400, (4.254)

where, for every p € Q(X), the constant ¢, was introduced in (4.245). In addition,
define the lower smoothness index of (X, q) by setting

ind (X. q) := sup {[log,C,] " : p € q} € (0. +00], (4.255)

where, for every p € Q(X), the constant C, was introduced in (4.2).
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Finally, if X is an arbitrary set of cardinality > 2 and p € Q(X), then abbreviate
Ind (X, p) := Ind (X, [p]) and ind (X, p) := ind (X, [p]).

Some elementary properties of the upper and lower smoothness indexes are recorded
next.

Proposition 4.27. For any set X (of cardinality > 2)

p ultrametric on X = ind (X, p) = 400, (4.256)
p distance on X —> ind (X, p) > 1, (4.257)
X finite and p € Q(X) = ind (X, p) = +o0. (4.258)

Furthermore, for each quasidistance p € Q(X) and any o € (0, +00) one has
ind (X, p%) = éind (X, p) and Ind (X, p%) = élnd (X, p), (4.259)
and the following bounds hold:
[logch]_1 <ind (X, p), Ind (X, p) < [logch]_l. (4.260)

Moreover, given a quasimetric space structure ¢ on X, one has Ind (X, q) =
+oo if and only if for every p € q there exist two sequences {x;}jen,{y;}jen € X
such that x; # y; foreach j € N and

p(x;,y;)

sup Nl as j— 4o0. (4.261)
.ex max{p(x;,2),p(z, y;)}

Consequently, given p € Q(X), one has

Ind (X, p) = 400 if Ix«, ¥y« € X suchthat inf p(x,y) = p(x«, yx) > 0.
x,y€X

not equal

(4.262)
In particular,

X finite and p € Q(X) = Ind (X, p) = +o0. (4.263)

Proof. These are all more or less straightforward consequences of definitions
(for (4.262), note that (4.261) is satisfied with x; := x4 and y; := y, for each
j €N). O

Proposition 4.28. Let N € N be fixed and assume that (X;,p;), 1 <i < N, are
quasimetric spaces. Define X := X x---x Xy and consider p : X x X — [0, +00)
given by

p(x,y) = 112a<)§vpi(xi,yi) forall x = (x1,...,xy),y = (V1,...,Yn) € X.
o (4.264)
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Then p € Q(X) and
ind (X, p) = lminN ind (X;, pi). (4.265)
<i<

Proof. The fact that p € Q(X) is clear from definitions. Let us also note that
whenever p € Q(X) is related to p; € Q(X;), 1 <i < N, as in (4.264), then

C, = max C,. (4.266)
1<i<N
To see why this is the case, set Cy 1= 1m‘a)§v C,, and note that for every x,y,z € X
<i<
withx = (x1,...,xnv),y = (J1,...,¥yn),and z = (21, ..., zy) We have

p(x,y) = max p;i(x;,y;) < max Cp max{p;(x;i,z),pi (Vi zi)}
1<i<N 1<i<N

IA

Cx max max{p;(x;,z), pi (Vi,zi)}
1<i<N
= Cy rnaX{lISI}aS%V pf(xi,zf),lgagv pi(y,-,zi)}

= Cymax{p(x,2). p(z. y)}. (4.267)

Thus, on the one hand, C;, < Cx. On the other hand, if i, € {1,..., N} is a fixed,
arbitrary number and if w = (wy,...,wy) € X is a fixed point, then for every
Xi,» Viy» Zi, € Xi, we have

Pi, (Xiy ¥i,) = p(W1e - Wiyt Xy Wit o W)y (WE e Wiy 1 Vi Wiy 1 - o W)
< Cpmax{p((wl,...,wio_l,xio,wig+1,...,wN),(wl,...,wig_l,ziu,wi0+1,...,WN)),
,o((wl,...,wiu_l,zig,wi0+1,...,WN),(wl,...,wio_l,yio,wig+1,...,wN))}

= C, max{p;, (xi,,z,): pi, Zi,» Vi,)}» (4.268)

which proves that C, < C,. As aresult, Cx = max C, =< C,, and (4.266)

I<i<N

follows. In turn, (4.266) entails

_ _ -1 , _
(log, ) = (log, Cx) ‘= (1222(1\/(10:‘%2 Cpi)) = 12,1-15111\/(10‘%2 Cp,) 1

(4.269)
After these preparations, we are ready to tackle (4.265). Specifically, for each
number i € {l,..., N}, consider a sequence ,5;”) € Q(X;), n € N, such that
ﬁf") ~ p;,n € N, and

(log, Cﬁ@)_l —ind (X, p;)  as n — oo. (4.270)
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Fix n € N and define
5™ = 5" (xi, i 4.271
P (x,y) == max p;(xi, i) (4.271)
1<i<N

forevery x = (x1,...,xy5), ¥y = (y1,...,yn) € X. Then, as noted before, we have
p" € Q(X), p" ~ p and, by the reasoning that lead to (4.269),

(log, Cym) ™' = min (log, Con) . (4.272)

Hence, we may write, based on (4.255), (4.272), (4.270), and the continuity of the
minimum function, that

ind (X, p) > (log, Cym) ™" (4.273)

. -1 ..
= min (log, C.. — min ind(X;,p;) as n — oo.
15:’51\/( & p;")) 1<i<N (Xi, pi)

Thus, ind(X,p) > minj<;<yind(X;,p;), and to complete the proof of the
proposition there remains to establish the opposite inequality. To this end, pick a
sequence p™ € Q(X), n € N, with the property that

o™ ~ p foreach n € N, and (log2 Cpm))_1 — ind(X,p) as n — oo.

(4.274)
To proceed, fix an arbitrary point w = (wy,...,wy) € X. Then, if foreachn € N
andi € {1,..., N} we define
P;n)(xiy}’i) t=p (W Wi X Wit W)L (WL Wiels Vis Wit 1o WN))
(4.275)

for every x;,y; € X;, then it follows from (4.275) and the fact that p™ ~ p that

pf") € Q(X;) and pf") ~ p; foreachn € Nandi € {1,..., N}. Moreover, as a

direct consequence of (4.275), we also have that

Cp(n) < Cp(n), foreachn € Nandeachi € {1,...,N}. 4.276)
In turn, this implies that for eachn € Nand eachi € {1,..., N} we have
. -1 —1
ind (X;, p;) = (log; C )~ = (log, Cpm) (4.277)

In concert, (4.277) and (4.274) imply that

min ind (X;, p;) > (10g2 Cp(n))_l —> ind(X,p) as n — oo. (4.278)
1<i<N
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This shows that min;<;<y ind (X;, p;) > ind (X, p), completing the proof of the
proposition. O

Comment 4.29. Recall from (4.260) that, by design, for any p € Q(X) we have
the lower bound ind (X, p) > [log,C,]~'. However, as a simple example shows,
it may be the case that p € £(X) is such that ind (X, p) is substantially larger
than [log,C,]~". To see this, for each fixed parameter A > 0, consider the case when
X = {x1, x2, x3} equipped with the quasidistance p) : X x X — [0, +00) given by

pa (X1, X2) 1= pa(x2,x1) == A,

X1,X3) i= X3,Xx1) =1,
pa(x1, x3) := pa(x3, x1) 4.279)

o1 (x2, x3) := pp(x3,x2) =1,

pa(x1, x1) := pa(x2, x2) := pa(x3,x3) := 0.

Hence, corresponding to A = 1, p; is the discrete metric on X, i.e., p1(x;, xx) =
1 =38k for j,k € {1,2,3} (where § ;; denotes the usual Kronecker symbol). Then,
on the one hand, p) & p; for every A > 0, which, in light of (4.256), gives that for
each A > 0 one has ind (X, py) = ind (X, p1) = +00. On the other hand, if A > 1,
then C,, = A, and, hence, [log,C,,]"! — 0 as A — +oc. In the same setting,
it may be verified that ¢, = 1 whenever the quasidistance p € (X)) is such that
p ~ p,. Note that this entails ¢,, < C,, whenA > 1. |

The upper smoothness index is explicitly computed below in the case where the
ambient set is a union of two disjoint, nonadjacent intervals on the real line. In this
scenario, the aforementioned index turns out to be +o00. This should be contrasted
with the fact that the upper smoothness index of an interval on the real line is 1
(as proved later, in (4.302)) and goes to show that the upper smoothness index is
sensitive to the presence of “holes” in the ambient set.

Comment 4.30. Assume thata, b, ¢, d are four real numbers with the property that
a < b < ¢ < d.Consider the set X := [a,b] U [c,d] € R, equipped with the
distance p(x, y) := |x — y| for each x, y € X. Taking x; := b and y; := c for
each j € N, a straightforward calculation shows thats

sup X)) -1, VjeN (4.280)
cex max{p(x;,z),p(z y;)}
Hence, condition (4.261) is satisfied and, as such,
Ind ([a,b] U [c.d],|-—-|) = +o0. (4.281)
Moreover, a similar reasoning yields
Ind ((a.b) U (¢, d),|-—-|) = +oo0, (4.282)

this time verifying (4.261) by taking x; /" band y; \  c as j — oo. |
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Comment 4.31. We claim that if C3 denotes the Cantor ternary set obtained by
repeatedly deleting the open middle thirds of a collection of line segments, starting
with [0, 1], then

ind(Cs.|-—-|) = +oo. (4.283)

To justify this claim, it is convenient to use the following analytic description of the
Cantor ternary set:

o0
C3:=3x¢€l0,1]: x= Z 3 where x; € {0,2} foreachi € Ny . (4.284)

i=1

That is, C; consists of numbers from [0, 1] whose digital writing in base 3 uses
only 0s and 2s. Given two such numbers, say x = 72, 3t and y = Y 72, 3,
define the quantity L(x,y) := inf{i € N : x; # y;}, with the understanding that

inf@ := +o00, and set
d(x,y) = 37LxD), (4.285)

Since L(x,y) > min{L(x,z), L(z, y)} forevery x, y, z € Cs, it follows that d is an
ultrametric on Cs. Furthermore, for any x = Z?il ;‘—; and y = Zil g—; in Cz we
have

e oo
Xi—Vi __ 2 Xi—Vi
x—y= ) Hr=dgmg e+ ) G (4.286)
i=L(x.y) i=L(x.y)+1
with
00 00
i—Yi 2 1
Y s Y F=wm (4.287)
i=L(x,y)+1 i=L(x,y)+1

In concert, (4.286) and (4.287) then prove that
d(x,y) =371 < |x — y| <3'7L6) =34(x,y),  Vx,yeCs (4.288)

This shows that, when restricted to Cs, the standard distance on the real line is
equivalent to the ultrametric d defined in (4.285). In turn, this and (4.256) allow us
to conclude that (4.283) holds. |

In particular, (4.283) shows that, as opposed to, say, the case of ([O, 1,]-—- |),
where any Holder function of order > 1 is constant, there are plenty of Holder
functions of any order on (Cs, | - — - |).

Definition 4.32. Given two arbitrary quasimetric spaces (X;,q;), j = 0,1, a
mapping @ : (Xo,qo) — (Xi,qq) is called bi-Lipschitz provided for some
(hence, any) p; € q;, j = 0,1, one has p;(P(x), D(y)) ~ po(x,y), uniformly for
x,y € Xp.
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Of course, in the context of this definition, the specific choice of the quasidis-
tances p; € q;, j = 0,1, used to define the notion of bi-Lipschitzianity is
immaterial. In particular, being bi-Lipschitz is a quality that intrinsically depends
only on the quasimetric space structures of the spaces involved. Let us also note
that, given a set X and py, p; € Q(X), we have

Po ~ p1 <= identity : (X, pp) —> (X, p1) is bi-Lipschitz. (4.289)

This explains why the terminology “py is bi-Lipschitz equivalent to p;” is sometimes
used (cf., e.g., [59]) to signify that, in our sense, py & p;.

Our next result shows (among other things) that the lower smoothness index is
invariant under bi-Lipschitz homeomorphisms.

Proposition 4.33. If (X;.q;), j = 0.1, are quasimetric spaces for which there is
a bi-Lipschitz mapping ® : (Xo,qo) — (X1, q1), then ind (X, qo) > ind (X1, qi).
Consequently, if two quasimetric spaces are bi-Lipschitz homeomorphic, then they
have the same lower smoothness index.

As a corollary, if (X, p) is a quasimetric space and Y < X has cardinality > 2,
then ind (Y, p) > ind (X, p).

Proof. For every p € q; define p : Xy x Xo — [0, +00) by setting p(x, y) :=
p(D(x), D(y)) for each x,y € Xj. The fact that @ is bi-Lipschitz implies that
P € qo. Also, by design, C; < C,. Hence,

ind (Xo. qo) = ind (Xo. p) > [log,C;]™" > [log,C,] ™" (4.290)

Taking the supremum over all p € q; then yields ind (X, q9) > ind (X1, q).

To prove the last claim in the statement of the proposition, observe that the
canonical inclusion map ¢ : (Y,p) < (X,p) is bi-Lipschitz. Consequently,
ind (Y, p) > ind (X, p) by what we have proved in the first part. O

We continue by discussing how the upper and lower smoothness indexes are
related. As a preamble, we first establish the following characterization of the lower
smoothness index.

Proposition 4.34. If X is an arbitrary set of cardinality > 2, then for every
quasidistance p € Q(X) one has

ind (X, p) = sup {[log,Cy]™" : p" € [o]}
—1

(Bp)(x,y)
= su lo su . (4.291)
iy gz(x.y{fi’xl T @), O]
< in =<sup b < +00 not all equal

Proof. The first equality in (4.291) is just a rewriting of the definition (4.255). Also,
the fact that the first supremum in (4.291) is dominated by the second supremum
in (4.291) follows from conclusion (i) of Remark 3.16. Consider next a function
0 : X x X — R with the property that 0 < inf 8 < sup 6 < +o0 and set p’ := Op.
Then, by conclusion (6) in Theorem 3.46, (0')sym is a quasidistance on X with
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C(o')ym = Cy . Also, by conclusion (3) in Theorem 3.46, we have (0)sym ~ p" ~ p.
Consequently, ind (X, p) > [log,Cy]™!, which proves that the second supremum
in (4.291) is majorized by ind (X, p). The desired conclusion follows. O

Here is the theorem alluded to previously; it asserts that, for any quasimetric
space, the lower smoothness index is less than or equal to the upper smoothness
index.

Theorem 4.35. For any quasimetric space (X, q) one has ind (X, q) < Ind (X, q).

Proof. Fix some p € q and consider a function 6 : X x X — R with the property
that 0 < inf 6 < sup 6 < +oo. Thus, if we set M := sup{f(x,y) : x,y €
X, x # y}, then it follows that 0 < M < +oo. Fix an arbitrary ¢ € (0, 1) and
select x,, y. € X such that x, # y, and 6(x,, y;) > M — . Use the definition of ¢,
from (4.245) to conclude that there exists some z, € X for which

p(Xe, Ye) c
max{p(Xe, ze), p(2es Ye)} "

—e. (4.292)

In the case when z. # Xx., zz2 # Ve, we have 0 < 0O(x.,z.) < M and
0 < 6(ze, ye) < M, which, together with the previous observations, allow us to
estimate

(0p)(xe, ye) - (M —&)p(xe, ye)
max {(0p)(x¢, 2¢), (0p)(ze, Ye)} M max{p(x,,z:), p(ze, Ve )}
> (1 - %)(cp —¢). (4.293)
This implies that
(0p)(xe, ye) &

>(1——)(c,—¢ (4.294)

max {(0p) (xz. 2:), (0p) (ze, ye)} ( M) pm®)
whenever z. ¢ {x.,y.}. However, in the case when z. = X, or zz = Y,

estimate (4.294) follows directly from (4.292). Thus, (4.294) holds in all cases and
we may conclude, based on it, that

sup (Op)(x, y) _
cpeex max {(0p)(x.2). (0p) (v.2)} ~

not all equal

(4.295)

Hence, since 6 was arbitrarily chosen from among the class of functions with the
specified properties, it follows from (4.295) that

-1

“w o (Su (Op)(x,y) )
e | max{(8p) (x.2). (0p) (1. 2)}

O<inf §<sup # < +o00 not all equal

= [Ingcp]_l .

(4.296)



4.7 Smoothness Indexes of a Quasimetric Space 205

Having established this, Proposition 4.34 then gives ind (X, p) < [log,¢,] !, which
further yields ind (X, p) < Ind (X, p) after taking the infimum over all p € q. O

An equivalent way of expressing the conclusion in Theorem 4.35 is to say that
cp < Cp, forall py,ps € q. (4.297)

In particular, one always has Ind (X,q) > 0. Also, it follows from (4.256) and
(4.257) and Theorem 4.35 that for any set X we have

p ultrametricon X = Ind (X, p) = +o0, (4.298)
p distance on X = Ind (X, p) > 1. (4.299)

Other significant consequences are discussed in the following corollary.

Corollary 4.36. If (X, q) is a quasimetric space with the property that there exists
p € q such that

1 1
Vx,yeX 3ze X with p(x,z) < Ep(x,y) and p(z,y) < E,o(x,y),

(4.300)

then Ind (X, q) < 1. In particular, if (X, || - ||) is a normed vector space and if q
stands for the quasimetric space structure induced by the norm || - ||, then

ind(Y,q) = Ind(Y,q) = 1

(4.301)
for any convex subset Y of X of cardinality > 2.
As a consequence, for any n € N one has
ind(R",|-—-)) =Ind(R",|-—-]) =1,
. (4.302)
ll’ld([O, 1]’17 | T I) = Ind([ov 1]’1’ I T |) =1,

where | - | denotes the standard Euclidean norm in R".

Proof. If p € qsatisfies (4.300), then ppig < % p. In concert with (4.253), this forces
¢p > 2; hence, further, Ind (X, q) < 1. This proves the first claim in the statement
of the corollary. Note that, when used together with Theorem 4.35, this gives that
ind (X,q) < Ind(X,q) < 1. Next, if ¥ is a convex subset of a normed vector

space (X, || - ||), then for any x,y € Y we have % € Y and |x — (%)” =
ly — (X;y)H = 1|lx — y|l. This shows that, if q denotes the quasimetric space

structure induced by the norm, then Ind (X,q) < 1 by what we have proved so
far. When combined with Theorem 4.35 and (4.257), this shows that ind (X, q) =
Ind (X, q) = 1, as claimed. Finally, (4.302) is an obvious consequence of the more
general situation considered earlier in the proof. O
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Corollary 4.37. Let (X, || - ||) be a normed vector space, and assume that Y < X
contains a convex subset Z of cardinality > 2. Then, if q is the quasimetric space
structure induced by the norm || - || on Y, then one has

ind (Y, q) = 1. (4.303)

Proof. On the one hand, from the last part of Proposition 4.33 and (4.301) we see
that ind (Y, q) < ind (Z, q) = 1. On the other hand, since d(x, y) := ||x — y|| for
each x,y € X is a distance, we have ind (Y,q) = ind (Y,d) > 1 by (4.257), and
the desired conclusion follows. O

Comment 4.38. Let a,b,c,d be four real numbers with the property that
a < b < ¢ < d. Then, on the one hand, it was shown in (4.281) that
Ind ([a,b] U [c,d], |- —-|) = +o0. On the other hand, Corollary 4.37 gives that

ind ([a,b] U [e,d],| - —-|) = L. (4.304)

This shows that the inequality ind (X, q) < Ind (X, q) proved in Theorem 4.35 for
any quasimetric space (X, q) can be strict. |

The next definition is a natural adaptation of a similar concept introduced by
David and Semmes (cf. [38]) in the setting of metric spaces.

Definition 4.39. Call a quasimetric space (X, q) uniformly disconnected
if one can find p € q and ¢, > 0 with the following significance. For no pair
of distinct points x,y € X does there exist a finite chain, z;,...,zy € X, such
that z; = x and zy = y, with the property that p(z;,zi+1) < &,p(x,y) for all
ie{l,....N—1}.

For example, when equipped with the metric space structure induced by the
standard metric space structure on the real line, the Cantor ternary set is uniformly
disconnected, whereas the set {n~! : n € N} is not.

The equivalence in the theorem below generalizes [38, Proposition 15.7, p. 161],
which deals with metric spaces.

Theorem 4.40. For any quasimetric space (X, q) one has
(X, q) is uniformly disconnected <=> q contains an ultrametric
= ind (X,q) = +o0

= Ind (X, q) = +cc. (4.305)

Proof. 1f (X, q) is uniformly disconnected, then, from Definition 4.39, we deduce
that there exist p € q and ¢, > 0 with the property that if x, y € X are any two
distinct points, then
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VYzi,...,zv € X suchthat x; = xandzy = y

4.306
— max 1p(Zi,Zi+l) > £,p(X, y). ( )

1<i<N-—

To proceed, recall the function ps : X X X — [0, 400) from (3.495) and note
that (4.306) entails

£op(X, ) = poo(X, ), Vx,y€X. (4.307)

Based on this, (3.498), and (3.512), we deduce that p is an ultrametric on X.
Furthermore, from (3.496) and (4.307) we also deduce that g,p < pss < p, SO
P X poo. Hence, ultimately, po € q. Conversely, if p € q is an ultrametric, then for
any x,y € X and any z;,...,zy € X such that x; = x, zy = Y, it follows that

p(x,y) = max p(zi,zi+1)- (4.308)
1<i<N-—1

This shows that the conditions stipulated in Definition 4.39 hold if, e.g., we take
& := 1. Thus, (X, q) is uniformly disconnected, completing the proof of the
first equivalence in (4.305). Next, the fact that q contains an ultrametric implies
ind(X,q) = oo is contained in (4.256). Also, ind(X,q) = oo forces
Ind (X, q) = 400 by Theorem 4.35. This completes the proof of the theorem. O

By an embedding we will understand a mapping between two topological
spaces that is a homeomorphism onto its image.

Corollary 4.41. If the interval [0, 1] may be bi-Lipschitzly embedded into the
quasimetric space (X, q), then ind (X,q) < 1.

Also, if (X, q) is a quasimetric space with the property that ind (X, q) < 1, then
(X, q) cannot be bi-Lipschitzly embedded into some R", n € N.

Proof. Both claims in the statement of the corollary are consequences of the last
part of Proposition 4.33 and (4.302). O

Moving on, we recall the notion of convexity index (!’indice de convexité)
introduced by Assouad in [10, Définition 3, p. 732].

Definition 4.42. Assouad’s convexity index of a quasimetric space (X, q) is
defined as

Cv(X,q) :=inf{p € (0,+00) : Ip € q such that

p'/? is equivalent to a distance on X } (4.309)

Also, if X is a setand p € Q(X), then set Cv (X, p) := Cv (X, [p]).

Our next result is the following theorem asserting that, for any quasimetric space,
our lower smoothness index coincides with the reciprocal of Assouad’s convexity
index.
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Theorem 4.43. For any quasimetric space (X, q) one has

ind (X, q) = (4.310)

1
Cv(X.q)'

Proof. Let p € (0, +00) be such that there exists p € q and a distance d on X with
the property that p!/? ~ d. It follows that d” € q and Cy» = (Cy)? < 27 since
Cy < 2 given that d is a distance. This proves that ind (X, q) > [log,Cyr]™! > 1/p
hence, ultimately, ind (X, q) > [Cv (X, q)]"!. In the opposite direction, pick p € q
and assume that 0 < B < [log,C,]™". Then part (12) in Theorem 3.46 shows
that there exists a distance d on X with the property that d'/# € q. In turn, after
unraveling definitions, this condition readily implies 1/8 > Cv (X, q). This forces
[log,C,]™!' < [Cv(X,q)]™", hence ind (X,q) < [Cv(X,q)]"'. All in all, (4.310)
follows. O

Given a metric space (X,d) and a number ¢ € (0, 1), call the metric space
(X,d?) the e-snowf laked version of (X, d). This terminology is suggested
by the fact that for each ¢ € (%, 1) the quasimetric space (R, |- — - |¥) admits a
bi-Lipschitz embedding into R? whose image is reminiscent of the boundary of a
domain depicting a snowflake (recall that an embedding is a mapping between two
topological spaces that is a homeomorphism onto its image).

Corollary 4.44. A quasimetric space is bi-Lipschitz homeomorphic to a snowflaked
version of a metric space if and only if its lower smoothness index is > 1.

Proof. Assume the quasimetric space (X, q) and the metric space (Y,d) are
such that there exists ¢ € (0,1) with the property that (X,q) and (Y,d?)
are bi-Lipschitz homeomorphic. Then Proposition 4.33 gives that ind (X,q) =
ind (Y,d®) > ¢!, where the last inequality follows from (4.255), after observing
that Cye = (Cy)® < 2°. This proves the right-pointing implication in the statement
of the corollary. As regards the opposite implication, note that if (X,q) is a
quasimetric space satisfying ind (X,q) > 1, then, by Theorem 4.43, we have
Cv(X,q) < 1. Hence, upon recalling (4.309), it follows that there exist p € q,
p € (0,1), and a distance d on X with the property that p'/? ~ d. Thus, the
identity mapping is a bi-Lipschitz homeomorphism of (X, q) onto the snowflaked
version (X, d?) of the metric space (X, d). O

Our next theorem contains an intrinsic description of the lower smoothness index
of a quasimetric space.

Theorem 4.45. Assume that X is an arbitrary set and that p € Q(X). Denote by
P (X, p) the infimum of all numbers p € (0, +00) for which the following condition
is satisfied: there exists c, > 0 such that for each x,y € X one has

N P
inf (Z p(zi,z;+1)1/"> > ¢, p(x.y), (4.311)

i=1
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where the infimum is taken over all N € N and all z1,...,zy+1 € X withz; = x
and zy+1 = y. Then
1
ind (X, p) = . (4.312)
P(X,p)

Proof. Thanks to (4.310), it suffices to show that P(X, p) = Cv (X, p). To this end,
assume first that p € (0, +00) is such that there exists p’ € Q(X) satisfying p’ ~ p
and such that (p)!/? is equivalent to a distance d on X . Then one can find a constant
¢ € [1, +00) with the property that

(e, VP <d(x,y) <ep(x,y)P, Vx,yeX. (4.313)

In turn, given two arbitrary points x, y € X, forany N € Nand any z;,...,2y+1 €
X with z; = x, zy+1 = ¥, (4.313) allows us to estimate

N P N P
(Z P(Zi,Zi+1)l/p) >’ (Z d(Zi,Zi+1)) > c7Pd(x, y)" = ¢ p(x, y).
i=1 i=l1

(4.314)

This proves that (4.311) holds, with ¢, := ¢72P > 0, for each x, y € X. Hence,
based on this, (4.309), and definitions, we obtain that Cv(X, p) > P(X,p). To
establish the opposite inequality, suppose that p € (0,4o00) is such that there
exists ¢, > 0 with the property that (4.311) holds for each x,y € X. Using
notation introduced in (3.494), the latter condition amounts to having p1/,(x, y) >
cp p(x,y)forall x,y € X. Since, by (3.496), we always have p;/,(x,y) < p(x,y)
for all x, y € X, we arrive at the conclusion that

pi/p R P. 4.315)

In particular, (pi/,)"'({0}) = diag(X). In turn, in combination with (3.512)
and (3.497), this implies that (poy, p)l/ ? is a distance on X. Consequently, from the
definitions of Cv(X, p) and P (X, p) we obtain Cv(X, p) < P(X, p). This completes
the proof of the theorem. O

Corollary 4.46. For any quasimetric space (X, p) one has

e\ p(xy)

ind (X, p) = sup{a € (0,4o00) : inf (M) > O}
not equal
=sup{a € (0,400) : py ~ p}. (4.316)
where p, is defined as in (3.494). Moreover,
the set {ot € (0,400) : py ~ p} is either

(4.317)
the interval (0, ind (X, p)) or the interval (0, ind (X, p)].
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In particular,
pPu X p foreacha € (O,ind (X,,o)). (4.318)

Proof. The first equality in (4.316) follows upon observing that, by (4.311)
and (4.312),

ind (X, p) = sup {% : p € (0, 4o00) such that p;;, > ¢, p, for some ¢, > 0}.
(4.319)
In turn, the second equality in (4.316) follows from the first equality in (4.316) and
the last formula in (3.103). Finally, the claim in (4.317) is a consequence of the first
equality in (4.316) and the first formula in (3.103), whereas the claim in (4.318)
readily follows from (4.317). O

Comment 4.47. It is instructive to note that
ind (LP(R), -—- ||L!’(]R)) =min{l, p} forany p € (0, +o0] (4.320)

and that the supremum that defines the index on the left-hand side (cf. the general
definition in (4.255)) is attained. To see that this is the case, consider first the

situation where p € (0, 1]. In this scenario, we have ind (LP(R), [l -—- ||LP(R)) = p,

and if we set p(f. g) := ||/ — gllLrw) forevery f, g € L?(R), then (log, C,)~! =
p- Indeed, all these claims follow from the discussion just after the statement of
Theorem 3.27 and Corollary 4.46. The claim for the case p € [1, +o0] follows
from (4.301) and the fact that, this time, (log, C,)~' = 1. Of course, similar
properties hold for the sequence space €7, if p € (0, +00]. |

The characterization of the lower smoothness index established in Corollary 4.46
suggests making the following definition.

Definition 4.48. Given a quasimetric space (X, p), set

indo(X, p) 1= inf{ae(0,+oo): Vx,yeX and Ve>0 F&,....6n+1 € X

N
such that & = x, éy4+1 = y and Zp(éi,§i+1)“ < 8}, (4.321)

i=1
with the agreement that inf @ := +o0.

Hence, if (X,p) is an arbitrary quasimetric space and if p, is defined as
in (3.494), then

indo(X, p) = inf {o € (0,400) : po =0o0n X x X}. (4.322)

In concert with Lemma 3.14 [which guarantees that p ~ o’ = p, & p/, for any
p,p € Q(X) and ¢ € (0, +0o0]], it follows that we may unambiguously define
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indy (X, [p]) := indo(X, p), VpeX). (4.323)

Let us also point out here that, together with the formula proved in part (9) of
Lemma 3.14, (4.322) also makes it clear that

indy(X, p¥) = 7 indo(X, p), VB € (0, +00). (4.324)

Remark 4.49. Let a,b,c,d be four real numbers with the property thata < b <
¢ < d. Then it follows from Definition 4.48 (cf. the convention in the last part of its
statement) that

indy([a,b] U [c.d].|-—-|) = +oo. (4.325)

Let us also note here that while for any quasimetric space (X, p) we have p, ~ p
for any o € (0,ind (X, p)) and p, = 0 for any & € (indo(X. p), +-00], in the case
when X = [a,b] U [c,d] and p = | - — - | the a-regularization p, of p becomes
degenerate without vanishing identically when o belongs to the “transition” interval
(ind (X, p),indy(X, p)). Indeed, as may be readily seen from definitions, in this
situation for each @ € (1, +00) (recall that ind ([a, blUlc,d],|-—- |) = 1), we have

0, ifx,ye€la,bl,orx,y €][c,d],
poc(st) = .
c—b, ifxela,blandy € c,d],ory € [a,b]and x € [c,d].

(4.326)

In what follows, we estimate the index introduced in Definition 4.48 for a Jordan
curve (i.e., a non-self-intersecting continuous loop in the Euclidean space) equipped
with the standard Euclidean distance.

Proposition 4.50. Let a,b € R, a < b, and assume that f : [a,b] — R" is a
continuous injective function. Then, if ¥ 1= f([a, b]) C R”, it follows that

1 <ind(Z,|-—-]) <n. (4.327)

Proof. The first inequality in (4.327) is a direct consequence of the last part of
Proposition 4.33 and (4.302). As far as the second inequality in (4.327) is concerned,
according to (4.321) it suffices to show that for each #y,#; € [a, b] with ty < t; and
any ¢ > 0 there exist points &, ...,Exvy1 € [a, b] with the property that tp = & <

N
§ < <éy <énvy1 =nand 3 [f(E)— fEir)" < e Whenty = 0and

t; = 1, this is a deep result of Belsiclovitch and Schoenberg (cf. [17, Theorem 3,
p. 115]) in the two-dimensional setting (i.e., when n = 2), which was subsequently
extended to arbitrary space dimensions by Katznelson (cf. the discussion in [11,
Sect.4.13, p.447]). Of course, this result holds, via an affine rescaling, for arbitrary
to,t1 € [a,b] with ty < t1, and the desired conclusion follows. O
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Definition 4.51. Let (X, p) be a quasimetric space. Given any N € N, for each
X,y € X define

oy (x,y) = inf{r >0:3&,...,Ev+1 € X such that

£&1=x, éy+1 = yand max p(§,&+1) < V}- (4.328)
1<i<N

Proposition 4.52. Given a quasimetric space (X, p) and N € N, one has pn) €
(X)) and

Cpl_N,O <SPy S PN=1) == P2) = Pmida S pay =p on X xX, (4.329)

where pmiq is as in (4.250). In particular,

pNy ~p, YNeN (4.330)

Proof. All the claims in the statement of the proposition are direct consequences of
definitions. O

Definition 4.53. Let (X, p) be a quasimetric space. For each N € N consider

Ny . p(x,y) Nt
v %I'%(P(m(x,y)) L6l (4.33D)

then define

Indo(X, p) 1= inf{(logN <) N eNwith N = 2,and o € [p]}. 4.332)

Our next result may be regarded as a refinement of the inequality established
earlier in Theorem 4.35.

Theorem 4.54. For any quasimetric space (X, p) there holds
ind (X, p) < indg(X, p) < Indo(X, p) < Ind (X, p). (4.333)
Furthermore,

the set {a €(0,+00): py =00n X x X} is either
(4.334)
the interval (indO(X . 0), +oo) or the interval [indO(X . 0), +oo).

Consequently,

pe =00n X xX foreachoa € R witha > indy(X, p) (4.335)
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and, as a corollary of (4.335) and (4.333),

pa =00n X xX foreacha € R witha > Indy(X, p). (4.336)

Proof. Consider first the middle inequality in (4.333). If Indy (X, p) = +o0, then
there is nothing to prove, so assume that Indy(X, p) < +4o0. To proceed, suppose
that § € R is such that 8 > Indy(X, p). Then (cf. (4.332)) there exist N € N with
N > 2 and p’ € [p] with the property that 8 > (logz\,c[()fv))_1 € [0, +00). Hence,
NVE < c/()fv) , which means that we can select y € (0, 8) with the property that
N7 < {7 Based on this, (4.331), and (4.328), it follows that if k := N~!/7, then

v (x, e X x X \diag(X) 3dE&,..., € X distinct such that
(x,y) \ diag (X) &1 Enti 4.337)

Ei=x, Evy1 =y and maxi<i<n p'(§, Eiv1) S kp'(x, ).

Consider now an arbitrary pair of distinct points in X, say x,y € X with x # y.
For each number M € N, making repeated use of (4.337) we obtain a family of
points {z; € X : 1 <i < NM + 1} satisfying

a=x, zymyr =y and o (z.zi41) <«kMp'(x,y) if 1<i <NM. (4.338)
Next, using (4.338) and the fact that p’ &~ p, we may write

NM NM
Y _orGa) =CY P @) = Cole )P (NKDM. (4.339)

i=1 i=1

Note that the fact that 0 < y < B forces Nk = N'=#/v € (0,1) and, hence,
(NkPYM — 0 as M — +oo. Thus, B is a participant in the infimum process
described in (4.321) and, as such, we necessarily have 8 > indo(X, p). Given that
this happens for each 8 € R satisfying 8 > Indy (X, p), we conclude that the middle
inequality in (4.333) holds.

Moving on, using the fact that c/()%) = ¢y for any p’ € Q(X) [which is seen
by comparing (4.253) with (4.331)], we deduce from (4.254) and (4.332) that
the last inequality in (4.333) is valid. Next, the first formula in (3.103), together
with (4.322), readily yields the claim in (4.334), which in turn proves (4.335).
Finally, the first inequality in (4.333) follows from (4.335) and (4.317). O

Remark 4.55. Let (X, q) be a quasimetric space with ind (X,q) = Ind(X,q) <
+400. Then, if ¢y € (0, +00) denotes the common value of these indexes, it follows
from Corollary 4.46 and Theorem 4.54 that, for each p € q,

po ~ pforeach o € (0,ay) and p, = 0 foreach o € (ax, +00), (4.340)

where p, is defined as in (3.494).

The following comment complements the analysis in Comment 4.47.
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Comment 4.56. For any p € (0, 400) one has
indO(L”(R), [ -—- ||LP(R)) = min {1, p}. (4.341)

Indeed, granted (4.320), (4.333), (4.301), and (4.322), it suffices to show that if
p €(0,1)and p(f,g) == ||.f — gllLr(wr) foreach f. g € L¥(R), then

o« =0 foranyo > p. (4.342)

With this goal in mind, let f € L?(R) be given, and fix an arbitrary ¢ > 0. By
Lebesgue’s dominated convergence theorem, there exists r > 0 large enough so that

| f = f et oy < &/3. (4.343)
and there exists M > 0 large enough so that
|/ Yxerrat: i pts s | oy < 873 (4.344)

Fix r, M > 0 such that (4.343) and (4.344) hold. For each N € N consider the
family of functions { f; }o<i<n+1 given by
f—=f 1 ifi=0,
Jii= Y Yersa-02% i 2 oy E1 < <N, (4.345)
I Yerrmigol-my i =N+ 1

N+1
It is straightforward to check that f = Y f; and that, in the notation in-

i=0
troduced in (4.345), estimates (4.343) and (4.344) imply || follzr® < &/3 and
| fn+1ller @) < €/3. From (4.345) we also have

M@2r)'” .
IIﬁllmmsw, Vie{l,...,N}, (4.346)
and consequently
N+1 Va Ve
(1) ™ < (205)° + M- @ryr - w1y (4347)
i=0

N+1 1/a
In particular, since o > p, it follows that ( S ||"‘) < ¢if N is large enough.
i=0
This shows that for each f € L?(R) there holds
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N 1 N
inf{(ZHﬁH”‘)":NeN,f,-eL”(R), 1<i <N, with Y fi=f3 =0

i=1 i=1

(4.348)

Now the claim (4.342) follows immediately from (4.348) and the fact that for each
a > 0 the quasidistance p, is translation invariant. |

Definition 4.57. The H61der index of a given a quasimetric space (X, q) is
defined as

indi (X, q) := sup {o € (0, +00) : €*(X,q) # R} € (0, +00]. (4.349)
Moreover, given an arbitrary set X of cardinality > 2 and given p € Q(X),
abbreviate indy (X, p) := indu(X, [p]).

A couple of comments are in order here.

Remark 4.58. (i) From Theorem 4.6 we know that the space C65"‘(X ,q) contains
nonconstant functions if @ > 0 is small enough. Hence, the Holder index defined
in (4.349) is well defined (recall that, unless otherwise noted, we always assume that
the cardinality of X is > 2).

(ii) It is clear from Definition 4.57 that for any quasimetric space (X, p) there holds

indy (X, pf) = 5 indu(X, p), VB € (0,+00). (4.350)

Next, we propose to study the significance of the upper and lower smoothness
indexes in relation to the structural richness of the space of Holder functions on
a quasimetric space. Our main result pertaining to the notion of Holder index is
contained in the theorem below.

Theorem 4.59. For any quasimetric space (X, p) there holds

indy (X, p) = indo (X, p). (4.351)

Proof. As a first step we will show that
a€(0,4+00) and py =0 on X x X = €“(X,p) = R. (4.352)

Seeking a contradiction, assume that there exists & € (0, +00) such that p, = 0
on X x X and yet ¥*(X,p) # R. Then there exists f € €“(X, p) that is not
constant, say f(x) # f(y) forsome x,y € X.Set C := || fl4u(x ) € (0,400)

and introduce & := [C 7| f(x)— f (y)|]1/ * > 0. Then for every collection of points
E1,...,Env+1 € X suchthat & = x and éy4+; = y we may write

N N
Ce® = |f(x) = fFOI =D _1fE) = fEr)l <D CpinEip)®.  (4353)

i=1 i=1
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N 1/a
In turn, this implies (Z o(&, §i+1)“) > g, which, after taking the infimum over
i=1

all §;’s as above, yields p,(x, y) > ¢ > 0. This contradicts the fact that p, = 0 on
X x X, completing the proof of (4.352). Having established (4.352), we have from
this and (4.334) that indg (X, p) < indy(X, p).

Hence, to complete the proof of the theorem, it remains to prove the opposite
inequality. With this in mind, fix an arbitrary number @ > 0 such that indy (X, p) >
a. Then (4.334) entails that p, does not vanish identically on X x X. In particular,
there exist x,, y, € X such that py(x,, ¥,) > 0. To proceed, observe that

0<py<pon X xX, (4.354)
pe =0 on diag (X), (4.355)
Po 1S Symmetric, (4.356)

[po(x, )] < [pu(x.2)]" + [palz. ¥)]" forall x,y,z€X. (4.357)

Indeed, (4.354) follows from property (1) in Lemma 3.14, (4.355) is implied
by (4.354), (4.356) is based on property (1) in Lemma 3.22, and (4.357) is a
consequence of property (3) in Lemma 3.14.

Let us now define f : X — R by setting f(x) := [pa (x, y(,)]a forevery x € X.

Then, by design, f(x,) = [pa(x,,,yo)]a > 0, while f(y,) = 0 by (4.355). In
particular, the function f is not constant. Moreover, for every x, y € X, we have
1f) = FO)] = [[pa(x. ) ]* = [0« 0. ¥0) "] < [pa(x. )] < [0(x. )],
(4.358)

by (4.356), (4.357), and (4.354). This proves that f € ¢~ (X, p). All together, this
analysis establishes the existence of a nonconstant function in € (X, p). As such,
we conclude that indg (X, p) > «. With this in hand, upon letting o« " indy (X, p)
yields indy (X, p) > indo(X, p). The two inequalities for indexes then combine to
give (4.351). O

Corollary 4.60. For any quasimetric space (X, q) there holds
ind (X, q) < indy(X,q) < Indo(X,q) < Ind (X, q). (4.359)

As a consequence, if f > Indy(X,q), then Cfﬂ(X, q) contains only constant
functions; in particular, this is the case whenever f > Ind (X, q).

Proof. This is a direct consequence of Theorems 4.59 and 4.54. O

Recall from [59, Sect.11.1, p.88] that a metric space (X,d) is said to be
uniformly perfect provided there exists C € (1, +00) so that

X\ Bs(x,r) #0 = By(x,r)\ Bg(x,r/C)#0, VYxeX, Vre(0,+00).
(4.360)
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Note that the condition of uniform perfectness forbids the existence of islands that
are too isolated from the rest of the space, relative to their size, in a scale-invariant
fashion. This suggests introducing the following definition.

Definition 4.61. Call a quasimetric space (X, q) imperfect provided there exist
a quasidistance p € q, a point x, € X, and a number r € (0, 4+00), with the
property that

X\ By(xo,7) #9 and inf p(y,z) > 0. (4.361)
YEX\B,(x0.1), 2EB)(x0.1)

Proposition 4.62. If (X, q) is an imperfect quasimetric space, then indy(X, q) =
~+00. In particular, Ind (X, q) = 400 in this case.

Proof. Seeking a contradiction, suppose that (X, q) is an imperfect quasimetric
space for which indy(X,q) < +4o0. It is then possible to pick 8 € R such that
B > indy(X, q). Also, there exist p € q, x, € X, and r € (0, +00) with the
property that (4.361) holds. Then, on the one hand, the function

f:X—R, f=1on Byx,,r) and f =0 on X\ B,(x,,7r) (4.362)

is, thanks to (4.361), a nonconstant function in %* (X, p). On the other hand,
from Corollary 4.60 we know that (X, p) contains only constant functions. This
contradiction proves the proposition. O

Given a quasimetric space (X,q), consider next the question whether the
supremum that defines the lower smoothness index in (4.255) is attained. That is,
the issue is whether

3p € q such that [log,C,] " = ind (X, q). (4.363)

A first result in this direction is offered by the following theorem, according to
which, given a quasimetric space (X, q), a necessary and sufficient condition for the
supremum that defines the lower smoothness index of (X, q) to be attained is that

Pind (X,q) ~ p for some (or any) p € q. (4.364)

Theorem 4.63. Let (X, q) be a quasimetric space and set ax = ind(X,q) €
(0, +00]. Then the following statements are equivalent:

(1) po, = pforeach quasidistance p € q.

(2) There exists a quasidistance p € q with the property that p,, ~ p.

(3) The supremum that defines the lower smoothness index in (4.255) is attained in
the sense that (4.363) holds.

Proof. Obviously, (1) = (2). To prove that (2) = (3), suppose that p € q is
a quasidistance with the property that p,, ~ p. Then C,, =< 2!/« by (3.499);
hence, further, oy < [logchw]_1 < ind (X, q) = ox, where the second inequality
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uses (4.255), and the last equality is just the definition of ox. Thus, (4.363) holds
(for the choice p := py, ), completing the proof of the fact that (2) = (3). Finally,
consider the implication (3) = (1). To set the stage, assume that there exists p € q
such that [longp]_l = a4 and pick an arbitrary p’ € q. Then, on the one hand,
P & p by (3.515) and (3.516), while on the other hand, p’ ~ p. Consequently,
(0w & po. = p &~ p' by (3.124), which shows that, ultimately, (0')q, = p’. Thus,
(1) holds, and this completes the proof of the theorem. O

A moment’s reflection shows that (4.363) is further equivalent to the question of
whether

inf{C,: p €q} isattained. (4.365)

Later on, in Corollary 4.69, we will show that there exist quasimetric spaces for
which the question posed in (4.365) has a negative answer. For now, our goal is
to establish a related positive result, stated in Theorem 4.64 below. As a preamble,
we make some comments motivating the setting in the aforementioned theorem.
Specifically, let X be an arbitrary set. For each fixed A € [l,400) consider the
following (symmetric and reflexive) relation on Q(X):

def
) A o = A p(x,y) < p/(x,y) < Ap(x,y) forall x,y € X.  (4.366)

Also, given p € Q(X), define

[iell, := {p’ caX): p A p}. (4.367)
Hence,
[['O]]M - [['O]]kz whenever 1 < A; < A; < +o0. (4.368)

Recall next that if p € (X)), then [p] denotes the equivalence class of p with respect
to the equivalence relation introduced in Definition 3.15, and note that

(o] = L)[[,o/]]A forall p,p € Q(X) satisfying p ~ p'. (4.369)
Azl

In particular, given p € Q(X), if « = (log,C,)7! and p, € Q(X) is as
in (3.494), then

o] = | [lee]],.- (4.370)

A=1
by (3.516) and (4.369). As a consequence of this and (4.368), we therefore have

inf {Cy : p" € [[pa]],} \inf{Cy : o € [p]} as A ' +oo. (4.371)

The theorem below addresses the issue of whether the individual infima in the left-
hand side of (4.371) are attained for each given A € [1, +00).
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Theorem 4.64. Suppose that (X, p) is a quasimetric space with the property that
(X, 1) is a separable topological space. Set a := (log, C,)~! € (0, +00] and
consider py € Q(X) as in (3.494). Then

inf{Cp/ = [[pa]]l} is attained for every A € [1, 400). 4.372)

Proof. Fix some A € [l,+o00) and abbreviate A := inf{Cy : p' € [[p]],} €
[1,+00). Hence C,, > A, and if C,, = A, then there is nothing to prove (since
Pu € [[pa]] ;). It remains to consider the case when A < Cp,. Note that, in this
scenario, (4.6) forces C, > C,, > 1, so that, necessarily, o € (0, +-00). Next, select
a sequence

{0j}jen € [loal], suchthat C,, > C, \(A as j — oo. (4.373)

In particular, Aoy < p; < Apy on X x X, for every j € N, which by (3.501),
(3.503), (3.504), and (3.496) further entails

A7y < (pj)a <Ape <Ap onX x X forevery j € N. (4.374)
In addition, by (4.373), for each j € N and every x, y,z € X we have
pj(x,¥) < Cpy max{p;(x,2), pj(z,y)} < Cpmax{p;(x,2),p,;(z y)}. (4.375)

Fix B € (O, min{e, 1}) We then deduce from (4.375), (3.541), and (4.374) that for
each j € Nandany x, y,z,w € X we have

|(0)a(x,y) = (pj)a(w. )|

=

max {(0, ) (%, )" (0))a . ) 1[0 (.0 + [0 (3. 2)])

==

=

max {p(x, y)' 7, p(w, z)l_ﬁ}(p(x,w)ﬁ +P(%Z)ﬁ)

IA
(>

(>

IA
™[>

{
{
max {p(x, )7, €, max{p(w. 1)~ p(x, 2! P (p(x. )" + p(y,2)")

max szp(x, )P, Cpp(x,w)l_ﬂ, szp(y,z)l_ﬂ}(/o(xaw)ﬂ + p(y,z)ﬂ).
(4.376)

Having established this, we may then conclude that the family of functions

(Pj)a: (X x X, 7, x 1) — [0, +00),  j €N, (4.377)

is equicontinuous. In addition, the family {(p i )a}j < 18 also pointwise bounded on

X x X, thanks to (4.374), and our hypotheses imply that (X x X, 1, X 1p) 18 a
separable topological space. As such, Ascoli’s theorem (cf., e.g., [106, Theorem 33,
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p. 179]) may be invoked to conclude that there exists a subsequence {(p ik )a} xen Of
{(pj )U‘}jEN and a continuous function
Ox (X x X, 1, x 1,) —> [0, +00) (4.378)
with the property that
g —> as k — 400
(0ji) Px (4.379)
uniformly on compact subsets of (X x X, 1, X 7,).
In particular,
lim (pj, )a(x,¥) = p«(x,¥), Vx,yelX. (4.380)
k—o00
Collectively, (4.380), (4.374), (4.375), and (4.373) then imply that
Px € [[Pa]]/\ and p*(-x’y) EAmaX{p*(-xsZ)sp*(Zvy)}v vavaEX-
(4.381)

Hence, A < C,, < A, which shows that A = C,, € {Cy : p/ € [[pa]]l}, as
desired. O

Our strategy for proving the existence of quasimetric spaces for which the
question formulated in (4.365) has a negative answer (cf. Corollary 4.69) involves
relating our lower smoothness index associated with a quasinormed vector space to
the so-called modulus of concavity of the space in question. This is accomplished in
Theorem 4.68 below, whose statement and proof require some preliminaries, which
we dispense with first.

Let X be a vector space. Following [104, p.89], callaset U € X starlike
if \U C U forevery A € (0, 1]. The modulus of concavity of a starlike set
U C X is then defined as

c(U) :=inf{A € (0, +00) : U +U C AU}, (4.382)

with the convention that inf @ := 4o0. Call a starlike set U C X pseudoconvex
provided U # @ and ¢(U) < +o0.

Lemma 4.65. Let X be a vector space.

(i) For any pseudoconvex set U C X one has
U+UCcU)U. (4.383)

(ii) For any pseudoconvex set U C X such that U # {0} one has c(U) > 2.

(iii) If U € X is convex and U # {0}, then c(U) = 2.

(iv) If X is a topological vector space and U C X is a starlike set that is either
closed or open and satisfies c(U) = 2, then U is convex.
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Proof. The aforementioned properties follow easily from definitions (cf. also [104,
pp- 89-90] for more details). O

Recall that a topological vector space is said to be locally bounded provided there
exists a (topologically) bounded neighborhood of the zero vector (i.e., the set in
question is absorbed by each neighborhood of zero). Also, a set U in a vector space
is said to be balanced if AU C U for every scalar A with |[A| < 1. It follows that any
nonempty, open, (topologically) bounded, balanced set U € X is pseudoconvex.

Definition 4.66. Assume that (X,7) is a locally bounded topological vector
space. Define Rolewicz’s logarithmic modulus of concavity of
the space (X, 7) as

indg (X, 7) := sup {(log, c(U))_l :0eUCX,

U open, (topologically) bounded, and balanced}. (4.384)

The rationale for the piece of terminology is that, up to taking the logarithm and
reciprocating, the index introduced in Definition 4.66 coincides with the notion of
modulus of concavity of alocally bounded topological vector space (X, 7)
defined by Rolewicz in [104, p.96] as

c(X,7):=inf{c(U): 0eU C X
U open, (topologically) bounded, and balanced}. (4.385)

See also [74, p. 161] in this regard. Given a locally bounded topological vector space
(X, 1), the significance of the number indg (X, t) stems from the observation (cf.,
e.g., [74, (5) p. 161]) that

for each p € (0, indr(X, 7)) there exists a p-norm
P € (0.indr (X, 7)) P (4.386)
on X that yields the same topology on X as 7.

Definition 4.67. Given a vector space X, call a quasidistance p € Q(X)
translation invariant provided

p(x +z,y+2 =p(x,y) forany x,y,ze X. (4.387)
Also, call p € Q(X) homogeneous provided
p(Ax,Ay) = |Alp(x,y) forany A e€R. (4.388)

Moving on, assume that (X, | - ||) is a quasinormed vector space. Then the
function

Pl s X XX = [0,400), ppx,y):=lx—=yll, Yx,yeX, (4.389)
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is a quasidistance on X [i.e., p|.| € Q(X)] and has the property that 7, coincides
with the topology 7). canonically induced by the quasinorm ||-|| on X . Furthermore,
Pyl is translation invariant and homogeneous (in the sense of (4.387) and (4.388)).

Theorem 4.68. For any quasinormed vector space (X, || - ||) there holds
ind (X, ,0||.||) = indR(X, 1’||.||) € (0, 1]. (4.390)

Furthermore, the supremum defining the lower smoothness index on the left-hand
side of (4.390) (compare with (4.255)) is attained if and only if the supremum
defining Rolewicz’s logarithmic modulus of concavity on the right-hand side
of (4.390) (cf. (4.384)) is attained.

Proof. Thatindr(X, 7j.)) € (0, 1] is clear from (4.384) and item (ii) in Lemma 4.65.
We divide the remaining part of the proof into a number of steps.

Step 1. Assume that (X, 1) is a topological vector space and suppose that U C
X is an open, (topologically) bounded, balanced set (in particular, a neighborhood
of the zero vector 0 € X ). If || - ||u stands for the Minkowski gauge function of U,
ie.,

[xllo :=inf {1 € (0,+00): x/A € U}, VxEeX, (4.391)

then

xelU < |xllv <1. VxeX, (4.392)

x4+ ylo < c-max{lx|lv.[yllv}. Yx,y € X < ¢ >c(U), (4393)
| - lv is a quasinormon X, and || - |y =~ | - |. (4.394)

Copyy = cU), (4.395)

where py.j, is as in (4.389) corresponding to the quasinorm (4.391) (recall that, in
general, C, was introduced in (4.2)).

To justify the first claim, fix an arbitrary number x € X and define f : R — X
by setting f(A) := Ax for all A € R. Then, since (X, t) is a topological vector
space, it follows that f is continuous. Moreover, if x € U, then f(1) € U, and
since U is open in (X, t), we deduce that there exists ¢ € (0, 1) such that f(1) € U
for every A € (1 —¢,1 + ¢). In particular, there exists A > 1 such that Ax € U,
which shows that || x|y < A™' < 1, as desired. Conversely, if ||x||y < 1, pick
A € (|Ix|ly. 1). Then ||x||y < A implies the existence of some A, € (0, 1) such that
x/A, € U. Now, the fact that U is balanced entails x = A,(x/Ag) € U, given that
Ao € (0, 1). This completes the proof of (4.392).

Assume next that x,y € X are given, and fix an arbitrary number A, >
max {||x[|lu. | yllu}. Then there exists A € (0, A,) with the property thatx/A, y /A €
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U. In turn, this implies (x + y)/A € U + U C c¢(U)U, so that (x + y)/(Ac(U)) €
U+ U C U. Consequently, |[x + y|luy < Ac(U) < Aoc(U). Since the number
A, > max {||x||U |y ||U} was arbitrarily chosen, this proves that

lx + yllv <c@) max{|lx|lv.[yllv},  Vx.yeX. (4.396)

In particular, ||x 4+ yllu < ¢ max {||lx|ly.[y[lv} forall x,y € X, provided ¢ >

¢(U). Assume next that ¢ € (0, +o0) is such that | x+y|ly < ¢ max {||lx|[v. [[yllv}
forall x,y € X. Taking x, y € U arbitrary, it follows from (4.392) that || x|y < 1
and ||y|ly < 1. Also, by the assumption just made, |x + y|ly < c. Hence, if
¢’ > c is arbitrary, then we deduce from this and (4.392) that (x + y)/c¢’ € U or,
equivalently, x + y € ¢'U. Since x,y € U were arbitrarily chosen, this proves
that U + U C ¢’U. With this in hand, (4.382) gives ¢(U) < ¢’. Since ¢/ > ¢ was
arbitrary, we arrive at the conclusion that ¢ > ¢(U), as desired. This completes the
proof of (4.393).

Going further, we claim that
IAxo = [Allx]lv. YxeX, VAeR (4.397)

Indeed, this is clear if A = 0, whereas for A € R \ {0} we may write (for each
x e X)

IAx|lv = inf{n >0: Ax/ne U} =inf{n >0:x/(n/A) € U}
=inf{n>0:x/(n/|A]) €U} = |A| inf{§ > 0: x/§ € U}
= [Alllxllv. (4.398)

where the first equality is a consequence of (4.391), the second one is obvious, the
third one uses the fact that U is balanced, and the last one is seen by introducing
& :=n/|A| > 0. This proves (4.397).

Consider next B := {x € X : ||x|| < 1}. Then B is a bounded neighborhood of
the zero vector and, since U is (topologically) bounded, there exists M € (0, +00)
such that U/M < B. In turn, this entails ||x| < M for every x € U. Fix now
x € X. Then, if A > ||x||y is arbitrary, it follows that there exists A, € (0, A) such
that x /A, € U. Hence, by what we have just proved, ||x/A,|| < M or, equivalently,
x| < A,M. Hence, ||x| < AM, and since A > |x||y was arbitrarily chosen,
we may conclude that ||x|| < M|x|y. Conversely, since U is a neighborhood of
the origin, there exists & > 0 with the property that {x € X : |x| < 2¢} C U.
Thus, for any x € X \ {0} we have ex/|x|| € U, which, in light of (4.391), further
implies that ||x||y < ™!/ x||. At this stage, the results established so far permit us
to conclude that the claims made in (4.394) hold.
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We are left with proving (4.395). In one direction, observe that for each triplet
X,y,z € X we have

o ) =llx =ylv =[x =2 =y —=lv

IA

c(U) - max{|lx —zllv. [y —zllv}
= c¢(U) -max{py., (x,2), |-y (. ¥)}, (4.399)
which proves that Cp |~ < ¢(U). In the opposite direction, start from the fact that

Plly (X, ) < Coy max{p|.|, (x,2), ), (& y)} foreach x, y,z € X. Specializing
this to the case where z = 0 and y is replaced by —y yields

Ix +ylv = Cpyy,, -max{llx|lv. [ylloy.  Vx,yeX (4.400)

With this in hand, (4.393) then gives C,
of (4.395).

Hy = ¢(U), which completes the proof

Step 2. Assume that X is a vector space and suppose that p € Q(X) is a
quasidistance that is quasi translation invariant and quasihomogeneous, in the
sense that there exists C € [1, +00) such that

p(x+2z,y+2) <Cp(x,y) and p(Ax,dy) < ClA|p(x, ) (4.401)

forevery x,y,z € X and A € R. Then

Px(x,y) 1= sup [|/\|p()k_lx +z, A7y + z)], Vx,yelX, (4402
z€X, L eR\{0}

satisfies (cf. Definition 4.67)
P €Q(X), po~rp, C, <C, and (4.403)
P 1§ translation invariant and homogeneous. (4.404)
From the definition of p, and (4.401) one readily obtains that p < p, < C?p
on X x X. Moreover, since p is symmetric, so is p,, and, as such, it follows that
Px € Q(X) and p, =~ p. Next, foreach x, y,z,w € X and A € R\ {0} we write
Alp(A'x + 2,47y +2)
< C, max{|Alp(A""x + 2 A7 w +2), Al p(AT'w + 2 A7y 4+ 2)}
< C, max{p.(x,w), p.(w, y)}. (4.405)

Taking the supremum over all z € X and A € R\ {0} then yields
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pa(x,y) = Cp max{p.(x,w), p(w,y)}, VX, p,weX, (4.406)

hence C,, < C,, as desired. To prove that p, is translation invariant, note that for
each x, y,w € X we have

pulx 4wy +w) = sup [P + AT w2 ATy + w4 )|
z€X, LeR\{0}

= sup [l/\|p(/\_1x +v, A7y + v)]
veX, LeR\{0}

P (X, ¥), (4.407)

as desired. Finally, the fact that p, is homogeneous follows by writing, for each
x,y € X andeach n € R\ {0},

ps(nx,ny) = sup [Iklp((?t/n)“x +z /7y + Z)]
z€X, AeR\{0}

il sup [lglo(e " x 2 E Ty +2) ]
z€X, £€R\{0}

= [n]p.(x.y). (4.408)

This completes the treatment of the claims made in Step 2.
Step 3. Let X be a vector space and assume that p € Q(X) is a translation-
invariant and homogeneous quasidistance. Then

p# 1s also translation invariant and homogeneous. (4.409)

This follows directly from the definition of py from (3.528), (3.494), and (3.495),
by observing that, given any two vectors x, y € X, if &,...,Ev41 € X is a “chain”
between x and y (i.e,, § = x and Ey4+1 = ), then for any z € X the family
& 4+ z,...,EN+1 + z constitutes a chain between x + z and y + z, while for every
A € R the family A&, ..., Aéy 4 forms a chain between Ax and Ay.

Step 4. Forany quasinormed vector space (X, | - ||) there holds
ind (X,p”.”) > indr (X, ‘L'||.||). (4.410)
To justify this claim, observe that if U € X is an open, (topologically) bounded,

balanced neighborhood of the zero vector 0 € X, then pj.j, € Q(X), o1y ~ L)
by (4.394), hence

ind (X. pj.y) = (logy Cpy,, )~ = (logy c(U)) (4.411)
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by (4.395). Then (4.410) follows by taking the supremum in (4.411) over all such U.
Step 5. Forany quasinormed vector space (X, || - ||) there holds

ind (X,p”.”) <indr (X, 7).)). (4.412)
To see this, pick an arbitrary p’ € Q(X) with the property that p’ ~ pj.. Since
p|-| is translation invariant and homogeneous, it follows that p” is quasi translation
invariant and quasihomogeneous. Consider (p.)s € Q(X), the regularization as

in (3.528), (3.494), and (3.495), of the quasidistance ©’, (in turn, defined according
to formula (4.402), relative to p'); then introduce

Ixl" == (P)#(x,0).  VYxeX. (4.413)

From the results proved in Steps 2-3 it follows that || - ||’ is a quasinorm on X and,
thanks to (3.530), (4.403), definitions, and assumptions, we have

" = (p)#(x.0) & p,(x.0) = p'(x,0) ~ pj(x,0) = ||x| (4.414)

uniformly in x € X. Hence,

1" - (4.415)

At this stage, introduce
U:={xeX:|x|<1}CX. (4.4106)
Since || || is a quasinorm that is equivalent to the original | - |, it follows that U is a

(topologically) bounded, balanced subset of X', which contains the zero vector. Also,
since the function (p))# : X x X — R is continuous when X X X is equipped with
the product topology 7). x . (cf. (3.540)), and since U = (p})4(-, 0)~!(—o0, 1),
we deduce that U is open in (X, 7). Moreover,

- llo =11 (4.417)
since
|xly =inf{A >0: x/A €U} =inf{A >0: ||x/A| <1}
=inf{d > 0: |x| <A} = ||Ix|, VxelX, (4.418)
and
o = (0,)# (4.419)

since by (4.413) and (4.409)

o, y) = lx = yll" = (0 )#(x — y.0) = (p))s(x.y), Vx,yeX. (4420
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Consequently,

c(U) = CIDH'”U = Cpy = Ciyy = Cp = Cp, (4.421)
by (4.395), (4.417), (4.419), (4.14), and (4.403). As a result,

indg (X, 71.4) = (log, c(U)) ™" = (log, Cpy) ™", (4.422)

and taking the supremum over all p’ € Q(X) with the property that o’ ~ pj|
yields (4.412).
Together, (4.410) and (4.412) prove (4.390).

Step 6.The proof of the last claim in the statement of Theorem 4.68. Suppose
that the supremum defining Rolewicz’s logarithmic modulus of concavity on the
right-hand side of (4.390) is attained. Thus, by (4.384), there exists a U, open,
(topologically) bounded, balanced neighborhood of the zero vector in X, with the
property that

(log ¢(Ux)) ™" = indr (X, 7). (4.423)
Then, based on this, (4.390), and (4.411), it follows that

. . —1
indg (X, 7)) = ind (X, pj) = (log, Cpy.y,, )

(log, ¢(Us)) ™" = indr (X, 7).p). (4.424)

Hence, necessarily,
-1 .
(10g2 CPII<HU* ) = ind (X, py.)» (4.425)

which, given that py.,. € Q(X) satisfies pj.,, ~ pj.| (cf. (4.394)), shows that
the supremum defining the lower smoothness index on the left-hand side of (4.390)
(cf. (4.255)) is also attained.

Conversely, suppose that the supremum defining the lower smoothness index on
the left-hand side of (4.390) is attained. Then there exists p’ € Q(X) satisfying
p" ~ pj.| and with the property that

-1 .
(10g2 Cp/) = ind (X, ,0||.||). (4.426)
If U is as in (4.416) (with || - || as in (4.413)), then it follows that U is an open,
(topologically) bounded, balanced neighborhood of the zero vector in X. Then,
based on (4.390), (4.426), and (4.422), we may write
. . —1 -1 .
ind (X, p||.||) = indr (X, ‘L'||.||) > (log2 C(U)) > (10g2 Cp/) = ind (X, p||.||).
(4.427)

This proves that, necessarily, indr(X, 7)) = (log,c(U ))_l, and the desired
conclusion follows. O
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Having dealt with Theorem 4.68 we may now return to the question raised
in (4.365) and prove the following result.

Corollary 4.69. There exists a quasimetric space (X, q) for which the question
posed in (4.365) has a negative answer.

Proof. For each given p, € (0, 1], an example of a locally bounded topological
vector space (X, t) was constructed in [104, Proposition 3.4.8, p. 115], which has
the following property (recall (4.382) and (4.385)):

c(X,t) =27 butc(U) > 27 for any open, bounded, starlike set U C X.
(4.428)

See also the discussion in [74, p. 162] in this regard. Granted this, the fact that the
question posed in (4.365) has a negative answer in general follows from the last part
in the statement of Theorem 4.68. O

In the last part of this section we study the correlation between the size of the
lower smoothness index of a quasimetric space and the Hausdorff dimension of the
space itself or the Hausdorff dimension of continuous paths joining various points
in the space in question. We begin this discussion by establishing the following
definition.

Definition 4.70. Let (X, p) be a quasimetric space, and fix d > 0. Given a set
E C X, forevery § > 0 define

o0 o0
’Hiqp’g(E) := inf Zr;l  EC U B,(xj,rj)and r; < forevery j
=1

j=1

(4.429)

(with the convention that inf@ := +o00); then define the d-dimensional
Hausdorff outer measure in (X, p) of the set E as

HY (E) = Jim HY 5 (E) = sup HY ps(E) € [0, +00]. (4.430)

Also, define the Hausdorff dimensionin (X, p) of the set E by the formula
dim} (E) :=inf{d > 0: H{ (E) =0}, (4.431)

again with the convention that inf @ := +oo0.

In the context of Definition 4.70, observe that for each § > 0 and y > 0 we have

H ps(E) = HY 5, (E).  YECX; (4.432)
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hence,
HY 0 (E) =HY (E),  VECX. (4.433)

Recall next that a topological space (X, 7) is called pathwise connected
provided that for any x, y € X there exists a continuous function f : [0,1] — X
such that f(0) = x and f(1) = y. We will refer to the set I" := ([0, 1]) € X as
a continuous path joining x and y.

Theorem 4.71. Let (X, p) be a quasimetric space with the property that there exists
d € [0, +00) satisfying
Vx,y € X 3T continuous path joining x and y with dim;{p(r) <d (4.434)

(thus, in particular, the topological space (X, t,) is pathwise connected). Then

indo(X,p) <d. (4.435)

In the proof of this theorem the following lemma will be useful.

Lemma 4.72. Assume that (O;)ics is a family of open subsets of R with the
property that [0,1] € J O;. Then there exist N € NU{0}, 0 = 1) < f; <

i€l
-oo <ty <tyt1 =1, andafunctiono : {1,...,N + 1} — I such that

to € Os1), tnt1 € Ogvt1), tj € O5(jy N Ogjv1y, Y jel{l,...,N}.
(4.436)

Proof. Invoking Lebesgue’s number lemma (cf., e.g., [27]), it is possible to select a
small r > 0 with the property that

Vte[0,1] i, el suchthat [t —r,t +r]C O;. (4.437)

Then take N € N large enough so that there exist0 = 7o <t} < -+ <ty <ity4] =
1 satisfying

tig1—t; <r, V]G{O,l,,N} (4.438)

With the correspondence [0, 1] > ¢ + i; € I asin (4.437), seto(j) := i;,_, for
each j € {1,..., N + 1}. Thanks to (4.437) and (4.438), this ensures that

tje[tj_l—r,tj_l—i—r]gOG(j), Vje{l,...,N +1}. (4.439)

Since this forces t; € Og(j) N Og(j+1) for each j € {1,..., N}, the desired
conclusion follows. |

After this preamble, we return to Theorem 4.71.

Proof of Theorem 4.71. Fix two distinct points x,y € X and pick an arbitrary
number ¢ > 0. Also, let f : [0,1] — (X, 1,) be a continuous function with the
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property that f(0) = x and f(1) = y.Set " := f([O l]), fix an arbitrary number
d’ > d, and note that this forces Hf(ip(l") = 0. Based on this and (4.430), we then
obtain H?(/,p,s (') = 0 for every § > 0. In concert with (4.429), this allows us to
conclude that, with some § > 0 having been fixed, there exist {x;};ey € X and
{rj}jen € (0, 8] with the property that

o0 o0
rclJBoxjorp) and Y rf' <e/C}. (4.440)
j=1 j=l1

Upon recalling the fact that py < p, the first formula in (4.440) yields

o0
rc | Buxj.r. (4.441)
=1

Hence, if for every j € N we define O; := f~'(B,,(x;.r;)), then it follows

that each O; is a relatively open subset of [0,1] and [0,1] € (J O;. Bring in
jEN

Lemma 4.72 according to which there exist N € NU{0},0 =1y <t} <--- <ty <

ty+1 = 1,and a functiono : {1,..., N + 1} — N such that

Iy € 00(1), INt1 € 0(7(N+1)7 l € 0,7(,') n 0,7(,'4_1), Vi e {1, .. ,N}.
(4.442)

To proceed, introduce & := f(#;) € X foreachi € {0,1,..., N + 1} so that, in
particular, § = x and £y = y. Moreover, foreachi € {1,..., N},

& € f(Oo(i)) N f(Ocii+1) S Boy(Xo(i): To(i) N Boy (Xa(i+1) Fo(i+1)).  (4.443)
so that

i, &iv1 € By (Xoi+1):To(i+1) Vie{0,1,....,N}. (4.444)

Consider now the ordered sequence of balls

B, (x5(1), To(1))s Bpy(X6(2),70(2)s - -+ s Bpy (Xo(v+1): To(N+1))- (4.445)

Since the mapping o : {l,...,N + 1} — N is not necessarily injective,
this may contain repetitions. Concretely, suppose that the integers 7, j are such
that 1 <i < j < N 4+ 1 and B,,(X3), To()) = Bpy(Xs())- To(j))- If this is the
case, throw away B, (xs(j). I's(j)) and discard the points &, & +1....,&;_1. Repeat
this process (finitely many times) until all repetitions have been eliminated, then
relabel the remaining &; in a consecutive manner. This yields a sequence of points
&0,61,....Em+1 € X, where M € {1,..., N}, with the property that & = x,
Em+1 =y, and
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g,', §i+1 S Bp#(x,}(,'+1),r5(i+1)), Vie {0,1,...,M}, (4446)
where, this time,
6:{l,...,M + 1} - N isan injective function. (4.447)

Note that (4.446) entails

pi &) < C,,zp#(éi,éiﬂ) < C,f max{px(&i. X54+1). P#(X56+1) Ei+1)}

< Clrairy. Yie{0.1... .M} (4.448)
Hence,
M M & M
D opELEr)T <CY (rsaan)t <CY rf < (4.449)
i=0 i=0 jeN

by (4.448), (4.447), and (4.440). In turn, from (4.321) and (4.449) we deduce that
indo(X, p) < d’, and since d’ > d was arbitrary, this ultimately yields (4.435). 0O

Definition 4.73. Call a quasimetric space (X, p) upper d-Ahlfors regular
(for some d > 0) provided there exists a constant C € [0, +00) such that

H?{,p(BP(x7r)) <Cre, VxeX, Vr>0, (4.450)

and call (X,p) lower d-Ahlfors regular provided there exists ¢ €
(0, +00) such that

cr’ < H§ ,(Bp(x.r)) forall x € X andall finite r € (0,diam,(X)]. (4.451)

Corollary 4.74. (i) For any quasimetric space (X, p) satisfying (4.434) there holds

ind (X, p) < d. (4.452)

(ii) For any pathwise-connected quasimetric space (X, p) that is upper d-Ahlfors
regular there holds indy(X, p) < d. In particular, (4.452) holds in this case as well.

Proof. Inequality (4.452) in part (i) is an immediate consequence of (4.435)
and (4.333). As for the claim made in part (ii), if ' = f([O 1]) is an arbitrary
continuous path in X, then it follows that I' is a compact set in (X, 7,). Hence,
having fixed some point x, € X, we have that there exists R € (0, +00) with
the property that I' € B,(xo, R). In light of condition (4.450), this implies that
M4 ,(T') < CR? < +o0, which further entails diam’,(I") < d. With this in hand,
(4.435) gives indy (X, p) < d, as desired. O
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Definition 4.75. Given a quasimetric space (X, p), a number y € (0, +00), and
twopointsx,y € X,call' € X ay-H6lder path connecting x and Yy
provided there exists a function f : [0, 1] — X such that f(0) = x, f(1) = y, and
r=f¢ ([0 1]) and for which there exists a constant C € [0, +00) satisfying

p(f(tl), f(tz)) <C|ty —t]" forevery t1,t; € [0,1]. (4.453)

Note that if (X, p) is actually a metric space, then any rectifiable path I' € X is
1-Holder (taking f(¢) := s(Lt), 0 <t < 1, where L denotes the length of I" and
where s is the arc-length parameterization of I').

Corollary 4.76. Let (X, p) be a quasimetric space with the property that there
exists a numbery € (0, +00) such that

Vx,y e X AT y-Holder path joining x and y (4.454)
(thus, in particular, the topological space (X, t,) is pathwise connected). Then

indo(X, p) <y~ . (4.455)

1

Hence, in particular, ind (X, p) < y~ in this case.

Proof. This follows from Theorem 4.71 upon observing that if I is as in Definition

4.75, then Hy/7(T') < CYHT_ ([0.1]) < +o0, hence dim¥ () < 1/y. O

Recall from part (ii) of Corollary 4.74 that ind (X,p) < d for any
pathwise-connected quasimetric space (X, p) that is upper d-Ahlfors regular.
It turns out that the pathwise-connectivity assumption is indispensable for this
type of inequality. Indeed, in Proposition 4.77 below we provide an example of an
ultrametric space that is actually both upper and lower 1-Ahlfors regular. Hence, the
lower smoothness index of such a space is 400, and the aforementioned inequality
fails in this case. Looking for such an example in the category of ultrametric spaces
is justified since these spaces happen to be totally disconnected (thus, in particular,
they fail to be pathwise connected).

Proposition 4.77. Let
X :={a=(@")en: a" €{0,1} foreach i € N}, (4.456)
and defined : X x X — [0, +00) by setting

d(a,b) = 2—D(a,b)7 Va= (a(i))ieN eX, Vb= (b(i)),'eN e X,

) ) (4.457)
where D(a,b) :=inf{i € N: a3 pD},

with the convention that inf @ = +o0.
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Then (X,d) is a compact ultrametric space that is both upper and lower
1-Ahlfors regular. In particular, (X, tg) is totally disconnected and, as such, any
continuous path in (X, t4) reduces to just a point.

Proof. Note that since D(a,b) € NU {400}, we have
d(a,b) e {0yU{27*: k eN}yC[0,1/2] forevery a,b € X. (4.458)

Clearly d is symmetric and, for each a,b € X, there holds d(a, b) = 0 if and only
if a = b. Moreover,

D(a,b) > min{D(a,c), D(c,b)}, Va,b,c € X. (4.459)

Indeed, this inequality is immediate if ¢ = @ or ¢ = b. Suppose now that ¢ # a and
¢ # b. Without loss of generality we may assume that D(a,c) < D(c,b). Then
there exist ki, k, € N such that k; < ky and a¥) = ¢© fori = 1,...,k; — 1
and a®V #£ ¢*)_ while b = ¢® fori = 1,...,k, — 1. Hence, a') = b"") for
i=1,....ky—1,s0 D(a,b) > k; = D(a,c) = min{D(a, c), D(c,b)}. From this
and (4.459) it follows that

d(a,b) <max{d(a,c),d(c,b)} forevery a,b,c € X. (4.460)

Hence, d is an ultrametric on X . Also, from (4.458) we have diam, (X) < %
Next, fix a = (a(i))ieN € X. Then, given a number r € (0, 1/2), there exists a
unique k, € N such that (%)kﬁ_l <r< (%)k". We claim that, in this scenario,

By(a,r)=1{b=(bD)ene X : bV =aD,i=1,... k}. (4.461)

To justify this claim, observe that given any b € X, we have d(a, b) < r if and only
if 27P@b) < 2=ke*+1) or equivalently, D(a, b) > k, + 1. From this, (4.461) readily
follows.

The next claim we make is that

(X,d) iscomplete. (4.462)
To see this, suppose {a;} jey is a Cauchy sequence in X, with a; = (ay))ieN for
J € N. Thus, for every & > 0 there exists N, € N such that d(a;,ax) < ¢ for every
J.k = N,. In particular, for each £ € N there exists N, € N such that d(a;,ax) <

2=¢ whenever j, k > N/. Hence, if we now define N, := max{Ny,... N, } for each
n € N, then it follows that

N, €N, N,y >N,, and d(aj,a) <2""', VneN (4.463)
Combining (4.463) with (4.461) we obtain that

al) =a for i=1....n. Vjk=N, (4.464)
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Next, define

a™:=a’, VneN, andset a:=(a™),en € X. (4.465)

Note that since foreachi € N withi < n we have N; < N,,, from (4.465) we obtain

ay) =ay foreach ie{l.....n}. (4.466)
Fix now an arbitrary number n € N. Then, on the one hand, (4.466) permits us
to write

_ (D (2 () _(n+1) _ (, (D (2 (n) _(n+1)
a—(aNl,aNz,...,aNn,a n+l,...)—(aNn,aNn,...,aNn,a ”+l,...). (4.467)

On the other hand, by once again relying on (4.464), for every j > N, we may write

a(?) a((l) a(ff+l) ) :( @ 2 () a(ﬁH),...).

)
aj = (aj’,a;’,...,a7" a;" ", ay).ay,....ay ., a;

(4.468)

Collectively, (4.467) and (4.468) imply that D(a,a;) > n + 1 whenever j > N,.
Thus, d(a,a;) < 27" ' for j > N,. This proves that a; converges to a as j — 00
in the topology 74, on X, completing the proof of (4.462).

Moving on, we claim that

(X,d) is totally bounded. (4.469)

Recall that (4.469) amounts to showing that for every ¢ > 0 there exists a finite set
X. C X thatis e-dense in X, i.e., disty(a, X;) < ¢ for every a € X. In turn, the
latter condition will follow once we prove that for every n € N there exists a finite
set X, € X thatis 27"-dense in X. With this goal in mind, fix n € N and consider
the set

X, :={@",a?,...,a",0,0,...): a” €{0,1}, i =1,....n} € X.
(4.470)

The cardinality of X, is equal to 2”; thus the set X, is finite. In addition, given
any point a = (a);ey in X, if we let ax := (aV,a?,...,a",0,0,...), then
as € X, and D(a,ax) > n + 1, hence d(a,a+) < 27"~! < 27" as desired. This
completes the proof of the claim made in (4.469).

Given that the metric space (X,d) is complete and totally bounded, [27,
Theorem 1.6.5, p. 14] implies that

(X, tq) is compact. (4.471)
We now focus on showing that

(X,d) isboth upper and lower 1-Ahlfors regular. (4.472)
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To this end, let 7{}(’ ;4 be the 1-dimensional Hausdorff outer measure induced by d
on X (cf. Definition 4.70). Also, fix a € X as well as r € (0,1/2), and let N be
the unique natural number for which 27¥=! < r < 27V Fix some M € N with
M > N and assume that the sequences {a;};jen € X and {r;};jen S (0, 27M)

o0
are such that By(a,r) € |J Bg(aj,r;) (where the closure is taken in (X, 4)).
j=1
By (4.471) we have that B, (a, r) is compact; hence there exists a finite set / € N
such that

By(a.r) € | J Baa;.r)). (4.473)
jeJ
Foreach j € J pickm; € Nsuchthat2™/~! <r; <27 andsetmg := rjng;(m]
Hence, in particular, mg > M > N. Also, for each
b:= (b1,....byy—n) € {0, 1}V (4.474)
define the following subset of X:
Cp:= {(a“), @™ by BN Cong 15 Cing 2 -+ ) Cgk € 40,1}, Yk € N}.
(4.475)
Hence, recalling (4.473) and (4.461) we have
Co S Bala.r) € | J Ba(aj.rj)  foreveryb asin (4.474). (4.476)

jeJ

Assume now that some j € J has been fixed, and ask: for how may b as in (4.474)
does the ball By (a;,r;) intersect Cp? Since membership to By (a;,r;) fully deter-
mines the first m ; components of a sequence in X (cf. (4.461)) whenever By (a;,r;)
intersects Cp, it follows that the components by, ..., b, =N of b are predetermined
(recall that m; > N). Hence, the number of b as in (4.474) for which Gy, is
intersected by Bg(a;,r;) is bounded by the number of choices of the remaining
components of b, i.e., by the number of ways in which bm‘/-—N+la ceisbmg—N €
{0, 1} may be selected. The conclusion is that each By (a;, r;) can intersect at most
2mo~M;j sets of the form (4.475). Given that, by (4.476), the By(a;,r;) with j € J
intersect all the Cy, defined as in (4.475), we see that, necessarily,

> 207" > cardinality of {Cy : bas in (4.474)} = 207V, (4.477)
jeJ

Hence, upon recalling that r; > 27~ for every j € N, we conclude
from (4.477) that

1
D rpmammemty gmemy > gmNEL > 5" (4.478)
jeJ jeJ
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In light of (4.429), this shows that ’H;( doM (Ba(a, r)) > %r, which ultimately
implies (cf. (4.430)) o

Hyq(Ba(a.r) = %r- (4.479)

Since d is a metric on X, it follows that By (a, Ar) € By(a,r) forevery A € (0, 1).
Consequently, for every A € (0, 1) we may write, based on (4.479) and the fact that
Ar € (0, %),

— A
Hy 4 (Bala.r)) = Hy ,(Ba(a, Ar)) = 7" (4.480)
Upon letting A 7 1, this finally yields
1
Hy 4(Bala,r)) = 3" (4.481)

proving the lower 1-Ahlfors regularity condition stated in (4.472).
To establish the upper 1-Ahlfors regularity condition stated in (4.472), start by
fixing a, r, N to be as before. Next, for each M € N with M > N consider the set

Fu:={Bsc.27M):ce X, W=d" i=1,....,M and V) =0, j > M}.

(4.482)
Then the cardinality of F is equal to 2¥ =" and we claim that
Bsa.r)c | J B (4.483)
BEFy
To justify (4.483), pick an arbitrary b € B,(a, r). If we then set
c:=@",a®, . . a™ pWNtY pM 0 ... 0,...)€X, (4.484)

then D(b,c) > M + 1;thus d(b,c) <27M=1 < 27°M sob € By(c,27M) € Fy,
as desired. Going further, note that

> radius(B) = (cardinality of Fy) - 27" = 2M=N 07" = 27N < .

BeFy
(4.485)
From (4.485) and (4.429) we may then conclude that H;’d,sz (Bd (a, r)) < 2r.
Consequently,
Hy.q(Bala.r)) <2r, (4.486)

by what we have just proved and (4.430). This completes the proof of (4.472).
At this stage, to complete the proof of the theorem, we will show that ultrametric
spaces are totally disconnected, i.e.,
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if (X, d) is an ultrametric space, then the only
(4.487)
connected sets in (X, t7) consist of singletons.

That any continuous path in (X, 7;) is constant is then a simple consequence
of (4.487) and the fact that any continuous function maps connected sets into
connected sets.

To prove (4.487), reason by contradiction and assume that (X, d) is an ultramet-
ric space and that O is a connected subset of (X, t;) containing two distinct points,
x,y.Thenr := d(x,y) € (0,400), and we consider the family of all d-balls of
radius r, say F := {By(z,r) : z € X}. From Zorn’s lemma and the discussion in
part (ii) of Remark 4.1 it is possible to find Z C X such that

F ={By(z,r): z€ Z} and

. (4.488)
Bi(z1,7) N By(z2,r) =@ YVz1,220 € Z, with 71 # 2.
Now, since O is a connected subset of (X, t;) and
ocx=JB=JBin. (4.489)

BeF €Z

we deduce (with the help of the last line in (4.488)) that there exists z, € Z such
that O € By(z,,r). In turn, this forces d(x,y) < max{d(x,z,),d(z.y)} < r,
contradicting the original definition of r. This proves (4.487). O

The example presented in Proposition 4.77 may be further refined to yield
ultrametric spaces that are Ahlfors regular of any dimension, as discussed in the
following corollary.

Corollary 4.78. Assume that X,d are as in Proposition 4.77. Then for each
number y € (0, 400) it follows that (X,d") is a compact ultrametric space (thus,
in particular, ind (X, t4v) = +o0), which is both upper and lower y~'-Ahlfors
regular:

Proof. This is a direct consequence of the fact that any positive power of an
ultrametric is still an ultrametric, the result proved in Proposition 4.77, and the
observation that

HY () =HY(E), VECX, (4.490)
thanks to (4.433). O

We will describe next a phenomenon similar to that presented in Proposition 4.77,
this time in the context of the so-called four-corner planar Cantor set. To this end,
consider Ey := [0, 1]2, the unit square in R2, and let C; be the set consisting of

the four (closed) squares {Q{ }j=1,.4, of side length 4!, which are located in the
A .
j=1

corners of E, and set | := | J Q{ . Iteratively, for each n € N we let C,, denote



238 4 Applications to Analysis on Quasimetric Spaces

of side length E(Q,{) = 47", which are located in the corners of E,,—; (i.e., each
Q. j = 1,...,4" is located in one of the corners of the square Q,]j_l for some

ke{l,...., 4"}, and set E, := Uj”:l Q,ﬁ'. Having introduced this notation, the
four-corner Cantor set in R?is then given by

o0
E:= ﬂ E,. (4.491)
n=0

HE HE an = un wxm
. . HE EER i: HHIH- R
El E2 E3 E4

The first four iterations in the construction of the four-corner planar Cantor set
We will prove the following result.

Proposition 4.79. The four-corner planar Cantor set E from (4.491) is both upper
and lower 1-Ahlfors regular. Moreover, while the Euclidean distance restricted to E
is not an ultrametric, there exists an ultrametric on E which is equivalent to it.

Proof. Using notation introduced in connection with the definition of the four-
corner planar Cantor set, we start by making the claim that for each N € N U {0}
the following holds: for each a € R? we have

#{j e{l,....4: 0) N Ba,4V) 75@} < 4N
for every n € NU {0} such thatn > N.

(4.492)

In the preceding expression, #F stands for the cardinality of a set F, and all balls
considered in this proof are with respect to the Euclidean distance. Having fixed N €
NU {0} arbitrary, we will prove the cardinality estimate in the first line of (4.492) by
inductiononn € NU{0},n > N. Since squares in a given generation C,, n € N, are
disjoint and have side length 47", the cardinality estimate in (4.492) is clearly true
when n = N. Assume next that the cardinality estimate in (4.492) holds for some
n € NU{0},n > N,andlet j € {1,...,4" "} besuch that Q) N B(a,47") # 0.
Then by construction Q; 1 G ij for some k € {1,...,4"}. In particular, we have
0% N B(a,47V) # 0. Since each square from C, gives rise to four squares in C, 41
(of which all four, or fewer, may intersect B(a, 4=N )), this discussion shows that

{j e{l,.... 4™ 0/ nBa4V)# ﬁ}

54-#{ke{1,...,4"}: ijﬂB(a,4_N)7é(ZJ}. (4.493)
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Based on this and using the induction hypothesis, we then obtain
#{j ef{l,.... 4™ 0N Ba,47N) £ @} < 4rti=N (4.494)

as desired. This completes the proof of the claim.
Going further, we claim that for each N € N U {0} the following implication
holds:

aeE :>#{j efl,....4m: 0/ C B(a,4—N)} > 4" N=1 YpeN, n>N+1.
(4.495)

To see this, observe from (4.491) that, given a € E, there exists a sequence of
squares {Q,,”},,GN, such that 1 < j, < 4" and Q,,” € C, for each n € N, that satisfy

0y SOl ¥neN, and () Q) ={a}. (4.496)
neN
Then '
Q/r € B(a,4™V) whenever n > N +47", (4.497)

Indeedif n > N +47!, then, since E(Q,;”) = 47" it follows that «/EK(Q,;”) < 47N,
In concert with the fact that @ € Q3", this guarantees the inclusion in (4.497). In
particular,

OVl S Ba.4™). (4.498)

As such, for each integer n > N 41, the square Qf;,”:ll gives rise to 4"~V ~! squares
in C,, all of which will also be contained in B(a,4~"). This completes the proof
that for each N € N U {0} implication (4.495) holds.

We turn now to proving that £ is lower 1-Ahlfors regular, i.e.,

¢ >0 suchthat H'(B(a,r)NE)>cr Ya€E and Vre(01),

(4.499)

where H! denotes the one-dimensional Hausdorff outer measure in R?, considered
with respect to the standard Euclidean distance in the plane. Since for each r > 0

we trivially have H'(B(a.r) N E) = H'(B(a,r/2) N E), proving (4.499) reduces
to showing that

3¢ >0 suchthat H'(B(a,r)NE)>cr Ya€E and Vre(01).
(4.500)

To this end, recall from Definition 4.70 that, given a set F' C R2, one has

HY(F) = lim H(F), 4.501
(F) = lim #;(F) (4.501)
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where
Hé(F) = inf{er  F C U B(aj,r;), witha; € R2,0 < ri<8,je N}.
jeN jeN
(4.502)
Next, fix § > O and r € (0,1) and let {a;};en € R* and 0 < r; < min{8, 472},
j € N, be such that B(a,r) N E C UjeN B(aj,rj). Since the set B(a,r) N E is
compact (given that, by design, the set E is closed), there exists a finite set / € N
for which
Ba.r)nE < | Baj.r)). (4.503)
jeJ

To proceed, for each j € J let m; € N be such that

47 < < 47 (4.504)
and set
M, ;= maxm;. (4.505)
jes

In particular, m, € N and m, > 2. On account of (4.504) and (4.492), for each
number N € N U {0} we have

er > er > 24—mj—l _ 4—m{,—N—l Z4m{,—mj+N

jeN jeJ jeJ jeJ

> 4N Y ke (1 4y 0F L0 By 4T) £ ),
jed

(4.5006)

Note that (4.504) entails B(a;,r;) € B(a;,4™"/), hence

{k e{l,....4m*Ny: 0k N Blaj.r)) # 0}

c {k €{l,....4m*Ny: 0k A Blaj,47) # @}
(4.507)
foreach j € J and N € N U {0}. Consequently,

#{k el 4"ty 0k N B(ay,r) # @}

< #{k e{l,... . 4m Ny 0k N B(a;,47) # @}
(4.508)
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foreach j € J and N € NU{0}. Going further, since £ N B(a,r) C U B(aj,rj),
jeJ
for each N € N U {0} we obtain that

{k €{l,... 4Ny ok B(a,r)}

< {k efl,... . 4"y OF Ly N Blaj,ry) # ﬁ},

jeJ
(4.509)
and thus

#lk e {1, 4%y 0k L\ Bla.n)
< Z#{k e{l,... 4"ty 0k N Bay,r)) # @}.

jeJ
(4.510)

Based on (4.506), (4.508), and (4.510), we may therefore conclude that for each
number N € N U {0} there holds

T B .#{k e{l,... 4mtNy ok L B(a,r)}. 4.511)
jeN

Pick N, € N U {0} such that [recall that r € (0, 1)]
47N < g N (4.512)

and note that this forces B(a, 4 ¥~') C B(a, r). Hence, applying (4.511), (4.495),
and (4.512) for the choice n := m,+ N, and N := N, + 1 (note that m, > 2 forces
n> N + 1) yields

> oy =4t -#{k ef{l,...4mthy: OF  \ C B(a,4—Nr—1)}
j€EN

> 4mom N ot Ne=Ne =2 = Ne=3 > g3y (4.513)
This shows that for any r € (0, 1) and § > 0 there holds
Hi(B(a,r) N E) > 47°r. (4.514)

Based on this and (4.501), the claim made in (4.500) readily follows. Thus (4.499)
holds and, as such, E is lower 1-Ahlfors regular.
We claim next that the set E is also upper 1-Ahlfors regular, i.e.,

3C >0 suchthat H'(B(a,r)NE)<Cr, YaecFE and Vr € (0,1).
(4.515)
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To prove this, fixa € E, and foreachr € (0, 1) let N, € NU{0} be such that (4.512)
is satisfied. Then, for each n > N, consider the set

Fy = {j eil,... 4 Q,{ﬂB(a,r);é@}. (4.516)
Since by (4.512) we have B(a,r) € B(a,4~"), it follows that
F, C {j ell,... 4"y Q,{mB(a,4—Nr);é@}, (4.517)
and thus, based on (4.492), we may write
8F, < #{j e{l,... 4" : Q) N B(a.47V) # 0}

< 4N whenevern € N is such thatn > N,. (4.518)
ol 47T).

where x ,; denotes the center of the square Qﬁ . Then, since E C E, := an=1 Qﬁ

Going further, fix n > N,, and for each j € F, consider the ball B (x

and since Q; C B(ij,4_”+%) foreach j € {1,...,4"}, we may write

M
B(a,r) N E C B(a,r)N (U Q,{) c U 0l € U Blx,.47FH). @519

j=1 JEFnu JEFu

where the second inclusion follows from discarding those squares from C, (the nth
generation of squares from the construction of E) that are disjoint from B(a,r).
This shows that the collection of balls {B(ij , 4_"+%)}j eF, covers B(a,r) N E.

At the same time, the sum of the radii of the balls in this collection satisfies, thanks
to (4.518) and the fact thatn > N,,

o4 = @F) AT <N g = N <5 (4520)
JE€F

Since the radii of the balls in {B(x 0l 4_”+%)} jeF, can be made arbitrarily small
by taking n large enough, using the definition (4.502), we may conclude that for
each § > 0 there holds

Hj(B(a,r) N E) < 4. (4.521)

By once again appealing to (4.501), this shows that
H'(B(a,r) N E) < 4. (4.522)

Since a € E and r € (0, 1) were arbitrarily chosen, (4.515) follows.
We turn our attention now to showing that, while the Euclidean distance | - — - |
in R? restricted to E is not an ultrametric, there exists an ultrametric on E that is

equivalentto | - — - |‘ - First, it is easy to see that
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x:=(0,0), y:=(1,0) and z:=(1/4,3/4) satisfy x,y,z€ E (4.523)
since they are corner points of squares from C;. However,

1=|x—y|>max{|x -z |y —2z|} (4.524)

showing that | - — - | | . fails to be an ultrametric.
Next, introduce the function d, : E x E — [0, c0) given by

d,(x,y) = inf{r >0:3&,....Eye1 € E, N €N, such that (4.525)

x=£&, y=E&v+ and |&§ —& ] <, ViG{l,---aN}}

for each x, y € E. Itis clear from this definition that
d, is nonnegative and symmetric and d,(x,y) <|x—y|, Vx,y € E. (4.526)
Going further, we claim that
d.(x,y) <max{d.(x,2),d.(z, )}, Vx,y,z€ E. (4.527)

To justify (4.527), fix x,y,z € E, and let {r,}nen, {r,}nen < (0, 4+00) be such
that r, \y dx(x,2) and r] | d.(z,y) as n — oo, and with the property that for
each n € N there exist N(n), N(n)’ € N and §'.n} € E,i €{l,...,N(n)} and

j €{l,...N'(n)}, satisfying

E? =X, SXI(”)J,_] =z, and |£,-:,n —xln+1| <Tn,

Vie{l,...,Nn)} and Vn eN,

(4.528)

and
M =2 Nyrgy4r = ¥, and I =il <1y

Vie{l,...,N'(n)} and VneN.

(4.529)

defined by

Wl =81 Vjel{l....Nm+1}

. (4.530)
and o} =nj_y, . YJjE{NM+2,....N@n)+ N'(n) + 2}.
Then, using (4.528)—(4.530), we obtain
o] =X, w}lV(n)+N’(n)+2 =z and 4.531)

of =iy | <max{r,,r,}, Vje{l,...,N@n)+ N'(n)+ 1}.
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Hence, combined with the definition of d, from formula (4.525), this implies that
d.(x,y) < max{r,,r,} forall n € N. By passing to the limit as 7 — oo and using
that x, y, z € E were arbitrarily chosen, (4.527) follows.

It remains to show that d, bounds from below, up to a multiplicative constant,
the Euclidean distance restricted to £, i.e.,

d¢ >0 suchthat d,(x,y)>c|lx—y|, Vx,y€E. (4.532)
Note that once (4.532) has been justified, it follows that
d, is nondegenerate,i.e., d]'({0}) = diag (E). (4.533)
Together, (4.526), (4.528), (4.527), (4.532), and (4.533) show that, as desired,

(4.534)

d, is an ultrametric on E that is equivalentto | - — - H £

Turning our attention to establishing (4.532), start by fixing x, y € E such that
x # y,and letn € N be the largest subscript of a generation of squares C, that has
as an element a square containing both x and y. That is, suppose n € N is such that

X,y € Q,;" for some j, € {1,...,4"} and
(4.535)
k € {l,...,4"t1} does not exist such that x,y € Q,’j+1.

Since squares in the generation C,4; separate the points x and y, and since by
construction the distance between squares in this generation is > 47!, we deduce
that

|x —y| =47 (4.536)

Consider next N € N and {&};=;. ny+1 € E such that § = x and éyyq) =
y. It follows that there exists k € {1,..., N} such that the points & and &4,
are separated by squares in C, 4 [since, otherwise, both x and y would belong to
some fixed square in C, 1, violating (4.535)]. Consequently, |&; — &4+1] > 47"\
Since N € Nand {&},=>. n C E were arbitrarily chosen (with the convention
that this collection of points in E is an empty set when N = 1), it follows from

definition (4.525) that, on the one hand,
dy(x,y) =471 (4.537)
while on the other hand, since x, y € Q,{", it follows that
Ix — y| < diam (Q)°) = V24(QJ7) = 47" +3. (4.538)
Combining (4.537) and (4.538) we obtain

d.(x,y) = 47 |x — y|. (4.539)
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Since x, y € E suchthatx # y were arbitrarily chosen, and since obviously (4.539)
also holds for x, y € E with x =y, the proof of (4.532) is completed, as ¢ := 47>/4
does the job. This completes the proof of the proposition. O

Proposition 4.79 may be further refined as in the following corollary.

Corollary 4.80. Let E be the four-corner planar Cantor set, and assume that d, is
the ultrametric on E defined as in (4.525). Then, for any y > 0 the space (E,d))
is a compact, ultrametric space that is both upper and lower 1/y-Ahlfors regular.

Proof. This is established much as Corollary 4.78, using Proposition 4.79. O

Another example of an ultrametric on the four-corner Cantor set that is equivalent
to the restriction of the Euclidean distance to this set is presented below.

Comment 4.81. Given a dyadic square Q in R? (always considered to be closed),
denote by Q the set consisting of Q with the upper horizontal and right vertical
sides removed. In particular, for every n € Z the plane R? decomposes into the
disjoint union of all Q, where Q runs through the collection of all dyadic cubes
with side length 27". In turn, this observation may be used to justify that the function
d : R? x R? — [0, +00) given by

g(x, y) = inf{Z(Q) . Q dyadic cube such that x, y € @} Vx,yeR?
(4.540)

is well defined. In relation to this function, we make the following claims:
d is an ultrametric in R?, (4.541)
and, with E denoting the four-corner planar Cantor set and with d, as in (4.525),

d|,~ d.. (4.542)

To justify (4.541), we start by noting that, given any points x, y,z € R? and any
dyadic cubes Q1, Q», Q3 in R2,

£(Q1) = 6(Q2) = £(Q3)

~ ~ ~ ¢ = Q1€ 0, 0s. (4.543)
x7yEle J’,ZGQL Zs-er:i

This follows from the general observation that for any dyadic cubes Q’, Q” in
R? with the property that Q' N Q” # @ one necessarily has either Q' € Q”
or Q” C Q’. Having established (4.543), we deduce from this that whenever the
points x, y,z € R? and dyadic cubes Oy, Q,, Q3 in R? are as on the left-hand
side of (4.543), it follows that x, y,z € 62- Granted this, the ultrametric triangle
inequality is readily verified for the function (4.540). Since this function is clearly
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symmetric and nondegenerate, the claim in (4.541) is proved. Let us also note here
that for each x, y € R? contained in some Q one has £(Q) > 2~'/2diam (Q) >
271/2|x — y|, hence

d(x,y)=2""?x—y|, Vx,yeR. (4.544)

As regards the claim in (4.542), observe that the estimates in (4.544) and (4.526)
give d | g 27124, . Finally, the fact that there exists some finite constant ¢ > 0

such that :ﬂ g=c¢ d, is a consequence of (4.535) and (4.536). This concludes the
proof of (4.542). |

Of course, the claims established in Comment 4.81 have natural formulations in
all space dimensions. In particular, a result related to the one-dimensional version
reads as follows.

Proposition 4.82. Let X := [0, 1), and for each x,y € X set

d(x,y) = Ly ifx 7y, (4.545)

0 ifx=y,
where, for x,y € X such that x # y,

k k+l)

L(x,y) is the length of the smallest dyadic interval [7, S

(4.546)
containing both x and y, where k € N is such that 1 <k <2" —1.

Then (X, d) is an ultrametric space.

4.8 Distribution Theory on Quasimetric Spaces

Let (X, q) be a quasimetric space. Then for each p € q define the class of test
functionson X as

2X.p)= [} eX.p). (4.547)

0<B<[logyCp]~!

equipped with a certain topology, 79, which we will describe momentarily. For
now, we wish to note that Z(X, p) is a rich set since, for example, the functions
in 2(X, p) separate the points in X (cf. the last part in Theorem 4.6, as well as
Remark 4.8).

Turning to the issue of defining the topology T4 on Z(X, p), fix a nested family
{K,}nen of p-bounded subsets of X with the property that any p-ball is contained
in one of the K, sets. Hence, in particular, U,enK,, = X. Next, for eachn € N,
denote by 7, (X, p) the collection of functions from Z(X, p) that vanishin X \ K,,.
With || - ||eo standing for the supremum norm on X, this becomes a Fréchet space
when equipped with the topology 7, induced by the family of norms
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{I-lloo+1I- 6 x : B rational number such that 0 < g < [log,Cp] 7'}, (4.548)

That is, Z,(X, p) is a Hausdorff topological space, whose topology is induced by
a countable family of seminorms, and which is complete (as a uniform space with
the uniformity canonically induced by the aforementioned family of seminorms as
in Example 2.75 or, equivalently, as a metric space when endowed with a metric
yielding the same topology as t,; cf. Theorem 1.1). Since for any n € N the
topology induced by 7,41 on Z,(X, p) coincides with t,, we may turn Z(X, p)
into a topological space, (Z(X, p), 72), by regarding it as the strict inductive limit
of the family of topological spaces {(.@n (X, p), rn)}

neN”

Theorem 4.83. Assume that (X, q) is a quasimetric space. Then for each p € q the
class of test functions D(X, p), equipped with the topology t4 (defined as above),
satisfies the following properties.

(1) The topology t9 is independent of the particular choice of a family of sets
{K,}nen with the properties specified above. Also, in general, 19 is not
metrizable.

(2) (2(X,p),t9) is a Hausdorff, locally convex, topological vector space. Also,
for everyn € N, the topology induced by t9 on %,(X, p) coincides with t,.

(3) (2(X,p),t9) has the Heine—Borel property [ie., a subset of 2(X,p) is
compact in tg if and only if it is closed and bounded].

(4) The topology t9 on 2(X,p) is the final topology of the nested family of
metrizable topological spaces {(.@n (X, p), r,,)} and, hence, (2(X, p), 19)
is an LF-space.

(5) A convex and balanced subset O of Z(X, p) is open in 19 if and only if the set
O N Z,(X,p) isopenin 1, for everyn € N, i.e., if and only if

VneN Fe>0 3B €(0,[log,Col™") such that
(6 € 2(X.0): ¢ = 0on X\ Ky and [$lloo + ]l gy < &} < O.
(4.549)

neN

(6) One has
{¢j}jen C D(X, p) converges to zero in 1y <=> In € N such that
{pi}jen € Du(X,p)and {¢;}en converges to zero in Ty,
(4.550)
i.e., there exists n € N with the property that ¢; = 0 on X \ K, forevery j € N
and jli)n;o[quj loo + llp; ||<5;ﬁ(X,p)] = 0 whenever 0 < B < [log,C,]™".

(7) A sequence {¢p;}jen € D(X,p) is Cauchy (in the sense of topological vector
spaces) if and only if there exists n € N with the property that ¢; = 0 on X \ K,
for every j € N and whenever 0 < B < [log,C,|™", one has ||¢; — ¢ |loo +
lp; — ¢k||(g'ﬁ(x,p) — Oas j.k — +oo.

(8) 2(X,p) is sequentially complete, in the sense that any Cauchy sequence in
2(X, p) converges to a (unique) function from 2(X, p) in the topology t.
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(9) A set B < D(X,p) is bounded (i.e., any neighborhood of the origin in this
topological vector space contains a positive dilate of ) if and only if there
exists n € N with the property that

¢ =0 on X\ K, foreach ¢ € B, and
sup {1 lloc + 19llgsx ) * ¢ € BY < +00 (4.551)
whenever B € R satisfies 0 < B < [log,Cp] "

Proof. This is proved along the lines of [108, Theorems 6.4-6.5, pp. 152-153]. O

Moving on, given a quasimetric space (X, q), for each p € q we define the
space of distributions Z’(X, p)on X as the (topological) dual of (X, p)
and denote by (-, -) the natural duality pairing between distributions in 2’ (X, p) and
test functions in Z(X, p).

Theorem 4.84. Let (X, q) be a quasimetric space and fix some p € q. Then for a
linear mapping f : (X, p) — R the following conditions are equivalent.

(1) f belongsto 2'(X, p).

(2) f maps bounded subsets of the topological vector space (2(X, p), t9) into
bounded subsets of R.

(3) If a sequence {¢;}jen S Z(X, p) converges to zero in the topological vector
space (Z(X,p),t2), then (f,¢;) = 0as j — oo inR.

(4) Foreachn €N, the restriction of f to (2,(X, p), t,) is continuous.

(5) For every n € N there exist C € (0,400) and B € (O, [logZCp]_l) with the
property that

[ 8)] < CIglloo + Ibllincxp) Y TulXop). (4552

Proof. This is proved by reasoning much as in [108, Theorems 6.6 on p. 155 and
Theorem 6.8 on p. 156]. O

Given a quasimetric space (X, q) and p € q, it follows that 2’ (X, p) has a natural
vector space structure. We will equip this space with the weak-topology 4, i.e., the
topology induced by the family of seminorms { py }pez(x,p) 0n 2’ (X, p), where for
each ¢ € Z(X,p) and f € Z'(X, p) we defined py(f) := |(f. ¢)|. Thus, for a
sequence { fj}jen € Z'(X, p) and a distribution f € Z'(X, p),

lim f; = f in 19 <= lim (f;.¢) = (f.¢) in R foreach ¢ € Z(X, p).
] —>00

Jj—o0
(4.553)

The space of distributions on a quasimetric space is sequentially complete, in the
sense made precise in the theorem below.

Theorem 4.85. Suppose that (X, q) is a quasimetric space and that p € q. If a
sequence { [} jen € 2'(X, p) has the property that
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lim (f;,¢) exists in R for each ¢ € D(X, p), (4.554)
j—>o00

then the functional that associates to each test function ¢ € Z(X, p) the number

defined as the limit in (4.554) is a distribution [ € 2'(X,p) that satisfies the

following properties.

(1) lim f; = f in t9.

j—>o00

(2) Foreveryn € N there exist C € (0,400) and € (0, [logZCp]_l) such that
[(f5-8)] < ClIplloo+ 18l 48(x,) forall g € Zu(X,p)and all j € N. (4.555)

(3) lim (fj.¢;) = (f. @) for every sequence {¢p;}jen S Z(X, p) converging in
J—>00
19 to alimit ¢ € (X, p).

Proof. This is essentially a consequence of the Banach—Steinhaus principle of
uniform boundedness (cf. [61, Theorems 2.1.8, pp. 38-39] for details in the standard
Euclidean setting). O

As in the classical Euclidean setting, any nonnegative distribution on a locally
compact quasimetric space is given by integration against a Borel regular measure.
More precisely, the following theorem holds.

Theorem 4.86. Assume that (X,q) is a quasimetric space for which tq, the
topology canonically induced by the quasimetric space structure q on X, is locally
compact. Fix p € q. Then for any distribution f € 9'(X, p) with the property that

(f, ) =0  forevery ¢ € Z(X,p) suchthat ¢ >0 (4.556)

there exists a (unique) locally finite Borel measure | on the locally compact
topological space (X, tq) such that

(. 9) = /X $(x)du(x) forevery ¢ € (X, p) 4557)

and that satisfies the following regularity conditions:

WE) =inf{u(U): E CU C X, U open} forevery Borel set E C X
(4.558)
and
W(E) =sup{u(K): K C E, K compact subset of X } (4.559)

whenever E C X is either open or a Borel set of finite measure.

Proof. Denote by CKCO (X) the space of continuous, real-valued functions of compact
supportin X . We claim that for each ¢ € 6€°(X) there exists a sequence {¢; } jen <
(X, p) with the property that all functions ¢; vanish outside a common compact
subset K of X and ¢; — ¢ uniformly on X as j — +oo. When C, > 1, this
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follows from Theorems 4.15 and 4.12 (used with B := [log,C,]™!). The case C, =
1, i.e., when p is an ultrametric, is handled similarly, with the help of Remark 4.8.

To proceed, assume for a moment that for each compact set K C X there exists
a finite constant Cx > 0 with the property that

[{f, )| < Cklldllo forevery ¢ € Z(X,p) vanishingon X \ K. (4.560)

Since this entails [{ £, ¢;) — ( f, ¢x)| < Ckll¢p; — ¢k ||loo forevery j, k € N, it follows
that

Ap) = (f.¢;) existsin R forevery ¢ € E2(X). (4.561)
Furthermore, by mixing sequences, we see that the value of this limit is independent
of the choice of the approximating sequence {¢, } jen with the specified properties.
Moreover, since matters may be arranged so that each ¢; is nonnegative if ¢ > 0
to begin with, we ultimately deduce that A is a well-defined, nonnegative linear
functional on 6°(X) with the property that A(p) = (f, @) whenever ¢ € Z(X, p).
At this stage, the existence of a locally finite Borel measure u satisfying (4.557)—
(4.559) becomes a consequence of Riesz’s representation theorem.

We are therefore left with verifying the claim made in (4.560). To this end, fix a
compact set K € X and choose some ¢ € Z(X, p) that vanishes in X \ K. Based
on Theorem 4.12 (cf. also Remark 4.8), it is possible to produce a nonnegative
function y € Z(X, p) such that y(x) = 1 for every x € K. Then, it follows that
¢+ = ||Plloox £ ¢ € 2(X,p) and ¢+ > 0. In concert with (4.556), this yields
0 =< (f.¢x) = llPlloo(f. x) £ (/. #). Hence, (4.560) holds with Cx := (/. x), and
this completes the proof of the theorem. O

lim
j—>o0

4.9 Hardy Spaces on Ahlfors-Regular Quasimetric Spaces

Let (X, q) be a quasimetric space, and suppose that y is a measure on X with the
property that the following Ahlfors-regularity condition holds:

there exist d € (0, +00) and p, € q such that

d

all p,-balls are p-measurable, and ,u(Bpo (x, r)) ~ r® uniformly (4.562)

for every x € X and every finite number r € (0, diam,, (X)].
It is not difficult to check that the Ahlfors-regularity condition (4.562) implies that
(X, q) is geometrically doubling (in the sense of Definition 4.10). Consequently,

if we equip X with the topology 74, naturally induced by the quasimetric space
structure q on X, it follows from property (1) in Theorem 4.21 that

p is a Borel measure on (X, 7). (4.563)
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In such a setting, if
—1
peqand 0 <y < [logZCp] , (4.564)

then for each x € X we define the class 7,” (x) of (p, y)-normalized bump functions
supported near x according to

T) (x):= {w € 2(X,p): Ir > Osuchthaty = 0on X \ B,(x,r) and
1¥lloo + 11 gy < 7} (4.565)
Next, given a quasidistance p and a number y as in (4.564), define the grand

maximal function of a distribution f € 2/(X, p) by setting (with the duality
paring understood as before)

foy ()= sup [(fy)

veT (x)

. VxeX. (4.566)

Lemma 4.87. Assume (X, q) is a quasimetric space and L is a measure on X that
satisfies (4.562). Also, suppose that the quasidistance p and the number y are as
in (4.564). Finally, recall the regularized version ps of p as defined in Theorem 3.46.
Then there exist two finite constants Cy, C; > 0, depending only on p and y, with
the property that for any f € 9'(X, p) one has

Co fp’:’y(x) < fp’fy(x) <C fp:’y(x) forallx € X. (4.567)
Furthermore, for each distribution f € 9'(X, p),

the function f,

p:’y 1 (X, 1) = [0, +00] is lower semicontinuous. (4.568)

As a corollary of this and (4.563), for each distribution f € 2'(X, p) the function

£
sy 18 p-measurable.

Proof. As a preamble, let us note that if p,p’ € ¢, then there exists
C € (0,+00) with the property that for each x € X and each number

y € (0, min{[longp]_l, [logZCp/]_l}) we have
Y eT)(x) = y/C eT)(x). (4.569)
In turn, this shows that

if p,p’ € qand 0 < y < min {[1og2Cp]_l, [logZCp/]_l}, then

(4.570)
y(x) & f7 (x) uniformlyinx € X and f € X, p) NI (X, p).
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From (3.533) in conclusion (11) of Theorem 3.46 it follows that the regularized
version pg of p satisfies p4 € q and C,, < C,. Granted this, (4.567) becomes a
consequence of (4.570). Consider now the claim made in (4.568) for an arbitrary
distribution f € 2'(X, p). Leta > 0, and define O := ( p’;’y)_l((a, +00)) € X.
Thus, if we fix x, € O, then there exists ¥ € T, (x,) such that b := [(f.¥)| > a.
Assume that r > 0 is such that ¥ is supported in B, (x,, r) and is normalized as
in (4.565) relative to this number. Then the desired conclusion follows as soon as
we show that

there exists ¢ = &(p, d, y,r,a,b) > 0 such that B,,(x,, &) € O. 4.571)

To proceed, fix an index 0 < B < min{l, [log,C,]"!} and use the Holder
condition (3.542) for p4 to conclude that there exists a constant C = C(p, ) > 0
with the property that
By, (x0.1) S By, (x, R),

g€ (0,r)and x € By, (x,,8) = where R ‘= r 4+ Crl=eb (4.572)
Let ¢ and x be as on the left-hand side of (4.572). Then definition (4.565) and the fact
that By, (x,,7) € By, (x, R) with R > r readily imply that (r/R) T’y € Tj(x).
Hence, /% (x) = [(f. (r/R)T7y)| = (r/R)**"b. Given that b > a and that R is
related to r and ¢ as in (4.572), it follows that there exists ¢ = ¢(p,d, y,r,a,b) > 0
such that fp:’y(x) > a whenever x € B, (x,,e¢). This justifies the claim made
in (4.571) and completes the proof of the lemma. O

Lemma 4.88. Let (X, q) be a quasimetric space, and suppose that |4 is a measure
on X that satisfies (4.562). Also, assume that p € ¢, p € (0, 1] and y € R are such
that 0 < y < [log,C,]™". Finally, consider a sequence { f;};en € 2'(X, p) with
the property that

Ve>0 AN, € N suchthat ||(f; — fk);#'y”LP(XW_) < & whenever j,k > N;.

Then there exists a (unique) distribution | € 2'(X, p) for which (4.573)

lim f; = f in 2'(X,p) and lim |(f — fi)}, ,lexy = 0. (4.574)
] —>00 ] —>00

Proof. With the goal of eventually employing Theorem 4.85, in a first stage we
propose to show that

{(f] , qb)}jeN is a Cauchy sequence in R for each fixed ¢ € Z(X, p). (4.575)

To see this, pick an arbitrary ¢ € Z(X,p) C € (X, p). In particular, there exist
X, € X and r > 0O such that ¢ vanishes in X \ B,,(x,,r). Hence, we can select
a finite constant C4 > 0 with the property that ¢/C, € 7,/ (x) for every point
x € B,,(x,,r). Consequently, for each j, k € N we may write

(fi = fe ) < Culfs = fi)ly, (). Vx€By(xpr).  (4576)
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In turn, raising both sides of this inequality to the pth power and integrating in
x € B,,(x,,r) with respect to u yields

[(fi = fe N1 (Bpy (x0.7)) = C,,f/B ( )(fj = Ji) gy ()P dpu(x),  (4.577)

and hence
I(fi = fi @) < Cyrll(fj = Sy lrx s YikeN (4.578)
Now, (4.575) follows from this and (4.573). Thus, Theorem 4.85 applies and gives
the existence of a distribution /' € Z'(X, p) for which lim f; = f in Z'(X, p).
J—>00

We are therefore left with showing that (f — f)7, , = 0in L7(X, ) as j — oo.
To this end, pick an arbitrary ¢ > 0 and, based on (4.573), select N, € N with
the property that [[(f; — fi),, ,llLrxp) < €if j.k = N,. By once again relying
on (4.573), we may inductively construct a subsequence { f, }»en of the original
sequence of distributions such that

/X(fj" — i) gy (7 dp(x) <277, VneN. (4.579)

Finally, consider a natural number i > N, and pick £ € N so that j; > N, and
27t < ¢. Since we have

f=fi=Ffi=fi+ Y fun— ) in Z(X,p), (4.580)

n={

it follows that for every x € X

(f = Sy ) < (i = Sy, Q)+ Y (S = Fi)y (0. (4381)

n={

Given that 0 < p < 1, this and (4.568) in Lemma 4.87 further imply that
o0
”(f - ﬁ);#,y”ZP(X’M) = ”(sz - ﬁ);#,y”ZP(X,u) + Z ||(fjn+l - fjn);#,y”zp(x,u)'
n={

(4.582)

Finally, on account of (4.579) and the choices we have made on the parameters N,
i, ¢, we obtain from (4.582) that || (f — fi)}, , ||€p(X,M) < 3e. With this in hand, the
desired conclusion (i.e., the last condition in (4.574)) follows. O

In the setting described at the beginning of this section, consider next a real
number

pe (d Find(X.q) 1]’ (4589
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and observe that this membership amounts to demanding that 0 < p < 1 together
with the existence of some p € q with the property that d(1/p — 1) < [log,C,] "
For each such index p and quasidistance p define the Hardy space H? (X, p, )
by setting

HP(X, p, jt) 1= {f €7'(X.p): Vy eRsothatd (L —1) <y < [log,C,] ™",

it follows that £;* € L”(X, u)}- (4.584)

A closely related version of this Hardy space is H? (X, p, u), with p and p as before,
defined as

HP(X, p, ) 1= {f € 7' (X.p): 3y e Rsothatd (L —1) <y < [log,C,]™"
and with the property that fpz,y e L7(X, p,)} (4.585)

From this discussion it follows that H”(X, p, u) < ﬁf’(X, P, ), and our goal is
to prove that one actually has equality. This is done in Theorem 4.91 below and, as
preamble, it requires that we discuss the notions of atom and atomic Hardy space.

Specifically, given an exponent p € (0, 1] and assuming that (4.562) holds, call a
functiona € L*°(X, ) a p-atom, provided there exist x € X and a real number
r > 0 with the property that (with d € (0, +00) as in (4.562))

suppa € B, (x.7), llallLeox < r~47, / adu = 0. (4.586)
X

In the case when p(X) < 400, itis also agreed that the constant function given by
a(x) == [M(X)]_l/p, for each x € X, is a p-atom. Then, for each p € (0, 1], the
atomic Hardy space HJ(X) := HJ(X.q, ) is introduced as

H£(X, q. U1 = {f € (%d(l/f’_l)(X, q))* :3{Aj}jen € £7(N) and p-atoms {a;} jen

such that f = Z)Ljaj in (‘fd(l/p_l)(X, q))*} (4.587)
jeN

Also, consider the quasinorm || - ||H£(X) defined for each f € HY(X) by

. 1/p .
1 2, = inf (Zum) D f =) Aja; asin(4.587) (. (4.588)

jeN jeN
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It is worth noting that, in the preceding context, for any quasidistance p € q with
the property that d(1/p — 1) < [log,C,]~! we have

HY(X,q,p) C (€077 (X, p))" — Z'(X, p); (4.589)

hence, in such a scenario, the elements in H/ (X, q, 1) may be naturally viewed as
distributions on X.

Let us momentarily digress for the purpose of establishing that the atomic Hardy
space HJ (X, q, ) from (4.587) becomes trivial if p € (0, 1] is small enough. To
state a result to this effect, recall (4.323) (cf. also (4.333) in this regard).

Proposition 4.89. Assume that (X,q) is a quasimetric space and that |4 is a
measure on X satisfying (4.562). Then, if d € (0, +00) is as in (4.562), it follows
that

{0} if nu(X) = oo,

O<p<——"-"77— = Hp(qus:u“):
d +indo(X, q) “ R if n(X) < 4oo.
(4.590)
Proof. Fix p € R with
d
0< (4.591)

< —’
P= 4 ¥indy (X, q)

and observe that this condition is equivalent to indy(X, q) < d(1/p — 1). Then, by
Theorem 4.59 and Definition 4.57, we have €(1/»—1 (X,q) = R as vector spaces.
First suppose that ©(X) = +o00, and recall that in this situation @1/p=1) (X,q)is
regarded as a normed space modulo constant functions. Hence,

HY(X.q.p) € (€1Y77D(x,q)" = {0}, (4.592)

which completes the proof of (4.590) in the case when jt(X) = +o00. Next, assume
that ;£(X) < +o0. In this scenario, the constant function a(x) := [p,(X)]_l/p, for
X € X, is by definition a p-atom and, hence, H} (X, q, ) # {0}. On the other
hand, when p(X) < 400, we have @d1/p=1) (X, q) = R as normed vector spaces.
Thus,

HJ(X,q,p) C (€177 V(X,q)" =R* =R, (4.593)
forcing HY (X, q, 1) = R in this case. This completes the proof of the proposition.
O

Returning to the topic of studying the relationship between HJ/(X) and
H?(X, p, i), one inclusion between these spaces is established in the next lemma.
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Lemma 4.90. Assume that (X, q) is a quasimetric space and that [u is a measure
on X satisfying (4.562). Then for each p as in (4.583) and each quasidistance p € q
forwhich d(1/p — 1) < [log,C,] ™" there holds

HY(X) S H? (X, p, ). (4.594)

Proof. Fix p as in (4.583) along with a quasidistance p € q and some index y € R
satisfying d(1/p—1) < y < [log,C,]™". Also, suppose thata is a p-atom supported
in By, (x4, 7+). Our goal is to show that there exists a finite constant C > 0 that is
independent of the atom a, with the property that

lag, Neroew < C. (4.595)

Then, in the last part of the proof, we will indicate how (4.594) may be derived
from (4.595) and Lemma 4.88.

Note that, by replacing p with its regularized version py as defined in Theo-
rem 3.46 [which is known to satisfy C,, < C,; cf. (3.533)], there is no loss of
generality in assuming that p = py. Granted this, it follows that p is continuous in
each of its variables. In particular, all p-balls are open and, hence, p-measurable
by (4.563) (the relevance of this comment will become apparent shortly).

To prove (4.595), pick an arbitrary point x € X and suppose that ¥ € T,”(x) is
supported in B, (x, r) for some real number r > 0 and is normalized as in (4.565)
relative to r. Then, since p ~ p, and B,(x, r) is u-measurable, we have

a, v)| = / laIY DI dpr(y) = lallzee g 1Vl oo e 1(Bo(x. 1))

By (x.r)
< CriPrtu (B, (x.Cr)) < CryPrdrd = €y (4.596)

for some finite constant C = C(p,p,, ) > 0 independent of a and .
Consequently, for each x € X we obtain

ar, ()= sup |(a.y)|=Cri”, (4.597)
veT, (x)

with C > 0 as before. If we now pick a sufficiently large constant M > 1 (which is
allowed to depend only on p), then we may estimate

/ 0%, ()17 du(x) < CO2P) u(Byy (ve. Mra)) < €. (4.598)
Bpy (x5, M)

again, for some finite constant C > 0 that is independent of a.
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To estimate the contribution away from the support of the atom, for each k € N
let us introduce Ay := B, (xx, M**'r,) \ B,, (x«x, M*ry). To proceed, pick an
arbitrary point x € X \ B, (x«, M) and suppose that ¥ € 7,”(x) is supported in
B,(x,r) for some real number » > 0 and is normalized as in (4.565) relative to r.
Then there exists k € N so that x € Ay, and we claim that there exist two constants
¢ = c(p,p) > 0and C = C(p,p,) > 0, independent of a, ¥, k, r, r«, with the
property that

B, (Xs,75) N By(x,7) # 0 = r > cM" 1, (4.599)

To justify this claim, note that if there exists y € B, (x«,7%) N B,(x,r), then we
may write (keeping in mind that p ~ p,)

M¥ry < po(x.x4) < Cp(x,x4) < C(p(x,y) + p(y.x4)) < C(r + p(y.xx))

SC(r+C'po(y.xx)) <C"r + C"ry, (4.600)

where all constants involved depend only on the proportionality factors of p and p,.
Hence, by eventually increasing M (in a manner that depends only on p and p,),
we may deduce from (4.600) that 7 > ¢M*'r,, where ¢ = c(p, p,) > 0. This
proves (4.599).

Next, based on the size, support, and cancellation conditions for the atom a, as
well as the Holder bound for the bump function 1, we may write (keeping in mind
that p(-, x) is continuous, hence p-measurable; cf. (4.563))

@] = | [ ar)@0) = v i)

=, a0 - ano)

< Wl el oo / p(y, x2) dua(y)
By (xs,7%)
< ClW i plalimn [ L pls )
o Xk T %

< Cr T I u(By, (xe, ) = Crm 7P @ 601)

In turn, (4.601), (4.599), and support considerations imply that, for every k € N, we
have
ay,(x) < CM D= 24P whenever x € Ay, (4.602)

where C is a positive, finite constant independent of @ and k. Having established
this, we may then proceed to estimate
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/X\Bp{,(x*,Mr) a5, (I dp(x) = Z/Ak lay,, ()7 du(x)

keN

<C ZM(k—l)(—dp—yp)r*—dM(Bpo (X, Mk+1r*))

keN

< C Z M(k—l)(—dp—yp)r*—d (Mk+lr*)d
keN

=C Y Mt < 4o (4.603)
keN

since M > 1 and since y > d(1/p — 1) entails —d + yp + dp > 0. In
concert, (4.598) and (4.603) imply (4.595).

To complete the proof of the lemma, it remains to indicate how (4.594) may be
derived from (4.595) and Lemma 4.88. In concrete terms, consider f € HZ(X).
Hence, f € (‘fd(l/P_l)(X, p))*, and there exist a numerical sequence {A;};en €
£7(N) and a sequence of p-atoms {a; } ;en with the property that f = " jenAja;
in (cgd(l/p—l)(X, p))*. For each n € Nintroduce f, := Z'j’:l Aja; and notice that,
on the one hand,

nlgréo fu=f in 2(X,p). (4.604)

On the other hand, thanks to (4.595), whenever n,m € N are such that m > n, we
have

1o = Fd b s < D 1P I@ sy < C S 1A 7. (4.605)
j=n

j=n
Together, (4.604), (4.605), and Lemma 4.88 then show that
Tim ([(F = £ leeorm = 0. (4.606)
In turn, since (4.595) also gives that for each n € N we have
" " » 1/p
1 leorm = € (3 1A517) (4.607)
j=1
with C € (0, +00) independent of n, we deduce from (4.606) and (4.607) that

" > 1/p
1o = € (30 14,17) (4.608)
j=1

for some finite constant C > 0 that is independent of f. Hence, f; , € L7(X, 1),
which proves (4.594). O
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To summarize, the analysis so far shows that HY(X) < H”(X,p,u) C
H P(X, p, ). Thus, to prove that all these spaces coincide (i.e., may be identified
with one another in a natural fashion), it suffices to check that the injection
HF (X) — H? (X, p, u) suffices. We will do so using a power-rescaling argument
to reduce matters to the special case of the so-called normal spaces considered
in [79].

Theorem 4.91. Assume that (X, q) is a quasimetric space and [ is a measure on
X satisfying (4.562), and fix

d
1, 4.609
pe(d—i-min{d,ind(X,q)} ] (4.609)
where d € (0, 400) is as in (4.562). Suppose that
p € q is such that d(% — 1) < min{d, [log,C,] '} (4.610)

and, for every functional f € HZE(X), denote by }; the distribution in 7' (X, p)
defined as the restriction of f to (X, p). Then the assignment f + [ induces
a well-defined, injective linear mapping from HY (X) onto the space H? (X, p, jv).
Moreover, for each

p€qandy € R with d(% —1) <y < min{d, [log,C,]™"} (4.611)
there exist two finite constants ¢y, ¢y > 0 such that

el fllazoey < Wy lercew < el fllyzy forall fe HI(X). (4.612)

Consequently, the spaces H? (X, p, ) and H P(X, p, ) are naturally identified
with HY(X). In particular;, they do not depend on the particular choice of the
quasidistance p and index y as in (4.610), and their notation will be abbreviated
to simply HP(X) and H?(X). Hence, H?(X) = H?(X) = H} (X), and also

d
d +min{d,ind (X, q)}

(H?(X))" =€V~ (X,p) if <p<l1. (4613)

As a corollary, whenever (4.611) holds, one can find a finite constant ¢ =
c(p,p,y) > 0 such that for every distribution f € 2'(X, p) with the property
that its grand maximal function fp’;’y belongs to L? (X, u) there exist a sequence of
p-atoms {a;}jen on X and a numerical sequence {1} jen € €7 (N) for which

f=)Y Aja; in 7'(X.p) (4.614)

jeN
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and

1/p .
(Z 1A |p> =cll /o lerw- (4.615)
jeN
Finally, whenever (4.611) holds, one can find a finite constant ¢’ = ¢'(p, p,y) > 0

such that, given a distribution f € 2'(X, p), a sequence of p-atoms {a;}jen, and
a numerical sequence {A;} jen € €7 (N) such that (4.614) holds, then

1/p
e lroen =€/ (3 12517) (4.616)

jeN

Proof. Assume that p and y are as in (4.611), and note that these conditions imply
that

! — 1/d
”Qwﬂ%wﬁ@’mm%~mmw}-@m>

Since C,q > C, and d > 0, it follows that p? is a quasidistance on X satisfying

p(x, )* < (Cpa)? max{p(x,2)?, p(y,2)"}, Vx,y,z€X. (4.618)

Consider now the triplet (X, (p?)4, 1), where (p?)y is the canonical regularization
of the dth power of the original quasidistance p, in the sense of (3.528). From
conclusion (12) in Theorem 3.46 we know that (p?)s ~ p? and that (p?) satisfies
a Holder regularity condition as in (3.542) for any S € (0, ], where

a = [log,(Cpa)'1™" € (0.1]. (4.619)

This expression of « is derived from (3.514) and (3.515), used in the context
of (4.618), while the fact that @ < 1 is ensured by our choice of C,, 4 in (4.617).

Furthermore, since by conclusion (12) in Theorem 3.46 the function (p?)y is
continuous in each of its variables on the topological space (X, tq), it follows that
for every x € X and r > 0 the set B(,q),(x,r) is open in 74, hence -measurable
by (4.563). In turn, this and condition (4.562) then allow us to write

(B ey, (x, 7)) & (B (x,1)) = 1w(B,, (x, 7)) ~ (VY =1 (4.620)

uniformly for x € X and 0 < r < diam,, (X). This analysis then shows that
(X, (p?)4, 1) becomes a normal space of order o := [logz(Cp,d)"’]_l e (0,1],
as defined in [80, p.272] (we wish to stress that it is the condition ¢ < 1 that
allows us to derive the analog of the estimate [80, (1.9), p.272] for (pd)# from the
aforementioned Holder regularity condition satisfied by this function). Also, there
exist Cy, Cy € (0, +00) with the property that for each x € X we have
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VT () = v/CieT/l (x).

1d (4.621)
¥ e T/ (x) = ¥/Cr e T (x).
Last, observe that our conditions on p and y imply that
1
0<y/d <a and (4.622)

T+ P!

Then all claims in the statement of the theorem, with the exception of (4.613),
follow from [80, Theorem 5.9, p.306] (cf. also [80, Theorem 4.13, p.299]) used
for (X, (p%)4, /1), and after rewriting the corresponding conclusions in terms of the
quasidistance p.

Finally, the duality formula (4.613) is a consequence of the identification of
HZE(X) with H?(X) proved earlier, and of [35, Theorem B, p. 593]. O

We close this section by noting that if (X, q) is a quasimetric space, u is a
measure on X satisfying (4.562), and p € q and y € R are such that

0< d(% - 1) <y < min {d, [log,C,] '} (4.623)
then Theorem 4.91 shows that

HIX.q ={f e 7 X.p): fr, eL/X.p)f.  (4624)

4.10 Approximation to the Identity on Ahlfors-Regular
Quasimetric Spaces

Here we are concerned with the smoothness (measured on Holder scales) of
approximations to the identity on Ahlfors-regular quasimetric spaces. Our main
result in this section, Theorem 4.93, extends similar results established in [37, p. 40],
[39, p. 16], [56, pp. 10-11], [80, Lemma 3.15, pp. 285-286] to the optimal range of
smoothness. To get started, we record the following definition.

Definition 4.92. Assume that (X, q) is a quasimetric space, and suppose that kx is
a finite integer if diam X < 400 and ky := —oo if diam X = +o0 (for example,
pick ky € Z U {—oo} such that diam X < 27 < 2.diam X). Also, let u be a
measure on X satisfying the Ahlfors-regularity condition stated in (4.562). In this
context, call a family {Sk }xez, k>k, Of integral operators

Sef(x) = /X Ser ) S du(y).  x € X, (4.625)
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with integral kernels Sy : X x X — R, an approximation to the
identity of order ¢ > 0 provided there exist p € q and C € (0, 400)
such that, for every k € Z with k > ky, the following properties hold (recall that
d > 0isasin (4.562)):

(i) 0<Sk(x,y) <C2% forall x,y € X, and Si(x,y) = 0if p(x, y) > C27*.
(i) [Sk(x,y) — Se(x’, y)| < C2Fd+a p(x, x")® forevery x,x", y € X.
(iii) |[Sk(x, ») =Sk (X', MI=[Sk (x. y)=Sk(x", y)]| < C2KE@H29 p(x, x")¢p(y. y')*
for every x,x’, y,y’ € X.
@iv) Sk(x,y) = Sk(y,x) forevery x,y € X, and fX Si(x,y)du(y) = 1 forevery
xeX.

Clearly, if the operators {Sk }xez. k>ky form an approximation to the identity of
certain order ¢ > 0, then their integral kernels continue to satisfy (i)—(iv) with p
replaced by any other quasidistance p’ € q.

Theorem 4.93. Let (X, q) be a quasimetric space, and assume that | is a measure
on X that satisfies the d -dimensional Ahlfors-regularity condition stated in (4.562)
for some d € (0, +00). Then for any number ¢, such that

0 < ¢, <min{d + 1,ind (X, q)} (4.626)

there exists a family {Si}rez k>ky Of integral operators on X constituting an
approximation to the identity (in the sense of Definition 4.92) of any order & €
(0, &].

Furthermore, given p € [l,00] and f € LP(X,u), it follows that any
approximation to the identity {Sk }kez. k>ky, Of any positive order ¢, satisfies

kEZS,llch;kX ”Sk HLP(X#)%LP(X,V_) < +o00, (4.627)
ISk £ Gr(Xq) = CXEHAID| fllpx . VkeZ, k>ky, (4.628)
su Sk || e . < +too. 4:629)
kez, kgkx H | CH(X.Q—>C5(X.q)
sup || Sk || o g < 100 (4.630)
keZ.k>ky H | CH(X.Q—>C5(X.q)

limy 400 Skg = g in €(X,q) forany g € €°(X,q) and o € (0,¢), (4.631)
limg 400 Skg =g in€*(X,q) forany g € €°(X,q) and o € (0,¢). (4.632)

In addition, if the measure  is actually Borel regular on (X, tq) and 1 < p < o0,
then

lim Sif = f inLP(X,up). (4.633)

k—4o00
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whereas if diam X = 400 and 1 < p < oo, then any approximation to the identity
satisfies
lim Sy f =0 inLP(X,p). (4.634)

k—>—00

Proof. We revisit an approach originally due to Coifman (see the discussion on [37,
pp- 16—17 and p. 40]) with the goal of monitoring the maximal amount of Holder
regularity for the integral kernels in the setting we are considering. We will first
treat the case when diam X = +o0, in which scenario ky = —oo. To get started,
fix some number ¢, € (O, min{d +1,ind (X, q)}) and select p € q with the property
that 0 < &, < [log,C,]™" [cf. (4.255)]. Also, fix an arbitrary number & € (0, &,).
Next, let ps be the regularized version of p as described in conclusion (11) of
Theorem 3.46 and recall from (3.530) that p4 € q. In addition, from conclusion
(12) of Theorem 3.46 (cf. (3.542)) we have

1 .
[#(x, ) = ps(x,9)| < - max {oe(x, )75, pu(x.2)' 7 pw(1. 2) ] (4.635)

whenever x, y,z € X (with the understanding that x ¢ {y,z} when ¢ > 1). The
idea now is to consider a nonnegative function 2 € %"'(R) with the property that
h=1lon[-1/2,1/2]and h = 0on R\ (—2,2) and, for each k € Z, let T} be
the integral operator on (X, xt) with integral kernel 2891 (2% p4(x, y)) for x, y € X.
Based on properties of the function / and the Ahlfors-regularity condition for p, it
is straightforward to check that there exists a finite constant C, > 1 such that

Co_1 < (Tx1)(x) < C, foreachx € X andeachk € Z. (4.636)
Keeping this in mind, for each k € Z it is then meaningful to define

H2kd h(2 py(x,2))h (25 pu(z. y))
TD@(TD () Jx Ti(7) @

Sk(x,y) = du(z) (4.637)

for each x, y € X. Also, for p, € q as in (4.562) we have

o2 [ MBI )
“Jx

du@) < C | h(2*ps(x.2)) du(z)
Te( ) @) /X #

< Cu(B,, (x,C27%)) < Cc27%,
(4.638)

by the choice of /4, the Ahlfors-regularity condition for u, and (4.636). With this
in hand, the properties listed in (i) are direct consequences of (4.637), (4.636),
and (4.638). In turn, it is easy to check that (i) implies (i7) in the case when y € X
and x, x’ € X satisfy ps(x,x’) > ¢,2~* for some fixed ¢, € (0, 4+00). Hence, as
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far as property (ii) is concerned, there remains to check the case when y € X and
x,x" € X satisfy pg(x, x') < ¢,27% for some fixed ¢, € (0, +00). To this end, write

Sp(x,y) = Si(x",y)=1+11, (4.639)

where I, '] are given respectively by

2kd 1 1 h(2% py(x,2))h (25 py(z. ¥))
— d 4.640
Tvo \@ne ~ e/, ()@ e (60
and
2% 26 pu(x,2)) = h(2py(x', 2)) [ (25 i (2. )

d .

(T DT D () / Ti(7)@ "o
(4.641)

Going further, for some constant C € (0, +00) sufficiently large relative to ¢,, we
estimate

1 1
(T )(x) (T )(x')

< C(Ti)(x)—=(Ti ) (x)| (4.642)
< CZk”’/X|h(2kp#(x,y))—h(ka#(xCy))ldu(y)

= oM /D (2 pa(x, 1) —h (2 pe(x', 1)) | dpa (),

where D = {y € X : 2Fps(x,y) < 2o0r2Fps(x’,y) < 2}, by the support
condition on /. In particular, given that we are assuming pz(x,x’) < 27k, it
follows that

D C B,,(x,C27")n B, (x',C27%) (4.643)

for some finite, large constant C > 0. Consequently, using the mean value theorem
and (4.635), the last expression in (4.642) may be further bounded by

Ce " 2D || Loo iy [ o (x, x) ] /D max {py(x, )" 7. pe(x. y)' 7} dpu(y)

< C2"("’+”[p(x,x/)]£/D{p#(x, W'+ e ) T du(y)
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< C2XFDpy(x, 1] x

X{/ pr(x, »)' TFdu(y) + / pu(x’, y)' du(y)},
Bpy (x,C27K) By, (x/.C27F)

(4.644)
by (4.643). On the other hand, if p, € q is as in (4.562), then
/ ) du) < € o, 1) da(y)
Bpy (x,C27) oy (X,C27F)

+o00

ey [ ) ()
S0 e =p (<2 (€27
400

<c Y (72 TV (C2 ) = ceThHITH (4.645)
j=0

for some C € (0, 400), given that ¢ < d + 1. In concert, (4.642)—(4.645) give that
1 1
(T D(x) (T DH(X)

< Czk(d-i-l)[p(x’x/)]g(z—k)l—s-i-d — Czka[p(x’xl)]g‘

(4.646)
Hence, all together, from (4.640), (4.636), (4.638), and (4.646) we deduce that

1] < C2° I [p(x, )], (4.647)

which is of the right order. Moreover, based on the same ingredients, we may also
show that | I 7| < C2kd+®) [,o(x, x’ )]8, completing the proof of (i i) in the statement
of the theorem.

Moving on, the estimate in part (iii) of the statement of the theorem is justified
by first observing that if k € Z, then for every x, x’, y, ' € X we have

[SkCx. y) = Se(x’, )] = [Se(x. ¥) — Si(x", y)]

B 2kd B2k okd I
= /}([(Tkl)(x_) (2" pa(x,2)) — T (2% pa(x ,z))] x

2K p (2% py(z, ) B 2K h (2% py(z. y"))
TDOT(77)@  @DONT(7) @

du(z) (4.648)

and then estimating the two expressions in the square brackets using the same type
of ideas as in the first part of the proof. Finally, the algebraic identities in part (iv)
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of the statement of the theorem are seen directly from (4.637) and Fubini’s theorem.
This concludes the proof of the fact that the family of integral operators (4.625) with
kernels as in (4.637) is an approximation to the identity of order &.

We will now turn to the proof of (4.627). With this goal in mind, given p € [1, o]
and f € L?(X, ), the properties listed in (i) give that foreach k € Z and x € X,

1Se ()] < c][ | fdu

Bpy (x,C27F)

§Csup(][8( 14) = (M 1)@, (4649)

r>0

i.e., |Sk f| is pointwise dominated by a fixed multiple (which is independent of k)
of M,, f, the Hardy-Littlewood maximal operator of f (constructed in relation to
p#). Then (4.627) follows from this and the boundedness of M, on L7(X, i) in
the case when p > 1. If p = 1, then we may directly estimate, based on Fubini’s
theorem and properties (i), (i) from Definition 4.92,

ISl = [ ([ Seenl fo)1an0) e

= [ (] 1) @) 17001 a0 = £ e
X X
(4.650)

Note that the fact that | S f(x)| < 400 for p-a.e. x € X is implicit in this estimate.
Incidentally, this also shows (via interpolation between p = 1 and p = o0) that the
supremum in (4.627) is dominated by a constant independent of p € [1, c0].

Consider now estimate (4.628). To set the stage, fix k € Z satisfying k > ky,
along with x, x" € X, and note that S (x, y) = 0 foreach y € X \ B,,(x, Cc27%)
and that Si(x’,y) = 0 for each y € X \ B, (x',C27%). Assume first that
p#(x,x") < €27k In this scenario, B,,(x',C27%) C B,,(x,C,C27%); hence if
p € [l,00]is such that 1/p + 1/p’ = 1, then by this observation, properties (i)
and (i7) in Definition 4.92, and Holder’s inequality we may estimate

|Sk f(x) — Sk f(x)]
= ‘/ Se(x, y) f(y)du(y) —/ Sik(x",y) f(y)du(y)
Bpy (x,C,C27k)

By (x,C,C2K)

< / 1SE(e. ) — Sk L) du(y)
By (x,C,C27F)

< C2k<d+£)p(x,x’)€/
By, (x.C,C2~

. [f(D)]du(y)
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1/ ’
5Czk("“)p(x,x’)s(/xIf(y)l"du(y)) " (B (x. C,C274))

< C2k<d+£)2_kd/p/,0(x, x/)€||f||LP(X,[L)‘ (4651)

Hence,
ISk f(x) = Sk f(x")] < C2XEFTIPD (e XN\ fllLocxyy  if pa(x,x) < C27F,
(4.652)

Let us now consider the situation when ps(x, x’) > C 27k Granted this, we may
write

|Sk f (%) = S f(x))]
p(x, x')?

< C2(ISi f ()| + Sk f(x)])

< cz’”(][ |f1dp +][ |/1de)
By (x,.C27K) Bpy (x/,C27K)

< €2k 2K £l 1o (x (4.653)

by the first line in (4.649) and Holder’s inequality. Thus,
[Sif (x) = S f(x)] = C2HIDpCe XY | fllLroew i pa(x.x') = C27F,
(4.654)

and (4.628) now follows from (4.652) and (4.654).

As regards (4.629), pick some k € Z with k > ky, fix two arbitrary points
x,x" € X, and select an arbitrary function f € €*(X, p). When p(x,x’) < C27%,
proceeding as in the first part of (4.651) and keeping in mind property (iv) from
Definition 4.92, we obtain

[Sk f(x) = Sk f(x)]

- | / S e ) £ () du(y) — / Sk (<) f() du(y)
By (x.C,C27F)

Bpy (x,C,C27F)

-1/ [Sk0e3) = S ](F0) = f G dpa(y)
Bpy (x,C,C27K)

< / 1Se(x. ) = Sk IO — F)] du(y)
By (x,C,C27K)

= C2p(x X272 fllogey yy = CPE XIS Wiy (4:655)
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where we have also used properties (i) and (i i) from Definition 4.92. Furthermore,

|Sic f(X)=Sic f (X =[(Se f ()= f (%)) = (Sk f ()= f () |+] £ (x) = f(x)]
< [Sif () = FOO)] + [Sk f () = FD] + pCes XV f g x (4.656)

and when p(x,x’) > C 2% we have, thanks to property (i) in Definition 4.92,

S0 = fo) = | S 0) = SO0 ()

s (1, CpC27F

= C2M27 7 fllogey ) < Co@ XN N S lligei gy (4657)

with a similar estimate for |Sk f&x) — f(x )|. All together, this analysis proves
that ||Sk f \ Goxp = Clf ”%'é‘(x, ) for some finite constant C > 0, independent
of k € Z with k > ky. Hence, (4.629) follows. In turn, (4.630) is a consequence
of (4.629) and (4.627) with p = oo.

Turning our attention to (4.631), assume that « € (0, ¢), and fix an arbitrary
function g € ‘fs(X, p), along with x,x’ € X and k € Z with k > ky. When

p(x,x") < C27%, from (4.656) and (4.657) we have

|(Skg — 2)(x) = (Skg — &) ()] < Co(x, XN llgllige(x )
< Cpxr ) 27 gl gy (4.658)

whereas when p(x, x") > C 27k, from (4.657) we have

|(Seg — g)(x) = (Skg — &) ()] = C27% gl e x

< Cp(x, ) 275 gl ey ) (4659
Combining (4.658) and (4.659) we therefore arrive at the conclusion that
15cg = &l ey = €27 Ngllex (4.660)
which readily yields (4.631). In fact, since, much as in (4.657),
sup| (Skg = ) ()] = €27 gl (4.661)

formula (4.632) subsequently follows from (4.661) and (4.631).

We next establish (4.634) while continuing to assume that diam X = +oo. For
starters, given p € [1,00) and f € L?(X, ), the properties listed in (i) give that
foreachk € Zand x € X,
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Sl =cf 17 a)

Bp, (x,C27F)

Ifldufc(][

By (x.C27F)
1/p
< Czkd/f’(/x | f|? d,u) 0 ask — —oo. (4.662)

Since by (4.649) we have |5 f| < CM,, f pointwise on X for some C € (0, +00)
independent of k € Z and since M, f € L?(X, ) if 1 < p < o0, (4.634) follows
with the help of Lebesgue’s Dominated Convergence Theorem.

Moving on, in the situation when diam X < +o0, we proceed analogously, and
properties (i )—(iv) in Definition 4.92, as well as (4.627), are established in a similar
fashion (given that now k > ky € Z forces k to stay away from —oo). It remains
to prove that if p is actually Borel regular on (X, 74), then (4.633) holds whenever
felL?(X,u),1 < p < oo.Tojustify this in the case when 1 < p < oo, based on
(7) and (iv) we may write

Jsr—rvawse [[f o= roiao)] d. @

With this in hand, the boundedness of M, on L?(X, u), together with Lebesgue’s
differentiation theorem (which, through the use of the density result from The-
orem 4.13, presupposes that p is a locally finite Borel regular measure) then
yields (4.633).

When p = 1, given any § > 0, we may invoke Theorem 4.13 (recall that the
measure 4 is both locally finite and Borel regular on (X, 74)) to obtain a function
g € (f'f (X, q), where B is a finite number with the property that 0 < B <
[logZCp]_l, satisfying

If =gl x, <§. (4.664)

Then, for some finite constant C > 0 independent of k, g, and x € X, we have
(much as in (4.663))

(i)~ go] = C f 120) — 1 () = Clgly 2.

Bpy (x,C27K)

(4.665)
& g2 " while,
on the other hand, given that g vanishes outside of a p-bounded subset of X, it
follows from property (i) in Definition 4.92 that there exists a bounded subset B of
X outside of which S; g vanishes for all k& € N. From this analysis, and the fact that
1 is locally finite, we may therefore conclude that

which shows that, on the one hand, |Sxg — gllzoox,) < C| g

kliljrloo Skg = gllL1xp = 0. (4.666)

Since, thanks to (4.664) and (4.627) (with p = 1),
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ISk f = fllevx g S ISk(f =@l + 1Sk — &l + 18— Flleioew

= C8+Skg —gllixp> (4.667)

it follows from (4.666) that lim |Sxf — fllz1x,y = 0, as desired. This
k—-+o0 ’

completes the justification of (4.633) and completes the proof of Theorem 4.93.
O

Remark 4.94. In the context of Theorem 4.93, if the Borel measure p is not
necessarily Borel regular, then the same proof that we saw previously yields, in
place of (4.633), that for each p € [1, oo] one has

. lim S f = f inL?(X, u) for each function f
—>+o00

. (4.668)
belonging to the closure of (X, q) in L” (X, w).

4.11 Bi-Lipschitz Euclidean Embeddings of Quasimetric
Spaces

Before presenting an application dealing with bi-Lipschitz Euclidean embeddings
of quasimetric spaces, we review a few definitions and results.

Definition 4.95. Assume that (X, p) is a quasimetric space.

(1) Given s € [0,+o0], call (X,p) s-homogeneous if there exists a finite
constant ¢ > 0 with the property that whenever Y C X is such that there
exist b > a > 0 satisfyinga < p(x,y) < b forall x,y € Y with x # y, then
the cardinality of ¥ is < c(g)

(2) The Assouad dimension of (X, p)is

dimy (X, p) := inf {s €[0,+00] : (X,p)is s-homogeneous}. (4.669)

Given a quasimetric space (X, p), it follows that dim,4 (X, p) < 4o0 if and only
if there exist C > 1 and s € [0, 400) such that, for every x € X and for any real
numbers R, r with diam,(X) > R > r > 0, the p-ball B,(x, R) can be covered
by at most C (%)S p-balls of radii < r. The latter property is equivalent to the
geometrically doubling condition (4.44), hence

a quasimetric space is geometrically doubling
(4.670)
if and only if it has finite Assouad dimension.

In turn, since any space of homogeneous type is geometrically doubling, (4.670)
gives that
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(X, p, t) space of homogeneous type —> dim4(X, p) < +o00. (4.671)

In this vein, it is important to note that while there exist quasimetric spaces with
finite Assouad dimension that do not carry a doubling measure, the following result,
generalizing earlier work in the context of metric spaces, holds.

Theorem 4.96. Any complete quasimetric space of finite Assouad dimension
(X, p) carries a doubling measure. More precisely, for each exponent a €
(dimA (X, p), +oo) there exists a Borel measure y on (X, t,) with the property
that, for some constant C € (0, +00),

. R\« .
0< ;L(Bp(x, R)C“C) < C(7) M(Bp(x,r)cm) < 400

forall x € X and 0 <r < R < 400,

(4.672)

where, generally speaking, ES™ denotes the interior, in the topology 7, Of a set
ECX.

The completeness assumption is indispensable in the context of the foregoing
theorem. For example, (Q, |- — - |) is a geometrically doubling quasimetric space
that does not carry a doubling measure (since, in fact, no uniformly perfect,
geometrically doubling metric space of zero Hausdorff dimension does; cf. the
discussion in [59, p. 102]). The case of compact metric spaces has been dealt with
by Vol’berg and Konyagin in [127], while the setting of complete metric spaces has
been handled by Luukkainen and Saksman in [78]; see also the exposition in [59,
Theorems 13.3, 13.5, pp. 103—104]. In the proof of the foregoing theorem, as well
as for other subsequent considerations, the following lemma will be useful.

Lemma 4.97. Let (X, p) be a quasimetric space. Then the following statements are
true.

(i) Forevery a € (0, +00) there holds dimy (X, p%) = + - dimy (X, p).
(i) If o' isa quasidistance on X such that p' ~ p, then dlmA (X, p) = dimy (X, p N.
(iii) For every set X C X there holds dimy (X p) < dimy (X, p). Moreover, le is
a dense subset of X, then actually dimy4 (X p) = dimy (X, p).
(iv) The Assouad dimension is invariant under bi-Lipschitz surjections, in the sense
that if (X, p;), j = 0,1, are two quasimetric spaces and if ® : (Xo, po) —
(X1, p1) is a bi-Lipschitz surjection, then dim4(Xo, po) = dimy4 (X7, p1).
(v) Foreveryn € N one has dim4(R", |-—-|) = n, where | -| denotes the standard
Euclidean norm in R".

Proof. All the previously listed properties can be verified directly from definitions
(cf. also [10, Proposition 2, p.733], as well as [11, (a)—(c), p.435] in the case of
metric spaces). O

We are now prepared to give the proof of Theorem 4.96.
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Proof of Theorem 4.96. Assume that (X, p) is a complete quasimetric space with
the property that diam4 (X, p) < 400, and fix a finite number § € (0, (log, C,)71].
From the discussion in conclusion (12) of Theorem 3.46 we know that (X , (p#)ﬁ) is
ametric space. Given that (X ST p#)ﬁ) = (X, 7,) (again, see Theorem 3.46), and since
we are assuming that (X, p) is complete, it follows that the metric space (X . (ps)? )
is complete. In addition,

dimu (X, (o#)?) = %dimA(X, py) = %dimA (X.p) < +o0, (4.673)

by (i), (ii) in Lemma 4.97, and Theorem 3.46. Hence, if dim4 (X, p) < a < +o0,
then it follows from [59, Theorem 13.5, p. 104] that there exists a Borel measure p
on (X, 7,) with the property that, for some finite constant C > 0,

0 < (Bl (. B)) = c(?)a/ﬁu(B(p#)ﬁ(x,r)) < +oo (4.674)

foreachx € X and 0 < r < R < +o0. In turn, this implies that

0< ,u(Bp#(x, R)) < c(?)au(Bp#(x,r)) < 400 (4.675)

forallx € X and 0 < r < R < 4o0. From (4.15) and the fact that the py-balls are
open in 7, we also deduce that

Byy(x.7) € By(x. 1) C By, (x.C2r). VxeX, Vre(0,400). (4.676)

Now, (4.672) readily follows from (4.675) and (4.676). ]
Moving on, thanks to property (ii) in Lemma 4.97, the following definition is
meaningful.

Definition 4.98. For an arbitrary quasimetric space (X,q) define its Assouad
dimension as dimy (X, q) := dim,4 (X, p) for some (hence, any) p € q.

Assouad’s embedding theorem (cf. [9, Proposition 1.30, p.1.29], [10, Remar-
que 2, p.732], and [11, Proposition 2.6, p. 436]) asserts that each snowflaked version
of a metric space of finite Assouad dimension admits a bi-Lipschitz embedding
into some (finite-dimensional) Euclidean space. We may now state and prove an
extension of this result to the setting of quasimetric spaces of finite Assouad
dimension. Our theorem shows that the example of a subset of some R” endowed
with a power of the standard Euclidean distance is prototypical (i.e., always
realizable, up to a bi-Lipschitz homeomorphism) in the class of all quasimetric
spaces of finite Assouad dimension.

Theorem 4.99. Let (X,q) be a quasimetric space. Then the following three
conditions are equivalent:
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(1) Forany B € R satisfying 0 < B < ind (X, q) there exist a number n € N, a set
X C R", a quasidistance p € q, and a bi-Lipschitz homeomorphism

®:(X,p) — (X,|-—-|"P), (4.677)

where | - | denotes the standard Euclidean norm in R".

(2) The same embedding property as in (1) but for just some number B € R
satisfying 0 < B < ind (X, q).

(3) (X, q) is of finite Assouad dimension, i.e., dimy (X, q) < +o0.

Proof. That (1) = (2) is obvious. As regards the implication (2) = (3), note that
for the given 8, p, and X we may write

dimy (X, p) = dimy(X, |- —- ") = Bdims(X,|-—-|)
< Bdim R",|-—-|) = Bn < 400, (4.678)

by (iv), (i), (iii), and (v) in Lemma 4.97. The desired conclusion follows.

To justify the implication (3) = (1), given € (0, ind (X, q)), consider a
quasidistance p € q with the property that 0 < B < [log,C,]™" and select
e € (0,1) such that B/e < [log,C,]"!. Then, if py is the regularized version of
p as in (12) of Theorem 3.46, then we may conclude that (X, (pg)?/¢) is a metric
space. Furthermore, thanks to the properties (i) and (i i) listed in Lemma 4.97, we
have dim (X, (p#)?/¢) < 4o00. Hence, Assouad’s embedding theorem cited earlier
ensures the existence of some n € N and of a bi-Lipschitz function from the &-
snowflaked version of (X, (p#)?/?) into (R", | - — - |). Thus, ® satisfies

[®(x) — ®(y)| ~ [p(x, »)]? uniformly for x,y € X, (4.679)

so that, in particular, H maps X homeomorphically onto its image. Consequently,
taking X := ®(X) C R”, the implication (3) = (1) follows. O

Remark 4.100. (i) In general, it is not true that any metric space admits a bi-
Lipschitz embedding into some finite-dimensional Euclidean space endowed
with its standard Euclidean distance. A counterexample is offered by the
Heisenberg group H, equipped with the Carnot metric from (3.307). This
follows from the work in [94] (cf. also the discussion in [59, p. 99]).

(i) Given two quasimetric spaces (X, p), (Y, 0), it is natural to refer to a function
® : X — Y with the property that there exists € (0, +00) such that

Q(CID(x), <I>(y)) ~ p(x, y)P uniformly in x,y € X, (4.680)

as being f-bi-Hb1der. With this piece of terminology, (4.679) expresses the
fact that @ is a B-bi-Holder embedding of (X, p) into (R”, |- — - |). Thus, at
least heuristically, any quasimetric space of finite Assouad dimension may be
regarded as a Holder manifold.
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Theorem 4.99 extends [123, Theorem 1.192, p. 114], where a smaller range for
B has been treated (more specifically, 0 < B < o, where « is as in (1.2)). As is
apparent from the work in [123] (and the references therein), the significance of such
an embedding result stems from the fact that this allows one to transport classes of
smoothness and their properties from Euclidean spaces onto the quasimetric space,
much as local coordinate charts are used to define smoothness spaces on a manifold.
For example, Theorem 4.99 readily yields the following corollary.

Corollary 4.101. Let (X, q) be a complete quasimetric space with the property
that dim4(X, q) < 4-00. Then the topology tq is both locally compact and sigma-
compact.

Proof. Pick B € (O, ind (X, q)). From Theorem 4.99 and the current assumptions it
follows that there exist a number n € N, a set X C R”, a quasidistance p € q, and a
bi-Lipschitz homeomorphism @ : (X, p) — (X [-— ]V ’3) In particular, the fact that
(X, q) is complete forces X to be closed in R”. Hence, (X T—up) = (X Tj—) is
a topological space that is both locally compact and sigma-compact, and the desired
conclusion follows by noting that these properties may be transported back to (X, q)
via the homeomorphism ®. O

Another concrete example, addressed in Theorem 4.102 below, deals with the
issue of interpolation of Holder spaces in the context of quasimetric spaces of finite
Assouad dimension.

Theorem 4.102. Let (X, q) be a quasimetric space of finite Assouad dimension,
and let E C X be an arbitrary nonempty set. Then

{‘f”‘ (E)}0<a<ind X0 is a real interpolation scale, (4.681)
in the sense that whenever 0 < o, a1 < ind (X, q), and 0 € (0, 1), one has
(¢*(E). €"(E)), ., =¢"(E). a:= -0+ 0o (4.682)

Furthermore, a similar result is valid for the inhomogeneous Holder scale.

Proof. Thanks to the existence of the linear, boundegl, universal extension operator
& from Theorem 4.11, it follows that the scale {€*(E)},_, _. is a retract

] O<a<ind (X,q)

of the scale {%0‘ (X )}0<m<in d(X.q)" As such, abstract interpolation results (cf. [16,
Exercise 18(a), p.81]) show that it suffices to establish (4.682) when E := X.In
such a scenario, fix two exponents 0 < o, ; < ind (X, q) and pick a quasidistance
p € q and a number B with the property that max {ag, a1} < B < [log,C,]7".
Next, consider the bi-Lipschitz homeomorphism @ : (X, p) — (®(X), |- — - |18
from (4.677) in Theorem 4.99. Then the operator T : €*(X) — €°/F(®(X)),
given by Tf := f o ®~!, acts isomorphically for each « € (0, 8). Indeed, if
f e €YX), then foreach x,y € ®(X)
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ITf(x) = Tf ] = [ £(@7' ) = (@ ODI < 1S 4oy (P (), 7 ()"
~ ”f”(g'a(X)Ix - yla/ﬂv (4.683)

which shows that Tf € €*/#(®(X)) and ITf lgarp@xyy = ClISfllgaix)- Ina
similar manner, one can then check that the inverse of 7', namely, T! f=fod,
is well defined and bounded from ¢*/# (®(X)) into € (X).

At this stage, given the goal we have in mind, matters have been reduced to
proving (4.682) when £ € R” and a, @; € (0, 1). Going further, much as in the
first part of the proof (based on the universal extension operator & and abstract
retract results), there is no loss of generality in assuming that £ = R”. However, in
this latter context the interpolation result in question is well known (see, e.g., [16,
Theorem 6.4.5(1), p. 152], [119, Sect.2.7.2, p.201]; this also follows from [96], or
[60, (4.18), p. 193] and the reiteration theorem for the real method of interpolation
from [16, Theorem 3.5.3, p. 50]).

Finally, the case of the inhomogeneous Holder scale is treated similarly. O

Theorem 4.99 may also be used to construct examples of subsets K of Euclidean
spaces that are homeomorphic to a unit cube and such that the upper smoothness
index of K (viewed as metric space when equipped with the Euclidean distance) is
larger than any a priori given bound. The relevance of such examples is substantiated
in [54]. What follows is the precise statement of the result sketched above.

Corollary 4.103. Let (X, q) be a quasimetric space of finite Assouad dimension,
and assume that y € (0, +00) has the property that there exists p € q such that
log,C, < y. Then there existn € N, Y C R", a finite constant C > 0, and a
function f 1Y — X, which is a homeomorphism and satisfies

p(f(x). f(») =Clx—y[",  Vx,yeY. (4.684)

In particular, for every m € N and y € (0, +00) there exist n € N and a compact
set K C R" with the property that K is homeomorphic to [0, 1]™ and there are
nonconstant, real-valued Holder functions of order y defined on K. Consequently,
indo(K, |-—-1|) > y, hence, in particular, Ind (K, |-—-|) > y.

Proof. The claim in the first part of the statement of the corollary follows from
Theorem 4.99 by taking f := ®~!, B := 1/y and Y := X. The second claim is a

consequence of this result, specialized to the case when (X, q) := ([0, 1]",]-—-|)
and K := ®([0, 1]"). Finally, the fact that indy(K, | - —-|) > y is seen with the help
of Corollary 4.60. O

Assouad has conjectured that any metric space of finite Assouad dimension may
be bi-Lipschitzly embedded into some R” [i.e., one may take f = 1 in (4.677)].
However, the Heisenberg group, with its Carnot metric, is a counterexample to this
conjecture (see the discussion in [59, p.99], as well as [110]), and in [59, p.99]
J. Heinonen raises the following question:
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Open problem. Characterize the metric spaces that can be embedded bi-Lipschitzly
into some Euclidean space.

An inspection of the proof of the implication (2) = (3) in Theorem 4.99
shows that a necessary condition for a quasimetric space (X, p) to be embedded
bi-Lipschitzly into some Euclidean space is that dim4(X, p) < +00. Moreover, it
is implicit in Assouad’s work (cf. [10, Remarque 2 on p. 732, and Proposition 3(g)
on p.733]) that any ultrametric space (i.e., p is a metric for which C, = 1) of finite
Assouad dimension may be embedded bi-Lipschitzly into some Euclidean space.
See also [77, Proposition 3.3, p. 186] for an explicit argument. Below, we extend
this result to a larger class of quasimetric spaces.

Theorem 4.104. If (X, q) is a quasimetric space of finite Assouad dimension
satisfying ind (X, q) > 1, then there exists n € N with the property that (X, q)
may be embedded bi-Lipschitzly into R". Conversely, if a quasimetric space (X, q)
is embedded bi-Lipschitzly into some finite-dimensional Euclidean space, then
ind (X, q) > 1.

As a corollary, if (X, p) is a quasimetric space of finite Assouad dimension that
has the property that

S p(x, )
x,yz€X max{p(x7 Z)’ ,0()’, Z)} ’

not all equal

(4.685)

then (X, p) may be embedded bi-Lipschitzly into some finite-dimensional Euclidean
space. Hence, in particular, any ultrametric space may be embedded bi-Lipschitzly
into some finite-dimensional Euclidean space.

Proof. The claim in the first part of the statement of the theorem follows from
Theorem 4.99 after observing that condition ind (X, q) > 1 permits us to select
B = 1in (4.677). The second claim is an immediate consequence of the last part of
Corollary 4.41. Finally, the remaining claims are straightforward corollaries of the
result proved in the first part (cf. also (4.260) in this regard). O

We conclude with two comments related to the nature of Theorem 4.104. First,
we wish to note that if (X, p) is a quasimetric space with the property that (4.685)
holds, then there exists a metric d on X such that d ~ p. This is a consequence
of conclusion (12) in Theorem 3.46. Second, the manner in which Assouad’s
embedding theorem recalled previously is contained in Theorem 4.104 is made
transparent by the observation that if (X, d) is a metric space and p := d°* for
some ¢ € (0,1), then C, < 2° < 2, so (4.685) holds for the snowflaked version
(X,d?) of (X,d).
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4.12 Quasimetric Version of Kuratowski’s and Fréchet’s
Embedding Theorems

Given an arbitrary, nonempty set X, denote by L°°(X) the space of all bounded
functions f : X — R. When equipped with the norm

I fllzeo(x) := sup | f(x)]. (4.686)
xeX

this may be canonically identified with the Lebesgue space L*°(X, u.), where (.
is the counting measure on X and, as such, (L*°(X), || - || Lo (x)) becomes a Banach
space. As is customary, corresponding to the case when X = N, we will write
£°°(N) in place of L>*°(N).

The classical Kuratowski’s embedding theorem (cf. [75]) asserts that any metric
space (X, d) embeds isometrically into L°°(X), and our theorem below extends
this result to the setting of quasimetric space.

Theorem 4.105 (The quasimetric space version of Kuratowski’s embedding
theorem). Assume that (X, q) is a quasimetric space and that the real number
B is such that there exists a quasidistance p € q with the property that
0 < B < [logZCp]_l. Then (X,q) admits a bi-Lipschitz embedding into the

quasi-Banach space (L°°(X), Il - ||1L/£,(X)).

In particular, any quasimetric space (X, q) for which ind (X,q) > 1 may be
bi-Lipschitzly embedded into the Banach space (LOO(X), Il - ||L00(X)).

Proof. Let (X, q) be a quasimetric space, and suppose that the quasidistance p € q
and the real number f are such that 0 < 8 < [log,C,]™!. Also, denote by py the
regularized version of p (as in Theorem 3.46), and fix a point x, € X. Then, for
each x € X, consider the function

¢ X >R, ¢°@) = [o(x.0]" — [z x)]”. VzeX.  (4.687)
Note that, by (3.537) and (3.538),
6° () — ¢ ()] = [os(x. 9] = (C)Pp(x.y)f.  Vx.yeX. (4.688)
as well as
") — ¢* @) = |[os(x.9]" — [ (3. 2]’
< [pex. )] < p(x.3)f.  Vx.yzeX. (4.689)
Hence, if we define

®:X > LPX), Ok):=¢", VxelX, (4.690)
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then from (4.688) and (4.689) we may deduce that
C2p(x.y) < [@(x) — @I/ L ) < p(x. ). VxyeX. (4691

Then the claim in the first part of the statement of the theorem follows from this,
whereas the last claim is a consequence of what we have just proved and (4.255).
O

A drawback of Theorem 4.105 is the fact that the embedding discussed there
takes place in a space that depends on the original quasimetric space. A version of
this theorem, building on a classical result of M. Fréchet in the context of metric
spaces (cf. [48]), that corrects the aforementioned deficiency is presented next.

Theorem 4.106 (Quasimetric space version of Fréchet’s embedding theorem). Let
(X, q) be a quasimetric space with the property that the topological space (X, tq)
is separable. Also, assume that the real number B is such that there exists a
quasidistance p € q for which 0 < B < [log,C,]™".

Then the quasimetric space (X, q) admits a bi-Lipschitz embedding into the
quasi-Banach space (€°°(N), Il - ||%§ (N)). More precisely, if ps denotes the regular-
ized version of the quasidistance p (as in Theorem 3.46), then there exists a mapping
U X — £°(N) that satisfies

1) =W = pe(x.y).  Vx.yeX. (4.692)
As a corollary, any separable quasimetric space (X, q) for which ind (X, q) > 1

may be embedded bi-Lipschitzly into the Banach space (£ (N), || - | goo(N)).

Proof. Assume that the quasidistance p € q and the real number 8 are as in the first
part of the theorem, and select a sequence of points {x;} ;en that is dense in (X, 74).
As before, we let py be the regularized version of the quasidistance p (defined in
Theorem 3.46). To proceed, consider the mapping

®:{x;:j € N} — £*°(N) defined for each j € N by

(4.693)
D(x;) = {[P#(xj,xk)]ﬁ - [P#(xk,m)]ﬂ}k

eN’

Based on the fact that the function defined in (3.537) is a distance, we may then
estimate

[os(xi.x)] = (@(x) — D(x;));

< D) — D)oy < [psCxix))])’, ViijeN;
(4.694)
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hence, ultimately,
[os(xi, x)]" = I19(xi) — D(x))[lecoqy, Vi, j €N. (4.695)

From the density of the sequence {x; }en in (X, 7q), the continuity of the function
py 1 (X x X, 7q X 7q) — [0, +00) (which is a consequence of results established
in Theorem 3.46), and (4.695) it follows that the function ® extends to a mapping
U X — £°(N) that satisfies (4.692). In concert with (3.538), this estimate then
gives

C%p(x.y) < W) =¥y < p(x.y).  Yx.yeX.  (4.696)

Hence, W is a bi-Lipschitz embedding of (X, q) into (€°°(N), Il ||%é3 (N)) which also

satisfies (4.692). Then the last claim in the statement of the theorem follows from
this and (4.255). O

4.13 Pompeiuv—Hausdorff Quasidistance on Quasimetric
Spaces

In this section we introduce and study a version of the Pompeiu—Hausdorff distance?
in the context of quasimetric spaces. To set the stage, given a set X, a quasidistance
p € Q(X), asubset A of X, and a number r € (0, +00), define

N, (A) = {x € X : dist,(x. 4) < r}. (4.697)

Foreach U, V C X then introduce the Pompeiu-Hausdorff quasidistance
between U and V as

D,(U,V):= Dx (U, V) :=inf{r >0: U S N, (V) and V € N,,(U)}.
(4.698)

Recall that 2% denotes the set of all subsets of a given set X. Also, given a
topological space (X, ), define

2What we here call the Pompeiu—Hausdorff distance has typically been referred to in the literature
as the Hausdorff distance. For historical accuracy, however, it is significant to note that D. Pompeiu
was the first to introduce (a slight version of) this concept in his thesis (written under the
supervision of H. Poincaré). Pompeiu’s thesis appeared in print in [100], published in 1905, where
Pompeiu calls this notion écart (mutuel) between two sets. Subsequently, in 1914, F. Hausdorft
revisited this topic, and on p. 463 of his book [57] he correctly attributes the introduction of this
notion to Pompeiu.
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Cl(X,7):={E C X: E isclosed in t}, (4.699)
Cp(X,7):={E C X : E iscompactin t}. (4.700)

Finally, a quasimetric space (X, p) is said to be complete if any sequence
{xj}jen € X that is Cauchy with respect to the quasidistance p is convergent to
apointin X.

Theorem 4.107. For each fixed set X the following properties are valid.

(1) As a real-valued, nonnegative function defined on 2% x 2%, the Pompeiu—
Hausdorff quasidistance satisfies

D;, =AD,, VpeX), VA e (0,+00), (4.701)

Dy =[D,]", VpeQX), Va e (0,400), (4.702)

Dy <D, Vo, 0 €Q(X) with p <p on X. (4.703)
Also, for each p € Q(X), the function D, is symmetric in the sense that

D,(U.V)=D,V.U), YUV CX. (4.704)

In addition, D, ~ D, whenever p,p’ € Q(X) are such that p ~ p'. More
precisely,

coD, <Dy <c1D, if p,p' € Q(X) satisfy cop<p' <cip on X.

(4.705)
(2) If p € Q(X), p € (0, +00), and
p(x,y)

= , 4.7

o Sy?%] (lp(x, )17 + [p(z. y)]P)V/? (4700
then

Dy(U.V) = Cpp([Dp(U. W] + [Dy(W. V)]”)l/”, VU.V.W C X.

(4.707)

Furthermore, formally corresponding to the case p = 400, there holds
D,(U.V) <C, max{Dp(U, W), D,(W, V)}, VU, V,W C X, (4.708)

where, as usual, C, is as in (4.2).
(4) Assume that p € Q(X). Then for every U,V C X one has

DU, V)=0 <<= U=V, (4.709)
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where the closures are taken with respect to t,, the topology canonically
induced by p on X. Moreover, one has

C,'D,(U.V) < Dy(U.V) < C,D,(U.V) forevery UV C X. (4.710)
(5) Let p € Q(X) be an arbitrary, fixed quasidistance, and recall (4.699). Then
D, € Q(CL(X. 1)), 4.711)

i.e., the Pompeiu—Hausdorff quasidistance is a genuine quasidistance when
restricted to the collection of all closed subsets of (X, t,). Moreover,

if the quasimetric space (X, p) is complete, then
(4.712)
(Cl (X, 1), Dp) is a complete quasimetric space,

and

if the topological space (X, t,) is compact, then
(4.713)
the topological space (Cp (X, 1), er) is compact.

(6) Assume that the quasidistance p € Q(X) and the real number 8 are such that
0 < B < [log,C,)™". For every U,V C X define

N
Dy (U V) :=inf{(Z Dy Asn)]') N €N ()11 €2

o=

such that A} = U, Ayi) = V}. (4.714)

Then the function D, g : 2% x 2X — [0, +00) has the following properties:

D, g is symmetric, 4.715)
D, g restricted to C1 (X, 1,) x C1(X, 7)) belongs to Q(Cl (X, rp)), 4.716)
D, p ~ D, in the precise sense that 272/B D,<D,g < D,, 4.717)

1
D,s(U.V) < ([Dp,ﬁ(U, W)” + [Dps(W, V)]ﬁ)”, VU.V.W C X, (4718)
D, s(U, V) <2 max {D,s(U, W), D,g(W,V)}, YU V,WCX. (4719)

Moreover, for each y € (0, B, the following Holder-type regularity condition
of order y holds:
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|Dyp (U V) = Dy (U W)

1- 1-
= L max {[Dy s (U )] 7 [Dyp (U W] 7 [Dpp (V. W]
(4.720)
whenever U, V, W C X, with the understanding that if y > 1, then one also

imposes the condition that U # V and U # W, where the closures are taken
in (X, 1,).

Proof. If p,p' € Q(X), r,ro,r1,a,A > 0, p € (0,+00) and U,V C X, then the
following properties may be verified based on definitions:

Ny, (U) = N, a(U), Ny (U) SN, (V) if U CV;
N/lp,r(U) = Np,r//\(U)v Npr(U) - Np’,r(U) if Pl =p;
N, (U) € Nyc,-(U) and N,,(U) S Ny, (U);

Npro(Npr (U)) € Ny, (U) if r:=C,,(ry + VP or 1= C, max {ro,r}.
(4.721)

Furthermore, if p € £Q(X) and py denotes its regularization (in the sense of
Theorem 3.46), then

(\NowrU)=T and N, (U)=N,,(U). VYUCX. (4722

r>0

where the closure is taken in 7,. This is a consequence of (4.697) and property (3)
in Theorem 4.17, which shows that the function dist,, (-, U) : (X, 7,) — [0, 4+00)
is continuous and that dist,, (-, U) = dist,, (-, U). Collectively, these properties then
readily yield the claims made in parts (1)—(4), as well as (4.711), in the statement
of the theorem. In turn, from (4.708), (4.711), and Theorem 3.46 we deduce that

(X, (p#)ﬂ) is a metric space, T(op)p = Tps and
(Cl (X, 70), D(p#)ﬁ) is a metric space whenever (4.723)
p € Q(X)and B € Rsatisfy 0 < B < [log,C,] .
Then (4.712) and (4.713) follow from (4.723) and similar properties known
for metric spaces (cf., e.g, [27, Proposition 7.3.7 and Theorem 7.3.8]). Finally,

the claims made in part (6) are consequences of Theorem 3.46 and properties
established earlier in the proof. O
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4.14 Gromov-Pompeiu—-Hausdorff Distance Between
Quasimetric Spaces

The aim of this section is to adapt the notion of the Gromov—Pompeiu—Hausdorff
distance between metric spaces to the more general context of quasimetric spaces.
We begin by establishing a couple of definitions.

Definition 4.108. Given two quasimetric spaces (Xo, po) and (X1, p1), along with
a function f : Xy — X; and a number y € (0, +00), define the distortion of
order y of f with respect to pg, p1 as

Dis), ,, (f) = sup [[p1(f(x). fFON]" = [polx. 1]"]. (4.724)

x,yEX()

If y = 1, then it is agreed that the abbreviation Dis,, ,, () may be used in place of
Dis/l?oqpl (f)

Definition 4.109. Given a nonempty set Y, a quasimetric space (X, p), and two
functions f, g : ¥ — X, define the deviation of f from g, with respect to the
quasidistance p, as

Dev,(f. &) := sup p(f(x). g(x)). (4.725)
X€
Given an arbitrary set X, we denote by idy the identity mapping of X into itself.

Lemma 4.110. (1) Let (Xo, po), (X1,p1), and (X3, p2) be three quasimetric
spaces, and assume that f : Xo — X1 and g : X, — X, are given functions.
Then for every number y € (0, +00) there holds

Dis’ (go f) <Dis’ _(f)+Dis’ _(g). (4.726)

£0:02 0001 P1.P2

(2) Suppose that (X, po) and (X1, p1) are two quasimetric spaces and that f :
Xo — X1 and g : X1 — Xy are two given functions. Then for every number
y € (0, 400) one has

[Devy, (idy,. g © /)]" < [Dev,, (idx,. f 0 g)|" + Dis}, , (f)  (4.727)

and

[Devp1 (idx,, f o g)]y < [Devpo(idxo,g o f)]y + Dis}) , (g). (4.728)

(3) Let Xo be a nonempty set and (X1, p1) and (X2, p2) two quasimetric spaces,
and assume thath : Xg — X1, f : X1 —> X2, g : X1 > X, andk : Xog > X,
are given functions. Then for every y € (0, 400) one has
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[Dev,, (k. f o g o )]’

< (Cp,)” max{[Dev,, (k. f o h)|". [Dev,, (idy,. g)]" + Dis}, ,,(/)}-
(4.729)

(4) Assume that (Xo, do) and (X1, dy) are two metric spaces, and let [ : Xo — X,
and g : X1 — Xy be two given functions. Then

Disdl .do (g) = Disdo,dl (f) + 2Devd1 (iXm , f ° g), (4.730)

Disy, 4, (f) < Disg, 4,(g) + 2Devy,(idx,, g © f). 4.731)

Proof. To deal with the claim made in part (1), fix y € (0,4o00). Using
Definition 4.724 we may then write

Dis/ (g0 f) = xSy}g{J[pz(g(f(X)), g(FOM] = [pox. M)

< sup {|[p2(g(f (). g(S O] = [o1(f (). fFON]]

x,y€Xo

H o1 (@), FON]" = [ooe. 0]}
<Dis} , (f) + Dis}, ,,(g). (4.732)
as desired. Consider next the claim made in part (2). For each x € X, we have
[o0Cx, g(S ] < [[poCx, g (SN ] = [o1(f (), f((S)N]]
+o1(f ), fe(f ]
< Dis), , (f) + [Dev,, (idx,. f o g)]. (4.733)

Taking the supremum over all x € X then yields (4.727). Finally, (4.728) is proved
in a similar manner.

To deal with the claim made in part (3), making use of Definition 4.109 and the
quasiultrametric property of p,, we have

[Devy, (k. fogom)]" = sup[pa(k(x). f(g(h(x)))]"

xeXp

= sup {(C)” max{[pa(k(x), fEN] [p2(£ ). f (]}

x€Xyp

< sup {(C,)” max{[Dev, (k. £ o M), [o2(/ (0. & h))]'}.

xeXyp

(4.734)
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In addition, for each x € X, we have
[o2(f (h(x)), f(g(h))))] < [p1(h(x), g(h(x))]"
+[[o2(f (h(x)), f(gh)N] = [p1(h(x), g(h(x)]”|
< [Dev,, (idx,.£)]" + Dish, p, (f)- (4.735)

Now (3) follows by combining (4.734) and (4.735).
As regards the claims made in part (4), for each x, y € X; we may, on the one
hand, write

|do(g(x). g(»)) — di(x, )| < |di(f(g(x)), f(g(»)) — do(g(x). g(»))|
+|di(f(g(x)). f(g(¥) —di(x.y)|

< Disgp.a, (f) + |di(f(g(x)). f(g(») —di(x.y)|.
(4.736)

On the other hand, since d; is a genuine distance, based on the triangle inequality,
we may estimate

di(f(g(x)), f(g() —di(x, )|
< |di(f(g(x)), f(g()) = di(f(g(x)), »)| + |d1(f(g(x)), ) = di(x, )]
=di(f(g(y).y) + di(f(g(x)). x)
< 2Devy, (idy,. f 0 g). (4.737)

At this stage, a combination of (4.736) and (4.737) yields (4.730), after taking the
supremum over all x, y € X;. Finally, (4.731) is proved in a similar manner, and
this completes the proof of the lemma. O

Definition 4.111. Given two quasimetric spaces (Xo, po) and (X1, p1), along with
two functions f : Xo — X, g : X1 — Xy, an exponent « € (0, +00], and a
number y € (0, +00), set

ay R Y Y . Y
[/, &1 gp. 1oy 7= mXADis(y 0 ()Dis( o) (), [Devigy), (idx,. g 0 )]

[Devioy), (idx,. f 0 )]} (4.738)

where (po), and (p1), are the a-subadditive regularizations of the quasidistances
Po, p1 constructed as in Theorem 3.46. Then define

day (X0, o), (X1, p1)) := inf {[ £ 81¢, ooy xrpn® [ Xo = X1, g2 X1 — Xo.
(4.739)

To proceed, recall the definition made in (4.16).
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Proposition 4.112. Fix two numbers o,y € (0,400) and assume that (X, po)
and (X1, p1) are quasimetric spaces. Then d ((Xo, po), (X1, ,01)) is a well-defined
number belonging to [0, +00], and the following symmetry property holds:

day (X0, p0), (X1, p1)) = day (X1, p1). (Xo. p0))- (4.740)

Furthermore,
day ((Xo, po). (X1, p1)) < max {diam,,(Xo), diam,, (X1)}. (4.741)

Proof. The claims in the first part of the statement are clear from Definition 4.111.
As for (4.741), if x; € X;, j = 0,1, are two fixed points, then consider the
functions f : Xo — Xi, f(x) := x; forevery x € Xo, and g : X; — X,
g(x) := xp forevery x € X;. It follows then from (4.724), (4.725), and (3.530) that

. 4 . .
Dis(yy), (oo (f) = Li‘éﬁl (o). y)] = [diamy,), (Xo)]" < [diam,, (Xo)]",

D. Y _ 14 _ d X Y < d X Y
180000 (&) = | SUP (P1)a(x, y) | = [diamy,,), (X1)]" < [diam,, (X1)]",

X, yEX]
Dev(p), (idx,. & © f) = sup (po)a(x, Xo) < sup po(x, Xo) < diam,,(Xo),

xe€Xyp x€Xp

Dev(p,), (idx,, f 0 g) = sup (p1)e(x,x1) < sup pi(x, x1) < diam,, (X1).

xeX) XEX]
4.742)
Now (4.741) follows from (4.738), (4.739), and (4.742). ]

Proposition 4.113. Ler (Xo, po), (X1,p1), and (X2, p2) be three quasimetric
spaces, and fix two numbers o,y € (0, +00). Then

doy (X0, po). (X2, p2)) (4.743)

1y
<2l [[da,y ((Xo. po). (X1, p0))]" =+ [day (X1, p1). (X2, Pz))]y]
In particular, there holds
day ((Xo. po). (X2, p2)) (4.744)

< 27 max{day (Yo o). (X1 p1))- doy (X 1) (X2 p2) -

Proof. Fix rot > duy((Xo,p0). (X1.p1)) and riz > day (X1, p1). (X2, 02)).
Hence, there exist functions fy; : Xo — X1, fio : X1 — Xo, fi2 : X1 — Xo,
and f5; : X, — X such that

[for f10) o poy.xrrpry < o1 and [fizs o1, o) (o) < T12- (4.745)
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Consider the functions f := fio0 for : Xo > Xz and g := fipo fo1 : X2 — Xo.
Then, applying (4.726) in concert with (4.745), we obtain

Disglp())us(pl)u (f) S Dis{pl)us(pl)u (flz) + Dis{p())us(pl)u (f()l) < rgl + r%’z, (4.746)
Dis(ys), (oo (8) = Dis(yy, (), (f10) + Dis(yy), o), (fo) <75y + 115 (4747)

Next, we use part (3) of Lemma 4.110 and the fact that C(,,), < 2% (itself a
consequence of (3.107)) to be able to write

[Dev(py), (idxy. & © )] < (Cipp),)” max{[DeWpo)a (idx,. fi0© fo1)]”

[Deva, i fo1 © f2)] +Dis], ) o, (Si0)]
< 2%} +rly). (4.748)
Similarly, we obtain
[Dev(y,), (idy,. f 0 g)]" < 2@, +1],). (4.749)
In concert, (4.746)—(4.749) and (4.738) and (4.739) imply that
doy ((Xo. po). (X2, p2)) = 21 (r; + rip)'/7. (4.750)

Now letting ro1 \{ day ((XO, 0o0), (X1, pl)) and rip \( duy ((Xl, p1), (Xz, pz))
in (4.750) we arrive at (4.743), from which (4.744) also follows. O

Proposition 4.114. [f the quasiquasimetric spaces (X, po) and (X1, p1) are bi-
Lipschitzly homeomorphic with one another, then there exists py € Q(Xo) such that

7)"0 ~ pO Clnd dll,y((X()v 156)7 (lepl)) = 0 fOr every a, )’ € (07 +OO) (4751)

More specifically, suppose that ¢ : Xo — X is a bijection with the property that
there exist ¢', ¢” € (0, +00) such that

c'po(x,y) < p1(9(x), d(y)) < " po(x.y), Y x,y € Xo. (4.752)

If one then defines

Po(x,y) = pi1(p(x), d(»)). Vx,y € Xo, (4.753)
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it follows that

o € Q(Xo)., ¢'po <po <c"po, and

(4.754)
day ((X0.00), (X1.p1)) =0, Va,y € (0,+00).
Proof. Assume that the function ¢ : Xy — X is bijective and that there exist
two constants ¢/, ¢” € (0, +00) with the property that (4.752) holds. Define 7y as
in (4.753). Then, by design, 9o € Q(Xo) and ¢’py < Po < ¢”po on Xy x Xo.
Furthermore, from property (8) in Lemma 3.14 it follows that

@O)a(xv y) = (pl)a(¢(x)v d)(y))v V)C,y € Xo, (4755)
and, hence,
s Y _ N -1y _
DIS%)a,(m)a((ﬁ) =0 and D1s(pl)w(p0)a(¢ ) =0, Yo,y € (0,400).

(4.756)

Since, clearly, for each «, y € (0, +00) we also have
Dev (), (idxy, ¢~ 0 ¢) = Devy, (idy,. ¢ 0 p~') =0, (4.757)

—1jey -

we deduce that [¢, ¢ ](X()%)!(Xl’pl) = 0 for every o,y € (0,400). Thus,
ultimately, d , ((Xo,'ﬁo), (X1, pl)) = 0 for every a, y € (0, 400), completing the
proof of (4.754). O

Definition 4.115. Define the Gromov—-Pompeiu-Hausdorff distance
dep((Xo. do). (X1.d))) (4.758)

between any two given metric spaces (X, dyp) and (X1, d;) as the infimum of all
numbers r > 0 with the property that there exist a metric space (X, d) and isometric
embeddings ¢ : (Xo,dy) — (X,d) and ¢; : (X1,d;) — (X, d) for which

Dx.a)(¢o(Xo), p1(X1)) <, (4.759)

where Dy 4) denotes the Pompeiu—Hausdorff distance in (X, d) [cf. (4.698)].
Consider two metric spaces (X, dy), (X1, d1). Given a number ¢ > 0, a function

f : Xo — X issaid to be an e-isometry between (X, dy) and (X1, dy) provided

Disgoq,(f) <& and  X; = | ] By (f(x).2). (4.760)

xeXop

Denote by &-Iso ((X 0,do), (X1,d 1)) the collection of all e-isometries between
(X0, dp) and (X1, d1). With this piece of terminology, Corollary 7.3.28 in [27] then
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shows that the following implications are valid:
depn((Xo. do). (X1.d))) < & = (2¢)-Iso ((Xo.do). (X1.d))) # 8. (4.761)
e-Iso ((Xo.do), (X1, d1)) # 0 = dopu((Xo. do), (X1, dy)) <2e.  (4.762)

Proposition 4.116. Assume that (X;,p;), j = 0,1, are two quasimetric spaces,
and suppose that o € (0, +00] and the real number y satisfy

y €O and 0<a<og,C,]"". j=01. (4.763)

Then (X, (pj)a), j = 0,1, are metric spaces [where (p;)e, abbreviates ((p;)a)" ],
and

duy ((Xo. po), (X1, p1)) <67 [dGPH ((Xo. (po)}). (X1, (Pl)ﬁ)]w, (4.764)
[demn (X0, (0. X1 (o2)] " = 27y (Koo, (K1), (4765)

Proof. That (X;,(p;)%), j = 0,1, are metric spaces whenever (4.763) holds is a
consequence of Theorem 3.46. To proceed, let & > dgpu((Xo. (00)&). (X1, (01)%).
Make use of (4.761) and select /€ (2¢)-Iso ((Xo. (p0)&). (X1, (p1)k)). In partic-
ular, this entails X; = Uyex, B, (f(x),2¢) and we may invoke the axiom of
choice to construct g : X; — X, with the property that [(p1)«(f(g(x)), x)]" < 2¢
for every x € X,. Thus, we have

[Devi,), (idx,. f 0 )] < 2e. (4.766)
.y .
Dis ), (o1 (f) = DiSiugyt o () < 2, (4.767)
where the fact that f € (2&)-Iso ((Xo. (po)a). (X1. (p1)a)) was used in the last

inequality. Based on (4.766) and (4.767) and parts (2) and (4) of Lemma 4.110,
we then deduce that

Dis{pl)m(m)u (&) = Dis(, )1 (&) <6 and [Devp), (idx,. g f)]y < 4e.
(4.768)

Collectively, (4.766)—-(4.768) prove that
doy ((Xo, p0), (X1, 01)) < [/ 8150 por.ctrpny < (66)'77. (4.769)
After letting ¢ \ dgpy ((XO, (p0)a). (X1, (pl)g) this yields (4.764).

To justify (4.765), consider ¢ > da,y((Xo,po),(Xl,pl)). Then there exist
two functions, f : X9 — X; and g : X; — Xy, with the property that
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[f. g]‘(",’g)’po)’(xl’m) < ¢. In particular,

Dis(po)z;;,(m)byv (f) = Dis{ﬁo)u,(m)a (f) <¢, (4.770)
DeV(pl)Z(iXmv fog)= [Dev(/’l)u(idxl’ fo g)]y < g, “4.771)

Upon observing that (4.771) entails

X1 = U By (f(x), "), (4.772)

x€Xop

we may conclude from (4.770) and (4.772) that &”-Iso ((Xo. (po)&). (X1. (p1)&)) #
@. With this in hand, (4.762) then gives dpu((Xo. (p0)%). (X1, (p1)4) < 2¢”. By
letting & \{ da.y ((Xo, 00), (X1, pl)), estimate (4.765) follows. This completes the
proof of the proposition. O

We are now ready to introduce a version of the Gromov—Pompeiu—Hausdorff
distance that is suitably adapted to the context of quasimetric spaces.

Definition 4.117. Fix o € (0, +00] and a number y € (0, «], and assume that the
quasimetric spaces (X, px) and (Y, py) have the property that

0 < < min {[longpX]_l, [logZpr]_l}. 4.773)

For every number 8 € (0, (1/a + 1/y)™'] define

N

Sar (X px). (Y. 1) o= inf{ (Y [duy (Zi ). (Zisr, i20)] )

i=1

=l

}, (4.774)

where d,, is as in Definition 4.111 and the infimum is taken over all numbers
N € N and all families (Z;, p;)1<i<n+1 of quasimetric spaces with the property
that

(Zo,po) = (X, px),  (Zn+1,pn+1) = (Y, py), 4775)
and 0 <o <[log,C,]™", Vie{l,....N+1}.

The theorem below, summarizing some of the most basic properties of the
function 8, ,, g introduced in Definition 4.117, is the main result in this section.

Theorem 4.118. Fix o € (0,4o00], y € (0,«] and assume that B € (0,(1/o +
1/y)~"]. Then the following properties are valid.

(i) If (X, px) and (Y, py) are quasimetric spaces satisfying [10g,C,, ™' > o and
[log,Cpy 17! > @, then the following symmetry condition holds:

8a,y,ﬂ ((X7 pX)v (Yv IOY)) = Sa,y,ﬁ ((Yv IOY)’ (X7 PX)) (4.776)
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Moreover,
27 dyy (X, px), (V. 0y)) < Sy (X ), (Yo 1)) < duy (X, px), (Y, p1)):
4.777)

hence, in particular,
Bay.p ((X, prx), (Y, ,oy)) < max {diampx (X), diam,, (Y)}. 4.778)

In addition,
1/
80(,}/,5 ((Xs pX)s (Ys PY)) =< 61/)/ I:dGPH((Xs (PX)K)s (Ys (PY)K))] ya (4779)

[dGPH((X L(px)l). (Y, (py)z))]w < 2VerVBFrs, o ((X, px), (Y, py)).
(4.780)

The function (5a,y,ﬂ)ﬂ satisfies the triangle inequality in the sense that if
(X, px), (Y, py), (Z, pz) are three quasimetric spaces with the property that

0 <& < min {[1og2CpX]—1, llog,C,, 1™, [1og2CpZ]—1}, (4.781)
then

(8035 (X, px), (¥, py)) )’

< [as (X, ). (Z.02)] + [Bas (Z.p2). (Y. or))]". (4.782)

Suppose that (X, px) and (Y,py) are quasimetric spaces for which
[log,Cpy 1™ > & and [log,C,, 17" > «, and such that the topological spaces
(X, 1py) and (Y, ©,,) are compact. Then

Say.p ((X, px), (Y, ,Oy)) =0 < (X, (px)a) and (Y, (py)q) are isometric.
(4.783)

In particular, 50(,),,/3(()(, px), (Y, py)) = 0implies that (X, px) and (Y, py) are
bi-Lipschitzly homeomorphic.

Conversely, given two bi-Lipschitzly homeomorphic quasimetric spaces
(X,px) and (Y,py) that satisfy [log,Cp]™" > « and [log,Cp, 17" >

«, there exists a quasidistance px € $(X) such that pxy =~ pyx and
Sa,y,ﬂ((XvFﬁX)7 (Yv ,OY)) =0.
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(iv) Assume that {(X,-, pi)}iel
the following conditions:

is an infinite family of quasimetric spaces satisfying

the topological space (X;,t,) is compact for every i € I, (4.784)
inf llog,Cp, ™' > @ and sup diam,, (X;) < +oo, (4.785)
1€

iel
and

Ve>03IN = N(s) e NsuchthatVi € I 3A; C X; with
(4.786)
the property that # A; < N and |J,cy. By (x,8) = X;.

In addition, assume that o is finite. Then for every countable set J C I there
exist a countable set {jx}ren C J and a quasimetric space (X, p) with the
property that (X, T,) is compact, [log,C,] ™! > «, and

Jim Socs (X pje). (X, p) = 0. (4.787)

Proof. Recall that estimate (4.744) holds and that, by hypothesis, the exponent
B satisfies 0 < B < [log,2!/7T1/#]=1 Keeping these observations in mind, the
symmetry property (4.776) is a consequence of (4.740) and (3.529) in part (11)
of Theorem 3.46, whereas the double inequality in (4.777) follows from (3.129).
Furthermore, (4.778) follows from (4.777) and (4.741). A combination of (4.777)
and Proposition 4.116 proves (4.779) and (4.780). This concludes the proof of (7).
Next, based on our earlier observations and (3.532) in part (11) of Theorem 3.46,
we deduce that the claim in (if) holds.

Moving on, the first claim in (iii)) is a corollary of (4.780) and
[27, Theorem 7.3.30]. Together, (4.777) and Proposition 4.114 then imply the
second claim in (i), completing the proof of this portion of the statement of the
theorem.

There remains to deal with the claim made in part (iv). In this regard, the
key observation is that if « is finite, then the current hypotheses imply that
{(X is (p,-)g)}l. ¢; is a uniformly totally bounded family of compact metric spaces,
in the sense of [27, Definition 7.4.13]. As such, Gromov’s compactness theorem
(cf., e.g., [27, Theorem 7.4.15]) gives that for every countable set J C [ there exist
acountable set { jx }xen € J and a metric space (X, d) with the property that (X, 7,,)
is compact and

Jim dapu (X, (pj)a)), (X, d)) = 0. (4.788)

Hence, if we now define p := d /% on X x X, then (X, p) is a quasimetric space,
and, since 7,1« = 14, the topological space (X, 7,) is compact. Furthermore, we
have that C, = Cyi0 = (Cy)V/* < 21/ since Cy < 2 given that d is a distance.
Consequently, [log,C,]™" > «. Going further, observe that
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(pa)* = ((d"*)e)" =d (4.789)

by properties (5) and (9) in Lemma 3.14 since, as a distance, d is 1-subadditive.
This shows that (X,d) = (X, (p)%). With this in hand, (4.787) follows by virtue
of (4.789) and (4.779). This concludes the treatment of the claim made in part (i v)
and completes the proof of the theorem. O



Chapter 5
Nonlocally Convex Functional Analysis

The goal in this chapter is to establish completeness and separability criteria for
large classes of topological vector spaces that are typically nonlocally convex (such
as Lebesgue-like spaces, Lorentz spaces, Orlicz spaces, mixed-normed spaces, tent
spaces, and discrete Triebel-Lizorkin and Besov spaces) and to derive pointwise
convergence results in the case of vector spaces of measurable functions.

The proofs of our results in this chapter make essential use of abstract capacitary
estimates. By a capacity we will understand a nonnegative function ¢ defined in
some algebraic environment G equipped with some associative binary operation *
that is allowed to be only partially defined (i.e., its domain could, in principle, be
just a subset of G x () and that is quasisubadditive. The latter property indicates
that there exists a constant ¢ € [0, +00) such that €(f * g) < c(%(f) + ‘f(g))
whenever f, g € G have a meaningfully defined product f * g € G.

This topic was the subject of extensive work in earlier chapters. Here we use
this analysis and further expand upon it. For example, we will employ capacitary
estimates in such settings as the case when (G, *) is the underlying Abelian additive
group of a given vector space X (in which scenario, 4" may be allowed to be a
quasinorm on X ), when (G, %) consists of a sigma-algebra of sets 9t equipped with
the operation of taking unions, or, more generally, when G is a lattice 2, with f xg
takento be f v g := sup{ f. g} foreach f, g € 2 (in which case ¢ may be thought
of as a rough version of a measure). The presentation in this chapter follows closely
[82].

5.1 Formulation of Results

Typically, completeness results are proved via ad hoc methods by reducing matters
to the completeness of other, more standard spaces (a case in point is the treatment
of tent spaces from [33]) or, when done abstractly, such considerations are largely
limited to genuine Banach spaces (as is the case with the treatment in Chap. 15 of

D. Mitrea et al., Groupoid Metrization Theory, Applied and Numerical 295
Harmonic Analysis, DOI 10.1007/978-0-8176-8397-9_5,
© Springer Science+Business Media New York 2013
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the classical monograph [130] of Zaanen, or the more timely presentation in The-
orem 1.7, p. 6 in the monograph [15] by Bennett and Sharpley). More specifically,
in [15, 74, 130] (as well as in many other works based on these references), the
authors consider Kothe function spaces, i.e., having fixed a background measure
space, spaces of the form Lf := {f measurable : || f| = p(f]) < —|—oo},
where p is a mapping defined on M, the collection of all nonnegative measurable
functions, satisfying

foreach f € M4, p(f) €[0,400], and p(f) =0 < f =0, (5.1)

p(Af) = Ap(f) foreach f € My andeach A >0, (5.2)
p(f +8) < p(f)+p(g) foreach f g€ My, (5.3)
p(f) < p(g) whenever f,ge M, satisfy f < gae. 5.4

In particular, the subadditivity property (5.3) precludes one from considering
arbitrary quasinormed spaces. A notable exception is the treatment in Sect. 2.3 of
the monograph [91] by Okada, Ricker, and Sanchez Pérez, where a completeness
result is proved for quasinormed spaces, though the scope of this work is limited
to order ideals of measurable functions associated with finite measure spaces,l a
setting too restrictive for the applications we have in mind.

By way of contrast, here we adopt an abstract, general point of view, aimed at
identifying the essential characteristics of a topological/functional analytic nature
of a given vector space that ensure completeness and/or separability. Regarding
the former issue, a sample result, itself a consequence of more general theorems
proved later in this chapter, is formulated in Theorem 5.3 below. Before stating it,
we first make a couple of definitions, the first of which describes a general recipe for
constructing topologies on a given group and clarifies the notion of completeness.

Definition 5.1. Let (X, +) be a group, and denote by O the neutral element in X and
by — f the inverse of f € X. In this context, for a given function ¢ : X — [0, +0o¢]
with the property that ¥/ (0) = 0, define the topology 7y induced by ¥ on X by
demanding that O C X be open in 7y if and only if for each f € O there exists
r > O such that By (f,r) € O, where By (f,r) :={ge X : ¥(f —g) <r}.

In such a setting, call a sequence {f,},exy € X Cauchy provided for every
& > 0 there exists N; € N such that ¥ (f, — f») < & whenever n,m € N are
such that n,m > N,. Also, call (X, 7y) complete if any Cauchy sequence in X
is convergent in 7y to some elementin X.

Our second definition introduces a severely weakened notion of measure.

Definition 5.2. Given a measurable space (X,91), call a function u : M —
[0, +00] a feeble measure provided the collection of its null sets, i.e.,

'As is indicated in the last paragraph on [91, p. 18].
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No={AeM: u(A) =0}, (5.5)
contains @, is closed under countable union, and satisfies A € .4, whenever A € 9
and there exists B € .4, such that A C B.

Let (X, 997) be a measurable space, and let u be a feeble measure on 9. As in the
case of genuine measures, we will say that a property is valid p-a.e. provided the
property in question is valid, with the possible exception of a set in .4/,. Identifying
functions coinciding p-a.e. on X then becomes an equivalence relation, and we will
denote by M(X, 9, i) the collection of all equivalence classes? of scalar-valued,
MM-measurable functions on X. Finally, we define

My(EMp) :={f eME.Mu: f>0 paeonx}. (56

We now proceed to state the abstract completeness criterion alluded to earlier (a
more general result of this nature is discussed in Theorem 5.9).

Theorem 5.3. Assume that (X,90N) is a measurable space and that | is a feeble
measure on M. Suppose that the function®

[ -1 M4 (2,0, ) —> [0, +o0] (5.7)

satisfies the following properties:

(1) (Quasisubadditivity) There exists a constant Cy € [1,+00) with the prop-
erty that

ILf + gl = Comax{[lf[l. gll}, VY /g€ Myp(Z, M w; (5.8)

(2) (Pseudohomogeneity) There exists a function ¢ : (0,4+00) — (0,400)
satisfying

Al =eMISIl, YV eM(EMpu), VAe (0 +o0), (5.9
and such that*

sup[fp(k)qa(k_l)] <400 and lim @) =0; (5.10)
A>0 A—0F

(3) (Nondegeneracy) There holds

Even though we will work with equivalence classes of functions, we will follow the common
practice of ignoring this aspect in the choice of our notation.

3While the notation || - || is employed, the function in question satisfies much weaker conditions
than the axioms used to define a genuine norm.

* Any function of the form g(1) := A7, with p € (0, 0o) fixed, satisfies (5.10). Such an example
arises naturally if, e.g., i is a measure and || f|| := [y f?du for each f € M4 (Z,9M, w)
(note that || - || satisfies all hypotheses of Theorem 5.3).
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[fIl=0 <= [f=0, VJfeMi(ZMu); (5.11)

(4) (Quasimonotonicity) There exists a constant C; € [1,400) such that for any
functions f,g € M4i(Z, M, n) satisfying [ < g p-a.e. on X there holds
1A < Cillgl;

(5) (Weak Fatou property) If (fi)ien € My (2,9, 1) is a sequence of functions
satisfying fi < fi+1 p-a.e. on X for eachi € N and sup;cy || fi|| < 400, then

[sup;en fi] < +o0.
Finally, define

Lo={feMEMp: |flc:=I]If]<+oo}. (5.12)

Then functions in L are finite ji-a.e. on X and, with the topology 1|.| . considered
in the sense of Definition 5.1 (relative to the additive group structure on L),

(E, r||.||£) is a Hausdorff, complete, metrizable, topological vector space. (5.13)

The proof of Theorem 5.3 is presented in Sect.5.4.1, after Theorem 5.9 has
been established. The latter theorem constitutes our main completeness result in
the setting of topological vector spaces, and Theorem 5.3 is essentially obtained
as a fairly routine corollary of it. Significantly, Theorem 5.9 is formulated in the
setting of partially ordered vector spaces, without any reference to a background
measure space.

Of course, any genuine quasinorm || - || on the vector space L°(X,9, 1),
consisting of (classes of) functions from M (X, 90) that are finite p-a.e., satisfies
the axioms (1)—(3). In such a scenario, property (4) is a relaxation of the demand
that || - || is monotone, a condition that reads

vV geMy(ZMp)with f < gp-aeonk = [ f]=<I|gll. (5.14)

Also, the weak Fatou property mimics (in abstract, and with a weaker conclusion)
the familiar Fatou’s lemma in the standard setting of Lebesgue spaces. Indeed, in
Proposition 5.17 we will prove that, given a feeble measure ;& on a measurable space
(X,90) and a function || - || : My (2,91, u) — [0, +00] that is quasisubadditive
and quasimonotone, the weak Fatou property stated in Theorem 5.3 is equivalent to
the demand that

(fidien © M4 (Z. 0. ) and liminf | fi]| < +00 = ||1iin_1>£101fﬁH < +o0.
(5.15)
Moreover, under the hypotheses of Theorem 5.3, a quantitative version of this
implication holds; see (5.16) below. It is worth noting that under the stronger
assumption that || - || is genuinely monotone, establishing the equivalence between
condition (5.15) and the weak Fatou property stated in Theorem 5.3 is a trivial
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matter.’ However, the proof of this equivalence is considerably more subtle under
the mere quasimonotonicity assumption we presently make (see the discussion in
the proof of Proposition 5.17 for details). The interested reader is referred to, e.g.,
[6,15], [130, Sect. 65, pp.446—449] for more on the role and significance of the
Fatou property, albeit under considerably stronger background assumptions than
ours. Finally, we wish to note that (5.12) is a general recipe according to which
large classes of function spaces naturally arise in practice; see Sect. 5.2 for concrete
examples of interest.

In addition to completeness, we are also interested in establishing abstract results
pertaining to the pointwise behavior of sequences of functions that are convergentin
topological vector spaces created according to formula (5.12). Specifically, we will
prove the following theorem.

Theorem 5.4. Retain the same hypotheses as in Theorem 5.3, and recall the vector
space L from (5.12). Then any sequence (f;) e in L that is convergent to some
f € Linthe topology 1., has a subsequence that converges to f pointwise [i-a.e.
on X.

In particular, the positive cone in L equipped with the partial order in-
duced by the pointwise ji-a.e. inequality of functions, i.e, LT = {f € L :
f >0 pu-a.e. on X}, is closed in (E, ‘C||.||E).

Theorem 5.4 is proved in the last part of Sect. 5.4.2 by making use of capacitary
estimates and the fact that the weak Fatou property implies a quantitative version of
itself. More precisely, in the context of Theorem 5.3,

3C € [0, 400) suchthat V (f;)ien € M4+(XZ, 0N, 1)

(5.16)
one has Hnminf f H < C liminf| f;].
1—>00 1—>00

This is proved in Corollary 5.21.

It is also possible to specify general conditions ensuring the continuous
embedding of the vector space £ from (5.12) equipped with the topology 7).,
into the space of measurable, a.e. finite functions equipped with the topology
of convergence in measure. To state a theorem to this effect, let us agree that
1r will denote the characteristic function of the set E. Also, given a sigma-
finite measure® space (Z,9M, w), let LO(Z,9M, ) stand for the vector space
{f € M(Z MM ) : |f| < +oo p-ae.on X}, and denote by 7, the topology
on this space induced by convergence in measure on sets of finite measure.

3Since liminf;_ oo f; = sup;cy &> Where g; 1= inf;~; f; for any sequence ( f;);en of functions
in My (2,90, n), it follows that (5.15) implies the weak Fatou property. For the converse
implication, note that sup,; ¢y [|g: || = liminf;_o [lg/|l Whenever (g;)ien S M4 (T, MM, 1),
gi < gi+1 H-a.e.on X foreach i € N, given that the sequence {||g; [|};ex is monotone.
SThroughout the chapter, unless otherwise specified, by “measure” we will always understand a
positive measure.
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Theorem 5.5. Suppose that (X,9, ) is a measure space, and assume that a
Sunction || - || : M4 (2,9, u) — [0, 400] satisfying properties (1)—(4) listed in
Theorem 5.3 has been given. In addition, suppose that

o0
3(Kj)jen € M satisfying | ) K; = X and with the property that
j=1 (5.17)

Kj - Kj+lv [L(Kj) < 400, ”1]{/. ” < +00 foreach ] e N.
Then, if L is as in (5.12), it follows that
(E, t||.||L) — (LO(E, M, ), ‘C,L) continuously. (5.18)

Theorem 5.5 is a direct corollary of Theorem 5.26, stated and proved in Sect. 5.6.

The last topic of interest for us in this chapter concerns the separability of the
topological vector space from (5.13). In this regard, we will establish the following
result (see Definition 5.20 for the notion of separable measure).

Theorem 5.6. Retain the hypotheses of Theorem 5.5, and in addition assume that
Il - || is absolutely continuous, in the sense that for any given f € L there holds

Y (An)nen €M such that 14, — 0

= lim | |f]-14,] =0. (5.19)
n—>o00

pointwise [L-a.e. on X as n — 00

Then (E, T E) is a separable topological space whenever the measure L is
separable.

Theorem 5.6 is readily implied by Theorem 5.28 discussed in Sect.5.7.

In closing, we wish to note that in the case when (£, [l - ||L) is a Banach function
space, it follows from [15, Theorem 5.5, p.27] that both the absolute continuity
property stated in (5.19) and the separability of the measure p are actually necessary
conditions for the separability of the topological space (E, T L).

5.2 Examples

It is instructive to illustrate the scope of Theorems 5.3 and 5.6 by considering a
multitude of examples of interest and studying, in each case, the extent to which the
conditions stipulated in the statement of these theorems are satisfied.

Example 1. Abstract Lebesgue spaces L¥(X,91, i), 0 < p < oo, associated with
ameasure space (X, 90, ). This is, of course, a toy case, and the goal is to illustrate
the role and necessity of the assumptions made in our earlier theorems. Here, for

1/
each f € My (2,9, u) we take || f] = (f): f”du) ! if p € (0,00) and,
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corresponding to p = oo, || f|| := ess-sup f. Then, for each f, g € M4 (X, M, n)
and p € (0, 00,

Lf +gll < ep(IF 1+ llgl) < 2, max{|[ f1. lIgll}.

(5.20)
where ¢, 1= 2m01/P=1} € [1, 400),

which shows that the quasinorm condition (5.8) is satisfied. Moreover, for each
index p € (0, oo] the classic Fatou lemma gives that’

sup /i < sup | £ (5.21)
ieN ieN

whenever the functions (f;)jen € My (X, 9, u) satisfy f; < fi41 p-ae.on X
for each i € N. Thus, properties (1)—(5) in the statement of Theorem 5.3 hold.
As a consequence, we recover the familiar result that L? (2,91, i) is a complete
quasimetric (hence, quasi-Banach) space with the property that any convergent
sequence from this space has a subsequence that converges (to its limit in L?”) in
a pointwise p-a.e. fashion. Furthermore, if u is sigma-finite, then L7 (3,90, u)
embeds continuously into (LO(Z, M, 1), rﬂ). Finally, if p € (0, 00) (which is the
range for which (5.19) holds) and the measure u is separable and sigma-finite, then
the space L? (X, 90, ) is separable. As is well known (cf., e.g., [15, Theorem 5.5,
p-27]), foreach p € [1, 0o) the separability of the measure y is actually a necessary
condition for the separability of the Lebesgue space L” (X, 9, u).

Example 2. Generalized Lebesgue spaces L7 (X, 90, ), associated with a measure
space (£, 9, u). Let 6 : R — [0, +00) be an even, lower-semicontinuous function
that vanishes at, and only at, the origin. In addition, assume there exist cg,c; €
[1,400) and p € (0, +00) with the property that

0(t1) < cob(tr), Vi, €[0,+00) suchthat t; <1, (5.22)

O(st) <csPO(t), Vsel0,4+00) and V¢ € (0, +00). (5.23)
Define || - || : M4+(Z, 9, u) — [0, +00] by setting

I71= [ 0N, VS eMuEmp, (529

and, consistent with (5.12), consider

LYE, M, ) i={f € M(Z, D, 1) 2 ||| f]1] < +o00}. (5.25)

7In fact, (5.21) holds with equality, as the observant reader has undoubtedly noted.
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Of course, for each fixed p € (0,00) the function 0(¢) := |[t|? satisfies all
conditions stipulated previously and, corresponding to this choice of 6, the space
LY(X,9M, ) coincides, as a topological vector space, with the classical Lebesgue
space L? (X, 9, n) (thus justifying the terminology adopted here).

To understand the nature of the space defined in (5.25), observe that for each
function f, g € M4 (X,90, 1) we may write

If +gll = /Zé’(f(X) +g(x)) du(x)

0(f(x) + g(x)) duu(x)

/{ier: f(x)=g(x)}

Hf bW+ gw) duto)
{xex: f(x)<g(x)}

IA

o [ 6(27) dux) + o [ 62g) duto)
X )]

IA

cocr2”(ILf 1+ llgll) < coer2?* max{|| £II, llgll}.  (5.26)

which shows that || - || satisfies the quasisubadditivity condition (5.8) with constant
Co := copc12PF! € [1, +00). In addition, for each function f € M (X, M, u) and
each scalar A € (0, +00),

sl = /E 6(1/ () du(x) < 147 /E 0(f(0) dp(x) = A f ]l (5.27)

hence the pseudo-homogeneity condition (2) holds for ¢ : (0, +00) — (0, 4+00)
given by ¢(1) := c1A? for each A € (0, +00). Moreover, since 6 vanishes only
at the origin, it is clear that || - || is nondegenerate. Also, whenever two functions
frg € M4(XE,9, p) are such that f < g pointwise p-a.e. on X,

1/1 = /E 0(f()) du(x) < co /E 6(5(0) dux) = collgl.  (5.28)

from which we deduce that || - || is quasimonotone. Finally, in concert with the lower
semicontinuity of 6, the classic Fatou lemma gives that if (f;);en € M4+ (2,90, 1)
is a sequence of functions satisfying f; < f;4+1 p-a.e. on X foreachi € N, then

sup f;
ieN

= [ 6(sup i) anco) = [ o(timint fiv)

< / |:1i_rninf9(f,- (x))] du(x) < li_minf/ Q(f, (x)) du(x)
> 1—>00 1—>00 b

= liminf || /i || < sup || fi[|. (5.29)
100 ieN
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Thus, the weak Fatou property (5) is satisfied as well; hence, all conditions
hypothesized in Theorem 5.3 hold. Consequently, L(X, 9, 1) is a complete
quasimetric space with the property that any convergent sequence from this space
has a subsequence that converges (to its limit in L?) in a pointwise p-a.e. fashion.
Furthermore, Lebesgue’s dominated convergence theorem shows that (5.19) is
satisfied in the current setting. As such, the space L? (X, 901, i) is separable granted
that the measure p is separable and sigma-finite. Lastly, if the measure p is
sigma-finite, then (5.17) holds, which further implies that L?(XZ, 91, 1) embeds
continuously into (LO(Z, M, 1), rﬂ) in this case.

Example 3. Variable exponent Lebesgue spaces LPO (X, 90, 1) associated with a
measure space (X,9, v). Let p : & — (0, +00) be a measurable function,? called
a variable exponent, with the property that

pTi=ess-supp < +00 and p~ :=ess-infp > 0. (5.30)

Define the Luxemburg “norm” || . || = || . ”L”(')(E,im,lt) by setting (with the convention
that inf @ := +00)

£l = inf{x >0 /E(f(x)/k)p(x) dp(x) < 1}, Ve My(S, 9, 1). (5.31)

The variable exponent Lebesgue space LP)(X,90, i) is then constructed as
in (5.12) for the choice of || - || as in (5.31). Since [y (f(x)/||f||)p(x) du(x) <1

for each nonnegative function f € L0 (X,90, u), a straightforward computation
gives

max{p+.l}
=

2N ) B 5T <Ly e
171+ Tl if =1,

If + el <

(5.32)

By design, we have ||Af || = A|| f|| foreach f € M (2,90, u) and A € (0, +00).
Also, if f € M4(S, M, ) is such that || £ ]| = 0, then [y, (f(x)/e)"™ du(x) < 1
for each ¢ > 0, which immediately gives that f = 0 u-a.e. on X. Clearly, || - | is
monotone, and the classical Fatou lemma proves that || - || satisfies the strong Fatou
property (i.e., (5.21) holds). This shows that all hypotheses in Theorem 5.3 hold in
the current setting. Consequently, L?0) (X, 90, i) is a complete quasimetric (hence,
quasi-Banach) space with the property that any convergent sequence from this space
has a subsequence that converges (to its limit in L)) in a pointwise j1-a.e. fashion.

8Typically, in the literature it is assumed that p > 1 p-a.e. on X, but such a restriction is artificial
for us here.
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Moreover, since for any A € 91 one has ||[14] < [M(A)]l/pA, where we have set
pa = ptif uw(4) < 1land py := p~ if u(A) > 1, it follows from Theorem 5.5
that L7O (2,9, 1) embeds continuously into (L°(X,9, u),7,) whenever the
measure i is sigma-finite. Finally, the absolute continuity condition (5.19) is
automatically verified in this setting; hence, LP(')(E,DJI, W) is separable if the
measure [ is separable and sigma-finite.

Example 4. Mixed-normed spaces LT, with P = (p1,....,ps) € (0,00]", of
Benedek—Panzone. Let (X;, 9, u;), 1 < i < n, be measure spaces, set ¥ :=
¥ x-ox Xy and M = M) @ -+ ® M, and define the product measure
L= Q-+ Q@ U, on X. Next, given P = (py,...,py,) € (0,00]", consider
|-l : My (2,9, 1) — [0, +00] defined for each f € M (2,9, u) according

to the formula
o ) P d,le(xl)) 71 ,

= (L (L (L e aua )
ome (5.33)

understood with natural alterations when p; = oo forsome i € {1,...,n}. In[14],
the mixed-normed spaces L =L" (2,91, u), constructed according to the recipe
described in (5.12) adapted to the current context, have been introduced and studied
in the case when 1 < p; < oo foreachi € {1,...,n}. Here we wish to note that,
for the full range of indices P = (p1,..., pn) € (0,00]", repeated applications
of (5.20) yield

Pu—1 Pl 1

n

1/ + el =2(TTen) maxtifI gl ¥ fig € Me(E, M), (5.34)

i=1

hence (5.8) is satisfied. Also, with || - || as in (5.33), the strong Fatou property (5.21)
holds (applying the classic Fatou lemma n times), and the remaining hypotheses in
the statement of Theorem 5.3 are trivially satisfied. As a corollary, L? (Z,90%, 1)
is a complete quasimetric space (hence, quasi-Banach) with the property that any
convergent sequence from this space has a subsequence that converges (to its limit in
L") in a pointwise j-a.e. fashion. In addition, this space is continuously embedded
into (L°(X,90, p1), 1,) whenever each measure y;, 1 < i < n, is sigma-finite.
Finally, if P = (p1,...,pn) € (0,00)" and each measure p; is separable and
sigma-finite, 1 < i < n, then the space LP(Z, M, n)is separable.

Example 5. Variable exponent mixed-normed spaces L*'©) where, for some n € N,
we have set P(-) = (p1(-),..., pn(+)). Let (Z;,9M;, i), 1 < i < n, be measure
spaces, set ¥ 1= X X -+ X X, and M := M| @ --- ® M,,, and define the product
measure L 1= (] ®- - -Q@u, on X. In this setting, assume that foreachi € {1,...,n}
a <M;-measurable function p; : ¥; — (0, +00) has been given such that

p,-+ i=ess-sup p; < oo and p; :=ess-infp; > 0. (5.35)
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Consider ¢ : M4 (Z,9M, u) — [0, 4o0] defined for each f € M4 (X,9M, w)
according to the formula

o= ([ ([ 1m0 g o))" ),

D> > T,
(5.36)
and define the Luxemburg “norm” || - | = || - [[ L re)(z o ) DY setting
I/ :==inf{A>0: o(f/A) <1}, VfeMi(Z.M p. (5.37)

Then the variable exponent mixed-norm space L¥) (X, 90, ) is constructed for
this choice of || - || as in (5.12). Arguments similar in spirit to those presented in
Examples 2-3 show that L7 (2,901, 11) is a quasi-Banach space with the property
that any convergent sequence from this space has a subsequence that converges
[to its limit in L] in a pointwise p-a.e. fashion. Furthermore, L) (X, 90, 11)
embeds continuously into (LO(E, M, 1), ‘L'M), provided each measure p; is sigma-
finite, and is separable whenever each measure y; is sigma-finite and separable.

Example 6. Lorentz spaces LP1(X, M, 1), 0 < p < 00, 0 < g < 00, associated
with a measure space (2,9, u). Recall thatif 0 < p < coand 0 < g < oo,
then the Lorentz quasinorm || - || = || - ||zre(zom ) is defined for each f €
M+ (E s mv I"L) by

1/ = (= mmltr e 2: s>y 2)" it g <o, (5.38)
supbo[ku (IxeT: f(x)> A})l/”] if ¢ = oo.

The Lorentz space L9 (X, 901, ) is defined as in (5.12) when || - || is as in (5.38).
Clearly, || - ||z is then a monotone quasinorm. From [26, Theorem 1.9.9(c), p.55]
it follows that the strong Fatou property (5.21) holds for the quasinorm (5.38), and
it is straightforward to check that all the other hypotheses in Theorem 5.3 are also
satisfied. Moreover, the absolute continuity condition from (5.19) holds whenever
q < oo (cf. [26, Theorem 1.9.9(d), p. 55]), hence Theorem 5.6 applies in this case.
In summary, the Lorentz space L9 (X, 91, i) is a complete quasimetric space with
the property that any of its convergent sequences has a subsequence that converges
(to its limit in L”?) in a pointwise p-a.e. fashion and that embeds continuously
into (LO(E, M, 1), ‘L'M) provided the measure p is sigma-finite. Moreover, whenever
p.q € (0,00) and the measure p is separable and sigma-finite, then the Lorentz
space L9 (X, M, ) is separable.

Let us also note here that similar considerations apply to the scale of Lorentz—
Orlicz spaces (cf. [70,85,118]), as well as to the so-called Lorentz—Sharpley spaces.
We omit the details.
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Example 7. Capacitary spaces LP41(Z,0M,€), 0 < p < 00,0 < g < o0,

associated with a measurable space (X, M) and a standard Fatou capacity € on M.

By a standard capacity on a sigma-algebra of sets 90t we understand here a function

C : M — [0, +00] satisfying for any A, B € 9 the following conditions:

¢0) =0, ¢(A) <€(B) if AC B, and €(AU B) < c(€(A) + €(B)).
(5.39)

where ¢ > 1 is a fixed, finite constant. A standard Fatou capacity is then a standard
capacity that has the Fatou property, that is,

1My 500 E(Ay) = %(Ui‘;l An) for every (An)nen € M
with the property that €’ (A4, \ 4,+1) = 0 foreachn € N.

(5.40)

In particular, if “A” stands for the set-theoretic difference operation, this and (5.39)
imply that’

¢ (A) =€ (B) whenever A, B € 9 aresuchthat ¥(AAB) =0. (5.41)

Next, given a standard Fatou capacity %, it follows that % is a feeble measure.
Following [29], we define || - | = ||+ || Lr4(s 9m,%) analogously to (5.38), i.e., for each
M-measurable function f on X that is nonnegative %-a.e., set

(f0°° ME(x e T f(x) > A7 fg—*)l/q if ¢ < oo,
£ = (5.42)
supbo[k‘f({x €T f(x) > x})W] if ¢ = oo.

Then, based on (5.41), it is clear that any two 9)l-measurable functions that
coincide %-a.e. have identical quasinorms (i.e., (5.7) is well-defined). Keeping
this in mind and relying on [29, Theorem 1(d)], it follows that all hypotheses
made in Theorem 5.3 are verified in this setting. Consequently, the capacitary
space LP4(X,0M, %) is a complete quasimetric space with the property that any
of its convergent sequences has a subsequence that converges [to its limit in
LP4(X,9M,%)] in a pointwise p-a.e. fashion. Moreover, additional properties for
this space may be obtained by suitably strengthening the assumptions on 4 (so as
to fit the hypotheses of Theorems 5.4-5.6).

Example 8. Orlicz spaces Lg(X,90, 1), associated with a measure space
(2,91, u). Consider an even, lower-semicontinuous function 6 : R — [0, +00]
that is not identically zero. In addition, assume that 6 is nondecreasing on [0, 4+00)
and that there exist ¢ € [1, +00) and p € (0, 400) with the property that

O(st) <csPO(t), Vsel0,1], Vt e (0,+00). (5.43)

°Cf. the discussion preceding Theorem 1 on p. 98 in [29].
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Parenthetically, we note that any Young function satisfies the preceding conditions.
Let us also note that if z, € (0, +00) is such that 8(¢,) > 0, then ¢~'s770(z,) <
0(t,/s) foreach s € (0, 1), which, in particular, implies that

lim 6(t) = +oo. (5.44)
t—>+00

In this setting, introduce the Luxemburg “norm” of any function f €
M (2,90, 1) by setting

¥l ::inf{a>o:/Ee(f(x)/a)du(x)gl €[0.+00], (545

with the convention that inf@ := +o0. Then the Orlicz space Lg(X, M, 1) is
defined as

Lo(Z, M, p) := {fEJ\/l(E,im,u): A <+oo}. (5.46)

It is then clear that the Orlicz space Lg(X,9, u) fits within the framework
of (5.12). Clearly, || - || is monotone. Also, that || - || is nondegenerate readily follows
from (5.44) upon observing that, for each f € M4 (X, 9N, ), the following level
set estimate holds:

O(s/a)p({x € T f(x) > e}) < /Eé(f(x)/a) du(x), Va,e e (0,+00).

(5.47)
To verify the quasisubadditivity condition, assume that f,g € M4 (X,9, pn) are
such that 0 < min{|| f|, ||g||} and max{]| f|, ||g]|} < +oc. Then

£ + g) )
ol ——=-—~__|d
/}: (cl/”(||f||+||g||) wx)

I i el c—l/ﬂgm)
S ) )
/ (Ilf||+||g|| 7 A e e )
-2 £(x) rst)
< 0
—ma"{fz (e / el /¢ (x)}
i) (£ }
< d 5.48
—ma"%/ O (77w, / o)) 648

Here, the first inequality follows from the fact that 6(at; + (1 — a)) <
max{6(t,),0(t,)} fora € [0,1] and #;,2, € (0,4o00) (which, in turn, is implied
by the monotonicity of 6), the second uses (5.43), while the last inequality is a
consequence of the readily verified observation that 5. 6(f/| f ) du < 1 for each



308 5 Nonlocally Convex Functional Analysis

f e M4y (Z, M, u) with || f| € (0, +00). Having proved (5.48), we then deduce
from (5.45) that

If + el <e”2(1F 1+ llgl) < 2¢7 max{ £ Igll}, V f.g € M (S, D, p),

(5.49)
as desired. Furthermore, it is routine to check that
Y (fien € Ma(S. 0 pw) = [limint £;| < timinf | £, (5.50)
1—>00 1—>00

which, as was already noted, implies the weak Fatou property hypothesized in
Theorem 5.3. Hence, all conditions stipulated in this theorem are satisfied. As such,
Ly(X2,90, ) is a complete quasimetric space with the property that any convergent
sequence from this space has a subsequence that converges (to its limit in Lg) in
a pointwise p-a.e. fashion. Moreover, it is elementary to check that (5.19) holds
in the current situation and, hence, the space Lg(X, 9, 1) is separable whenever
the measure p is separable and sigma-finite. Finally, if lim, ,,+ 6(f) = 0 and
the measure p is sigma-finite, then (5.17) holds; hence, Ly(%,90, u) embeds
continuously into (L°(Z, 9, u), 7,,) in this situation.

Example 9. Tent spaces TP, 0 < p,q < oo with min{p,q} < oo, of Coifman-
Meyer-Stein. With £" denoting the n-dimensional Lebesgue measure, consider the

function || - || = || - |7+ mapping a Lebesgue measurable function f : R —
[0, +00] to
(N0 ez )" it p <o,
/1= (5.51)
ess-sup 6y f if p=o0

where, for each x € R”, if I'(x) stands for the upright cone with vertex at x given
by {(y,t) € R" x (0,00) : |x — y| <t}, then

1/q .
(Jrw FOo07=0H0 A1 (0,0) 7 if g < o0, (5.52)
SUDP(y r)er(x) L f(y.0)l, if ¢g=o00

(Ay )(x) ==

denotes the area operator, while if 7(B) := B x (O, rad(B)) - R’fl stands for the
Carleson box located above the n-dimensional ball B, then

1 1/
(64 /) (x) := sup (m T(B)f(ysl)qf_ldfnJrl(y,f)) ! (5.53)

B baitinR”
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denotes the Carleson operator. Then the tent space 774 := T P4 (R’fl) is defined
as in (5.12) for the choice of the quasinorm | - || as in (5.51), provided p € (0, o]
and ¢ € (0, 00). In this situation, analogously to the case discussed in Example 4, all
hypotheses of Theorem 5.3 are readily verified. From this and Theorems 5.4-5.6 we
may then conclude (keeping in mind that the Lebesgue measure is both separable
and sigma-finite) that the tent space 779 with ¢ < 0o is a complete quasimetric
space such that any of its convergent sequences has a subsequence that converges
(to its limit in 7'7) in a pointwise j-a.e. fashion and that embeds continuously into
the space of measurable, a.e. finite functions on R’fl. In addition, if p,q € (0, o0),
then the tent space 77 is separable.

The case ¢ = oo requires some special attention due to the presence of “sup”
in (5.52). In this scenario, the space 77> is defined in [33] as'’

TP .= {f:R’f'_+1 — R: f continuous, and | f|7ree < +oo}, 0<p<oo.
(5.54)

While this space does not fall directly under the scope of Theorem 5.3 (given that

it consists of continuous functions), a closely related version of it does, and this

suffices as far as the completeness of 77 is concerned. Specifically, given a
Lebesgue measurable function f in RZ_‘H, observe that the mapping

R" 3 x = || fll Loo(r(x), 2n+1) € [0, +00] (5.55)

is lower semicontinuous. Thus, for such a function it is meaningful to consider

1/p
1 e = ([ 1 i iy 92°00) 0 p oo 6556)

and then define (with R denoting the extended real-axis [—oc0, +00])
TP = {f: R’fl — R : f Lebesgue measurable,
and || f |Fpee < 00}, 0 < p < o00. (5.57)

It may then be verified without difficulty that || - |7, satisfies the hypotheses
of Theorem 5.3; hence 7T7* is a complete quasinormed space. Also, it is clear
from definitions that the Coifman—Meyer—Stein space 77 is a linear subspace of
our space TP Hence, to conclude that 77 is a complete quasinormed space,

10Strictly speaking, in [33] the authors also impose the condition that functions in 77 possess
nontangential limits a.e. on R"” = BR’_”:"I, but this condition turns out to be superfluous.



310 5 Nonlocally Convex Functional Analysis

it suffices to show that 77 is closed in 77°°. This is where the pointwise-
convergence result from Theorem 5.4 plays a key role, given that there exists
¢ € (0, 400) such that for every (yo, ty) € RZ_‘H

" -1
sup | f] <L (BGo.ct0)) 1S oo (5.58)
B((y0.t0).10/2)

for every function f that is continuous on R’fl.

Example 10. Homogeneous Triebel-Lizorkin sequence spaces f;f IRM), with 0 <
p.q < oo and a € R, of Frazier—Jawerth. Denote by Q, the standard family of
dyadic cubes in R”, i.e., Q, := {27/([0.1]" + k) : j € Z. k € Z"}. For each
0 € Q,, we will abbreviate |Q| := L"(Q). Following [47], we may now introduce
the homogeneous Triebel-Lizorkin scale of sequence spaces by defining 7./ (R"),
fora € R,0 < p < o0,and 0 < g < o0, as the collection of all sequences
s = {so}peo, with elements from R such that

||S||fuf’"1(Rn) = H Is] ” < 400, (5.59)
where |s| := {|sg|}peo, and, for each sequence s = {s¢p}peg, of numbers from
[0, +00], we have set

o q

Isl:=|{ > (1eI sol0) . if0<p<oo 0<q=oo.
0€Q,
LP(R")
(5.60)

and, corresponding to the case when p = co and 0 < g < oo,

1
q

1 _1_a
Is]| == sup —/ > (101 isplp() dL () | . (5.61)
rea, \ PP e hcr
This corresponds to the setup in Theorem 5.3 for the case when ¥ = Q,,

M = 2 (i.e., the collection of all subsets of Q,), and u is the counting measure
on I since measurable functions may be canonically identified with numerical
sequences indexed by Q,. Then the quasitriangle inequality for || - || is a direct
consequence of the quasitriangle inequality for the quasinorms associated with the
classic sequence space ¢¢ (indexed by Q,) and Lebesgue space L”(R"), as, in
fact, is the homogeneity and nondegeneracy of || - ||. Also, the fact that || - | is
monotone is obvious, while the weak Fatou property for || - || may be easily verified
by (twice) making suitable use of the Lebesgue monotone convergence theorem.
Thus, the hypotheses of Theorem 5.3 hold in this case. In fact, the hypotheses of
Theorem 5.6 are also verified, as may be seen by applying (twice) the Lebesgue
dominated convergence theorem, provided max{p, g} < oo. All in all, this shows
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that f;f “I(R") is a complete quasimetric space with the property that any convergent
sequence from this space has a subsequence that converges (to its limit in f,/)in a
pointwise fashion and is separable whenever max{ p, ¢} < oo.

Of course, similar considerations apply to the inhomogeneous Triebel-Lizorkin
sequence spaces fii(R") defined in [47, Sect.12]. Moreover, results for the
discrete Triebel-Lizorkin spaces directly translate into analogous results for the
continuous Triebel-Lizorkin scale, F,/* (R™), via wavelet transforms (more details
on the latter issue may be found in [68, 109, 120, 121]).

Example 11. The homogeneous Besov sequence spaces bl R"), 0 < p,g < o,
a € R, of Frazier-Jawerth. Recall that Q,, stands for the standard family of dyadic
cubes in R”, and denote by £(Q) the sidq length of Q € Q,. Then, following [46],
the homogeneous Besov sequence space bl (R™), where 0 < p,g < ocoanda € R,
is defined as the collection of all numerical sequences s = {sp}pco, satisfying
(with natural interpretations when p = oo, or ¢ = 00)

1/q
—a/n— q/p
Islligrn == | Do( D0 TIQIT/ =12+ Plsg|17) < +o0. (5.62)
JEZ 0€Qy
(Qy=27J

Then it is clear that the same type of analysis and conclusions as in Example 10
apply to this context.

Example 12. Function spaces on spaces of homogeneous type (in the sense of
Coifman and Weiss). See [34,35] for a systematic introduction to the topic of spaces
of homogeneous type. Here we only wish to mention that the definition of the tent
spaces of Coifman—Meyer—Stein in IRT’I has a natural counterpart in the setting
of spaces of homogeneous type (a detailed analysis of which is found in [5]) and
that the arguments used in Example 9 make minimalistic use of the structure of the
ambient Euclidean space and, as such, carry over to the setting of tent spaces in
spaces of homogeneous type. In fact, a variety of other function spaces, naturally
arising in the context of spaces of homogeneous type, are amenable to the scope
of the results in this chapter. For example, this is the case for the discrete Triebel—
Lizorkin and Besov spaces on spaces of homogeneous type, as defined in [39, 55].
We omit the details.

5.3 Abstract Capacitary Estimates

The goal here is to prove a capacitary estimate involving the action of the capacity
on an infinite product. Such a result is of basic importance for the subsequent
considerations in this chapter. To set the stage, we first record a technical estimate
in the lemma below.
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Lemma 5.7. Suppose that (G, ) is a given semigroup (hence, G® = G x G) and
that % : G — [0, +00] is a function for which there exists a constant Cyy € [1, +00)
with the property that the following quasisubadditivity condition holds:

C(f *g) < Comax{€(f).€(g)} forall (f.g)e€G?. (5.63)

In this context, for each N € N and each [ € G set

c(fN)
fNi=fx---x f and cy:= su ( . (5.64)
R N et ¢(f)
N times E(f)#0,+00
Then
ey < CZN©2% ¥ N eN, (5.65)

Proof. Fix a finite number € (O, (log, Co)_l] and consider some f € G such
that €(f) € (0, 4+00). Then, given N € N, invoke (3.322) used witha; = --- =
ay = f (and ¥ = %). Such a choice yields the estimate €' (V) < CZNPE(f),
which in turn forces

(f(fN))< 20 1/8

= CiN'P, 5.66

v (‘f(f) =5 .60
E(f)#0,+00

Optimizing this last estimate with respectto f € (0, (log, CO)_I] then yields (5.65),
completing the proof of the lemma. O

Before stating the main result in this section, we clarify one additional piece of
notation. Concretely, assume that (G, *) is a semigroupoid. Given a number N € N
and an N-tuple J of positive integers, say J = (ji, ..., jny) € NV, then for every
family (f;);es € GV) abbreviate

N
[T =11 =fixfix-xfiyeG. (5.67)

jeJ i=1

Since the binary operation * is associative, this is unambiguously defined.

Theorem 5.8. Let (S, *) be a semigroup and assume that < is a partial order
relation on S satisfying axioms (A1) and (A2) below:

(Al) For every sequence (f;)ien C S

N
the set {Hf, : N € Ny has a least upper boundin (S, <), (5.68)

i=1
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i.e., there exists f € S such that 1_[5\,:1 fi = f forall N € N and such that if
g € S satisfies ]_[fvzl fi 2 gforall N € N, then f < g. Hence, f is uniquely
determined, and one denotes

(A2) Forevery NM € Nwith M < N and for each family (fj)1<j<n S S the
following holds:

N
H if Gi)i<i<m € Nsatisfy 1 < jiy < jo <---< ju < N.

ﬂ:]s

(5.70)
Hence for each family (f;)jen € S, by (Al) and (A2),

0o N
[1/ = s (]—[ ) €S iswell defined. (5.71)

il NeN

Let € : S — [0, +00] be such that the following conditions are satisfied:

(i) (Quasisubadditivity) There exists a constant Cy € [1,+00) with the prop-
erty that
C(f xg) <Comax{€(f),€(g)}, V[ geS. (5.72)

(ii) (Weak monotonicity) Whenever (f;)iex C S and f € S are such that f; < f
foreachi € Nand € (f) < +oo, it follows that sup; oy € (fi) < +o00.
(iii) (Weak Riesz—Fischer property) For every sequence (fi)ien < S with the

property that sup y ey ‘5(]_[5\;1 f,) < +o0 there holds ‘5(]_[?21 f,) < +o0.

Then, for every finite number € (0, (log, CO)_I], there exists C € [0, 400)
such that

1

Y C(f)Py +C  foreach (f)ien € S. (5.73)

i=1

fg(ﬁ ﬁ) < pmax{1/p=1.0} (2

i=1

In general, one cannot take C = 0 in (5.73). However, one does have

(T4 . !

limsup | —=—— | < 2™ IN G (f)PL L Y (fiien €S,
N—>o00 CN i=1

(5.74)
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provided [with (cy)NenN retaining the same significance as in (5.64)]

lim cy = +o0. (5.75)

N—o00

Proof. Let 64 be the regularization of the quasisubadditive function % according to
the procedure described in Theorem 3.28 for the semigroup (S, *). That is, if

= 0, , 5.76
« = gy € (04 (5.76)

then 64 : S — [0, 4+00] is the function that associates to each f € S the number

N 1
G(f) = inf{ (@) NN, fir fweS, f=fix fN}
i=1

5.77)
if @ < +00 and, corresponding to the case when o = +00,

G(f) = inf] max C(f): N eN. fi.... fw €S, f = fissfu] (578)
Then Theorem 3.28 ensures that
Co’¢ <% <% onS (5.79)

and that for each finite number § € (O, (log, Co)_l]
N5 N
G([14) =G, YNeEN ¥(fhizzyCS. (5.80)
i=1 i=1
We next claim that, given any finite number B € (0, (log, Co)™'].

o0 /3 o0
3C €[0.+00) suchthat G([] /) =Y G +C. V(e S S.
i=1 i=1
(5.81)
Seeking a contradiction, assume that there exists a finite number B €
(O, (log, Co)_l] such that (5.81) does not hold. Then, for each k € N there exists a
family (fix)ien € S such that

%(I1 f,,k)ﬁ >3 "G + k. (5.82)
i=l1 i=l1

In particular, the right-hand side of (5.82) is finite and, as such,

Ca(fix) <+oo, VieN and VkeN, (5.83)
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and

o0
foreach k € N thereexists iy € N such that Z Cg#(ﬁ’k)ﬁ < —
=iy
(5.84)
Then, by (5.80) and (5.82),

ir—1 0o [oe]
> G’ + a([14) = a([17:) > Lot +5 589
=iy i=1 i=1

Thus, using (5.85) and (5.83) we may write

fg#(]o_o[ f,-,k)ﬁ >k, VkeN. (5.86)

=iy

Going further, for each N € N define gy € S by setting
N ix+N
v = [T(TT /ix)- (5.87)
k=1 i=ig
We then obtain
N ix+N

Cen) < CP )’ <P D G fia)

k=1 i=iy

oo ix+N
=’y Z(f#(fk)ﬁ<cﬁzp<+oo. (5.88)
k=1 i= lk
Indeed, the first two inequalities follow from (5.79) and (5.80), the fourth inequality
is a consequence of (5.84), and the remaining ones are obvious. Hence, from (5.88)
we may conclude that

sup € (gn) < +oo. (5.89)
NeN

Also, in light of the hypothesized property (A2) we have g; < g;+; foreachi € N.
Keeping this in mind and using (A1), (5.89), and the weak Riesz—Fischer property,
we deduce that

g:=supgy €S iswell-definedand %(g) < +oo. (5.90)
NeN

Now, for each k € N and each N € N there holds ]_[ﬁ":f,fv fix = g, by (42)
and (5.87). Having observed this, (A1) then ensures that

o0
l—[ fik=2g for each k € N. (5.91)

=iy
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Let us also note that, using (5.79) and (5.86), we have

%(]o_o[ f,-,k) > %#(ﬁ f,,k) > kY8 foreach k eN.  (5.92)

=iy =iy

Hence, on the one hand, supjcy ‘f(]_[?iik f,k) = +o00. On the other hand,
from (5.91), the weak monotonicity property [cf. (ii) in the statement of the
theorem] and the second part of (5.90) we see that sup; <y ‘f(]_[?iik f,k) < +o00.
This contradiction completes the proof of (5.81).

Using (5.81) along with (5.79) twice, we obtain that for each family ( f;);ey € S
and every finite number B € (0, (log, Co) '] there holds

%(]o‘o[ £ = céﬂ%#(ﬁ £ =c S @) + e
i=1 i=1

i=1

=W A A el (5.93)

i=1

where the constant C € [0, 4-00) is as in (5.81). Using the elementary fact that for
any a, b € [0, +00) one has (a +b)"/F < 2max{l/f=1.0} (41/F 4 p1/F) and redenoting
omaxtl/B=10}C2C /P € [0, +00) by C, estimate (5.93) readily implies (5.73), for
each finite number 8 € (0, (log, Co)™" .

Next, we will prove that, in general, one cannot take C = 0 in (5.73). In fact, it
is possible to envision a scenario in which (5.73) holds for an arbitrarily specified
constant. To see this, fix an arbitrary number C > 0 and consider the case in which
S := 2V (i.e., S is the set of subsets of N), the binary operation * is the union of
sets (hence, (S, U) is a semigroup), and %" : 2N — [0, +-00) is defined by

C(A) - 0 if A is finite P (5.94)
" | C if Ais infinite, - '

Then it is straightforward to see that properties (A1)—(A42) hold and that % is
quasisubadditive, more precisely that

%(AU B) < max{%(A),€(B)}, YA BCN. (5.95)

In particular, property (i) from the statement of Theorem 5.8 is satisfied with Cy:=1.
Also, € is monotone, i.e.,

€(A) <€(B), VACBCN. (5.96)
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It is immediate that (5.96) implies the weak-monotonicity property (ii) from the
statement of the theorem. Since ¥ takes finite values on S, the weak Riesz—Fischer
property (iii) is trivially satisfied. Consider next the family ( f;);ey € 2" defined
by f; := {i} forevery i € N. Then, on the one hand,

oo

[1/=Utii=N and ¢(]f)=C. (5.97)

i=1 i=1 i=1

On the other hand, €(f;) = 0 for all i € N. This shows that the smallest value
of the constant C for which the inequality (5.73) holds is precisely c (incidentally,
since C > 0, this shows that in general one cannot take C = 0 in (5.73)).

Finally, we are left with proving (5.74) under the assumption (5.75). To do so,
first observe from (5.73) that for every finite number 8 € (O, (log, Co)_l] there
exists C € [0, +00) such that for every family ( f;);ien € S there holds

ad > 1/8
%(]‘[ f,.N) < 2max{1/ﬁ—1~°}cg{2%(ﬁv)ﬁ} +C.  VNeN. (598

i=1 i=1
To proceed, we note that
C(fN)<en€(f), YfeS and VN eN. (5.99)

Indeed, (5.99) follows from the definition of ¢y when €' (f) # 0, +00. However,
if €(f) = +oo0, then there is nothing to prove, and if €(f) = 0, then, as a
consequence of (3.322), it follows that €' (f¥) = 0 for all N € N, so once
again (5.99) is trivially satisfied. Having established (5.99), we use this to further
bound the right-hand side of (5.98). As such, we obtain that

%(]o_o[ f,.N) <cy -zma*“/ﬂ—l*O}cg{i %(f,-)ﬂ}l/ﬁ +C, VNeN. (5100

i=1 i=1

Then (5.74) readily follows by dividing both sides of the inequality in (5.100) by ¢y
and by taking lim sup as N — oo. This completes the proof of Theorem 5.8. O

5.4 Abstract Completeness Results

5.4.1 Linear Background

In this subsection we will formulate and prove the main completeness result in the
setting of a linear vector space (with additional structure), as described below.
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Theorem 5.9. Let (X, <) be a partially ordered vector space,'" and denote by X+
the positive cone in (X, <), i.e, XT = {f € X : 0 < f}, where 0 is the null
vector in X . Also, consider a mapping

[ -1+ X —> [0, +-00), (5.101)

satisfying the following properties:

(1) (Quasitriangle inequality) There exists a constant Cyy € [1, +00) such that

If + gl = Comax{[lf[l. lgll}, VvV fgeX (5.102)

(2) (Pseudohomogeneity) There exists a function ¢ : (0,4+00) — (0,400)
satisfying

IAf I =eMIfI. VfeX, VAe(0 +o0), (5.103)
as well as

sup[<p(k)<p(k_l)] <400 and lim ¢(1)=0. (5.104)

A>0 A—>07F

(3) (Nondegeneracy) For each f € X there holds
I/I=0 < f =0 (5.105)
(4) (Weak monotonicity) If a countable family of vectors (fi)iex € X has an
upper bound in (X, <), then sup; <y || fi | < +o0.
(5) (Weak Fatou property) Any family (f;)ien € X T satisfying

fi < fi+1, VYieN, and sup|fi] <4oo (5.106)
ieN

has a least upper bound in (X, <).
(6) (X spans X, with control) There exist two functions P+ : X — X satisfying

P+(H)=P-(HH=/f VfeX (5.107)

and there exists a numerical sequence (a;)ien < (0, +00) with the property
that

That is, X is a vector space and =< is a partial order relation on X with the property that if
f.g € X are such that f < g, then f +h < g+ hforevery h € X and Af < Ag for every
A € [0, +00).
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for every sequence (f;)ien C X such that || fi|| < a; for eachi € N

00 (5.108)
= 3y € (0. (log, Co)™"] finite, with Y [PL(f)])? < +oo.

i=1

Let T denote the topology induced by | - | on (X,4) (in the sense of
Definition 5.1). Then (X, t|.) is a Hausdorff, complete, metrizable, topological
vector space.'?

Before presenting the proof of this theorem, a few comments are in order.

Remark 5.10. (i) Since X T is the positive cone in (X, <), we clearly have X T N
(=X ™) = {0}. Hence, (5.107) implies that X ™ — X = X, so X" spans X.
Parenthetically, we note that the latter property holds whenever X is a Riesz
space, i.e., a partially ordered vector space (X, <) where the order structure is
also a lattice. Indeed, in such a scenario, for any f € X we have that f =
fT — f~ where f* := sup{££,0}.

(i) Hypothesis (5.108) may be regarded as a degenerate continuity condition for
the operators P+. It amounts to the ability of specifying a rate of decay for
the “norms” of a sequence of functions that ensures the membership of the
sequences of ‘“norms” of their positive and negative parts to the classical
sequence space £V (with y playing the role of a fine-tune parameter of
geometric character, as it relates to the quasisubadditivity constant for || - ||).
Thus, P+(f;) — 0 whenever f; — 0 in 7). fast enough.

(iii) In the context of Theorem 5.9, if the condition

3C €[0,+00) suchthat V f e X 3 ffeXx™
(5.109)

with f = f*—f~ and |[f*| <C|f]|

holds, then property (6) in the statement of Theorem 5.9 is satisfied. Indeed,
in such a case, we may take P+ (f) := f* forevery f € X, and (5.108) is
satisfied for every y € (0, +00) by choosing, e.g., a; := 27 foreachi € N.

(iv) In the converse direction, if all hypotheses of Theorem 5.9 with the exception
of (5.108) are satisfied, the topological space (X, 7)) is complete, and the
positive cone X is closed in (X, 7)), then (5.109) holds. This is proved
later, in Proposition 5.16, by relying on Baire’s category theorem, and shows
that (5.108) is a necessary condition for the conclusion of Theorem 5.9 in the
class of partially ordered vector spaces with closed positive cones.

These comments also warrant recording the following utilitarian corollary of
Theorem 5.9.

12That is, the vector addition and multiplication by scalars are continuous functions.
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Corollary 5.11. Let (X, <) be a Riesz space and assume that || - || is a quasinorm
on X that satisfies the weak Fatou property (cf. (5) in Theorem 5.9) and for which
there exists C € [0, +00) such that"3

IfII<Clgll. VY /fgeXt with f<g, (5.110)

Isup{/f. g}l = Cmax{| f].llgl}. V/fgeX (5.111)

Then (X, vy is a Hausdorff, complete, metrizable, topological vector space.

Proof. This is a direct consequence of Theorem 5.9 as well as parts (i) and (iii) of
Remark 5.10. O

We proceed now to presenting the proof of Theorem 5.9.

Proof of Theorem 5.9. That (X,t)) is a topological vector space is a
straightforward consequence of (5.102), (5.103), and the last condition in (5.104).
Furthermore, the fact that the topological space (X, t),) is Hausdorff is an
immediate consequence of property (3) and (5.102). Also, that the topology
7). is metrizable is justified by observing that if | - |4 is the regularization of
|| - || (as in Theorem 3.28, in the context of the Abelian group (X, +)), then,
having fixed a finite number 8 € (0, (log, Co)_l], we have that the mapping

XxX>(fg)—=d(f.g)=|f - g||§ € [0, +00) is a genuine distance (thanks
to (3.344)) that yields the same topology on X as z.| (thanks to (3.343)).

Capacitary estimates of the type (5.74) play an essential role in the proof of the
completeness of the space (X, 7)), and next we will set the stage for employing
Theorem 5.8 in order to establish such estimates. To this end, let foo & X, and
consider S := Xt | J{ foo}. Then define

+g if figeXTt,
fagi= )l TE S Vfges. (5.112)
foo otherwise,

It is straightforward to check that * is an associative binary operation on S and, as
such, (S, x) is a semigroup. Going further, we extend < to a partial order on S by
agreeing that foo < foo and

and extend || - || to a R4 -valued function on S by setting
| fooll := +o0. (5.114)

3Based on the formula sup{f, g} = f + sup{g — f.0} for all f,g € X, it may be readily
verified that (5.111) is equivalent to the condition that || | /||| < C|| f| for each f € X, where

lfli=fT+ /.
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Using the fact that < is a partial order on S, it is straightforward to see that
property (A2) stipulated in Theorem 5.8 is satisfied.
Next we claim that

any monotone sequence in (S, <) has a least upper bound, (5.115)

which in turn guarantees that property (A1) from the hypotheses of Theorem 5.8
is also satisfied. To show (5.115), let (f;)ien € S be such that f; < f;4+; for all
i € N.If sup;ey || fill < 400, then in fact (f;);en € X and, by property (5)
of the current hypotheses, there exists a vector f € X T C S that is the least
upper bound for (f;);en in (S, <), as desired. It remains to analyze the situation
in which sup,;¢y || fill = o0, in which case we claim that fo, € S is the least
upper bound for the family (f;);eny € S in (S, <X). Indeed, in light of (5.113), f
is an upper bound for the family ( f;);en and, reasoning by contradiction, assume
that g € S\ { foo} is another upper bound for ( f;);en. Then (f;)ien € X and,
by property (4) from the statement of the theorem, sup, < || fi || < 400, which is a
contradiction. This shows that, in the current case, fo € S is the least upper bound
for the family (f;);en in (S, <X). This completes the proof of (5.115).

Going further and letting € := || - || : S — [0, +o0], it is straightforward to
see that this satisfies the quasisubadditivity, weak monotonicity, and weak Riesz—
Fischer property, as formulated in (i) — (iii) of the statement of Theorem 5.8. In
addition, it is easy to check that in this setting, the definition of the constant ¢y from
the second part of (5.64) becomes

N
cN = sup (M), VN eN, (5.116)
feXJr\{()} ”f”

as fV = N, in this context, and f € S with € (f) # 0, +oo is equivalent with
the requirement that f € X \ {0}. Notice that (5.103) and (5.116) give that

cy <¢o(N), VNeN. (5.117)
Also, using again (5.103) and (5.116) we obtain

I/ =INT'NAOI < oNTHINS
eveNHIfIl, YfeS and VN eN. (5.118)

IA

This in turn implies (assuming that X # {0}, since otherwise there is nothing to
prove) that for each N € N there holds cy > @(N~!)~!. Using the second part
of (5.104), this further implies

lim cy = 4o00. (5.119)

N—o00
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In particular, this formula ensures that estimate (5.74) holds, i.e., for each finite
number B € (0, (log, Co) '] we have

o0
lim sup (M) < 2maX{1/ﬂ—l,0}C02

1

00 7
Znﬁnﬁ} ., Y(fi)ien C S.

N—o00 CN i
(5.120)
Next, fix an arbitrary family ( f;);eny € S, and, using (5.103), write
o0 o0
w(N‘l)HN(Z f,-)H > H Zf” VN eN. (5.121)
i=1 i=1
This and (5.117) imply that
INGZ A, ISR AL ISR AL 512
N P(N)p(N~) M
where we have set [recall (5.104)]
M := sup[p(L)p(A"")] € (0, +00). (5.123)

A>0

Combining inequalities (5.120) and (5.122) proves that for each finite number 8 €
(0, (log, Co)_l] there holds

0 1/8
< M2 omxi1/B=10} {Z ||fi||5§ , YV (fi)ienS S. (5.124)
i=1

Iy

Estimate (5.124) is the key ingredient for establishing the completeness of the
space (X, 7)), an issue to which we now turn. Our goal is to show that any Cauchy
sequence in (X, 7)) is convergent and, to this end, consider an arbitrary Cauchy
sequence { f,},en in (X, 7). In particular, there exists a subsequence { f;; }ien of
{ fu}nen such that (with (a;);en as in (5.108))

I fos = foill <ai,  VieNl (5.125)

Recall the mappings P+ from property (6) in the statement of the theorem, and
abbreviate
ub = Pa(foy — f) €XT, VieN (5.126)

Notice that, in light of property (6) of the hypotheses and (5.125) and (5.126), there
exists a finite number y € (0, (log, Co)_l] such that

o0
D luEl < oo (5.127)
i=1
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In concert with (3.324) (used with ¢ := || - || and  := y), the finiteness condition
(5.127) further entails

00 1/y
<y ||uii||y§ < 4o0. (5.128)
i=1

N
sup | >
i=l

NeN

Consequently, from the weak-Fatou-type property (5) of the hypothesis it fol-
lows that

N N
the families § Z uf} and { Z uf} have least upper bounds
NeN NeN

i=1 i=1

(5.129)
o0 o0
in (X, <), which we denote by Z ul-+ and Z u; , respectively.
i=1 i=1
In the notation introduced in Theorem 5.8 we have
o) N
> uF = sup(D_u). (5.130)
— NeN =
i=1 i=1
Next we claim that
o0 o0
YouF=> uf= > uf, VNeN, (5.131)
i=1 i=1 i=N+1

where, much as in (5.129) and (5.130), we have set
[e'¢) k
+ +
Z U;- : =SUp jen Z u; )
i=N+1 kzN+l <i=N+1

To prove (5.131), we start by making the observation that for each N € N
there holds

k N k [}
DouF - uF= > uf=x Y uf. VkeN k=N+1 (5132

i=1 i=1 i=N+1 i=N+1

and, consequently,

douF <> uF+ Y uf.  VkeN k=N+1L (5.133)
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Keeping N € N fixed and taking the supremum over k > N + 1 in (5.133) leads to

00 N 00
dDouF <> uF+ Y ut (5.134)

establishing that the left-hand side in (5.131) is less than or equal to the right-hand
side in (5.131). As far as the reverse inequality is concerned, we note that for each
N € Nandeach k € N such that k > N + 1 there holds

N k o
YouF+ Y uF=) ut <y u, (5.135)
i=1 i=N+1 i=1 p

and then we take the supremum over k. This completes the proof of (5.131).
Next, use (5.131) and (5.124) (applied to the exponent y as in (5.127)) to write,
foreach N € N, that

1

sC{ > llu,illY} , (5.136)

i=N+1

e} N
+ +
DTS
i=1 i=1

o0
_ +
=] X«
i=N+1

where we have redenoted M COZZmaX{l/ r=L0} by C. Then (5.127) gives
00 00 N
> uF|” — 0as N — oo and, hence, | 3 utf — > ut
i=N+1 i=1 i=1
Consequently,

—> 0as N — oo.

N e
Zuii—>2uiieX+ as N —oo0 in 1. (5.137)

i=1 i=1

Next, from (5.107) and (5.126) we see that for each i € N we have
Joigs = Joi =0 —u, (5.138)

and summing up overi € {1,..., N}, where N € N is arbitrary, we obtain

N N
Frnar = Jor + (Z uj) - (Z u;) , VNeN. (5.139)

i=1 i=1

N N
Using (5.137), we see that both 3_ u;" and 3" u;” converge, as N — oo, in ). to
i=1 i=1

limits belonging to X T; and hence identity (5.139) implies that

the sequence { f,,, }iew is convergentin (X, j.|). (5.140)
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Finally, since { f;, }ien is a subsequence of the original Cauchy sequence { f, }sen,
using (5.140) it is straightforward to see that { f, },en is itself convergentin (X, 7)),
as desired. This completes the proof of the fact that (X, 7j.|) is complete. O

In Corollary 5.15 below, we single out a significant consequence of Theorem 5.9.
This is formulated in terms of functional analytic jargon that, for the convenience of
the reader, is clarified below.

Definition 5.12. Given a measure space (X, 91, ), let L°(Z, 9, 1) stand for the
vector space of (equivalence classes of) measurable functions that are finite p-a.e.
on X. In this context, call a linear subspace X of LO(Z, 9, 1) an order ideal
in L°(Z,9M, u) provided

fe€Xandg e LO(Z, 0, w) with |g| < |f| p-ae.onX = ge X. (5.141)

Hence, an order ideal X in LO(E, M, 1) is itself a vector lattice (when equipped
with the pu-a.e. pointwise inequality on X), and its positive cone is

Xt={feX: f>0 paeonZX} (5.142)

Definition 5.13. Let (2,91, 1) be a measure space. A quasinorm || - || on a linear
subspace X of LO(Z,9M, n) issaidtobea lattice quasinormon X provided

I/l < llgll whenever f,g e X aresuchthat |f|<|g| p-a.e.onZX.
(5.143)

Definition 5.14. Let (X, 90, 1) be a measure space. Call (X, ||-||) aquasinormed
function space basedon (X,9M, w) if X is an order ideal in L°(Z, 90, ) and
I - || is a lattice quasinorm on X .

The result below is a generalization of [91, Proposition 2.35, p. 54], where the
case of a quasinormed function space based on finite measure spaces has been
considered.

Corollary 5.15. Any quasinormed function space satisfying the weak Fatou prop-
erty (relative to the partial order induced by the pointwise a.e. inequality) is a
quasi-Banach space.

Proof. Note that if X is a quasinormed function space and < is the partial order on
X induced by the pointwise a.e. inequality, then (X, <) is a partially ordered vector
space. Then the fact that X is complete is a direct consequence of Theorem 5.9,
taking P+ (f) := (| f|+ f) € X* foreach f € X. O

Here is the result mentioned in part (iv) of Remark 5.10.

Proposition 5.16. Assume that all hypotheses of Theorem 5.9, with the exception
of (5.108), are satisfied, that the topological space (X,t).|) is complete, and
that the positive cone Xt of (X, <) is closed in (X.t).|). Then the claim made
in (5.109) holds.
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Proof. Foreachr € (0, +00),set B, :={f € X : | f| <r}.Based on (5.102), it
is then not difficult to check that equation

By + B, C Bcyr. V1 € (0,400), (5.144)
0 €(0,.C;") = Doy C B, S (By-1,)°, Yre(0,+00), (5.145)

where, generally speaking, A and A° denote, respectively, the closure and the
interior of a set A C X in the topology 7).|. Moreover, from definitions and (5.103)
we see that

AB, :={Af: f B} S PByry, YA, re(0,+00), (5.146)
which further entails
ggr - Agg(p(l_l)r and ggw(l_l)_lr - A%r, Vk,r (S] (O, +OO) (5147)

Next, for each n € N, we consider
X, =X"NnB)-X" k) :={f—g: f.ge X T Nn%)}. (5.148)

Since lim+ @(A) = 0, it is possible to choose some k, € N with the property that
A—0
ok, 1) < C;!, where Cy € [1, +00) is as in (5.102). In relation to the family of

sets X, n € N, and the number k,, we make the following claims:

X, — X, € Xpr,.,  VneN, (5.149)

o0
X =U Xu, Vm)ien €N with lim;eon; = 0. (5.150)

i=1

To justify the inclusion (5.149), note that if f,g € X,, then there exist
fi. /. 81,82 € XTN(n% ) suchthat f = fi— f, and g = g1 —g». Hence, (5.149)
is proved upon noting that, by (5.144), (5.147), and the choice of k,, we have

f—g=(fi+e)—(L+g) e X N(n%B)— XN (n%c,)
C X0 (ko Beypurry) = X T 0 (nko Beypu)
C Xt N (nk, %) — Xt N (nkoB1) = X, - (5.151)

As for (5.150), assume that a sequence (n;);eny C N satisfying lim; oo 17; = 00 is
given and that an arbitrary f € X has been fixed. Then (5.107) shows that there
exist f¥ € Xt suchthat f = f+ — f~.Pick r € (0, +00) with the property that
r > max{|| f ¥, #~|l} and, keeping in mind that ¢ vanishes at the origin in the
limit, select i € N large enough so that (p(ni_l) < r~!. Then, thanks to (5.147), we
may write

[FeXtTNAB <Xt (mB,,,) S X0 (%), (5.152)
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and (5.150) readily follows from this. Recall that we are assuming that the
topological space (X, 7)) is complete and, as we showed in the course of the
proof of Theorem 5.9 [without any reference to the condition (5.108), which is
now omitted], the topology 7). is metrizable. Based on these, (5.150), and Baire’s
category theorem (cf., e.g., [74, Theorem 6, p. 27]), we then deduce that

dn, € N and 30 € X nonempty and openin 7 with O C X, ,. (5.153)

To proceed, recall from the proof of Theorem 5.9 that (X, 7)) is a topological
vector space (again, this has been established without any reference to the condi-
tion (5.108)). Consequently, for any set A € X we have A — A € A — A. Based on
this, (5.153), and (5.149), we obtain

O-0C Xﬂoko - X”oko - X”oko — X”oko - Xn(,kg . (5.154)

On the other hand, since O is nonempty and open in 7|.|, it follows that there
exists r; > 0 such that ,, € O — O. Thanks to (5.154), this forces %,,
m = n,,kgyl, where the last equality also makes use of the fact that the
operator of multiplication by a fixed positive scalar is ahomeomorphismof (X, 7).).
In turn, based on this and (5.147), we may conclude that if r, := (p(nokg)_lrl S
(0, +00), then

B, C X . (5.155)

Hence, for every A € (0, +00), from (5.147), (5.155), and (5.146) we see that

B,

Soyir, © AB,, S XF N (B — XT N (M%)

c Xt ﬂgg(p()t) - Xt ﬂgg(p()t). (5.156)

To continue, recall M € (0, 4o00) from (5.123) and consider the number ¢ :=
M~'r, € (0,400). From (5.123) we then deduce that ¢ (1) < @(A~")"!r, for
each A € (0, +00). In concert with (5.156), this ultimately allows us to conclude
that

%C(p(x) cXtn ‘%W()») —Xtn 93(#()0 s VAe (0, +00). (5.157)

Recall next that the function ¢ vanishes at the origin in the limit, and choose a
sequence (A;);en € (0, +-00) with the property that ¢(A,;) < 277 foreachi € N. We
claim that, for each fixed f € %B.41,), there exist two sequences ( fii)ieN cxt
with the property that

Hf —Xn:(fﬁ - f;)H <c27 ! and |[fE]| <27, VneN.  (5.158)
i=1
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We will prove this claim by induction on n € N. When n = 1, from (5.157) (used
with A = 1) we see that there exist ;¥ € X+ N %,,) such that

Lf = (f" = fO)ll < co(a). (5.159)

In particular, ;¥ € X T, || f,F| <27', and || f — (f1+ — SO < €272, as desired.
Going further, the fact that f — (f1+ — f17) € Be 0, allows us to appeal to (5.157)
(used with A = 1,) to conclude that there exist ;¥ € X N %,1,) such that

If = (AT =0 = (LT = H)Il < cors). (5.160)

Hence, /% € X*.||f*] < 22 and |/ — (/i = /7)) = (S5 = )l < 27,
as desired. Continuing this procedure in an inductive fashion yields two sequences
(fl-i),-eN C X satisfying the properties listed in (5.158).

Moving on, fix a finite number f € (O, (log, CO)_I], and invoke the capacitary

estimate (3.324) (with ¥ := || - ||) to conclude that
N+k 00 % 00 ' %
> =iy ||f,-*||ﬂ§ <y 22"’5}
i=N i=N i=N
_ G2t VN,keN 5.161
Tz TMEER 10D

NeN
the latter is complete, and since we are assuming that X+ is closed in (X, 7j.p), it
follows that there exist f* € Xt with the property that

N
This shows that the sequences {Z fli} C X are Cauchy in (X, 7||.1)- Since
i=1

N
Yo fEF—f* in 7y as N — oo (5.162)
i=l

On the other hand, the first inequality in (5.158) gives that

N

N

(Z fﬁ) - (Z f;) — f in 7 as N — oo. (5.163)

i=1 i=1

Together, (5.162) and (5.163) prove that f = f+— f~ since (X, 7}.) is a Hausdorff
2

topological vector space. Let us also note that, if R := M—SW > 0, then (5.161)

N
(used with N = 1 andk = N — 1) yields |3 f,.iH< R for each N € N. Thus,
i=1

N
{Z fii§ C B, (5.164)
i=1

NeN
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and, hence, f* € PBr < Bog for any 0 > Cj (cf.(5.145)). This shows that
| £ < OR for any & > Cy; hence, ultimately, || f¥|| < CoR. In summary,
the analysis so far shows that any f € X with | f|| < C; := c@(X;) can be
decomposedas f = f+ — f~ forsome f* e X+ satisfying || f¥|| < CoR.

At this stage, fix an arbitrary f € X \ {0} and consider

do:=sup {A € (0,4+00) : (A) < Ci|| f7"} € (0, +00). (5.165)
In particular, there exists A € (Ao/2, Ay] such that qo(I) < Ci| f£II7". Then
[Af = eI f] = Cr. (5.166)
Hence A f € PB.y(1,), and, based on what we have proved so far, we may decompose
Af =gt—g withg* € X T satisfying | g*| < CoR. From this we then conclude
that f = f+ — =, where f* := A7!g® € X satisfy (with M € (0, +-00) as
in (5.123))

LA = 2@ g < e@] @) e® || < p@)e(@R) ) CoR

MCyR MCyR
= 9@ o= <e@(=5 )11 (5.167)

since the fact that 24 > A, forces, in light of (5.165), (p(ZI) > C|| £ 7", This
shows that the claim made in (5.109) holds with C := ¢(2)MRCyC; " € (0, +00).
O

With Theorem 5.9 at our disposal, we now turn to the task of providing the proof
of Theorem 5.3.

Proof of Theorem 5.3. We start with the claim that
fel = |f|<+4oo p-ae.onZ, (5.168)

which ensures that the pointwise addition and multiplication by scalars induce a
vector space structure on £. Indeed, fix f € £ and let

A={xeX: |[f(x)] = +oo} € M. (5.169)

In particular, for each n € N we have | f| > nl4 > 0 on X. This and property
(4) from the statement of Theorem 5.3 further imply that || f|lz = |||f]]l >
CYIn14]. Since 14 = n~'nly, utilizing (5.9) we have [[n14] > @(n™") 71| 14]|,
and thus

1l = , VneN. 5.170
Clw(n_l)ll Al < I flle < oo ne ( )
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Passing to the limit as n — oo in the estimate ||14] < Cip(n™")| f|z and using
the second part in (5.10), we obtain that necessarily

[14] = 0. (5.171)
We now make the claim that, in general,
EeM and |1g| =0 = u(E) =0. (5.172)

Indeed, if £ € 9N is such that ||[1z|| = 0, then, on the grounds of (5.11), we deduce
that 1z = 0, which means that there exists B € 2t with w(B) = 0 and such that
1£(x) = Oforevery x € ¥\ B. This in turn forces E C B; hence, by the properties
of a feeble measure, (E) = 0. Having established (5.172), we then conclude from
(5.171) that (A) = 0, as desired.

Consider next the partially order vector space (£, <), where < is the pointwise
inequality <, p-a.e. on X, and notice that properties (1)—(5) in the statement
of Theorem 5.9 are direct consequences of properties (1)—(5) in the current
hypotheses. Next define

Py L — LT, Pi(f)::%(|f|:tf), Vel o (5173)

and since 0 < Py f < |f| forall f € L, property (4) in the current statement
guarantees that ||P+ f|| < Cy|| f|| for all f € L. Hence, using Remark 5.10 (iii),
property (6) from the statement of Theorem 5.9 also holds for the partially ordered
vector space (L, <). Finally, the remaining conclusions in (5.13) follow directly
from Theorem 5.9.

Here is the proposition dealing with the equivalence between the weak Fatou
property and the condition expressed in (5.15).

Proposition 5.17. Assume that (X,9N) is a measurable space and that | is a feeble
measure on M. Suppose that || - || : M4 (2,9, u) — [0, +00] is a function for
which there exist Cy, Cy € [1, +00) with the property that

ILf + gl = Comax{[| /[l llgl}y  forall f.g e My(X, M. pn). (5.174)

IAN < Cilgllif f.g € ML(Z, 90, ) are such that f < g pu-a.e.on X.
(5.175)

Then the following two conditions are equivalent:

(i) If (fi)ien © M4(Z,9M, 1) is a sequence of functions satisfying fi < fi+i
p-a.e. on X for eachi € N and sup;cy || fi || < +o0, then H sup; ey fi || < +o00.
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(i) If (fi)ien S M4y (E, M, 1) satisfies liminfio0 || fi]| < o0, then
Jlim inf; o0 fi|| < +o00.

Proof. The implication (ii) = (i) is trivial (and holds irrespective of the validity
of the assumptions (5.174) and (5.175)), so we will concentrate on proving that
also (i) = (ii). With this goal in mind, assume that ( f;);ey € M4 (2,9, 1)
is a sequence satisfying liminf; o || fi|| < 400, and for each i € N introduce
gi :=inf;>; f;. Then

g EML(EM p), g =g+ paeonk, g <fiuaeonX VieN,

and supg; = liminf f;. (5.176)
ieN 1—>00

To proceed, consider the semigroup (S, =), where S = M (Z,9, u), and
fxg:=f+ gforevery f,g € M4 (Z,9, u). Then, taking < to be the partial
order relation on S induced by the pointwise p-a.e. inequality between functions,
we define the compatibility condition (3.369) obviously holds. In addition, if we
define the function ¥ : § — [0,+4o00] by setting ¥(f) := | f| for each
f € S, then properties (5.174) and (5.175) ensure that the quasisubadditivity
and quasimonotonicity conditions for i stated in (3.370) and (3.371) are satisfied.
Consequently, if ¥, stands for the regularization of ¥ considered in Theorem 3.38
relative to the current algebraic setting, then we have (cf. (3.375)—(3.377))

CIIC AN < ¥u(f) < NIl foreach f € My(Z, 9, ), (5.177)

Vo (f) < Yu(g) forall f,g € M4(Z,9, n)sothat f < g pu-a.e.on X.
(5.178)

Moving on, based on (5.176)—(5.178) and assumptions, we estimate

sup [|gill < C1Cy sup ¥, (gi) = C1Cy liminfy, (g;) < C,Cy liminfy, (f;)
ieN ieN i—00 i—00

< ¢} liminf || /i | < +o0. (5.179)

In turn, (5.179), (5.176), and condition (i) in the statement of the proposition
imply that

Hli_rninff,- = ||supgi || < 400, (5.180)
1—>00 ieN

as desired. O
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5.4.2 Boolean Algebra Background

The capacitary estimates established in Sect.5.3 are also useful for proving the
completeness of certain classes of quasimetric spaces that are lacking a linear space
structure. Indeed, as we will see in Theorem 5.18 below, this is the case for certain
classes of Boolean algebras equipped with capacities compatible with a (sub-)
lattice structure. Formulating this result in a precise manner requires a number of
preliminaries, which we will deal with first.

Recall that a Boolean algebra 2 is a distributive lattice!* (27, <, V, A)
with (distinct) unit and zero'> denoted by 1 and 0, respectively, whose every element
A € 2 has a complement,'® denoted by A°. In such a setting, for eachn € N we set

n n
\/ A =sup{dr,.... A} \Ai=inf{di,... A} ¥ {4ihizi<n € 2
i=1 i=1
(5.181)
Going further, call a Boolean algebra (27, <, V, A, 0,1, (-)°) sigma-complete
provided

o0 o0
\/ 4 :=sup{4;: i €N} and N 4 :=inf{4;:ieN} (5.182)

i=1 i=1

exist (in (27, X)) for every sequence {A;};en of elements in 2". Next, given a
Boolean algebra (27, <, V, A, 0,1, (-)°), define the symmetric difference by the
formula

AAB := (A A B°) Vv (A° A B), VA, BeZ, (5.183)

and note that for every A, B € 2~ we have
AAB = BAA, AAB=0<= A=B, and A=<BV(AAB), (5.184)
B=<A4A and ANB =0 — A=B (5.185)

(cf., e.g., the discussion in [126, p. 11 and p. 23]). In fact,

(Z, A) is an Abelian group, with neutral element 0, (5.186)
and such that each element is its own inverse. .

14A partially ordered set (2", <) is said to be a lattice if, for any elements A, B € X, the set
{A, B} (we agree here that {4, B} := {A} if A = B) has a least upper bound in (2, <), denoted
AV B, as well as a greatest lower bound in (27, <), denoted A A B. In turn, a lattice (27, <X, V, A)
is said tobe distributive provided (AV B)AC = (AANC)V(BAC) forany A, B,C € 2.
15The unit and zero in a Boolean algebra are, respectively, the greatest and least elements in the
partially ordered set (2", <) (assumed to exist).

16The complement A° of A € 2" is (uniquely) characterized by the conditions 4 V A° = 1 and
ANAC=0.
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Also, assuming that the Boolean algebra in question is sigma-complete, define

(o] o0 o0 o0
limsup A, := /\ \/ 4 and liminf 4, := \ /\ 4n (5.187)

n—o00 _ _
n=1m=n n=1m=n

for any sequence { A, },en of elements in 2. Then it may be verified (cf., e.g., [126,
Lemma 3, p. 191]) that

(hm sup An) A (um ian,,)c = limsup(A,11AA,) (5.188)
n—>oo

n—o0 n—o0

for any sequence {A, },en of elements in the (sigma-complete) Boolean algebra 2.
In a sigma-complete Boolean algebra 27, a sequence {A,},en is said to be
order-convergent to A € 2 provided!’

limsup A, = A = liminf 4,,. (5.189)
n—o00

n—o00

Finally, we note that in any sigma-complete Boolean algebra 2~ one has (cf. [126,
Theorem 3 and its corollary on p. 14])

A/\(’1\=/1A,,)= \/(4A4,) and Av(

n=1 n

>3

A,,) - K(A vV A4,) (5.190)

1 n=1

for any A € 2 and any sequence (A,),en S 2. More details, as well as a
multitude of examples of Boolean algebras, may be found in, e.g., [126, Sect. 2.4,
pp. 15-22].

After this preamble, we are ready to formulate and prove the completeness result
alluded to at the beginning of this subsection. Elements of the proof of Theorem 5.18
will also play an essential role in the proof of Theorem 5.4 given at the end of this
subsection.

Theorem 5.18. Suppose that (27, <,V, A, 0,1, (-)°) is a sigma-complete Boolean
algebra, and assume that ¢ : 2 — [0, +00] is a mapping satisfying the following
properties:

(1) (Quasisubadditivity) There exists Cy € [1, +00) such that

C(AV B) < Comax{%(A),4(B)}, VA BeZ. (5191

This is not the typical definition of order convergence, though it is equivalent to it; see [126,
Theorem 3, p. 187] for more details.
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(2) (Quasimonotonicity) There exists Cy € [1, 4+00) such that
€ (A) < C,%(B), VA, Be Z suchthat A < B. (5.192)

(3) (Quasi-Fatou property) There exists a constant C, € [0, 400) such that for any
sequence (Ay)neny € 2 such that A, < A4 for everyn € N there holds

o0
#(\/ 4,) < C>limsup €(A4,). 5.193
(\=/1 ) < Colimsup@(4,) (5.193)
Consider the relation
A~B & ©(AAB)=0, VYA BecZ. (5.194)

Then ~ is an equivalence relation on 2, and for every A, B € X  there holds

(CoC)™2 sup C(AAB') <E(AAB) < (CoCy)*> inf EF(AAB).
>4’

24/ ~A XA ~A
Z 5B ~B Z 3B ~B
(5.195)
Also, if
7' ({0}) = {0}, (5.196)
and if one defines
Zin ={A € 2 : C(A) < +o0} (5.197)
and considers the function p : 2" x X — [0, +00] given by the formula
p(A, B) =%(AAB), YA BeZ, (5.198)

then (%n, p) is a complete quasimetric space. In addition, any convergent sequence
in (%n, ,o) contains a subsequence that is order-convergent to the limit of the
original sequence in (Zsn, p). While, in general, € : (%n, ‘Cp) — [0, +00) is not
continuous, where t, denotes the topology canonically induced by the quasidistance
p on Zgn, one nonetheless has

AeZ, Awen S 2, Ay — A in 1,
= (CoC)) 2 limsup€(A,) < € (A) < (CoC)? lin_l)géf%(A,,).

n—o00

(5.199)

Finally, if in place of (1) and (2) in the first part of the statement one assumes that
C(AV B) <6 (A) + € (B), VA BeZ, (5.200)

€(A) <€(B), VA BeZ suchthat A=< B, (5.201)



5.4 Abstract Completeness Results 335

then, retaining (5.196) and the quasi-Fatou property, (Zn, p) becomes a complete
metric space, and (5.195) improves to

€(AANB) =¢(A'AB’), YA,B,A,B €2 with A ~A, B ~B.
(5.202)
Proof. We divide the proof into a number of steps.

Step I: Formula (5.194) defines an equivalence relation on 2 . To justify this
claim, note thatif A, B, C € 2, then, by (5.186) and (5.183),

AAB = (AAC)A(CAB) < (AAC) v (CAB). (5.203)
Hence, by (5.203), (5.192), and (5.191),
G(AAB) < CoCymax {F(AAC),€(CAB)), YA B CeZ. (5204

In particular, this shows that if A, B,C € 2" are such that A ~ C and C ~ B,
then A ~ B, so that the relation (5.194) is transitive. By (5.184), this relation is
also reflexive and symmetric, concluding the discussion in Step 1.

Step II: Foreach A, B € X there holds

sup G(A'AB') < (CoC1)* € (AAB). (5.205)

XA ~A
Z 5B ~B

Since for any A, B € 2" we have AAB < AV B, from (5.191) and (5.192) we
deduce that

C(AAB) < CoCimax{¢(A),¢(B)}, VYA BeXZ. (5.206)
Hence, if 8 € (0, (log, Cy + log, Cl)_l] is a fixed finite number and %} is the
regularization of ¢ as described in Theorem 3.28, relative to the Abelian group

(2, A), then
(CoCN 26 <64 <€ on 2, (5.207)

and (%#)ﬁ is subadditive on (27, A), i.e.,
G(AAB)YP < €A +64(B)f, VYA Be . (5.208)

In turn, if A, B, A’ € % satisfy A" ~ A, then it follows from (5.208) and the
equality in (5.203) (used with C := A’) that

G(AAB)YP < G(ANAY + G(BAAN. (5.209)
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On the other hand, 0 < G4(AAA") < € (AAA’) = 0, thanks to (5.207), (5.194),
and assumptions. In combination with (5.209), this shows that €4(AAB) <
¢:(BAA'). Reversing the roles of A and A’ we therefore obtain €4(AAB) =
¢:(BAA'), hence, ultimately,

C(AAB) = Cu(A'AB), VA B A B €2 with A ~A, B ~ B.
(5.210)
To proceed, fix A, B € 2 and assume that A’, B’ € 2 are such that A" ~ A
and B’ ~ B. Based on (5.210) and (5.207), we may then estimate

¢ (A'AB') < (CoC1)* G4(A' AB') = (CoCi)* G4(AAB)
< (CoC1)*E(AAB). (5.211)

Taking the supremum over all A, B’ € 2 such that A’ ~ 4 and B’ ~ B then
yields (5.205).
Step III: Foreach A, B € Z there holds

(CoC) 2 E(AAB) < _inf G(AAB). (5.212)
x 9}2/’:3

This is established using ideas similar to those in the proof of (5.205). In con-
cert, (5.205) and (5.212) give (5.195).

Step IV: The function p is a quasidistance on the set Z5,. To begin with, we
claim that the function p : 2, X Zfin — [0, +00) is well defined. To see this,
note that if A, B € %y, then we have AAB € 24, thanks to (5.191), (5.192),
and the fact that AAB < AV B. Hence, p(A, B) = €(AAB) < 4o00. Next, for
each A, B € 2" we have p(A, B) = Oifand only if A = B, by virtue of (5.198),
(5.196), and (5.184). Also, p(A, B) = p(B, A) for each A, B € 2, thanks to
(5.198) and (5.184). Finally, (5.204) and (5.198) yield

p(4, B) < CoCimax {p(4,C),p(C,B)}, VA B Ce2, (5213

and the desired conclusion follows. In particular, (Z5,, p) is a quasimetric space.
Step V: If(Bp)uen C X is an arbitrary sequence, then

o0
(limsume)AB,, < \/ (Bus18B,)., ¥YneN. (5.214)
m=n

m—>00

To prove this, consider (B,,),en € £, and abbreviate

B := limsup B, = 7\(\7 Bm). (5.215)

—
n—00 n=1 m=n
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We will actually show that

o0
BAB; < \/(Bur1AB;). VneN, (5.216)
o0
%= [\ Bu =B, Vk €N, (5.217)
m=k
o0
B, A B < \/ (Bu A BSy1), VneN, (5.218)
m=n

from which (5.214) readily follows. To get started, fix » € N and note that

o0 o0 o0
B<\/B, and \/B,= (\/ (Bps1 A Bf,,)) VB, (5219
m=n m=n m=n

Indeed, the first inequality is a direct consequence of (5.215). Also, since we have
Byni1 A By, X B, 1 forevery m € N, it follows that (\/;,O:n(Bm-H A Bfn)) Vv
By < \/o_,, Bu. To prove the opposite inequality, it suffices to show that

N N
\/ Bu = (\/ (Bpa1 A Bfn)) V By, forevery N € N satisfying N > n.

- - (5.220)
In turn, inequality (5.220) follows by induction on N upon observing that for
every m € Nwe have By, 11 <X By, V Byy1 = By V (Bus1 A By,). Moving on,
based on (5.219), we write

o0 o0
BABE < [(\/ (Bt A B;)) v B,,}B; < \/ Bus1ABS). VneN,

(5.221)
which completes the proof of (5.216).
Turning our attention to proving (5.217), fix k € N, k > 2, and note that, since
B < By, we have

B = \/ Bu. VYnef{l....k-1}. (5.222)

m=n
Also, since for any n € N we have B, < \/,ff;n B,,, we deduce that

o]

By, = 7\ B, < /\({7 Bm). (5.223)
n=k =

n=k m=n
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Hence, whenever k € N, k > 2, the inequality in (5.217) follows from (5.222),
(5.223), and (5.215). If k = 1, then (5.217) is an immediate consequence of
inequality (5.223), which holds when k = 1 as well. Thus, (5.217) is now proved.
As for (5.218), fix again n € N, and start with the observation that by applying
the second identity in (5.219) with B,, replaced by B, A B;, we obtain

\/ BunrBy) = \/(BsA(BuABy)
m=n+1 m=n
— B, A ((7 (B A B;H)), (5.224)

where the last equality is easily established (cf., e.g., [126, Theorem 3, p. 13]).
Hence,

o

(5218) <= B, AB* = \/ (B, AB;)
m=n+1

= [ \/ B.n Bf,,):| =< [Bu A BCT". (5.225)
m=n+1

However, using De Morgan’s laws — cf., e.g., [111, formula (3), p. 55] — and the
definition of %, from (5.217) we have

[ <7 (B,,/\Bfn):| = ;i (BSV By)

m=n+1 m=n+1
o0
= B v( A Bm) = BV By, (5.226)
m=n+1

and [B, A B€]® = B, v B. When combined with (5.225) and (5.226), this gives
that (5.218) is equivalent to showing that B v %,4, < By v B, which follows
immediately from inequalities (5.217). This completes the proof of (5.218).

Step VI: Supposethat B € (0, (log, Co)_l] is a fixed finite number. Then for
every sequence {W, },en in 2 there holds

o0
Y e < +o0 = ‘to”(lim sup W) —0. (5.227)

n—>00
n=1
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To justify this claim, fix a sequence {W,},en € £, and for each n,k € N
introduce

n+k
A=\ Wie 2. (5.228)

i=n

Then

o0 o0
Apx < Apxy1 Vn,keN, and \/ Api = \/ W; VneN. (5229

k=1 i=n

Therefore, for each fixedn € N

oV ) = (

<3

An,k) < Gy limsup € (A, 1)

k—00

k

—

< ey emy)” (5230)

by the quasi-Fatou property (cf.(5.193)) and the capacitary estimate (3.324)
(specialized to our current setting). Consequently, for eachn € N

0< ‘K(Iimsup Wm) = 55(7\ <7 W:)

m—>00 .
n=1i=n

o > 1/p
<ae(\/ W) = aaiy e’ (5.231)

by (5.187), the quasimonotonicity of ¢, and (5.230). From this, (5.227) readily
follows.

Step VII: Every Cauchy sequence in (%n, ,0) contains an order-convergent
subsequence to an element in Zg,. Let (A,),en be a Cauchy sequence in
(Z%n, p). Then there exists a subsequence (A, )ren of (4,),en such that

P(Aneiys An) <27%,  VkeN (5.232)

Fix a finite number 8 € (0, (log, Co)™"], and note that this implies (cf. (5.198))

o0
S C(Any, 04,,)" <327 <y, (5.233)
k=1 k=1
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With this in hand, (5.227) yields ff(hm sup(An, AAnk)) = 0, hence

n—00

lim sup (A

n—o00

AAy) =0, (5.234)

N
by (5.196). In turn, (5.234) and (5.188) entail

(timsup A,, ) A (liminf 4, ) = 0. (5.235)

n—o00

Now, (5.235) and (5.185) imply

limsup 4,, = liminfA4,, =: A %, (5.236)
n—oo

n—o00

and hence {4,, }ren is order-convergent to A. From estimate (5.214) we also
deduce, in a manner similar to the way in which (5.230) was derived, that

o0
“(A84,) = OF(\/ (Any 4,))
k=1

<=

< C;Cylim sup%”(

N—o00 &

(Ank+1 AAnk))
1

[e.]

< czcg{z E (A, AAnk)ﬂ}l/ﬂ
k=1

> 1/8
=G 27T < toc, (5.237)
k=1

Hence, from the last formula in (5.184) and the quasimonotonicity of ¢ we
obtain
C(A) < C16(An, vV (ALA,))
< C,Cy max{(f(Anl),(f(AAA,,l)} < +oo, (5.238)

thanks to (5.237) and the fact that A,, € Zn. Thus, A € 2y, as desired.

Step VIII: Every Cauchy sequence in (%‘m, ,0) contains a convergent sub-
sequence to an element in Zg,. Assume that (4,),en is a Cauchy sequence in
(Z5n, p) and consider a subsequence (A, )ren of (A,),en such that (5.232) is
satisfied. Also, set

o0 o0
A= limsup A,, = /\(\/ Anl.). (5.239)

k—o0 k=1 i=k
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Then, in a similar fashion to (5.236)—(5.238), it follows that A € Z%,. Also,
much as in (5.237), we may estimate

<3

P(A, An) = €(ADA) = CE(\] (A, AAL,) )

k

i

N—>o00

N
< C1Cy limsup (f(\/ (Ank+1 AAnk))
k=i

o

< CICZCOZ{Z C (A, AAnk)ﬂ}l/ﬁ
k=i

s 1/p
< CICZCOZ{Z 2—ﬂk} >0 as i —oo.  (5.240)
k=i

Having proved this, the fact that the sequence (A,),en is Cauchy in (Zfn, p)
allows us to obtain that nll)ngo p(A4,, A) = 0,1i.e., the sequence (A,),en converges
to A in (%, p), as desired. This completes the proof of completeness of the
quasimetric space (Zfn, p)-

Step IX: Givenany A € Z and any (Ay)nen S 2 with the property that
A, — Ain t,, we have

(CoC) 2 limsup € (A4,) < €(A) < (C0C1)21irggf<€(An). (5.241)

n—o0

Indeed, this is a direct consequence of (3.210) used for the Abelian group
(Z, A) (cf. also (5.186) and (5.206)). Of course, this proves (5.199).

Step X: Assume in place of (1) and (2) in the statement of the theorem
that (5.200) and (5.201) hold. Then (Z4n, p) is a metric space and (5.202) holds.
In the setting just specified, from (5.183) we deduce that

¢ (AAB) = €((AAB) Vv (A° A B)) <€(A A BY) + %€(A° A B))
<C(A)+%€(B), YA BeZ. (5.242)

Hence, if % is as in Step II, it follows from (3.319) that ¥ = %% on 2" (given
that, in the application of Theorem 3.28 to the present setting, (3.314) holds with
Ci := 2, hence @ := (log, C;)~! = 1). Consequently, the validity of (5.202)
is guaranteed by (5.210). From (5.203) and the current assumptions we also
deduce that

C(AAB) < €(AAC)+€(CAB), VYA BCeX. (5.243)
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which shows that (2%, p) is a metric space. This completes the treatment of
Step X and completes the proof of the theorem. O

The following useful consequence of Theorem 5.18, itself a generalization of
the classic result corresponding to the case when u is a measure, deserves a brief
discussion.

Corollary 5.19. Let X be an arbitrary given set, let M be a sigma-algebra of
subsets of ¥, and assume that v : M — [0, 400] is a function that satisfies the
following properties:

w(@) =0, wu(A) <u(B) whenever YA, B eIM with A C B, (5.244)

w(AU B) < u(A) + w(B) whenever Y A, B e9M, and (5.245)

o0
n(UJ4n) = lim pu(4n), ¥ (Anhues S Mowith 4, € Ay Vi€ N,
| n—>oo
b

(5.246)
Next, consider the equivalence relation on 9Nt given by
def
A~B < u(AAB) =0, (5.247)

where “/\” denotes the set-theoretic symmetric difference, and denote by [A] the
equivalence class of a generic set A € IN. Then

{[A] tAeM, wu(Ad) < +oo} equipped with the distance  (5.248)
([A], [B]) — w(AAB) is a complete metric space. (5.249)

Proof. Define a partial order relation on 2" := {[A] : A € DN} by setting

def
[A] <[B] <= JEe9M with ACBUE and u(E)=0. (5.250)

Then, if [A] Vv [B] := [A U B], [A] A [B] := [A N B], [A]* := [\ A], for every
A, B € M, and 0 := [0], 1 := [X], then it is straightforward to check that

(3&”, <,V,A,0,1, (-)C) is a sigma-complete Boolean algebra. (5.251)

In this setting, if 4" : 2" — [0, 4+-00] is given by ¢([A]) := p(A) forevery A € M,
then Theorem 5.18 applies and shows that (5.248) holds. O

Parenthetically, we wish to note that any measure on 91, as well as any outer
measure on X, satisfies (5.244) (in the latter case taking 91 := 2%).
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We will now set out the following definition, which will be relevant for us later,
in Sect.5.7.

Definition 5.20. Given a measure space (X, ), call the measure pu
separable provided the (complete) metric space (5.248) is separable.

We proceed now to presenting the proof of Theorem 5.4.

Proof of Theorem 5.4. We will work in the context of Theorem 5.3. In the first part
of the proof, the goal is to show that the weak Fatou property stated in Theorem 5.3
implies a quantitative version of itself. Specifically, we claim that

3C €[0,00) sothat ¥ (fi)ien S M4 (X, M, 1)
: . = |sup f;| =Csup|l f;|.
with f; < fix1 p-ae.on X foreach i € N ieN ieN

(5.252)

Seeking a contradiction, assume that (5.252) fails. Then, for every number n € N,
there exists a sequence of functions (f;,)ien © M (2,90, u) satisfying

fin < fi+1n p-ae.on X foreach i e N (5.253)

and such that if f, € M4 (X, 9, p) is given by the formula

Joi=sup fi, foreach neN, (5.254)
ieN
then
| full > 2" sup| finll foreach n e N. (5.255)
ieN

Trivially, for each n € N, the strict inequality (5.255) implies that || f,|| > 0 and
sup;ey || fill < 4o00. In turn, when combined with the weak Fatou property (cf. item
(5) in the statement of Theorem 5.3), the latter condition implies that for eachn € N
we have || /|| = ||sup,-€N fin H < +o0. Hence, all together,

Il fxll € (0,400) foreach n e N. (5.256)

To proceed, note that since there is nothing to prove in the case when £ = {0},
we may assume that there exists f, € L with | f,||z > 0. Then f = |f,| €
M4 (2,00, p) satisfies || f|| € (0,4+o00) while, for each number A € (0, +00),
condition (5.9) yields || || = A" )| < (L)X~ Y| f]I. Consequently, with
M € (0, 400) as in (5.123), we have

1<pM)e(A™) <M, Ve (0,+0). (5.257)
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In particular, (1) > ¢(A~")~! foreach A € (0, +00), from which we deduce (upon
recalling that ¢ vanishes in the limit at the origin) that A lim ¢(A) = +o00. Having
—+00

noticed this and keeping in mind that ¢ vanishes in the limit at the origin, for each
n € N it follows from (5.256) that

ty :=1inf {1 € (0, +00) : (A1) <n~'|| £, ll} (5.258)

is a well-defined number belonging to (0, +00). Next, if for each n € N we define
An i=1t,/2 € (0, +00), then the fact that A,, < ¢, forces

o) >n7' Al YneN. (5.259)
Moreover, the definition of #, from (5.258) entails that for each n € N there exists

Ay € [t4,2t,) such that (p(/\ B < n7! £ |l. Together with (5.9), for each n € N this
allows us to estimate

1Al = 125 o SOl < @O DR fll < 07 1 fo R £ (5.260)

hence n < ||/\ Jull, thanks to (5.256). Making use of this, the quasimonotonicity
condition for || - ||, (5.9), and the definitions of /\n, An, we may then write (with
Cj € [1, 400) as in hypothesis (4) of Theorem 5.4)

n <[ Xfull < Cll26full = Cill4A LDl < Clo@ A full. Yn €N (5.261)
Introducing 6 := [C 1@(4)]_1 € (0, +o00) we therefore arrive at the conclusion that
On <A ful VnelN (5.262)

Moving on, define
Fini=Aifin € Mu(S, M p), VieN, VneNl, (5.263)

and note that, by virtue of (5.263), (5.9), (5.255), and (5.259), for each i,n € N
we have

1finll < @@l finll < @271 full <2771 @(Aa)e(A,") < M n27".
(5.264)
At this stage, for each i € N introduce

gii= St dafio i fii =Y Fine (5.265)

n=1

Hence, from (5.265) and (5.253) we see that

g EML(E,M ) and g < giy1 p-ae.onx, VieN. (5.266)
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In addition, from (5.265), (5.8), the capacitary estimate (3.324) (used in the current
context for ¥ := | - ||), and (5.264), we obtain that for each fixed number § €

(0, (log, Co)™].

1
i [oe] B
sup llgil| = sup | " T | = €3 Zuf,-,nnﬁ}
ieN ieN "= o
1
0 B
<M Z(nZ_”)ﬂ§ < +00. (5.267)
n=1

Having established (5.266) and (5.267), the weak Fatou property then ensures that,
on the one hand,

sup g; H < +o0, (5.268)
ieN

while, on the other hand, the fact that [cf. (5.265)]

supg; > & > Anfin p-aeonX, VieNand Vne{l,.....i}, (5.269)
jeN

entails (recalling (5.253) and (5.254))

supg; > A, sup fin =A,sup fin=A,fy p-aeonX, VneN

jeN i€eN,i>n ieN
(5.270)
In concert with the quasimonotonicity of | - || and (5.262), the pointwise esti-
mate (5.270) forces
On < | fall §C1Hsupgj . VneN, (5.271)
jeN
and, hence,
sup g; || = +o0. (5.272)
ieN

This contradicts (5.268), hence (5.252) is proved.
To set the stage for the subsequent discussion, define € : 9t — [0, +o0] by
setting
C(A):=||14], VAeM (5.273)

We claim that the function % is a quasimonotone capacity, i.e., it satisfies the
following two properties:

¢ (A) < C¥¢(B) forany A, B € Misuchthat A C B, (5.274)

€(AU B) < CoCymax{€(A),€(B)}, YA, BeM. (5.275)
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Indeed, as regards the quasimonotonicity property (5.274), if A, B € 91 are such
that A € B, then 14 < 13 on X. In concert with the definition of ¢ and the
quasimonotonicity property of || - ||, this implies that €'(A4) = || 14]| < Ci||1s] =
C1%(B), as desired. As far as the quasisubadditivity property (5.275) is concerned,
pick two arbitrary sets A, B € 9. Then, since 14,up < 14 + 15 on %, it follows
from this and the quasimonotonicity of || - || that ||14up]| < Ci||14 + 15]|. Based on
this and (5.8), we may then write

C(AU B) = [Luup|l = CoCymax] [14],. 151}

= CoCy max{%(A),%(B)}, (5.276)

completing the proof of the quasisubadditivity property for %

In relation to the capacity % introduced in (5.273), we also make the claim that
if B e (0, (log, Cy + log, C 1)_1] is a fixed finite number, then for every sequence
of sets {W, },en € I there holds

i‘ﬁ(Wn)ﬁ < 400 = ,u(limsup W,,) =0,

n—00
n=1

00 (5.277)
where limsup W, := ﬂ U W;.

n—00 n=li>n

To justify this claim, consider the semigroup (S, *), where S := 91 and where we
have set A *x B := AU B for all A, B € 9t. Then the inclusion of sets induces
a partial order relation on S that satisfies condition (3.369). Denote by %, the
regularization of 4" defined as in Theorem 3.38 relative to the algebraic setting just
described. In particular, properties (3.375) and (3.377) translate (in light of (5.274)
and (5.275)) to

C3C;26(A) < 6.(A) <E(A) foreach A e M, (5.278)
%€.(A) < %.(B) forall A,B €9 suchthat A C B. (5.279)

Next, we note that if a sequence (A4,),en S N is such that 4, € A, 4 for every
n € N, then, with C € [0, +00) as in (5.252), we have

= HsuplAn H < C sup HIA,1 = Csup €(4,)
neN neN neN

< CCC¢sup €. (Ay) = CC}Cy lim €. (A,)
n o0

neN

< CC}C}limsup%(A,). (5.280)

n—o0
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Indeed, the first inequality is a consequence of (5.252), the second inequality is
implied by (the first part in) (5.278), the last equality holds by virtue of (5.279)
and the fact that A, € A, 4+ for every n € N, and the last inequality follows
from (the second part in) (5.278). To proceed, observe that (DJI, c,u,Nn,g,x, (-)C)
is a sigma-complete Boolean algebra and that € from (5.273) satisfies conditions
(1)-(3) stipulated in the statement of Theorem 5.18, thanks to (5.274), (5.275),
and (5.280). Then the claim established in Step VI of the proof of Theorem 5.18
ensures that, in the context of (5.277), the finiteness of the series on the left-hand
side implies ‘K(Iim SUP, 500 Wn) = 0. With this in hand, the implication in (5.277)
follows with the help of (5.172).

Turning now in earnest to the proof of the conclusion in Theorem 5.4, assume
that the sequence (f;);en € L converges to some f € L in the topology ...
Then it is possible to find integer numbers 1 < n; < ny <--- < ng < --- with the
property that

I fue = flle <27%257', VkeN. (5.281)

Next, for each k € N introduce

Aci={x €3 [ fo,(x) — f(x)| > 275} e, (5.282)
and consider
o0
A:=limsup A := ()[4 e M. (5.283)
k—o0 k=1i>n

Then for each point x € X\ A there exists k, € N with the property thatx ¢ | ) Ax
k>k,

and, hence, | f,, (x) — f(x)| < 27 for each k > k,. Consequently,

Jim | () = f(@)] =0, VxeZ\4. (5.284)

Thus, we may conclude that the subsequence ( f, )xen of (f2)nen converges to f
pointwise jt-a.e. on X as soon as we show that

uw(A) = 0. (5.285)

In turn, by (5.277), matters may be further reduced to proving that

Y E (A < +oo. (5.286)
k=1
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To this end, for each fixed k € N, using the fact that || - || is quasimonotone, (5.9),
and (5.281), we may estimate

G (A) = [Lacll < Co |25 | o = 11|

< Clo@ for = flle < C1275, Vk eN. (5.287)

Hence, Z C(Ar)P < Cﬂ Z 27k < 400, proving (5.286) and completing the
k=1
proof of the theorem. O

We conclude this subsection by recording a notable consequence of the proofs of
Theorem 5.4 and Proposition 5.17.

Corollary 5.21. In the context of Theorem 5.3, the quantitative Fatou property
formulated in (5.16) holds.

Proof. This is proved much as the implication (i) = (ii) in Proposition 5.17,
making use of (5.252). O

5.5 Absolute Continuity of a Measure with Respect
to a Capacity

We start by making the following definition.

Definition 5.22. (i) Given a lattice (2", <,V,A), call A, B € 2 disjoint
provided A A B = 0.

(i1) Given a sigma-complete Boolean algebra (5&” =LV, 0,1, (-)C), call a map-
ping u : " — [0, +00] ameasure provided

((7 ) ZM(A) (5.288)

n=1
for every sequence (A,),en consisting of pairwise disjoint elements in the
lattice (3&” =<,V, /\). Such a measure is called finite if u(1) < +o0.

The next lemma summarizes some of the main properties of finite measures on
sigma-complete Boolean algebras.

Lemma 5.23. Let (3?,”, <,V,A,01, ()C) be a sigma-complete Boolean algebra,
and assume that |u is a measure on it. Then | satisfies the following properties:

(1) 1(0) =0,
(2) w(A) < u(B) forevery A,B € & with A < B.
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o

(3) If (Ay)nen C X satisfy A, < Ap+1 foreveryn € Nand A := Ay, then
n=1
w(An) /" p(A) asn — oo.
o0
(4) If (Ay)nen € Z satisfy Ay+1 < Ay foreveryn € Nand A := Ay, then
n=1

W(Ay) \ u(A) as n — oo, provided (A1) < +o0.

The proof of this result is analogous to the proof of the version of this lemma
corresponding to finite measures on ordinary measure spaces (see, e.g., [107,
Theorem 1.19, p. 16]; in the current context, the identity in (5.219) is also useful).
We omit the routine details.

The following theorem, which constitutes the main result in this subsection,
extends the classical result regarding the e-§ characterization of the absolute
continuity of measures (cf., e.g., [107, Theorem 6.11, p.124] for the familiar
formulation) by considering the setting of sigma-complete Boolean algebras and
allowing the role of the dominating measure to be played by a quasimonotone
capacity.

Theorem 5.24. Suppose (%, <,V,A,0,1, ()C) is a sigma-complete Boolean al-
gebra. Let |4 be a finite measure on 2. Assume that the function

€ X — [0, +00] (5.289)

satisfies the following properties:

(i) (Quasisubadditivity) There exists Cy € [1, +00) such that
C(AvV B) < Cymax{¥¢(A),€(B)}, VA BeZ. (5.290)

(ii) (Quasimonotonicity) There exists Cy € [1, +00) such that
¢(A) <C\¢(B), VA,BeZ suchthat A=< B. (5.291)

Then the following statements are equivalent:

(1) There holds i <K € in the sense that whenever A € Z~ satisfies € (A) = 0,
then necessarily u(A) = 0.

(2) For every ¢ > 0 there exists § > 0 such that w(A) < ¢ for each A € X" with
C(A) < 6.

(3) For any family {A;}jen S Z such that lim; oo € (A;) = 0 there holds
limj_mo pL(A]) =0.

Compared to the classical setting of measures, there are two novel aspects of
the proof of this theorem. First, the results from Sect. 1 play a basic role here and,
second, the overall strategy of the proof has been designed to cope with the lack of
countable additivity of the capacity.
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Proof of Theorem 5.24. The implications (2) = (1) and (3) = (1) are obvious,
and the implication (2) = (3) is easy. Thus, we only have to prove that (1) = (2),
and we will do so by reasoning by contradiction. To this end, assume that property
(1) holds and that property (2) fails, i.e., there exist &, > 0 and a family (4,),eny €
Z such that

€(A,) <27 and u(A,)>e,, VneN. (5.292)

Introduce A € 2" defined by

A= K(@ Ak). (5.293)

n=1 k=n

Then, using (4) and (2) in Lemma 5.23, as well as (5.292), we may write

o0
() = tim p(\/ 4¢) = e, (5.294)
k=n
For each k € N define -
A = Ar A A, (5.295)

and note that for each j € N we have

<3

o0
\/ZkZA/\(
k=j

k

Ak) = A (5.296)

Il
~.

o0
since the definition of the set 4 in (5.293) entails A < \/ Ay foreach j € N.
k=j
Going further, for each n, j € N with n > j define the set

Vin:="\/ 4. (5.297)
k=j
and note that (5.296) forces
Vin <A, VYn,jeN with n>j (5.298)

In addition, from the definition of the sets Zk we deduce that

Vin = AN (k\=/] Ak) < k\:/jAk Vn,jeN, with n>j (5.299)
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To proceed, fix B € (0, (log, CO)_l] and, for each n, j € N withn > j, write

CVin) < Cfg(\n/ Ak) < C()ZCI(Xn: %(Ak)ﬂ)l/ﬁ
k=j Py

2 O AN 2 27
k=j
where the first inequality follows from (5.299) and the quasimonotonicity prop-
erty (5.291) of €, the second one is a consequence of estimate (3.322) (written for
Y 1= %), and the third inequality is a consequence of the first part of (5.292).
Since for each j € N fixed we have

Vin X Vjng1 forevery n € N with n > j (5.30D)
and
o0
\/ Vi = A, (5.302)
n=j

by property (3) in Lemma 5.23 we may conclude that (recall that the measure p
is finite)

Vj€eN dn; €N suchthat n; > and w(A)—pu(Via;) < 277,
(5.303)

Moreover, for each j € N fixed we have A = V;,, vV (A AV}, forevery n € N
satisfying n > j, thanks to (5.298) and the distributivity laws in .2". Thus, based on
this and (5.288), we deduce that u(4) = u(Vj,) + p(A A V5,) foreveryn € N
with n > j. Utilizing this back in (5.303) then yields

VjeN 3dn; e N suchthat n; > j and M(A/\V;nj)<2_j. (5.304)

Next, for each k € N we define the set Wy € 2" by setting W), := /\?ozk Vin-
Using again the quasimonotonicity property (5.291) of ¢, along with (5.300), for
eachk € Nand j € N with j > k we have

22 27 ;

%(Wk) < C]%(Vj!nj) < CO Cl m —> 0 as J — OQ. (5305)
Thus, for each k € N we have ¢ (W) = 0, which, granted property (1) from the
statement of the theorem, implies that ;(Wy) = 0 for each k € N. In concert with
property (3) in Lemma 5.23, this implies

u((} Wk) - 0. (5.306)

k=1



352 5 Nonlocally Convex Functional Analysis

Consider now the set E € 2 defined by E := A2, \/7Z, (AN V7, ), and observe
that '

w(E) < u(\/(AnVE)) = Y pAAVS,) foreachk €N (5307)
j=k =

o0
Combining (5.307) with the second part of (5.304) we obtain u(E) < Y. 27/ for
j=k
each k € N. Hence,
Ww(E) =0. (5.308)

It remains to observe that, based on the definition of the sets £ and W, k € N,
(5.190), (5.298), the distributivity, and De Morgan’s laws in .2, we have

()= (4 (VR ) (V vy —a s
k=1 k=1j=k k=1j=k
Thus, ultimately,
() = p(E) + n(\/ W) =0, (5.310)

k=1

which contradicts the fact that (A) > &, > 0 from (5.294). This completes the
proof by contradiction of the fact that (1) = (2) and completes the proof of the
theorem. a
Specializing the previous theorem to the case when the sigma-complete Boolean
algebra in question is a sigma-algebra of subsets of a given background set, equipped
with the standard set-theoretic operations, readily yields the following corollary.

Corollary 5.25. Suppose that (2,90, 1) is a complex measure space, and assume
that € : 9 — [0, +00] has the property that for some fixed constant Cy € [1, +00)
one has €(A U B) < Comax{€(A),€(B)} for all A,B € M, and €(A) <
Co%(B) forall A, B € Mwith A C B.

Then the following statements are equivalent:

(1) There holds u < € in the sense that if A € I satisfies €(A) = 0, then
u(4) =0.

(2) For every ¢ > 0 there exists § > 0 such that |[t(A)| < & for each A € I with
C(A) < 6.

(3) For any family (A;)jen S M such that lim; o € (A;) = 0 there holds
limj_mo pL(A]) =0.

The conclusion in Corollary 5.25 is false for  in the class of sigma-finite measures,

even when % is a finite measure. For example, if for each k € N we let §; denote the

o0 o0
Dirac measure on the real line with mass atk, then 1 ;= 3 8 and ¢ := Y 27§,
k=1 =
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Then, obviously, @ < &, and yet the sequence (A4;) jen With 4; := {j}, j € N,
satisfies €' (A;) =27/ — 0and u(4;) =1 — las j — oo.

In turn, Corollary 5.25 is the key ingredient in the proof of the embedding result
from Theorem 5.26, stated in the next section.

5.6 Embeddings and Pointwise Convergence

Let (X,90, ) be a sigma-finite measure space. Hence, there exists a sequence
(K;)jen satisfying

o0
(K))jen M, K; S Kjar, p(Kj) <+oo, ¥jeN, [JK; =2
j=1

(5.311)

In this scenario, we equip the space L°(Z, 9, ) with the topology 7, in which a
fundamental system of neighborhoods of an arbitrary f € L°(X, 901, i) is given by
(Ve (f))a>0,jEN where, for each ¢ > 0 and j € N, we have the set

Ve (f) = {g e LO(Z, M, pn): u({x ekK;:|f(x)—gkx)| > 8}) < 8}. (5.312)

As is well known, the topology t, is metrizable, and a sequence (f;)jen <
L°(X, 9, ) converges to some f € LO(X,0M, p) in 7, if and only if (f}) en
converges to f in measure on sets of finite measure, i.e., for each ¢ > 0 there holds

VAeM with u(4) < +oo = lim pu({x € A: | f;(x)— f(x)| > &}) = 0.
j—00

(5.313)
Furthermore, (LO(E, M, 1), ‘CM) is a complete topological vector space if the
measure i is complete.
The stage has been set for formulating and proving our main embedding theorem
in this chapter. Specifically, the following result holds.

Theorem 5.26. Let (X,90, ) be a background sigma-finite measure space. As-
sume that X is a linear subspace of L°(Z, 9, ) and || - || : X — [0, 4+00) is a
function satisfying the following properties:

(1) (Quasitriangle inequality) There exists a constant Cy € [1,4+00) with the
property that

If + gl = Comax{[| /. llgll}. Vv fgeX. (5.314)

(2) (Weak pseudohomogeneity) There exists a function ¢ : (0, +00) — (0, +00)
satisfying

IAfIF <= @IS YV /eX, VAe(0 +o0). (5.315)
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(3) (Nondegeneracy) There holds
Ifl=0 <= f=0, VfeX. (5.316)

(4) (Quasimonotonicity) There exists a constant Cy € [1, +00) such that whenever
f € X and g € LO(Z,9M, ) satisfy |g| < | f| pointwise p-a.e. on %, then
g€ Xand|gll =G| fI

(5) (Locality) There exists a sequence (K ;) jen as in (5.311) such that

1x, € X, VjeN. (5.317)

Then, with the topology t.| on X considered in the sense of Definition 5.1, there
holds

(X, ‘L’||.||) s (LO(E,SJI, ", ‘L’M) continuously. (5.318)

Proof. Note that, thanks to (5.317) and the fact that || - || is quasimonotone, we
have 1z € X whenever the set £ € 91 has the property that there exists a number
Jj € Nfor which E C K;. This observation allows us to (meaningfully) consider
the family of functions €; : 9 — [0, 4+-o0], defined by setting

% (A) = |lang,|, YAeM, VjeN. (5.319)

Fix j € N arbitrary. Then, much as in (5.274) and (5.275), the function €; is a
quasimonotone capacity; more specifically, ¢ satisfies the following properties:

* (Quasimonotonicity) For any sets A, B € 901 with the property that A C B there
holds € (A) < C1€;(B).
¢ (Quasisubadditivity) For any sets A, B € 9 there holds

(AU B) < CoCymax{; (4), % (B)}. (5.320)

Next, consider the finite measure p; : 9t — [0, +-00) defined by ; (E) := pu(EN
K;) for each E € 91. Whenever the set A € 91 is such that ¢;(4) = 0, then
[1ank; |l = 0, hence w; (A) = u(AN K;) = 0by (5.172). Thus, property (1) from
the statement of Corollary 5.25 is satisfied, i.e., ;t; < ;. With this in hand, the
implication (1) = (2) from Corollary 5.25 guarantees that

Ve>0 36>0 suchthat u(ANK;) <e
(5.321)
whenever A € M satisfies €;(A4) < 6.

Moving on, fix ¢ > 0,andlet§ = (g, j) > 0 be asin (5.321). Given an arbitrary,
fixed function f € X, introduce

A={xeK;:|f(x)]>e} e (5.322)
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Note that this definition ensures that ¢ 14 < | f| pointwise on X. Using this, the def-
inition of ¢, the weak pseudohomogeneity condition, and the quasimonotonicity
property of || - ||, we therefore obtain

@i (A) = [Lall = p(e e Lall = Croe™ I 1. (5.323)

Consequently, if || f || < §, where §, € (0,8¢(s~")~'C[™"), then ¢} (4) < §, which,
in light of (5.321), forces u(A4) < &.

In summary, given any numbers ¢ > 0 and j € N, if § = 6(e,j) > Ois as
in (5.321), then taking §, € (0,8¢(s~")~'C;") guarantees that

f€X suchthat ||f| <8, = p({xeK;: |f(x)]>e}) <e (5.324)

Granted the nature of the fundamental system of neighborhoods of the origin in
the space L°(Z, 9, ) equipped with the topology 7, described in (5.312), the
continuity of the embedding operator in (5.318) is readily seen from (5.324). O

The nature of the range of the inclusion operator in (5.318) naturally invites
revisiting the issue of pointwise convergence of sequences of functions from the
vector space X . In this regard, we have the following result.

Theorem 5.27. In the context of Theorem 5.26, any sequence ( f;)jen € X that is
convergent to some f € X in the topology t.| has a subsequence that converges to
f pointwise p-a.e. on X.

If, in addition, the measure [ is assumed to be complete, then any Cauchy
sequence in (X, t).|) has a subsequence taht converges pointwise [i1-a.e. on X.

Proof. The first claim in the statement of the theorem follows from (5.318) given
that any sequence (fj)jen < L°(Z,91, ) that is convergent to some f €
LY(Z,9M, n) in the topology 7, has a subsequence that converges to f pointwise
[-a.e.on X.

The second claim in the statement of the theorem follows also from (5.318)
by invoking the well-known fact (cf., e.g., [26, pp.3—4]) that, if u is a complete
measure, then, as was mentioned, (LO(E, M, ), ‘CM) is a complete, metrizable,
topological vector space. O

5.7 Separability

Here we consider the issue of the separability of certain classes of topological vector
spaces. In particular, Theorem 5.6 is an immediate consequence of the following
more general result.

Theorem 5.28. Let (2,90, i) be a sigma-finite measure space with the property
that the measure [ is separable (in the sense of Definition 5.20). Assume that X is
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a linear subspace of L°(Z, M, ) and || - || : X — [0, +00) is a function satisfying
the following properties:

(1) (Quasitriangle inequality) There exists a constant Cy € [1,+00) with the
property that

If + gl = Comax{[| /. llgll}. Vv fgelX. (5.325)

(2) (Pseudohomogeneity) There exists a function ¢ : (0,4+00) — (0,400)
satisfying

AfI <eMIfIl, YSfeX, VAe(0,+o0), (5.326)
and such that

sup[<p(k)<p(k_l)] <400 and lim ¢(1) =0. (5.327)
2>0 A—>07F

(3) (Nondegeneracy) There holds
lfl=0 < f=0, VfelX (5.328)
(4) (Quasi-order ideal) There exists a constant C; € [1, +00) such that whenever
f € X and g € L°(Z,9M, ) satisfy |g| < | f| pointwise p-a.e. on %, then
g € Xand|g| = Cill f].
(5) (Locality) There exists a sequence (K ;) jen as in (5.311) such that
1k, € X, VjeNlN (5.329)
(6) (Absolute continuity) There holds

VfeX, V(A)nen €M suchthat 14, -0 p-a.e.on X asn — oo

(5.330)
= ||f 14, > 0 as n — oo.
Then, if the topology t|.| on X is as in Definition 5.1, it follows that
(X, ‘L'||.||) is a separable topological space. (5.331)

Proof. Introduce Xt := {f €eX: f>0p-ae. on E}, and define
X; = {f €X:3j eNand3M € [0, +00) such that

0<f <M p-ae.onXand f =0 p-ae.on X\ Kj}. (5.332)
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We claim that
Xt — X! isdensein (X. 7). (5.333)

Given an arbitrary function f € X, decomposeitinto f = f+ — f~ with
1
fE= S 1£ ) € L, ), (5.334)

and note that, since || - || is quasimonotone, we have f* € X*. Hence, as far as
(5.333) is concerned, matters have been reduced to proving that

X5 isdensein (X, 7). (5.335)

To this end, given f € X C L% (Z,9M, p), define f, := f - 1yoy € X for
eachn € N, and note that || /' — f|l = || f - L{y=n|| — 0asn — oo by (5.330)
and the fact that 1{ s~ ,; — O pointwise jt-a.e. on X as n — o0o. The latter condition
is justified by observing that, much as in the proof of (5.168), the fact that f € X+
entails f < +o00 pu-a.e. on X. Consequently,

Jo— f intpasn — oo, (5.336)
Next, for each fixed f € X, a similar type of argument also gives that
f1g, = f ingasn — oo. (5.337)

In concert, (5.336) and (5.337) readily imply (5.335), and this completes the proof
of (5.333).

Moving on, fix an arbitrary f € Xb‘t,, and construct (cf., e.g., [107, Theorem 1.17,
p. 15]) a sequence (s, )nen S L(_)|_ (2,9, u) of nonnegative simple functions on the
measurable space (X2, 9) with the property that

0 f—s,<27". 1(r.0; on X, foreachn € N sufficiently large. (5.338)

Then, || f —s,|| < C1lI27" 1 ro03 || < Cr1@(27")|[1¢ 503l foreach n € N sufficiently
large, and since ¢(27™") — 0 as n — oo, while || 1{s~oy|| < +o00 giventhat f € X,
(keeping in mind (5.332) and (5.329)), we may ultimately conclude that s, — f in
7). as n — oo. In addition, since 0 < s, < f, there exists j € N with the property
that s, = 0 on X \ K; whenever n is sufficiently large.

Next, assume that a simple function s = va:l Ai1f; has been fixed, with the
property that A; € (0, 4+00) and E; € 9t for eachi € {l,..., N}, and such that
there exists j € Nfor which UY_| E; € K. Then, choosing foreachi € {1,..., N}
asequence (A; ,)neny € Q with the property that A, , /" A; asn — 00, it follows that

Aile;, = Ainlg || < @(Ai —Ain)|1E ] — 0 as n — oc. (5.339)
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At this stage in the proof, the goal is to identify a countable set 2 C X whose
closure in (X, 7j.j) contains

{A-1g: A €Qt, EeM suchthatIj € Nwith £ € K. (5.340)

By assumption, the measure u is separable, and as such there exists a sequence of
sets (E,)nen € 9N with the property that

VAeM with u(A) < +oo, 3F(E,, )ren subsequence of (E,),en
satisfying pu(AAE,,) -0 as k — oo. O340
We then define
2 :={A-1gnk,: A€Qy, n,j eNyC X (5.342)

and claim that this satisfies the desired property (formulated earlier, in relation
to (5.340)). To justify this claim, consider a function of the form A - 1z, where
A €Qq and E € Missuch that £ € K; for some j € N. By (5.341), there exists
a subsequence (E,, )xen of (E,),en with the property that

0= kli)n;oM(AAEnk) = kli)nolo/Z‘lE”k —1g|dp. (5.343)
Hence, there exists a subsequence (Ej,, )ien of (Ey, )ren such that

lE”k,- —> 1g pointwise p-a.e.on X, as i — oo. (5.344)
In fact, since £ C K, it follows that

lEnk-”K/ € 9 foreachi € N, and

L ) (5.345)
lE”k,- nK; = lE”k,- . lK/ — 1 pointwise pu-a.e.on X, as i — 00.
It remains to observe that
||1E”k,-mK/ —lE” = ||1(E"k,-mK/)AE'1K/ ” —)0, as i — 0Q, (5346)

by virtue of (5.329), (5.330), and (5.345). From this the desired conclusion readily
follows, and this completes the proof of the theorem. O



Chapter 6
Functional Analysis on Quasi-Pseudonormed
Groups

The aim in this chapter is to explore the extent to which a significant portion of
classical functional analysis can be carried out on groups equipped with topologies
that are only partially compatible with the underlying algebraic structure. More
specifically, the settings we consider here will frequently (though not always) be
more general than those of topological groups (recall that a topological group is
a group endowed with a topology with the property that both the group’s binary
operation and the group’s inverse function are continuous with respect to the given
topology).

One case of particular interest for us is that in which the topology on a given
group G is naturally induced by a nonnegative function ¥ defined on G exhibiting
properties similar to, yet weaker than, those satisfied by a genuine norm on a vector
space. In such a case, we will refer to G as a quasi-pseudonormed group. As such,
our earlier analysis pertaining to the nature of the topology induced by ¥ on G,
addressing issues such as quantitative metrizability, will play a basic role in this
setting.

A specific goal is to revisit the fundamental trilogy in functional analysis, i.e., the
open mapping theorem (OMT), the closed graph theorem (CGT), and the uniform
boundedness principle (UBP), typically formulated in the context of Banach spaces,
or at least complete metrizable topological groups, and identify the specific format
of each of these fundamental theorems that permits the consideration of the more
general setting alluded to earlier. In this vein, it is worth recalling that relaxing
the demands on the environment from Banach to quasi-Banach already has major
functional analytic consequences. Specifically, as proved in [66], the Hahn—Banach
extension theorem (the cornerstone of the Banach space theory) fails in all quasi-
Banach spaces that are not Banach spaces.
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6.1 Topological and Algebraical Preliminaries

We start out by introducing some useful notation and basic results from topology. As
in the past, given an arbitrary topological space (X, ), we will denote by .4 (x; 7)
the family of neighborhoods of the point x € X, relative to the topology 7. Also,
forany A € X we will let Int(A4; ) and Clo(A4; t) denote, respectively, the interior
and closure of the set A4, relative to the topology 7. Finally, for any set Y € X we
let 7|, denote the topology induced on Y by 7, i.e.,

|, ={0NY: Oe1}. (6.1)

We will make frequent use of the following result.

Lemma 6.1. Let (X1, 11) and (X2, 12) be two topological spaces, and suppose that
the function f : (X1, 11) — (X2, 12) is given. Then

f continuous and closed < f(Clo(A; ‘L’l)) =Clo(f(A); 1), VA C Xy, (6.2)

f injective, continuous, and open = f(Int(A; ‘cl)) =Int(f(A); ), VA C Xy,
(6.3)
f open <= f(U) € W(f(x);tz), VxeX| and YU € NV (x;11). (6.4)

Proof. On the one hand, if the function f : (X1, t1) — (X2, 12) is continuous, then
forany A C X theset /! (Clo( f(A); ‘1,'2)) is closed in the topology 7; and contains
A. Hence, Clo(4; 7)) € f~!(Clo(f(A); 12)), which ultimately implies that

£(Clo(4: 1)) € Clo(f(4): 12). (6.5)

If, on the other hand, the function f : (Xi,7;) — (X3, 12) is closed, then for any
A C X the set f(Clo(A; rl)) is closed in 7, and contains f(A). As such, we
necessarily have Clo(f(A);2) € f (Clo(A; rl)). This, together with (6.5), proves
the left-to-right implication in (6.1).

In the converse direction, suppose that f : X; — X is function with the property
that

f(Clo(4; 1)) = Clo(f(A); ), ¥ ACX,. (6.6)

This clearly entails that f : (X1,71) — (X2, 1) is closed, so there remains to
prove that this function is also continuous. Reasoning by contradiction, assume that
there exists xo € X; such that f is not continuous at xo. Then there exists U €
A (f(x0); 72) with the property that

VYV e AN (xo;t1) dxy € V suchthat f(xy) &€ U. 6.7)
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Next, consider the set A := {xy : V € A4 (xo;11)}, and note that we have xy €
Clo(4; 11) since, by design, for any V' € .4 (xo; 11) one has xy € V N A, hence
VNA#@foreach V e A (xo; 71). Thus, f(xo) € f(Clo(4; 1)), and using (6.6)
we may therefore conclude that f(xo) € Clo(f(A); r2). In particular, this shows
that U N f(A) # @, and, based on the definition of A, this implies that there exists
V € A (x0;t1) such that f(xy) € U, contradicting (6.7). This completes the proof
of the right-to left implication in (6.2).

Turning our attention to proving the implication formulated in (6.3), assume that
the function f : (X1, 1) — (X2, 12) is injective, continuous, and open. Since for
each A € X, one has f(Int(4;1;)) € f(A), the fact that the function f is open
implies that

Snt(4; 1)) € Int(f(A); 1), VACX. (6.8)

Going further, the fact that the function f : (X1, 71) — (X3, 12) is also continuous
gives

YACX, theset f~'(Int(f(A):1,)) isopenin 1. (6.9)

However, the function f : X; — X3 is injective, which allows us to write
F (I f(4): 1)) € fTH(f(A) € A. (6.10)
In combination with (6.9), this implies that /' (Int(f(4); 7)) < Int(4;7;). In

turn, this gives

Int(f(A): ) € f(Int(A4: 1)), VACX. (6.11)

Then (6.8) and (6.11) prove the implication in (6.3).
Finally, (6.4) is essentially a direct consequence of the definition of an open
function. O

The equivalence in (6.4) suggests adopting the following piece of terminology
(which will become relevant later on).

Definition 6.2. Let (X1, 71) and (X3, 7o) be two topological spaces, and let f :
X1 — X, be a given function. Call f almost open at x € X (relative to Ty,
Tp) provided

Clo(f(U):t) € A (f(x): ), YU € N (x;11). (6.12)

For further use, let us also note here that if (X, t1) and (X>, 12) are topological
spaces, then for every function f : X; — X, we have
(X1, 71) compact f (X1, 11) > (X2, 12) is a homeomorphism
and = if and only if (6.13)

(X7, 1p) Hausdorff f 1 (X1,71) = (X2, 12) is continuous and bijective.



362 6 Functional Analysis on Quasi-Pseudonormed Groups

Indeed, this follows by observing that if (X;,7;) is compact and (X, 1) is
Hausdorff, then any continuous function f : (X1, 1) — (X3, 12) is closed (since it
maps compacts to compacts).

Finally, later on we will need the following elementary lemma.

Lemma 6.3. Let (X1, t1) and (X2, 1) be two topological spaces, with t, Haus-
dorff, and assume that [ : (X1, 71) = (X2, 1) is a continuous function. Then 9y,
the graph of the function f, is a closed subset of (X1 x X,, 11 X 13).

Proof. Let(a,b) € (X1 xX>2)\¥9.Then f(a) # b and, since (X, 1) is Hausdorff,
there exist U € A (f(a);t2) and V € A (b;12) such that U N V = @. Given
that f : (X1,71) — (X2, 12) is continuous, there exists O € .4 (a; 11) such that
f(0O) CU.Assuch, O xV € A ((a,b);1) x 1) and (O x V) N ¥y = (. This
shows that & is a closed subset of (X| x X5, 71 X 102). |

We continue by recording a useful lemma describing the manner in which a
topology can be assigned starting from a system of axioms mimicking the properties
of the neighborhood filter associated with a given topology.

Lemma 6.4. Let X be a nonempty set, and suppose that X > x +— N, C 2%
assigns to each point in X a nonempty collection of subsets of X satisfying the
following properties:

@) VNWeN, whenever x € X and V,W € N; (6.14)

@ii) W € N, whenever x € X and W C X
is such that 3V € N, with V C W.notag

(6.15)
Then
1:={0CX:0€N, foreach x € O} (6.16)
is a topology on X satisfying
N (x;1) C N, foreach x € X (6.17)

and with the property that it is the largest topology on X for which (6.17) holds.
Furthermore, for t as in (6.16) one actually has

N(x;1) =N, foreach x € X (6.18)

if and only if, in addition to (i) and (ii), the assignment X > x — Ny, C 2% also
satisfies the following two properties:

(iii) x €V foreach x € X andeach V € Ny; (6.19)

(iv) VxeX and YV € Ny there exists W € N,
sothat W CV and W € N, foreach y € W.

(6.20)
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Proof. First assume that the assignment X > x = N, C 2% is such that
N; # @, VxelX, (6.21)

and it satisfies properties (i) and (ii). Our goal is to show that t introduced in (6.16)
is a topology on X. Note first that @ € 7, tautologically. Next, (6.21) and property
(ii) imply that X € N, for any x € X. Thus, by (6.16), we obtain that X € t.
Going further, consider {O;};e; € 7 and let O := | J;¢,; O;. With an eye toward
showing that

Oer, 6.22)

pick an arbitrary x € O and observe that that there exists i, € I such that x €
O;, € 7. Hence, using property (ii) along with the fact that O;, C O, this further
implies that (6.22) holds. Moving on, let O; € 7, j = 1,2, and pick an arbitrary
point x € O; N O,. Then, by (6.16), we obtain that O; € N for j € {1,2}, and
consequently, using property (i), we obtain that O1 N O, € N. Since x € O; N O,
this further yields O; N O, € t and completes the proof of the fact that 7 is a
topology.

Next we turn our attention to proving (6.17) and start by picking a point x € X
and V € 4 (x; 7). Then, there exists O € t such that x € O C V. Consequently,
from (6.16) and property (ii) it follows that V' € N, completing the proof of (6.17).
Moving on assume that 7T is a topology on X such that

N (x:T) S N, VxeX. (6.23)

Pick next © € T and x € O. Since in this scenario O € 4 (x;7), this and (6.23)
allow us to conclude that O € N,. Thanks to the fact that x € O was arbitrary this
further implies that O € 7. Consequently, T C t, completing the proof that t is the
largest topology on X for which (6.17) holds.

We are left with proving the last claim in the lemma having to do with the
equivalence between (6.18) and (6.19), (6.20) whenever the assignment X > x
N, C 2% satisfies (i) and (ii). First assume that (6.18) holds. Then, for any x € X
and any V € N,, thanks to (6.18) we have that V € .#'(x; 1), and consequently
x € V. Thus (iii) holds. Furthermore, if x € X and V € N, then, as above,
V e 4 (x; 1), and consequently (by the definition of .4"(x; 7)) there exists W € 1
such that W C V. In turn, the membership W € t guarantees that W € N, for any
y € W. Thus (iv) holds as well.

Finally, assume that the assignment X > x +— N, C 2% satisfies (i)—(iv). Our
goal is to prove the identity from (6.18). Thanks to (6.17), it suffices to show that
the right-to-left inclusion in (6.18) holds. To see this, let x € X and O € N,. Using
property (iv), there exists W € N satisfying W € O and W € N, for every
y € W. However, on the one hand, (i) and W € N, imply that x € W, and on the
other hand, W € N, for every y € W guarantees that W € 7. Combining these
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with the fact that W € O we obtain that O € .4 (x; t), establishing the right-to-left
inclusion in (6.18) and completing the proof of the lemma. O

Remark 6.5. 1t is instructive to note that, under the assumption that (6.15) holds,
condition (6.20) is further equivalent to the demand that

(iv)) Vxe€X and VV e Ny 3W €N, suchthat VeN, VyeW.
(6.24)

For the reader’s convenience, we also record the following definition.

Definition 6.6. A topological space (X, 1) is called Lindel&f provided every
open cover of X has a countable subcover.

Moving on, let (G, * ()7, eg) be a group, i.e., G is a set, * is an associative
binary operation on G, a™! is the inverse of a € G, and e is the neutral (or identity)
element. In the subsequent discussion, we will often abbreviate (G, *, ()7L, eg) by
(G, %) and, occasionally, simply by G. Given two groups (G, *), (S, o), denote by
Hom (G, S) the collection of all (group) homomorphisms from G to S. That is,
T € Hom (G, S) ifand only if T : G — S satisfies

T(a*b) = (Ta)o (Th), Va,beG. (6.25)
In turn, (6.25) used with a = b = e forces
Teg =es, YT e€Hom(G,S). (6.26)
For each T € Hom (G, S) we will denote its graph by
Yr ={(a,Ta): ae G} S GxS (6.27)
and define the kernel and image of 7, respectively, according to
KerT :={aeG:Ta=eg}, ImT:={Ta: aecG} (6.28)
Fix now a group (G, ). For each a € G define

a":=axax---xa, VneN (6.29)
N ———

n factors

Also, for any two arbitrary subsets A, B of G introduce the notation

AxB:={axb: (a,b) € Ax B}, A i={a""a e A}, (6.30)
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and call A € G symmetricif A = A!. In particular,for A € G anda € G we
will abbreviate

Axa:=Ax{a}, axA:={a}x*A, (6.31)
A" = AxA*x---xA, VYneN. (6.32)
—_—

n factors

For each A € G and each n € N, we will also use the abbreviation
AM = {a" : a € A}. (6.33)

We stress that (6.33) is not to be confused with (6.32). Indeed, we have A" C A"
for every A € G, but in general the inclusion is strict.

We continue by recording a couple of definitions that will be relevant in Sect. 4.
First, we recall the following standard piece of terminology.

Definition 6.7. Let (G, *, (-)™', eg) be a group. Define the order of an element
a€Gas

ord (a) ;= inf{n € N: a" = eg}, (6.34)

with the convention that inf @ := 4-00. An elementa € G is said to be a torsion
element if it has finite order. If the only torsion element in G is the identity
element, then the group G is said to be torsion-free.

Our next definition elaborates on the possibility of taking roots (with respect to
the group multiplication) in a given group.

Definition 6.8. (i) Call a group G divisible! if for every n € N and every
a € G there exists x € G such that x" = a.

(ii) Call a group G uniquely divisibleifforeveryn € Nandeverya € G
there exists a unique x € G such that x" = a. Henceforth, given n € N and
a € G, the notation ¥/a stands for the unique element x € G such that x" = a.

It is then clear from Definitions 6.7 and 6.8 that
G torsion-free, divisible, Abelian group = G uniquely divisible, (6.35)

and
G uniquely divisible = G torsion-free and divisible. (6.36)
Next, given a group (G, *), for each a € G denote by s the right-shift (or right-

translation) by a, i.e.,

s}} G — G, s}f(x) =xx*xa, Vxeaq, (6.37)

In contrast to the more common practice, here we do not make the background assumption that
the group in question is Abelian.
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and by s& the left-shift (or left-translation) by a, i.e.,
sk G — G, sk(x):=axx, Vxeg. (6.38)

Then, obviously,

st = seLG = idg, the identity mapping of G; (6.39)
sRosp =5y, and skosy =5k, Va,beG; (6.40)
sk, sk are bijective, (s8)™' =sR, and (s5) ' =5k, VaeG. (6.41)

Also, the following intertwining identities hold:
sko() ' =(losk, sko() T =()T"osR, YaeG. (642)

Of particular interest is the case when a group is equipped with a topology that
is compatible with the underlying algebraic structures, as described in the definition
below.

Definition 6.9. A topological group is a group (G, *, (-)_l,eg) endowed
with a topology 7 on the set G with the property that the group operations (-)~" :
G — G and * : GXG — G are continuous functions (in the latter case, considering
the product topology X 7 on G X G).

Alternatively, t is called a group topology on G provided (G, *, 1) is a topological

group.
Of course, given a group (G, *) and a topology 7 on G, in order for (G, *, 7) to
be a topological group, it suffices to have

(G x G, T X r) 3 (X,y) > X % y_l € (G, ) continuous. (6.43)

Nonetheless, in the sequel we will work with groups equipped with topologies that
satisfy weaker conditions than those required to render them topological groups.
This is made precise in our next definition.

Definition 6.10. Let (G, *, ()7L, eg) be a group, and assume that 7 is a topology
on the set G.

(i) Call r a symmetric topology provided

YV e AN(eg;t) AW € A (eg;t) suchthat W is symmetricand W C V.
(6.44)

(i) Call t aright-invariant topology provided

sf :(G,t) — (G, 1) iscontinuous for every a € G. (6.45)
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Also, call T a left-invariant topology if st : (G,7) — (G,7) is
continuous for every a € G.

(iii) Call (G, 1) a semitopological group provided the inverse operation
and all right-shifts are continuous, i.e.,

(7" (G, 1) — (G,7) and s%:(G,7) — (G,1), YaeG, (6.46)

are continuous functions.

Obviously, any topological group is a semitopological group. Other properties of
interest are collected in the lemma below.

Lemma 6.11. Let (G, *, ()7L eg) be a group, and assume that t is a topology on
the set G.

(i) The following equivalences hold:
T is a symmetric topology on G
< ()71 (G, 1) — (G, 1) is continuous at e
— Ve N(eg:t) forevery V € N (eg;T), (6.47)
and
T is a right-invariant topology on G
— sf} 1 (G, 1) — (G, 1) is a homeomorphism, Y a € G, (6.48)
and

T is a left-invariant topology on G
— sb 1 (G, 1) — (G, 1) is a homeomorphism, ¥ a € G. (6.49)

(ii) If (G, t) is a semitopological group, then t is symmetric and both left-invariant
and right-invariant.

(iii) In any semitopological group, the inverse operation and all right-shifts and
left-shifts are in fact homeomorphisms.

Proof. To justify the sequence of equivalences in (i), assume first that 7 is a
symmetric topology on G and pick an arbitrary V' € .4 '(eg; 7). Then we may
find some set W € .4 (eg; 7) such that W is symmetric and W C V. This implies
that W=! = W C V, which shows that the function (-)~' : (G,7) — (G, 1) is
continuous at eg. Next, if ()7! : (G, ) — (G, 1) is continuous at eg, then for
any V € .4 (eg: 1) there exists U € .4 (eg; 1) such that U~' C V. This forces
U C V7! and, hence, V=! € 4 (eg; ). Finally, assume that V=! € 4 (eg; 1)
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for every V' € A (eg;7) and pick an arbitrary U € A '(eg;7). Then W :=
UNU™" € A (eg: ) is symmetric and W C U, which proves that 7 is a symmetric
topology on G. This concludes the proof of the equivalences in (6.47). Of course,
the equivalences in (6.49) are dealt with similarly.

As regards part (ii), thanks to the intertwining identities from (6.42), the fact

that the functions in (6.46) are continuous implies that the left-shift functions s(I; :

(G,t) = (G, 1), a € G, are continuous as well. Finally, the claim in part (i77) is
readily seen from (6.41). O

Lemma 6.12. Let (G, *, ()7, eg) be a group, and assume that t is a topology on
the set G. Then the following assertions are true:

(1) If T is symmetric, then
Ule N(egit) and UxV € N(eg;t), YUV € N(eg:t). (6.50)
(2) If T is symmetric and right-invariant, then

Clo(4;7) = ﬂ V ox A, VACG, (6.51)
VeN(eg;t)

whereas if T is symmetric and left-invariant, then

Clo(4;7) = ﬂ A%V, VACG. (6.52)
Ve (eg;t)

(3) If the topology t is symmetric and two-sided invariant (in particular if (G, t) is
a semitopological group), then

Clo(4;7) = ﬂ VoxAxW, VACG, (6.53)
V.WeN (eg;t)

Clo(4; 1) * Clo(B; 1) € Clo(A4 * B; 1), VA BCG. (6.54)
(4) If T is symmetric, then the mapping
(GxG,tx1)3 (x,y) > xxy€(G,1) iscontinuous, (6.55)
and if T is either right-invariant or left-invariant, then
VV e N(g:t) AW € AN (eg;t) suchthat Clo(W;t) C V. (6.56)
Proof. Given any U € 4 (eg; 1), part (iii) in Remark 6.11, together with (6.4),

proves that U= € A (eg; ). For any sets U, V € A (eg; 1), observe that U x V €
AN (eg; 1) since A (eg;t) > U C U *x V, given that eg € V. This proves (6.50).
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Next, if A € G is arbitrary, then for each a € G we may write (by once again
relying on part (ii7) in Remark 6.11 and (6.4)) that

a ¢ Clo(A;t) <= 3V € AN (eg;t)suchthat (V xa)N A =0
—a¢V9'xA. (6.57)

In concert with the first formula in (6.50), this proves the first equality in (6.51).
The second equality in (6.51) is justified in a similar manner. Moreover, having
established these two equalities, we may now make use of them and the second
formula in (6.50) to write

N Vvsasxw= ) ( N (V*A)*W)

V.WeN(eg;T) VeN(eg;t) WeN(eg;t)

(| Clo(VxA4;7)

VeN(eg;t)

N ( N W*(V*A))

VeN(eg;t) WeN(eg;t)

ﬂ WV xAC ﬂ Ux A
V.WeN (eg;t) Ue N (eg;t)

Clo (A; 7). (6.58)
On the other hand, since eg € W forevery W € .4 (eg; 1), it follows that

Clo(A:t)= () VxdAc [ VA=W (6.59)
VeN(eg;t) V.WeN (eg;t)

Now, the last equality in (6.51) is a consequence of (6.58) and (6.59). Next, given
two arbitrary sets A, B C G, we have, thanks to (6.51),

CIO(A;‘L')*CIO(B;‘L')=( N V*A)*( N B*W)

Ve (eg;t) WeN (eg;t)

N

ﬂ VxAxBxW =Clo(A« B;1), (6.60)
V.WeN(eg;T)

and (6.54) follows. Finally, assume that the topology t is as in part (4) in the
statement of the lemma. Then for each V € .4 '(eg;t) the continuity of the
mapping (6.55) entails the existence of some W € .4 (eg; 7) suchthat W W C V.
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Since Clo(W;t) € W x W by (2) and the properties of v, we deduce that
Clo(W;t) € V, and this completes the proof of the lemma. O

We next describe the topology induced on a given group G by an arbitrary
nonnegative (and possibly infinite) function y defined on G. Recall that, in the
more general context of groupoids, this was done in Definition 2.62. For the reader’s
convenience, below we specialize the latter definition to the particular case of a
group G (in which scenario G = G x G).

Definition 6.13. Given a group (G, x, ()™!, e¢) and a function ¢ : G — [0, +00],
define the right and left vr-balls centered at @ € G and with radius r € (0, +00)
respectively as

Bi(a.r):={xeG: ya*xx") <r} (6.61)
B]]/j(a,r) = {x €eG: yYy(x 'xa) < r}. (6.62)
Then the right -topology t;f induced by ¥ on G is defined by
1, :={0 CG:Vae O Ire(0,400) such that Bj(a,r) S O},  (6.63)
whereas the left -topology ‘CJ; induced by ¥ on G is defined by
7;:={0 CG:Vae O Ir € (0.400) suchthat Bjj(a.r) € O}.  (6.64)

In our next lemma, we explore the extent to which the topology induced by a
nonnegative function defined on a given group is compatible with the algebraic
structure. Before stating this, we remind the reader that, given a topological space
(X,7) and a point x € X, a subset % of .4 (x; 1) is called a fundamental system
of neighborhoods of x (in the topology t) if for every V € .47(x;t) there exists
U € % suchthatU C V.

Lemma 6.14. Assume that (G, *) is a group and that ¥ : G — [0, +0o0] is an
arbitrary function.

(i) Both T]I; and ‘L']I//‘ are topologies on G, having the following properties:

Int(A; rf;) Cf{aeA:3re(0,+o00) suchthat B};(a,r) C A},
(6.65)

Int(4; rfﬁ‘) ClaeA: 3re(0,400) suchthat B;(a,r) C A}
(6.66)

forevery A C G and
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VVeAN(a:ty) Ir € (0,+00) suchthat Bjj(a.r) SV, (6.67)
VIV e JV(a; r{;) dr € (0, +00) such that B{;(a, r)CcV (6.68)

foreacha € X.
(ii) Foreacha € G the shifts

se (G.rp) — (G.rp). sy (G.ty) — (G.1y) (6.69)
are homeomorphisms. Furthermore, for each x € G and r € (0, +00)
sf(Bf;(x,r)) = Bf;(sf(x),r) and sf;(Bt(x,ﬂ) = Bb(sb(x),r).
(6.70)
(iii) One has
a€By(ar) YaeG, Vr>0 & Y(eg) =0

& a€Byla.r) YaeG, Vr>0. (671)

(iv) The mappings
O (Gry) — (G.ry). (7 (Gory) — (G.ty)  (6.72)

are homeomorphisms (that are inverse to one another) provided the function
¥ has the property that

Ve>038>0, sothatif x € G satisfies ¥(x) <8, then ¥(x™') <e.
(6.73)

(v) Assume that the function \ satisfies

Ve >0 38 > 0 with the property that Yy (x xy) < ¢
whenever x,y € G satisfy ¥(x) <8, ¥(y) <4.

(6.74)
Then for every A € G one has
Int(A: 7)) = {a € A: 3r € (0.+00) suchthat Bjj(a.r) C A}, (6.75)
Int(A; rfﬂ‘) ={a e A:3r e (0,400) such that Bb(a,r) C A}. (6.76)
Furthermore, if Y satisfies (6.74) and Y (eg) = 0, then

By(a,r) € N (a:ty) and By(a.r) € N (a:ty), Yae€G, ¥r>0.
6.77)
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In fact, in this scenario, for eacha € G

{Bf;(a,r)}

is a fundamental system of neighborhoods of a in rf;

(6.78)

r>0

and

is a fundamental system of neighborhoods of a in q]/j.

(6.79)

{B]]/j(a,r)}

r>0

(vi) If the function \ satisfies (6.73), (6.74), and

v ({0}) = {eg ), (6.80)
then the topological spaces (G, ‘L':;) and (G, rllp‘) are Hausdorff.
(vii) If the function \ has the property that

Ve>036>0 sothat Y (y*xx) <e if x,y €G satisfy ¥(x *xy) <6;
(6.81)

then
Ty =1y (6.82)

(viii) Suppose that (6.81) holds and, in such a scenario, set ty = ‘L']l;(: ‘E]I;) In
addition, assume that the function  satisfies (6.73) and (6.74). Then

(G, *, ‘L'w) is a topological group. (6.83)

Proof. Ttis clear from definitions that ‘L':; and tb are topologies on G and that (6.65)
and (6.66) hold. In turn, the latter formulas readily imply (6.67) and (6.68). The fact
that the mappings in (6.69) are homeomorphisms follows from (6.41) and (6.63),
(6.64) after observing that (recall (2.151) and the convention made in (6.31))

Bj(a,r)xb = Bj(axb,r), b Bj(a,r)=By(bxa,r) (6.84)

for all a,b € G and r € (0,400). As a byproduct, the identities in (6.70) also
follow. In addition, the equivalences in (6.71) are clear from definitions. Going
further, one can check without difficulty that [recall the piece of notation introduced
in (6.30)]

—1 —1
(B]l;(a, r)) = B;o(,),l(a_l,r) and (Bf,j(a, r)) = B};o(v),l(a_l, r)
(6.85)
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foreverya € G and r € (0, 4+00). In light of (6.85), condition (6.73) then becomes
equivalent to the demand that

Ve >0 36 > 0 suchthat foreach ¢ € G one has

_ - (6.86
By(a™'.8) C (Bf;(a,s)) l and Bjf(a~',8) (B]/Lj(a,e)) 1. )

With this in hand, it readily follows that the maps in (6.72) are homeomorphisms
if (6.73) holds.

Next, consider (6.75) for some fixed A C G. To facilitate the presentation, we
will temporarily use the notation

A:={aeA:3re(0,+o0) such that Bj(a.r) C A}. (6.87)

In this regard, we make the claim that A e rf;. To justify this claim, pick some

a € A. Then there exists r > 0 such that B:;(a, r) € A, and (6.74) guarantees the
existence of some § > 0 with the property that

¥(x % y) <r whenever x,y € G aresuchthat ¥(x) <38, ¥(y) <d. (6.88)

Consider now two arbitrary elements, b € Bjf(a,6) and ¢ € B(b,5). Then we
may write ¥ (a * c~!) = 1//((a * b7 1) % (b * c‘l)) < r by (6.88) and the fact that
Y(axb~") <8and (b * c™') < §. This proves that Bjj(b,§) C B}f(a,r), hence
B:;(b,é’) C A for every element b € B};(a,é’). Thus, ultimately, B};(a,é’) C A,
proving that A e rf;. Since by design A C A we may therefore conclude that

A - Int(A; t};). Since the converse inclusion is contained in (6.65), this completes
the proof of (6.75). Of course, (6.76) is established similarly.
If y satisfies (6.74) and ¥ (eg) = 0, then, thanks to (6.75)—(6.76), we have

ae Int(B]l;(a, r); t,l;) N Int(B]]/j(a, r); r{;) YVaeG, Vr >0, (6.89)
from which (6.77) follows. In turn, (6.78) and (6.79) are immediate consequences
of (6.77).

Suppose now that the function v satisfies (6.73), (6.74), and (6.80), and pick
a,b € G witha # b. Thena * b= # eg and, as such, ¥(a * b~') > 0. Pick
g € (0,¢(axb7")), and let § > 0 be associated with this & as in (6.74). Also,
making use of (6.73), select §; € (0, §) such that

V(x™') <8 if x € G satisfies ¥(x) < 8. (6.90)

We claim that

BR(a.81) N BX(b.61) = 0. (6.91)
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To see this, reason by contradiction and assume that there exists ¢ € Bf;(a, SN

B:;(b, 81). Then, since ¥ (b * ¢~') < &y, it follows from (6.90) that ¥ (c * b~") < 6.
With this in hand, we have, thanks to our choice of § and the fact that §; < &,

Yaxb ) =y(@xc)x(cxb™) <e (6.92)

This contradiction proves (6.91). Keeping in mind (6.77), we may then conclude
from (6.91) that the topological space (G, t};) is Hausdorff. Moreover, a similar
reasoning applies in the case of (G, r]I/;).

Next, condition (6.81) is equivalent to the demand that

Ve >0 36§ > 0 suchthat foreach ¢ € G one has

L R R L (6.93)
Bw(a,8) € By(a,¢) and Bw(a,8) € By(a,e),
which, in turn, readily yields (6.82). Finally, if (6.81) and (6.73) hold, then
from (6.82) and (6.72) we know that the mapping ()~! : (G,7y) — (G,ty) is
a homeomorphism. Thus, as far as (6.83) is concerned, there remains to show that

P (GxG,ty x1y) — (G, 1y), p(x,y):=xxy, Vx,y €G, iscontinuous,
(6.94)

i.e., that p~'(0) € 1y x 1y for each O € 7. Unraveling definitions, it is apparent
that it suffices to check that for every x,, y, € G and any r > 0 there exists ¢ > 0
with the property that

By (xo.8) % By (yo. ) By (xo % yo. 7). (6.95)

To this end, fix x,, y, € G along with r > 0 and, for some ¢ > 0 to be specified
later, select two arbitrary elements x € B};(xa, g)and y € B};(ya, ¢). The goal is

to specify e such that we necessarily have w(xo * Y, % (X * y)‘l) < r. The latter
condition is equivalent to W(xa * Y, * y_l * x‘l) < r, and, granted (6.81), there
exists §; > 0 such that this is true provided the inequality v (x ™ xx, %y, xy ') < §;
holds. In turn, granted (6.74), there exists 6, > 0 such this inequality holds if

1//(x_1 * xo) < 8, and 1//(y,, * y_l) < 8. (6.96)

Note that y € Bf; (y0, €) forces W(yo * y‘l) < &, so the second inequality in (6.96)
is automatically satisfied if & < §,. Moreover, thanks to (6.81), there exists §3 > 0
such that the first inequality in (6.96) holds provided 1//(x,, * x_l) < §3. However,
given that x € Bf; (x,, &), this last inequality will hold provided ¢ < §5. All in

all, (6.95) is verified if we choose ¢ € (0, min{é,, 83}). This completes the proof
of (6.83). O
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We conclude this section by making a series of definitions that will be relevant
in the next section.

Definition 6.15. Let (G, %) be a group, and suppose that ¢ : G — [0, +00] is an
arbitrary function. Then for each ¢ > 0 define the right e-enhancement (with
respect to ¥) of a given set A € G as

(415, .= | B} (a.2). (6.97)

a€A

and define the left e-enhancement (with respect to ¥) of a given set A C
G as

(415, = By (a.e). (6.98)

a€A

Definition 6.16. Let (G, %) be a group, and suppose that t is a topology on the set
G. Also, suppose that a sequence (a;);ey € G and an element a € G have been
given. Call the sequence (a;);exy right-convergent to a with respect to ©
provided

YO e N(eg;t) Anp € N suchthat a; xa~' € O, Vi e N with i > no.
(6.99)

Also, call the sequence (¢;);en left-convergent to a with respect to t
provided

YO e N(eg;t) Inp €N suchthat a ™' xa; € O, Vi e N with i > no.
(6.100)

In connection with Definition 6.16, we wish to note that
(a;)ien is left-convergent to e <> (a;);en is right-convergentto eg. (6.101)

In such a case, we will drop the adjectives left/right and simply refer to (a;);en as
being convergent to e (with respect to 7).

Comment 6.17. Attention should be paid to the fact that there is yet another type
of convergence, namely, the ordinary notion of a sequence to a limit in a topological
space. To distinguish this from the notions introduced in Definition 6.16, we will
refer to it as ordinary convergence. Hence, given a group (G, *) and a
topology 7 on the set G, a sequence (a;);eny C G is ordinarily convergent to an
element a € G provided

VV e AN(a;r) dny € N suchthat q; € V, Vi e N with i > ny. (6.102)
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In particular,

right-convergence reduces to ordinary convergence (6.103)
if the topology in question is right-invariant. '

Of course, similar considerations apply to left-convergence. |

Definition 6.18. Consider a group (G, *, (-)~',es) together with a topology
on the set G. Then (G, *, (-)7!, eg, 7) is called topologically divisible
provided the group G is uniquely divisible and

for each a € G the sequence ({/a),en is convergentto eg in the topology T
(6.104)

(recall that for each n € N and each a € G, ¥/a denotes the unique element x € G
such that x" = a).

The following lemma will be useful in the treatment of the OMT later on.

Lemma 6.19. Let (G, *) and (S, o) be two groups, and assume that T is a topology
on the set S with the property that (S, o, ()", es, 1) is topologically divisible. If
T € Hom (G, S) is such that Im T is open in (S, 1), then T is surjective.

Proof. Start by fixing an element a € G. Since the set Im 7" is open in (S, 7), it
follows that T(G) € .4 (es; 7). This, combined with the fact that (S, o, (-) 7!, es, 7)
is topologically divisible, guarantees that there exists n € N such that ¥/a € T(G).
Consequently, there exists x € G such that Tx = /a. From this and the fact that
T € Hom (G, S) it immediately follows that 7(x") = a, which proves that T is
surjective. O

Definition 6.20. Let (G, *) be a group, and suppose that 7 is a topology on the
set G. Call a sequence (a;)iey © G right-Cauchy with respect tort
provided

YO € #¥(eg;t) Anp € N with the property that (6.105)
ai*xa;' €0, Vi, jeN with min{i, j} > no. '

Also, call a sequence (a;)iey € G left-Cauchy with respect to t
provided

Y O € A(eg;t) Inp € N with the property that

1 (6.106)

a; " xa; € 0, Vi,jeN with min{i, j} > no.
Definition 6.21. Let (G, =) be a group, and suppose that t is a topology on

the set G. Call G right-complete with respect to t provided every
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sequence (a;);eny C G that is right-Cauchy with respect to 7 is also right-convergent
in the topology t to some elementa € G.

Likewise, call the group G left-complete with respect to t pro-
vided every sequence (a;)iex € G that is left-Cauchy with respect to t is also
left-convergent in the topology 7 to some elementa € G.

6.2 Quasi-Pseudonormed Groups and an Extension
of the Birkhoff-Kakutani Theorem

Recall that, given a group (G, *, ()7, eg), a function ¥ : G — [0, +00) is called
anorm on G provided

(i) v ({0}) = {ec}: (6.107)
() v(xH=v(kx), VxeG; (6.108)
(i) Yy(xxy)<vx)+v(y), Vx,yed. (6.109)

Moreover, a norm ¥ on G is said to be invariant provided?

Y(x ' xyxx)=yv(y), VYx,yeG. (6.110)

When axiom (i) is relaxed to ¥ (eg) = 0, while (ii) and (iii) as stated previously
are retained, the corresponding function ¥ is typically called a pseudonorm (in
the sense of Markov). In many situations of practical interest, it is desirable to also
weaken axioms (i7) and (ii7) and to allow the function ¥ to eventually be infinite.
We thus arrive at the notion of quasi-pseudonorm on a group, formally introduced
below.

Definition 6.22. Let (G, x, ()™', eg) be a given group.

(1) Call a function ¥ : G — [0, +00] a quasi-pseudonorm on G provided
there exist constants Cy, C| € [1, +00) with the property that

[vanishing condition] v¥(eg) =0, (6.111)
[quasi-symmetry] v(xH<Cy(x), Vxeg, (6.112)

[quasi-subadditivity] ¥(x*y) < Ci (Y (x)+¥(y)).Vx,y € G. (6.113)

2Formula (6.110) is equivalent to ¥ (y * x) = ¥ (x * y) for all x, y € G, a condition also referred
to as Abelian norm property.
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The pair (Co, C)) appearing in (6.112) and (6.113) will be referred to as the
constants of the quasi-pseudonorm . Also, a quasi-pseudonorm ¥ on G is
called a quasinorm provided (6.111) is strengthened to ¥ ! ({O}) = {eg}.

(ii)) A function ¥ : G — [0, 4o00] is said to be quasi-invariant if there
exists C, € [1, +00) with the property that

w(x_l xyxx)<Cv(y), Vx,yea. (6.114)

(iii) A quasi-pseudonorm ¥ on G is said to be f£inite provided ¥ actually takes
values in [0, +00). Finally, a quasinorm is said to be £inite provided it is so
when viewed as a quasi-pseudonorm.

Comment 6.23. Compared with Definition 6.22, a slightly more economical
(though ultimately equivalent) way of introducing the notion of quasi-pseudonorm
ona group (G, *, ()7", eg) is by stipulating that { : G — (—00, +0¢] is a function
satisfying (6.111)—(6.113) for some constants Cy, C; € [1, +00). The fact that such
a function is necessarily nonnegative is seen by writing, for each x € G,

0=1y(eq) =Y(x*x7") = C (Y(x) +y(x™)) = Qi1 + COy(x), (6.115)
which forces 1 (x) > 0, as desired. |

Remark 6.24. A simple but useful observation is that the quasi-invariance condi-
tion (6.114) for a quasi-pseudonorm v on a group G may be equivalently rephrased
as (with C; € [1, +00) the same constant as in (6.114))

Y(y*x) <Cy(x*xy), Vx,yeG. (6.116)

Moreover, conditions (6.112) and (6.116) may be consolidated into just one
condition, demanding the existence of a finite constant C > 0 with the property
that

Yx*xy) <Cy(x'xy™), Vx,yegG. (6.117)

Indeed, making x := eg in (6.117) we obtain that ¥ is quasisymmetric with
quasisymmetry constant Cy = C. In addition, using this and (6.117) we further
obtain

Y(y*x) <COH T xx ) =Cy((xxy)™) =C(xxy), Vx,yeq.
(6.118)

Thus v is also quasi-invariant (with constant C, = C?).
Conversely, if ¥ is quasisymmetric (with constant Cy) and quasi-invariant (with
constant C,), then

Y(x*xy) < Cop((xxy)™") = Coy(y ' xx7")
<CGCy(x'xy™).,  Vx,yeg, (6.119)
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i.e., (6.117) holds with C = CyC».

Later on, we will need the notion of the restriction of a quasi-pseudonorm to a
subgroup. In anticipation of this, below we collect the main properties preserved by
taking such restrictions (the reader may find it useful to recall (6.1)).

Lemma 6.25. Let (G, *, ()7, eg) be a group equipped with a quasi-pseudonorm
Y with constants (Cy, Cy). Also, assume that H is a subgroup of G. Then W‘H,
the restriction of the function ¥ : G — [0, 4+0o0] to the set H C G, is a quasi-
pseudonorm on the group H with the same constants (Cy, C1). Furthermore,

v finite = IMH finite, and  quasinorm —> IMH quasinorm; (6.120)

Y quasi-invariant —> 1//‘H quasi-invariant (with the same constant); (6.121)

R _ R L _ L .
Tyly = ‘L’W‘H and Ty = tw‘H, (6.122)
By, (a.r)=Bya,r)NH and VaeH, Vre(0,+00); (6.123)
By, (a.r)=By(a,r)NH and YaeH, Vre(0,+00). (6.124)
Proof. All claims are clear from definitions. O

Conditions (6.112) and (6.113) in the definition of a quasi-pseudonorm may
be naturally regarded as quantitative versions of the (topologically flavored) con-
ditions (6.73) and (6.74), respectively, from Lemma 6.14. Likewise, the quasi-
invariant condition (6.114) is a quantitative version of (6.81). These observations are
at the core of the following result pertaining to the properties of quasi-pseudonorms
on arbitrary groups.

Proposition 6.26. Assume that (G, %) is a group and that  is a quasi-pseudonorm
on G.

(i) The mappings
O (Gry) — (G.ry). (7 (Gory) — (G.ry)  (6.125)

are homeomorphisms (that are inverse to one another).
(ii) Forevery A C G one has

Int(A:7y) = {a € A: 3r € (0.+00) suchthat Bjj(a.r) C A}, (6.126)
Int(A:7;) = {a € A: Ar € (0.400) suchthat Bj(a.r) S A}. (6.127)
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Furthermore,

Bll;(a,r) € L/V(a;rf;) and Bi;(a,r) € L/V(a;rlly‘), YaeG, Vr>0.

(6.128)
In fact, for every a € G and every r € (0, +00)
| Bj(a.r/C) € Iny(Bf(a.r): 7). (6.129)
C>C1
| Bj(a.r/C) € Ini(B(a.r): 7). (6.130)
C>C1

(iii) Foreacha € G

{Bf;(a,r)}

is a fundamental system of neighborhoods of a in rf;,
(6.131)

r>0

{B;(a,r)}

is a fundamental system of neighborhoods of a in tb,
(6.132)

r>0

where Cy € [1, +00) is as in (6.113).
(iv) A sequence (a;)ien < G is right-convergent to a € G with respect to t$ if

and only if for every € € (0, 400) there exists n, € N such that a; € B};(a, €)
whenever i € N satisfies i > n.. Furthermore, a similar characterization of
left-convergence with respect to the topology tdL/ holds.

(v) A sequence (a;)iexn S G is right-Cauchy with respect to ‘L']I; if and only if
it is left-Cauchy with respect to t-. Moreover, either of these conditions is
equivalent to the demand that for every ¢ € (0, +00) there exists n, € N such
that (a; * a;l) < & wheneveri,j € Nsatisfyi > j > n,.

(vi) One has

G is right-complete with respect to t$

<> G is left-complete with respect to rf/;. (6.133)

(vii) If the quasi-pseudonorm \ is actually quasi-invariant, then t$ = r{; = 1y.
Moreover, in such a scenario,

(G, *, ‘L’w) is a topological group. (6.134)

Proof. With the exception of (6.129) and (6.130), all other properties follow directly
from Lemma 6.14 and the comments made just prior to the statement of the
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proposition. To justify (6.129), suppose that a € G and r € (0, +00) are given.
Pick a number C > Cy, along with some element b € B};(a, r/C). In particular,
Y(axb™') <r/C.Now,ife € (0, r(Cl_l—C_l)) andc € B};(b, ¢), then it follows
that

Yaxc ) =y(@xb™)x(bxc) <Ci(¥@axb™)+ydbxc™))
< Ci(r/C+e) <. (6.135)

From this we deduce that Bf; (b,e) C Bf; (a,r) and, further, b € Int(Bf; (a,7); t};)
by (6.126). Hence, ultimately, B};(a, r/C) C Int(B};(a, r); r};), proving (6.129).
Formula (6.130) may also be established in a similar manner, and this completes the
proof of the proposition. O

Remark 6.27. (i) By a quasi-pseudonormed group we will always understand a
group equipped with a quasi-pseudonorm. Hence, stating that (G, V) is a quasi-
pseudonormed group means that G is a group and ¥ is a quasi-pseudonorm
on G. Also, in light of parts (v) and (vi) in Proposition 6.26, given a quasi-
pseudonormed group, we agree to drop the adjectives left/right when referring
to Cauchy sequences and completeness.

(ii) In view of part (vii) in Proposition 6.26, given an arbitrary group G equipped
with some quasi-invariant quasi-pseudonorm v, it is natural to refer to 7y :=
t$ = rf; simply as the fopology induced by y on G.

Comment 6.28. Let (G, *) be a group. As opposed to the case of a genuine
pseudonorm on G, a mere quasi-pseudonorm ¢ on G may not be continuous as
a function from (G, f};) into [0, +o¢]. For example, if (G, *) := (R, 4+) and

x| if x eQ,
Y(x) = VxeR, (6.136)
2|x| if x e R\Q,

then 111; is just the ordinary topology on the real line and ¥ : R — [0, +00) is a
quasinorm that is discontinuous at every point except at the origin. The latter is no
accident. Indeed, as one may readily verify from definitions, any quasi-pseudonorm
Y on an arbitrary group G is continuous (in both the topology t$ and r{;) at the
neutral element e € G. [ |

Comment 6.29. Assume that i is a quasi-pseudonorm on a group (G, *) with
constants (Cy, C1). Then repeated applications of (6.113) give that, for each
X1,..., XN € G,

Y(xp ok -eexxy) < Cr(xy) + CRYr(xa) + -+ CPY ' (xn—r) + CN ().
(6.137)



382 6 Functional Analysis on Quasi-Pseudonormed Groups

Note that, with the exception of the situation when C; = 1 (as in the case of
a pseudonorm), the largest coefficient on the right-hand side of (6.137) increases
exponentially with N. |

The discussion in Comments 6.28 and 6.29 exposes some of the most signif-
icant differences between pseudonorms and quasi-pseudonorms on groups. The
aforementioned shortcomings of quasi-pseudonorms cause significant problems in
applications; hence the case of quasi-pseudonormed groups is more subtle than that
of, say, normed and pseudonormed groups.

A key technical tool in the proof of the quantitative version of the OMT
(formulated in Theorem 6.49) that is brought into play specifically to address the
deficiencies inherent to quasi-pseudonorms is the version of Theorems 3.26 and
3.28 for semigroups and groups. Before stating it, recall that a subset of a topological
space is called nowhere dense if the interior of its closure is empty. Also, recall
that a subset Y of a topological space (X, t) is said to be of second Baire
category provided ¥ may not be written as the union of countably many nowhere
dense subsets [relative to (X, 7)].

Theorem 6.30. Let (G, *) be a semigroup, and assume that ¥ : G — [0, +00] is
a quasisubadditive function, i.e., there exists a constant k € [1, +00) such that

Y(a*xb) < Kmax{W(a), W(b)} forall a,b € G. (6.138)

Fix a number

B € (0, (log, ©)']. (6.139)

Then, for each integer N € N the function vy satisfies

V(a x - xay) < k?

N B
Zw(ai)ﬁ} forall ay,....ay € G.  (6.140)

i=1

In particular, for every sequence (a;)ieny < G one has

o0
sup ¥ (a *---*aN)§x2§Zw(ai)ﬁ} . (6.141)
NeN prt

While in general the function W may not be continuous when G is equipped with
either the topology 111; or the topology ‘L'J;, a closely related property holds under
additional assumptions. Specifically, assume that actually (G, ) is a group and
satisfies (6.138), takes finite values (i.e., ¥ : G — [0, +00)), and is quasisymmetric,
in the sense that there exists Cy € [l + 00) such that (6.112) holds. In such a
scenario, for any sequence (a,)nen € G that converges to some a € G, either in
the topology t$ or in the topology ‘L'J;, one has

K2Cy W(a) < liminfy (a,) < limsupy(a,) < K2Cov(a).  (6.142)

n—oQ
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Finally, if (G, ) is a group and if the function ¥ : G — [0, +00) is quasisymmetric
and satisfies (6.138) and V¥ (eg) = 0, then

‘L']I; and ‘[1]/; are pseudometrizable topologies on G, (6.143)
and the following implications hold:
G complete with respect to t$ = (G, rll;) is of second Baire category, (6.144)
G complete with respect to q]/; = (G, 1'1]/;) is of second Baire category. (6.145)
Proof. All claims are particular cases of Theorems 3.26 and 3.28 specialized to

semigroups and groups. O

The next goal is to present an extension of the classical Birkhoff—Kakutani
theorem formulated in Theorem 6.33. This requires a number of preliminaries,
and we begin by establishing a dictionary between analytical and topological
characteristics of a given group in our next proposition.

Proposition 6.31. Let (G, *, ()7L, eg) be a group, and assume that t is a topology
on the set G. Also, fix a number k € (1, +00).
Then there exists a function ¥ : G — [0, 400) satisfying

Y(x xy) < kmax{y(x),¥(y)} forall x,y € G, (6.146)
Y(x ) =vy(x) forall x eG, (6.147)
Y(eg) =0, (6.148)
N (egity) = N (egit) = N (egiTy) (6.149)

if and only if
e has a countable neighborhood basis in the topology t, (6.150)
the topology t is symmetric, and (6.151)

(GxG,tx1)> (x,¥y) > xxy € (G, 1) is continuous at (eg, eg). (6.152)
Furthermore,

3y G — 0. isfyi
VG = [0,400) sarisfying (6.150)~(6.152) hold and

conditions (6.146)—(6.148) and ; < (6.153)

. T is right-invariant
with the property that t}; =1 8
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and
3¢ 1 G — [0, +00) satisfying (6.150)~(6.152) hold,
(6.146), (6.147), (6.149), ¢ < < tis Hausdorff, and (6.154)
Vs ({0}) = {eg}, and r}; =1 T is right-invariant.

Finally, similar equivalences to those formulated in (6.153) and (6.154) hold
with r{; replacing t$ and “left-invariant” replacing “right-invariant.”

Proof. Assume first (6.150)-(6.152). In particular, let {U,},en be a countable
neighborhood basis in t for eg, i.e.,

{Up}nen € N (eg;t) and YW € A (eg;t) dn € N suchthat U, C W.
(6.155)

Replacing each U, by U; N --- N U, there is no loss of generality in assuming that
the family of sets {U, } e is nested, i.e.,

Up1 CU,,  ¥YneN. (6.156)

Recall that we are assuming that 7 is symmetric. By subsequently replacing each
U,byU,N Un_l, matters are arranged (cf. (6.47)) so that, in addition to (6.155) and
(6.156), the family {U, }, ey also satisfies

U =u,, Vn eN. (6.157)

n

Going further, select a subsequence {V,},en of {U,},en as follows. First define
V1 := Uy; then, making use of (6.152), select W € 4 (eg; t) such that W « W C
V1. Next, pick n; € N such that U,, € W, then set V; := U,,. This scheme may be
inductively continued to produce a sequence {V},}, ey satisfying

V, e N(eg;t) and V31 *x V01 CV,, VneN; (6.158)
VW e #(eg;t) dn € N suchthat V, C W; (6.159)
Vig1 €V, forevery n e N; (6.160)
V' =V, forevery n € N. (6.161)

Indeed, property (6.158) is part of the induction scheme, whereas property (6.159)
is a consequence of (6.155) and (6.156) and the fact that, by design, {V, },en is
a subsequence of {U,},en. Finally, (6.160) is implied by (6.158), while (6.161)
follows from (6.157) and the fact that {V, },en is a subsequence of {U,, },en.
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To proceed, augment {V,, },en to {V, },en, by considering V := G. At this stage,
given k € (1, +00), define the function ¥ : G — [0, +00) by the formula

¥ (x) :=inf{k™" : n € Ny sothat x € V,}, Vxeg. (6.162)

Then (6.147) is immediately seen from (6.161) and (6.162), whereas (6.148) follows
after observing that, by design,

Y ({0}) = () Vo (6.163)

neN

Assume now that x, y € G are given and fix an arbitrary ¢ > 0. Then one can
findn,m € Nsuchthat x € V,,, y € V,, and

K" <Y(x)+e and k" <yY(y) +e (6.164)

Without loss of generality, suppose that m > n. Then it follows from (6.160) that
x,y €V, and, hence, x x y € V,,_; by (6.158) when n > 2 and the definition of 1
when n = 1. Consequently,

Y(x*y) k'™ =k max {k " k") <k max {Y(x) + e Y(y) +¢}. (6.165)

Passing to the limit as ¢ N\ 0 in (6.165) yields (6.146).
Consider next (6.149). Thanks to (6.159), to the fact that v is a quasi-
pseudonorm (as seen from (6.146)—(6.148)), and to (6.128), it suffices to show that
Va1 = Bj(eg.k™") = By(eg. k"), Vn eN. (6.166)

However, for each n € N, making use of (6.61), (6.162), (6.161), and (6.160) we
may write

By(eg. k") = By(eg. k") ={xeG: y(x™) <k}
= {x €G:3meN suchthat k" <« and x ' € Vm}

={xeG:3ImeN suchthat n <m and x € V,,}

= | Voo = Vo, (6.167)

m>n

This establishes (6.149) and concludes the proof of the implication

(6.150)—(6.152) => (6.146)—(6.149). (6.168)
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Consider next the opposite implication in (6.168). To get started, assume that
the function ¥ : G — [0, 400) satisfies (6.146)—(6.149). In particular, (6.146)—
(6.148) imply that v is a quasi-pseudonorm; hence, in view of (6.131) and (6.149),
we see that

BR(eg,n~! } is a countable neighborhood basis
{ vlean™)y g (6.169)

for the element e¢ in the topology .

This proves (6.150). In fact, granted (6.147), it follows that each ball B} (e, n')
is a symmetric set; hence, (6.151) also holds as a result of (6.169). Finally,
since (6.146) readily entails

By(eg.r) * Bj(eg.r) € Bj(eg.kr), Vr e (0,+00), (6.170)

condition (6.152) readily follows from this and (6.169). This concludes the proof of
the implication

(6.146)~(6.149) = (6.150)~(6.152). 6.171)

Moving on, the equivalence in (6.153) follows from (6.168), (6.171), and item (ii)
in Lemma 6.14. Also, the equivalence in (6.154) is readily seen from (6.153), with
the help of (6.163) and the observation that, if {V,},en are as in (6.158)—-(6.161),
then

() Va = {eg} <= tis Hausdorff. (6.172)

neN

Finally, the very last claim in the statement of the proposition is established
similarly, and this completes the proof. O

Comment 6.32. It is instructive to reflect on how the classical Birkhoff-Kakutani
theorem (cf. Theorem 2.77), to the effect that a topological group is metrizable
if and only if the underlying topology is Hausdorff and the identity in the group
has a countable neighborhood basis, fits in the context of the results presented
in this section so far. Concretely, given a Hausdorff topological group (G, ), the
equivalence in (6.154) shows that T may be identified with t};, the right-topology
induced on G by a quasinorm ¥ on the group G. In concert with (6.143), this
shows that 7 is a metrizable topology on G. This completes the proof of the “hard”
implication in the Birkhoff-Kakutani theorem.

Such an approach should be contrasted with what is now considered to be the
standard proof of the Birkhoff—Kakutani theorem, which relies on a Urysohn-type
lemma (cf., e.g., [84], [104, Theorem 1.1.1, pp. 2-3]). |
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Recall that a pseudometric onaset G is afunctiond : G x G — [0, +00)
satisfying

(i) d(x,x) =0, VxeG, (6.173)
(i) dx,y)=d(y,x), Vx,yeaq, (6.174)
(iii) d(x,y) <d(x,2) +d(zy), VYx,y.z€G. (6.175)

The topology 7, induced by a pseudometric d on the set G is defined by
10 :={0 CG:VaecO 3re(0,+o0)suchthat By(a.r) € O}, (6.176)
where for each a € G and r € (0, +00) we have set
Bi(a,r) = {x €eG:d(a,x) < r}. 6.177)

Finally, a pseudometric on a group (G, *) is said to be right-invariant
provided

dixxa,y*a)=d(x,y), Vx,y,aceQaG, (6.178)
and left-invariant if

dlaxx,axy)=d(x,y), Vx,y,acgG. (6.179)

We are now prepared to present a result in the spirit of the Birkhoff—Kakutani
theorem, the main difference being that, when asking the metrizability question, we
no longer assume from the start that the group in question is a topological group
but rather allow this topology to be arbitrary to begin with. As such, this provides
a desirable extension of the classical Birkhoff—Kakutani theorem by fully bringing
the topology into focus.

Theorem 6.33. Let (G, *, ()7, eg) be a group, and assume that t is a topology
on the set G. Then

eg has a countable neighborhood basis in the topology t, (6.180)

(GxG,tx1)3(x,y) > xx*xy € (G,1) is continuous at (eg, eq), (6.181)

the topology t is symmetric and right-invariant (6.182)
if and only if

there exists a finite right-invariant pseudometric on G inducing t. (6.183)
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Moreover,

Aright-invariant metric on G
(6.184)

inducing the topology t on G the topology t is Hausdorff.

g (6.180)—(6.182) hold and, also,

Finally, similar equivalences hold when “right-invariant” is replaced by “left-
invariant.”

Proof. Suppose first that (6.180)—(6.182) hold. Then (6.153) ensures the existence
of a function ¥ : G — [0, +00) satisfying (6.146)—(6.148) and such that t$ =T.
Consider the function ¥ : G — [0, +00) to be the regularized version of i as in
Theorem 3.28. In particular, if 8 € (0, (log, K)_l] is a fixed number, then

Va(x % ¥)P < Y (0)? + yu(y)? forall x,y € G, (6.185)
K2 (x) < Ys(x) < ¥(x) foreach x € G, (6.186)
Vs(x1) = Yy(x) foreach x € G, (6.187)
Yu(eg) = 0. (6.188)

Defining
d:GxG—[0,+00), d(x,y):=[ps(xxy "], Vx,yeG, (6189

one can check without difficulty that (6.173)—(6.175) and (6.178) hold, i.e., d is a
right-invariant pseudometric on G. Moreover, it follows from definitions that

By(a.r) = By (a.r'?). VYaeG., Vre(0 +00). (6.190)

From this and (6.186) we then deduce that t; = rf;. Since we know that rf; =T,
this proves that (6.183) holds.

Consider now the opposite implication. Hence, assume that there exists a right-
invariant pseudometric d on G with the property that t; = 7. Defining the function

¥ G — [0, 400), v(x):=d(x,eg), Vxea, (6.191)

one may readily check that conditions (6.146)—(6.148) are satisfied. In addition,
Bj(a.r) = By(a.r), YaeG, Vre(0 +00), (6.192)
which ultimately shows that rf; = 15 = 1. Hence, the conditions on the left-hand
side of the equivalence in (6.153) are satisfied. As such, Proposition 6.31 gives

that (6.180)—(6.182) hold. This completes the proof of the first equivalence in the
statement of the theorem. Finally, the equivalence formulated in (6.184) is implicit
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in what we have proved so far and (6.154), while the “left-handed” versions of these
results are established analogously. O

We conclude this section by presenting a very useful completeness criterion.
Proposition 6.34. Assume that (G, *) is a group endowed with a finite quasi-
invariant quasi-pseudonorm W with constants (Cy, Cy), and fix a number

B € (0,(1+1log, C)7']. (6.193)

Then the following conditions are equivalent:
(i) (G,*,1y) is complete.
o0
(ii) If the sequence (a,)nen S G has the property that Y ¥ (a,)? < 400, then the

n=1

sequence (a1 ERERE an) converges in (G, *, Ty ).

neN

Proof. To set the stage for proving the implication (i) = (ii), consider (a,),eny C G
with the property that

> wr(an)? < +oo, (6.194)
n=1

and for each n € N define x,, := a; * --- * a,. Let C; € [1, +00) be the constant
from the quasi-invariance condition (6.114) for the quasi-pseudonorm . Then, for
each integers n, k € N, we may write

Y (Xnak x X, ) = Y ((@r * - % apgn) * (@, %% ay"))
< Cy((ay ' * ook ar’) x (@ % x apsr))

= oY (angr * - % Anyk)

< G,(2Cy)?

n+k B
> w(ai)ﬂ§ : (6.195)

i=n

thanks to (6.140) and the fact that ¥ is quasi-invariant (cf. Remark 6.24). In
turn, (6.195) and (6.194) allow us to conclude that the sequence (x,),ex is Cauchy
in (G, ry). Given that we are assuming that (G, ty) is complete, it follows that
(xn)nen converges in (G, ty ), as desired.

As regards the implication (ii) = (i), let (x,),eny € G be a Cauchy sequence in
(G, ty). A standard argument then yields a subsequence (x,, );en With the property
that

Y, xx," ) <27, Viz2. (6.196)
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Consider next the sequence (a;);ey © G defined by

ap = x,, and a; :=x," *x, for i>2, (6.197)

and note that for each i € N with i > 2 we have

okx,) =X, (6.198)

ap x---%a; = Xp, *()C_l *xnz)*"'*(xnifl

ni

Moreover, from (6.196) and (6.197) and the fact that v is finite and quasi-invariant
we obtain

> ya)f = ¥ (xn)” + D vt x,),
i=1 i=2

< Y ()’ + €I (x, xxt )

i=2

o0
< Y() +C Y 27 < oo, (6.199)
i=2

In concert with (6.198) and the current hypotheses, this implies that the sequence
(xn,)ien is convergent in (G, *, ). Since this is a subsequence of the Cauchy
sequence (X,).en, it follows that the latter is also convergent in (G, *, 7y ), as
desired. O

6.3 Quotient, Pullback, and Push-Forward
Quasi-Pseudonorms

To facilitate the subsequent presentation, we first discuss some preliminary material.
Let (G, *) be a group. Recall that a subgroup H of G is said to be normal provided

x+xhxx'eH  VxeG and Vhe H. (6.200)
As is well known, (6.200) is equivalent to

xxyeH<< yxxecH, Vx,y€egG, (6.201)
and, further, with the condition that the left and right cosets of H in G coincide, i.e.,

xxH=Hx*xx, VxegG. (6.202)
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Given a normal subgroup H of a group (G, *, ()7 eg), abbreviate
[x] =x*xH = H % x, Vxea, (6.203)
and define

G/H = {[x] DX € G}. (6.204)

Considering the binary operation and inverse
X]* [y :=[x*yl. [x]':=k"", Vx.yeG. (6.205)
which are unambiguously defined thanks to the fact that H is normal, and
setting e/n = [eg], it follows that (G/H, %, ()" eg/u) is a group, called the

quotient of G modulo H.In such a scenario,the canonical projection
of G onto G/H is defined by the formula

ny :G— G/H, nmykx):=][x], VxegG. (6.206)
It follows that
gy € Hom (G, G/H) is surjective and Kermwy = H. (6.207)

Definition 6.35. Assume that G is a group and that 7 is a topology on the set
G. Given a normal subgroup H of G, the quotient topology tg/m on G/H,
relative to tg, is defined as the largest topology on the set G/H with the property
that the function

TTH . (G, ‘L’G) —> (G/H, TG/H) (6208)

is continuous.
In the context of Definition 6.35, it is relevant to remark that an explicit formula for
the quotient topology 7,z is
tgu = {0 € G/H : 7' (0) € 15}. (6.209)
To further introduce notation that will be useful later, we explicitly record a most
basic result in the theory of groups in the theorem below.

Theorem 6.36 (First Fundamental Isomorphism Theorem). Let G and S be
two groups, and assume that T € Hom (G, S). Then Ker T is a normal subgroup
of G and the function

T:G/KerT — S, T(x]):=T(k), ¥xeG, (6.210)



392 6 Functional Analysis on Quasi-Pseudonormed Groups

is the unique homomorphism in Hom (G/Ker T, S) with the property that

T o xer = T. 6.211)
Moreover,
T € Hom (G/KerT, ImT) is an isomorphism. (6.212)

We continue with a proposition that clarifies some of the most basic properties
of quotient topologies, introduced earlier.

Proposition 6.37. Let G be a group, and suppose that tg is a topology on the set
G such that all right-shifts (or all left-shifts) on G are continuous with respect to
7. Also, assume that H is a normal subgroup of G. Then the following assertions

hold.
(1) The quotient topology on G/H may be described as

to/n = {mu(0): O € 15}. (6.213)
(2) In the context
my 2 (G,tg) — (G/H, ‘CG/H), (6.214)
the canonical projection wy is continuous and open.

(3) If (Y, ty) is a topological space and ¢ : G/H — Y is a function, then

:(G/H,t — (Y, 1 is continuous
¢ (G/H.,t6/n) (Y, ty) } (6215)

(open, surjective, respectively)

pomy : (G, ‘Eg) —> (Y, ty) is continuous
(open, surjective, respectively).
(4) Suppose that (S, o) is a group and ts is an arbitrary topology on the set S, and

assume that T € Hom (G, S). Associated with this homomorphism, consider T
as in (6.210). Then

T : (G/Ker T, tGker) —> (S, 7s) (6.216)
is continuous if and only if T : (G, 1) — (S, ts) is continuous. Moreover; the

Sunction (6.216) is a homeomorphism if and only if T : (G, tg) — (S, ts) is
surjective, continuous, and open.
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Proof. We begin by observing that

W(u0)=Jxx0=JOoxx. VvOCG, (6.217)

x€H x€H

given that H is a normal subgroup of G, and
my(ny'(0)) = 0, VYO C G, (6.218)

since wy is surjective. In turn, from (6.217) and the nature of the topology tz we
deduce that

7y (7t (0)) € 16, VO €. (6.219)
Consequently, for every Oy, O, € tg we may write

71(01) N 7117 (03) = g (77 (71 (01) N 711 (0)))

— (n,;l (1 (01) Ny (nH(oz))), (6.220)

belongs to 7 belongs to 7

by (6.219) and (6.218). Since 7wy (¥) = @, 7y (G) = G/H, and | 7y (0;) =
i€l
(| O;) for any family of subsets (O;);e; of G, we may ultimately conclude
iel
that

t:={7u(0): O € 1g} isatopologyon G/H. (6.221)

Moreover, (6.219) implies that 7y : (G, tg) — (G/H, t) is a continuous function.
This forces T C 7,y (cf. Definition 6.35). To prove the opposite inclusion, consider
an arbitrary set A € 7g/y. Then the continuity of 7y entails O := n,}l(A) €
7g. Hence, A = m(0O) for some O € tg, by (6.218). This finishes the proof
of (6.213). In the process, we have also established that the canonical projection
g is continuous and open in the context of (6.214).

Next, suppose that (Y, ty) is a topological space and that ¢ : G/H — Y isa
given function. If ¢ : (G/ H, g/ H) — (Y, ty) is continuous, then, by what we have
proved in part (2), the composition ¢ o 7y : (G, 76) — (Y. ty) is also continuous.
Conversely, if the function ¢ o 7y : (G, ‘L'G) — (Y, 1y) is continuous, then O :=
n,;l (qo_l(U )) € 1 forevery U € ty. Based on this, on the fact that the canonical
projection is open, and on (6.218), we then deduce that ¢ ~'(U) = 7y (0) € t6/n
for every U € ty. This shows that ¢ : (G/H, rG/H) — (Y, ty) is continuous,
completing the proof of the version of the equivalence in (6.215) pertaining to
continuity. In the case when o is open in the contextof (6.215) andif U € 16,5,
it follows from (6.213) that there exists O € 75 such that U = w5 (0). In such a
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case, we conclude that ¢(U) = (¢ o mgg)(U) € ty; hence, ultimately, ¢ is open.
The remaining implications in (6.215) are clear from definitions, and this completes
the proof of the claims made in part (3).

Finally, the claims in part (4) are consequences of (6.211) and what we already
established in parts (3) and (2) (the latter used here with H := Ker T). O

To set the stage for introducing the quotient quasi-pseudonorm (cf. Com-
ment 6.39 below), we discuss the following result.

Proposition 6.38. Let G be a group, and suppose that ¥ : G — [0, +00] is a given
function. Also, assume that H is a normal subgroup of G, and define

¥ :G/H — [0,+00),  ¥(x]):=inf{y(y): yex]}, VxeG.
(6.222)

Then the following properties hold.

(1) Forevery x € G one has &([x]) = inf{l/f(x xh): he H} = inf{w(h * X) -
he H}. Moreover, @(eg/H) = 0 provided Yy (eg) = 0.

(2) One has (@ )_1 ({0}) - {eG/H} if and only if H is closed in (G, rf;), if and only
if H is closed in (G, Tx/L/)

(3) If ¢ satisfies the quasisubadditivity condition (6.113), then for every x,y € G

V(I D = (XD + v (D), (6:223)
where C; € [1,+00) is as in (6.113). R R
(4) If ¥ satisfies the quasisymmetry condition (6.112), then ¥ ([x]™") < Co ¥ ([x])

for every x € G, where Cy € [1, +00) is as in (6.112).
(5) If ¥ satisfies the quasi-invariance condition (6.114), then

V(] DI *[x]) <G YY) forevery x,y €G,  (6.224)
where Cy € [1,+00) is as in (6.114).
(6) If my denotes the canonical projection of G onto G/H, then for any a € G and

any r € (0, +00) one has

TH (Bf;(a,r)) = B,]l;(er(a),r) and 1y (B{;(a,r)) = B;;\(JrH(a),r). (6.225)

Furthermore, if ‘L’g I and t(L; H denote the quotient topologies on G/ H relative
to t}} and ‘L'J;, respectively (in the sense of Definition 6.35), then

o = r% and T,y = z%. (6.226)

Before presenting the proof of this result, we make some relevant remarks
pertaining to its significance.
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Comment 6.39. (i) An upshot of Proposition 6.38 is that if ¥ is a quasi-
pseudonorm on G, then @ is a quasi-pseudonorm on the quotient group G/H.
As such, it is natural to refer to l///\ as the quotient quasi-pseudonorm
induced by ¥ on G/H . Note that, as seen from Proposition 6.38, the quotient
quasi-pseudonorm @ is quasi-invariant on G/ H if v itself is quasi-invariant on
G. Moreover, ¥ satisfies the nondegeneracy condition (¥ )_l ({0}) = {ec/u}
whenever v vanishes at eg and H is closed (with respect to either ‘L':; or tb).
In particular, under such a condition on H and assuming that v is a quasi-
pseudonorm on G, it follows that l///\ is a quasinorm on the quotient group G/H .
(i) In light of part (vii) in Lemma 6.14, under the assumptions in part (5) of
Proposition 6.38, we have R = L. In such a scenario, we will simply use

the symbol T to denote either of these two identical topologieson G/H. W
We now turn to the task of presenting the following proof.

Proof of Proposition 6.38 The claims in part (1) are clear from (6.222) and (6.203).
Regarding the claim in part (2), consider first the case when H is closed in (G, r};).
In this scenario, let x € G be such that {//\([x]) = 0. In view of part (1), it follows
that for each n € N there exists h, € H such that ¥ (h, * x) < n~'. This entails
h,' € H N Bj(x,n™") forevery n € N; hence, H N B (x,n~") # 0 for every
n € N. Thus, ultimately, x € Clo (H ; rll;) = H. Consequently, [x] = eg/n, which
proves that (1} )_l ({0}) < {ec/u}-

Conversely, suppose the aforementioned inclusion holds and pick an arbitrary
element x € Clo (H ; ‘L’,};). Then for every n € N there exists an element , € H
such that i, € H N B (x,n™"). This forces y(h,' * x) < n~' foreveryn € N
and, further, @([x]) = 0 by part (1). Granted the current hypotheses, we therefore
necessarily have [x] = eg/y. Thus, ultimately, x € H, which goes to show that
Clo (H; t};) = H, as desired. The case when r]I/; is considered in place of rf; is
treated analogously, and this finishes the proof of the claims made in part (2).

Consider next the claim made in part (3). Concretely, assume that v is quasisub-
additive with constant C; € [1, +00), and pick two arbitrary elements x,y € G.
Also, fix an arbitrary number ¢ > 0. Then there exist &1, h, € H such that

Y(x ) < P(x]) +e/C1), Y *h) <¥(y]) +e/(2C1). (6.227)

Also, since H is normal, there exists i3 € H with the property that y x h3 = hy *x y
(specifically, h3 := y * hy * y~! € H). Consequently,

Y ((x % p) % (s % o)) = Y ((x % hy) % (9 % ha)) < CL(W(x % hy) + Y (y * ho))
< Ci(Y(Ix]) + £/ 2C1) + ¥ ([Y]) + &/2CY)
=G (YD) + ¥ ([]) +e. (6.228)
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Together with the results proved in part (1) and the first formula in (6.205), this
yields

Y ([x] * YD) < CL(¥(x]) + ¥ () + e (6.229)

Hence, since the number ¢ > 0 was arbitrarily chosen, we arrive at the conclusion
that @([x] *[y]) < C (1’/;([)(]) + 1’/7([)1])) This concludes the proof of the claim
made in part (3).

Moving on to the claim made in part (4), suppose that the function ¥ is
quasisymmetric with constant Cy € [1, +00), and fix an arbitrary element x € G.
Also, let ¢ > 0 be arbitrary and, using the results proved in part (1), select h € H
such that ¥ (x x h) < @([x]) + &/ Cy. Finally, consider 2’ := x x h™' x x~! € H.
Then

YT ) =y kT < Coyx xh) < Cor([x]) 8 (6.230)

which, ultimately, implies (cf. the second formula in (6.205)) that @([x]_l) <

Co ¥ ([x]), as desired.

Next, consider (6.224) in the case when  satisfies the quasi-invariance condi-
tion (6.114). In such a scenario, pick two arbitrary elements x,y € G and some
number ¢ > 0. Also, select some & € H with the property that

Yy *h) <y (y]) +e/Co (6.231)

Then, since i’ := x ' «hxx € H, we may estimate, based on (6.205), part
(1), (6.114), and (6.231),

V(T I x X)) = (T xyrx]) Sy xy xx kb
=y xyxhxx) < Coy(yxh)
<Gy +e (6.232)

where C; € [1,400) is as in (6.114). Now (6.224) follows upon letting ¢ ~\, 0
in (6.232). This completes the proof of the claim in part (5).

As far as the first formula in (6.225) is concerned, observe that if x,a € G and
r € (0, +00) are such that ¥ (a * x~') < r, then

Y(al« ™ =y (axx]") < y@*xx") < (6.233)

Hence, my(x) = [x] € B,:;([a],r) = B{;(nH(a),r), proving the left-to-right

i,r\lclusion. In the converse direction, if x,a € G and r € (0, +0o0) are such that
W([a]*[x]_l) < r, then there exists 7 € H with the property thatl/f(a*x_l*h) <r.
This implies that 7~! * x € Bg(a, r), and we also have 7y (h™" * x) = [x] since
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x'xh 'xx € H.Thus, [x] € my (Bg(a, r)), as desired. This concludes the proof
of the first formula in (6.225), and the second one is established similarly.

Going further, assume that O € rg/H, and fix some a € G with wy(a) € O.
Thena € 7' (0) € t}; by (6.209). As such, there exists r > 0 with the property
that Bg(a, r) C Jr;l(O), which further entails B,:;(nH (a),r) = gy (Bll;(a, r)) -

O, thanks to (6.225). All things considered, this argument proves that O € r%;\;

hence, ultimately, ‘L'g m S t% To prove the opposite inclusion, given an arbitrary

set O € ‘C,:;, the goal is to show that 7;;'(0) € rf; (cf. (6.209)). To this end, fix

some arbitrary a € 7j;'(0O) and note that this implies that 7y (a) € O € r,]l;.

Consequently, there exists » > 0 such that B,\(JrH(a) r) € O, which, in view

of (6.225), implies that 74 (B}f (a, 7)) € O and, further Bj(a,r) C wy'(O). Thus,
n;'(0) € r};, completing the proof of the first formula in (6.226). The second
formula in (6.226) is dealt with analogously. This concludes the treatment of the
claims made in part (6) and completes the proof of the proposition. O

To state our next result, which further augments the list of properties from
Proposition 6.38, the reader may find it useful to recall the convention made in
part (ii) of Comment 6.39.

Proposition 6.40. Let (G, *) be a group, and let the function ¥ : G — [0, 400)
be quasi-invariant and quasisubadditive. In addition, assume that H is a normal
subgroup of G and define \ as in (6.222). Then

(G,*,w) complete — (G/H,*,r;;) complete. (6.234)

Proof. The fact that Proposition 6.38 guarantees that 1///\ is a quasi-invariant, qua-
sisubadditive function on the quotient group G/H opens the door to implementing
the completeness criterion described in Proposition 6.34. To do so, recall from
Proposition 6.38 that the constants (Cy, C;) of the quasi-pseudonorm ¥ on G may
also be regarded as the constants of the quasi-pseudonorm 1///\ on G/H. Hence, in
agreement with (6.193), fix a number 8 € (0, (1 + log, Cl)_l] and assume that
([xn])n oy & G/H is a sequence with the property that

Z ([xa])” < +o0. (6.235)

Based on part (1) of Proposition 6.38, for each n € N there exists , € H such that
V(0 % hy) < Y ([xa]) +27" (6.236)

Hence, given that 0 < 8 < 1, we may estimate

>« )P < Z( ) +27) = D (T +27%) < 400,
- "~ " (6.237)
thanks to (6.235).
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Given that the function ¥ : G — [0, 400) is quasi-invariant and quasisubad-
ditive on the group (G, *), and since we are assuming that (G, *, Ty ) is complete,
Proposition 6.34 may be invoked to conclude that there exists y € G with the
property that

the sequence {(xl s hp) x -k (0, % h,,)}  converges to y in (G, *, 7y). (6.238)

ne

Now, the fact that H is a normal subgroup of G (cf. (6.200)) allows us to find, for
each n € N, an element i/, € H with the property that

1

(xpshy) skeoesk (g, % hy) * 0 = (] kX k-0 % Xy *xn)*y_l *h;. (6.239)

As such, for each n € N we may estimate

a(([xl] * o] x e f]) + [Y]_l) = P ([x1 * X2 %% x, % 7))
< Y((orn kX0 %ok X % X *y—l)*h;)
4

(Cep s Ry e (% By ) % y71).
(6.240)

Since (6.238) forces the limit of the last expression in (6.240) to vanish as n — oo,
we obtain that

Tim 7 ((bxr] % ] #oox [l) = []7) = 0. (6.241)

To sum up, for any sequence ([xn])neN C G/H satisfying (6.235) there exists y € G
with the property that

the sequence {[xl] * ek [x,,]}neN converges to [y] in (G/H, x, r;;). (6.242)
Hence, Proposition 6.34 applies and gives that (G/ H, x, TT[) is complete. O

Definition 6.41. Let G and S be two groups, and assume that ¢ : S — [0, +00] is
an arbitrary function. Given T € Hom (G, S), define the pullback of ¥ under T
as the function

V:G—[0,+00, Y(x):=v(Tx), VxeG. (6.243)

We now proceed to discuss the properties of the pullback of a quasi-pseudonorm
under a group homomorphism.
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Proposition 6.42. Let (G, x) and (S, 0) be two groups, and assume that { is a
quasi-pseudonorm on S. Also, suppose that T € Hom (G, S) and define ¥ as
in (6.243). Then the following claims are valid.

(1) The function ’1/7 is a quasi-pseudonorm on G with the same constants as those
of the quasi-pseudonorm  on S.

(2) One has

¥ quasi-invariant —» Al/; quasi-invariant (with the same constant), (6.244)

Y quasinorm and T injective — i\h/ quasinorm. (6.245)
(3) The following formulas hold:
T (By(Ta.r)) = B%(a, ), T~ (By(Ta.r)) = B%(a, r)  (6.246)
foreverya € G and every r € (0, 400). In particular,
T : (G, ‘E»l%) — (S, 1’3;) and T : (G, t;%) — (S, rb) are continuous. (6.247)
(4) Foreverya € G and every r € (0, 400) one has

(a.r)) = (ImT) N B};(Ta, r),
(6.248)
(a,r)) = (Im T) N B]];(Ta,r).

As a consequence, the following equivalences are valid:
ImT openin (S, rf;) — T :(G, r;%) — (S, t};) is open,  (6.249)
ImT openin (S,t;) <= T : (G, riv) — (S, 1) isopen.  (6.250)
(5) One has

Y finite and quasi-invariant
ImT closedin (S,ty) ¢ — (G,*,q) complete.  (6.251)
(S,0,7y) complete

Proof. With the exception of part (5), all other claims are straightforward con-
sequences of definitions. Concerning the implication in part (5), assume that the
assumptions stipulated on the left-hand side of (6.251) hold. We already know
from the first part in the proof that ’17// is a quasi-invariant quasi-pseudonorm on
the group G and with the same constants (Co, C;) as ¥. To proceed, pick some
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B € (O, (1 + log, Cl)_l] and assume that (a,),ey € G is a sequence with the
property that

o0
> Vlan)? < +oo. (6.252)
n=1
In view of (6.243), this gives
o0
> ¥(Ta,)! < +oo, (6.253)
n=1

and since (S, o, 7y ) is complete, Proposition 6.34 applies and gives that there exists
y € § such that

{(Tal) o(Tay) oo (Ta,,)} . is convergentto y in (S, 0,7). (6.254)
ne

However, for each n € N we have (Tay) o (Tay)o---o(Ta,) = T(a; *---*xay,) €

Im7, and we know that Im T is closed in (S, o, 7). Consequently, the limit y

belongs to Im 7', i.e., there exists @ € G such that Ta = y. Keeping this in mind

allows us to reinterpret (6.254) as

0= lim w(T(al %k dy) O (Ta)_l) = nli)ngoa((al ¥k dy)ka )
(6.255)

or, equivalently,

{al *az*"'*an}n

o is convergentto a in (G, *. ‘L'I;). (6.256)

With this in hand, the completeness criterion described in Proposition 6.34 gives
that (G, *, t@) is complete, thus completing the proof of the proposition. O

Comment 6.43. In the context of Proposition 6.42 it is natural to refer to the
function ¥ defined in (6.243) as the pullback quasi-pseudonorm of ¥ to
G under the group homomorphism 7 € Hom (G, S). |

We continue by presenting yet another basic property of the pullback that will be
relevant for us later.

Proposition 6.44. Let (G, x) be a group, and assume that tg is a topology on the
set G. Also, let (S, 0) be an Abelian group, and suppose that ¥ : S — [0, 400) is
a quasisubadditive and quasisymmetric function, in the sense that there exist finite
constants k, Cy € [1, +00) such that

Y(aob) < /cmax{l//(a), 1//(b)} forall a,b €S, (6.257)

V(a™") < Coy(a) foreach a € S. (6.258)
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In addition, assume that (S, o, ty) is complete.
Finally, assume that T € Hom (G, S) is such that its graph, 9r, is a closed
subset of (G x S, tg x ty). Then for every number f € (0, (log, K)_l] one has

7(x) < K4C0{Z {E(x,-)ﬂ}l/ﬂ, VxeG and ¥ (x))wen € G (6.259)
i=1

with the property that the sequence (x| * - -+ % X )yeN converges in 1 to X,

where FI/‘/’ denotes the pullback to G of the function ¥ under the group homomor-
phism T.

Proof. Fix B € (0, (log, k)~'], and consider x € G and (x,),en € X such that
(x1% -+ % x,), ., convergesin 7 to x. (6.260)

Also, without loss of generality, assume that

DU (Tx)f =D ()P < 4o (6.261)

n=1 n=1
Then for each k € N we have

Y ((Txy) 00 (Txygr)) < KZ{Z w(Txi)ﬂ}l/ﬂ —>0 as n— 0o, (6.262)

based on (6.141) and (6.261). This shows that ((Txl) 0:-+0 (Txn))neN is a Cauchy
sequence in (S ,0, rw) (recall that S is assumed to be Abelian). Since the latter is
assumed to be a complete group, we deduce that there exists y € S with the property
that

the sequence (T (x; % -+ x,)), g = ((Tx1) 0+ 0 (Txy)), oy 6.263)
convergesto y in (S,0,1y).

From (6.260), (6.263), and the fact that T is a group homomorphism whose graph

@r is a closed subset of (G x S,76 x ), we may conclude that y = Tx.
Consequently,

Y(Tx) = () =y lim (Tx) o0 (Tx,))

IA

K2Colimsup ¥ ((Tx1) 0 -+ 0 (Tx,))

n—o00

K4C0{§: W (Tx;)P }l/ﬁ, (6.264)

i=1

IA
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by (6.263), (6.142), and (6.141). Now (6.259) follows from (6.264) and (6.243). O
Moving on, we make the following definition.

Definition 6.45. Assume that G and S are two groups and that v is a quasi-
pseudonorm on G. In addition, suppose that a surjective group homomorphism 7" €
Hom (G, §) has been given; in particular, T: G/KerT — S is an isomorphism (cf.
Theorem 6.36).

Then the push-forward of the quasi-pseudonorm ¥ via the surjective group
homomorphism 7 is defined as the pullback to S of the quotient quasi-pseudonorm

¥ on G/Ker T under the group homomorphism (7"\)_1 € Hom (S, G/KerT).

Hence, if ¥ denotes the push-forward of ¥ via T in the manner and conditions
specified in Definition 6.45, it follows that

V:S >[040, ¥ :=9(T)'x), Vxes. (6.265)

By further deobfuscating the notation, we obtain
Y(x)=inf{y(2): ze T'({x})}, Vxes. (6.266)
Other relevant properties of the function (6.265) are described in our next theorem

(for the last item, see also the comments right after its statement).

Theorem 6.46. Let (G, x) be a group equipped with a quasi-pseudonorm . Also,
suppose that (S, o) is another group, and assume that T € Hom (G, S) is given a
surjective homomorphism. Finally, denote by Vr the push-forward of y via T in the
sense of Definition 6.45. Then the following properties hold.

(a) The function V is a quasi-pseudonorm on S, with the same constants (Cy, Cy)

as .

(b) For any topology ts on the set S one has the equivalences

T : (G, ‘L']l;) — (S, 15) is continuous and open <= t5 = t%, (6.267)
T : (G, r]I/j) — (S8, ts) is continuous and open < 15 = r%. (6.268)
As a corollary,
r% Cts = T:(G, tg) — (S, 15) open, (6.269)
r% Cts = T:(G, r{;) — (S, 15) open. (6.270)
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Hence,

Ts is right-invariant and

= T:(G.rp) = (S, . (6271
B§(65’r)ef/1/(€s;fs), Vr>0} (G, 7y) — (S, 5) open, ( )

Ts is left-invariant and

= T :(G.1y) — (S.75) open. (6.272

B%(eg,r) € N(es;ts), V1 > O} (G.7y) = (S.75) op ( )

(c) If Y is quasi-invariant, then so is Y and with the same constant.

(d) If ¥ is finite and quasi-invariant, and if (G, *, rw) is complete, then (S, o, 17)
is complete.

Proof. Recall that the function 1 is obtained from v by first passing to the quotient
quasi-pseudonorm i on G/Ker T then taking the pullback of this to S under the

group homomorphism (’7\”)_l € Hom (S , G/Ker T). Since both operations preserve
the quality of being a quasi-pseudonorm as well as the associated constants (cf.
Proposition 6.38, Comment 6.39, and Proposition 6.42), the claim in part (a)
follows. The claim in part (c¢) is justified similarly, based on (6.224) and (6.244),
while the claim in part (d) is seen with the help of Proposition 6.40 and (6.251).

There remains to consider the claims made in part (b). To this end, assume that
Tg is a topology on the set S with the property that

T :(G, r]};) — (S, 7g) is continuous and open. (6.273)

Now, T € Hom (G, S) is known to be surjective, and recall (from part (6) in
Proposition 6.38) that rg Ker T denotes the quotient topology on G/Ker T relative

to r};. As such, part (4) of Proposition 6.37 applies and gives that the assumption
just made is equivalent to the condition that

T:(G/KerT, 6 jkerr) — (S.Ts) is a homeomorphism. (6.274)
In particular, since such a condition determines ts uniquely, this shows that there
could be only one topology s on the set S that does the job specified in (6.273).

Having established this, there remains to show that

T: (G/Ker T, rg/KerT) — (S, r%) is a homeomorphism. (6.275)

Of course, since this function is bijective (cf. Theorem 6.36) and since tGR Ker T = r%
by (6.226), condition (6.275) is further equivalent to the demand that

(7"\)—1 2 (S, r%) —> (G/KerT, r%) is continuous and open.  (6.276)
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This, however, follows from Definition 6.45, (6.247), and (6.249). To summarize,
the only topology zs on S that makes 7 : (G, r};) — (S, tg) continuous and open

is t% In a similar manner, one can show that the only topology 75 on S that makes

the function T : (G, ‘L’J;) — (S, 15) continuous and open is k. This takes care of

the equivalences stated in (6.267) and (6.268), and the implications in (6.269) and
(6.270) are obvious consequences of them (e.g., T : (G, t};) — (S, ‘L’%) is open

according to (6.267) and the fact that r% C 15 makes T : (G, ‘L’$) — (S, 1y)
open). Moreover, since if tg is right-invariant we have that t% C 7y if and only
if B%(eg,r) € N (es;ts) for each r > 0, the implication in (6.271) follows

from (6.269). Finally, (6.272) is proved similarly. This completes the proof of the
claims made in part (b) and the proof of the theorem. O

We further augment the results established in Theorem 6.46 with the following
proposition.

Proposition 6.47. Assume that (G, *) is a group equipped with a finite, quasi-
invariant, quasi-pseudonorm W, with constants (Cy, Cy), with the property that
(G, *, ‘L’w) is complete. Fix a subgroup H of the group G. Next, suppose that (S, o)
is a group andthat T € Hom (H, S) is surjective. Also, assume that ts is a topology
on S for which 9y is a closed subset of (G x 8,1y X ‘1,'5). Finally, denote by Vr the
push-forward of the restriction of ¥ to H via T, in the sense of Definition 6.45, and
fix a number B € (O, (1 4+ log, Cl)_l]. Then

- oo 1/B
4 B
V() < (2C1) co{n;w(bn) b7 ¥besS and Y (buenc S 6277

with the property that (b o - - - 0 b,)nen is ordinarily convergent in ts to b.

A few comments regarding the nature of the conclusion are in order. First, the
elementary properties of the restriction of a given quasi-pseudonorm to a subgroup
were recorded in Lemma 6.25. Second, the reader may wish to review the discussion
in Comment 6.17 in relation to the notion of convergence employed here. Third,
even though ¥ is known to be quasisubadditive and quasisymmetric, the estimate
in (6.277) is not a direct consequence of (6.141) and (6.142). This is because the
latter formula requires that convergence takes place in the topology induced by ¥
either from the right or from the left on S, whereas in (6.277) we only assume that
(b1 0-+-0b,),en is ordinarily convergent to b in the topology ts.

Proof of Proposition 6.47 To get started, assume that the quasi-pseudonorm  is
finite and quasi-invariant, that (G, *, W) is complete, and that tg is a topology on
S such that ¢ is a closed subset of (G x 8,1y X rg). Also, fix some number
B € (0. (1 + log, C)™"], and assume that b € S and (b,),en € S are such that

(b1 o---0b,),en is ordinarily convergentto b in tg. (6.278)
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oo —_—
If 3 ¥ (h,)? = 400, then the inequality in (6.277) is trivially satisfied, so assume
n=1

in v;hat follows that
o0
D V)P < +oo. (6.279)
n=1

To proceed, fix an arbitrary ¢ > 0. Making use of (6.266), for each n € N it is
possible to select an element @, € H such that

Ta, = b, and V(a,) < ¥(b,) + 27", (6.280)
Consequently,
Sw@) <Y Fo) +e27) < S Yo+ 2 < too, (6.281)
n=1 n=1 n=1 n=1

by (6.280) and (6.279). In turn, since v is a finite quasi-invariant quasi-pseudonorm
with the property that (G, *, w) is complete, from (6.281) and Proposition 6.34 we
deduce that there exists some a € G such that

the sequence (a1 ERRRE 3 an)nE converges to a in (G, *, 7y). (6.282)

N

Now, (6.280) and the fact that 7 € Hom (H, S) imply

T(ay *---xa,) = (Ta;)o(Tay)o---o(Ta,) =byo---0b,, VneN.
(6.283)

Hence, from (6.278), (6.283), and the assumption that ¢, the graph of T, is a

closed subset of (G xS, Ty X ‘Es), we conclude thata € H and Ta = b. In concert
with (6.266), this yields

¥ (b) < ¥(a). (6.284)

On the other hand, from (6.282), (6.142), (6.140), and (6.281) we obtain

==

Y(a) < (2C))*Colimsup Y (ay * -+ x a,) < (2C1)*Cy

Zw(af)ﬂ}
i=1

o] [ee] %
< Q2C)'C D T+ 2 § : (6.285)
n=1 n=1

At this stage, (6.277) follows from (6.284) and (6.285) after letting & \ 0. O
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6.4 A Quantitative Open Mapping Theorem

One of the cornerstones of modern functional analysis is the open mapping theorem
(OMT), also known as the Banach—Schauder theorem. This fundamental result
states that any continuous, surjective, linear operator between two Banach spaces is
an open map. More specifically, if X and Y are Banach spaces, andif T : X — Y
is a continuous, surjective, linear operator, then 7'(U) is an open set in ¥ whenever
U is an open setin X.

The proof of the classical OMT (cf., e.g., [108]) makes use of the Baire category
theorem, and completeness of both X and Y is an essential hypothesis. For instance,
the theorem may fail if either space is assumed to be just a normed space. Relevant
examples, which are probably part of the folklore, are as follows. First, let (Y, ||-||y)
be a Banach space, and pick an arbitrary linear functional A on Y. Define X to
be the same vector space Y, this time equipped with the norm || x| x = ||x|y +
[{A, x)|. In this setting, consider 7" to be the identity operator. Then 7T is bijective
and continuous since, trivially, ||x|ly < |x|x. Now, if (X, || - ||x) were complete,
this would entail, by the OMT, that T~ is also bounded, hence, ultimately, that
I llx = | - |ly- In turn, this would imply that A is continuous. However, there are
Banach spaces (necessarily of infinite dimension) for which there exist unbounded
linear functionals. This proves the necessity of the completeness of X in the context
of the OMT. As for the necessity of ¥ being complete, a simple counterexample
is provided by taking both X and Y to be the space of continuously differentiable
functions on [0, 1], X equipped with the norm || f|lx := sup|f| + sup|f’|, ¥
equipped with the supremum norm, and 7 the identity operator.

That being said, the OMT continues to hold if both X and Y are F-spaces
(this was originally proved by S. Banach in [13]; see also [69, Corollary 1.5, p. 10]
for a more recent discussion). Recall that an F-space is a vector space furnished
with a complete, additively invariant metric for which the scalar multiplication is
separately continuous in each variable. It is therefore natural to search for other
weaker contexts in which appropriate variants of the OMT are still valid. For
example, on the algebraic side, it is natural to consider open-mapping-type theorems
on groups (as opposed to vector spaces), equipped with certain topologies, since the
conclusion one seeks (i.e., that the mapping in question is open) does not depend on
the presence of an underlying vector space structure.

The discovery in the early 1930s (cf. [12]) of the fact that a suitable version
of OMT holds for complete metric groups (satisfying additional hypotheses)
eventually led to the development of a subbranch of functional analysis consisting
of a collection of theorems aimed at identifying sufficient conditions ensuring that a
surjective morphism (in a suitable algebraic/functional analytic framework) is open.
Typically, such theorems are still called “OMTS,” and many important results of this
sort are already known (cf., e.g., [22,41,52,63, 64,71, 83,98, 102] and references
therein).

As was already mentioned, some of the most general formulations of the OMT
are in the setting of complete metrizable topological groups. Here the goal is to
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further sharpen such results by weakening the hypotheses pertaining to the nature of
the topologies considered on the groups in question. The main result in this section is
Theorem 6.49 below. As a preamble, in the next lemma we isolate a useful technical
ingredient.

Lemma 6.48. Assume that (G, *) is a group and that ¥ : G — [0, +00] is an
arbitrary function. Also, let (S, o) be a group, and suppose that ts is a symmetric,
right-invariant topology on S. Finally, consider T € Hom(G, S) with the property
that there exists r € (0, +00) such that

c1o(T(B,f;(eG, r); TS) € N (es: ). (6.286)
Then for every A € G one has
Clo(T (A): zs) Ucm( (BR(a.r); rg) (6.287)
acA

Finally, a similar inclusion holds when “right-invariant” is replaced by “left-
invariant” and “right balls” are replaced by “left balls.”

Proof. From (6.286) we have V := Clo(T(Bf;(eG,r));tS) € N (es;ts), and
since the topology s is symmetric, it follows from (6.47) that V™! € A (eg: t5).
Hence, if weset W := V N V™! then

W e N(sits), WCV, and W '=W. (6.288)
Next, consider a set A C G, and fix an arbitrary element

y € Clo(T(A); t5). (6.289)

Since (6.48) and assumptions ensure that s§ : (S, ts) — (S,7t5) is a homeo-
morphism, it follows from (6.4) that W o y = s;‘(W) € A (y;ts). Together
with (6.289), the latter condition entails (W o y) N T(A) # @. Thus, there exists
a € Asuchthat Ta € Woy, which in turn implies (Ta)™' € y~loW=! = y~loW.
Hence,

yeWoTaCVoTa= c1o(T(B§(eG,r)); t5> oTa = c1o(T(B$(eG,r)) oTa; rg)

= Clo(T(Bll;(eg, ) * a); rg) = Clo(T(B]l;(a, r)); rg).
(6.290)

The first inclusion in (6.290) is a consequence of the fact that W C V' (cf. (6.288)),
while the subsequent equality makes use of the definition of V. Also, the second
equality in (6.290) takes into account (6.48) and (6.3). Finally, the third equality
in (6.290) holds since T € Hom(G, H ), while the last equality is implied by (6.84).
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Given that y in (6.289) has been arbitrarily chosen, (6.287) follows from (6.290).
Finally, the last claim in the statement is dealt with similarly, and this finishes the
proof of the lemma. O

We are now in a position to formulate and prove our first main result. In
preparation, the reader may wish to recall Definition 6.2.

Theorem 6.49 (Quantitative OMT). Let (G, *) be a group, and assume that
V¥ is a finite quasi-pseudonorm on G, with constants (Cy, Cy), such that (G, %) is
complete with respect to rf;. In addition, consider a group (S, o), and suppose that
Ts Is a symmetric, right-invariant topology on S. Finally, let T € Hom (G, S),
which is almost open at eg, i.e.,

Clo(T (B (e, 1)):7s) € N (esits).  Yre(0,400),  (6291)

and such that its graph satisfies

Yr is a closed subset of (G xS, ‘L']l; X ts). (6.292)
Then for each A € G one has
Clo(T(A):ts) € (T ([A]5.)- (6.293)
e>0

In particular,

c1o( (BR(a.r)): rg) N T(BXa.Cr). VaeG, Vre(0. +oo).
C>Cy
(6.294)

and as a corollary the map
T : (G, t,l;) —> (S, 15) isopen. (6.295)

Moreover, if the mapping T : (G, t$) — (S, tg) is continuous, then one actually
has equality in (6.293), i.e.,

Clo(T (A); t5) ﬂ T([A]}.)- (6.296)
e>0
Finally, there is a natural version of the statement emphasizing conclusions about

‘L']I//‘, the left-topology induced by .

Proof. Fix A € G and & > 0. Pick a number B € (0, (1 + log, C;)~'], along with
a numerical sequence (r;);en € (0, +00), such that

18
16CHC3> rf} <e. (6.297)

ieN
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Finally, select an arbitrary element yo € Clo(T(A); tg). Then, by Lemma 6.48

and (6.291), we have yo € | Clo(T (B};(a, r)): rg). Hence, there exists a; € A
a€A

such that

o € 01o(T(B§(a1,r1));rS) c U c1o(T(B§(a,r2));cS), (6.298)

aeB]‘;(al,rl)

where the inclusion in (6.298) is a consequence of Lemma 6.48 and (6.291).
Inductively, this procedure yields a sequence (a;);en € G such that

a €A and ajy, € B:;(ai,ri) foreach i € N,
(6.299)
with the property that y, € Clo(T(B};(ai,r,-)); rg), VieN.

Note that if i,k € N, then, based on (6.140) in Theorem 3.28 used here with x :=
2C}, we may estimate

Vlai *aily) = v((ar xailly) * (@irr *xa)y) %% @k * aily))
i+k—1 1P 0 18
<4c2 3 w(ayxail)’y <aciIdL L (6300)
=i =i

Since the last expression in (6.300) converges to zero as i — 00, this implies that
(a;i)ien is a Cauchy sequence in (G, *) relative to ‘1,'5. (6.301)

Recall that (G, *) is assumed to be complete with respect to rf; and, as such, there
exists a € G with the property that

a; —> a in rf;, as i — oo. (6.302)
Upon noting that the map s*_, : (G, t}) — (G, t}}) is continuous (cf. part (i7) in
a
Lemma 6.14), we further obtain from (6.302) that

a; *al_l —> a * al_1 in r]l;, as [ — oo. (6.303)

Also, generally speaking,

(x))ien € G, x € G such that 5
= Y(x) <4C7Colimsupy(x;). (6.304)

X; — x in r}; as i — 0o i—>00
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This follows from (6.142) in Theorem 3.28, used here with x := 2Cj. Now,
by (6.300), in which we first set i := 1 and then take k := i — 1, we have
i 1/
V(g xay) <4C> ! for i =2,3,.... (6.305)

Jj=1

Keeping in mind (6.112) and combining (6.303), (6.304), (6.305), and (6.297), we
arrive at the conclusion that

1/
o0
V(@ xa™) = Coy(axar) <16CHCEIY I <e (6.306)
j=1
Thus, ultimately,
ae Bf;(al,s) for some a; € A. (6.307)
We now claim that
(a, yo) € Clo(gr; rf; X ‘1,'5). (6.308)

To justify (6.308), pick two neighborhoods V' € .4 (a; t};) and W e A (yo; Ts).
Then, thanks to (6.131), there exists r € (0, +00) such that

BR(a.r)C V. (6.309)

On the other hand, from (6.128) we know that B};(a, r/(ZCl)) € JV(a; ‘C$). This,
in concert with (6.297) and (6.302), implies that there exists iy € N such that

ri <r/(2Cy), Vi eN with i > i, (6.310)
a; € Bf;(a,r/(ZCl)), VieN with i > i. (6.311)
In particular, if x € B};(ai,r,-), then ¥ (a; * x‘l) < ri; hence
Ylaxx™) = y(@*ai’) « @ xx) < Ci(Yaxa) + Y@ xx)
< C, (r/(2C1) + r,-) <r. (6.312)
This analysis proves that there exists ip € N such that

By(a;.r) € Bj(a,r), VieN with i > i (6.313)
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Now (6.309) and (6.313) yield B};(ai,r,-) C V whenever i € N satisfies i > io;
hence

T(Bll;(ai,ri)) CTWV), VieN with i >i,. (6.314)

On the other hand, (6.299) ensures that W N T(Bf; (aj.ri)) # @ foreveryi € N,
which, when combined with (6.314), gives that

WNTV) #0. (6.315)

In turn, (6.315) yields the existence of some element v € V with the property that
Tv € W. This entails (v, Tv) € 9y N (V x W); therefore, 9r N (V x W) # @. This
shows that (6.308) holds since V € A4 (a; r]l;) and W e 4 (yo; ts) were arbitrarily
chosen. Having established (6.308) and given that, by assumption ¥r is closed in
(G xS, r]l; X rg), we may conclude that (a, yo) € ¥r, which forces

yo = Ta. (6.316)

Now, (6.307) implies that a € [A]5 ; hence using (6.316) yields yo € T([4]5,).
Given that yy € Clo(T(A); rg) and ¢ > 0 have been arbitrarily chosen, it follows
that (6.293) holds.

Moving on, considera € G, r € (0, +00), ¢ > 0, and recall that

[Bi@nl,, = | Bi®.e). (6.317)
beB (a,r)

Now, for each b € Bj}(a, r) and each ¢ € By (b, ¢) we may write
Y@axc ) <Ci(Yaxb™)+y(bxc™)) <Ci(r+e),  (6.318)
which shows that
[BR(a. r)]‘;’g C BX(a. Ci(r +¢)). (6.319)

If we now apply (6.293) with 4 := Bf;(a, r) and use (6.319), then we obtain

Clo(T(Bf;(a,r));rs) < ﬂT([B};(a,r)]E’E)

e>0

N

(T (B} (a.Ci(r + #)))

e>0

= [ T(B}(@.Cr). (6.320)
C>C1
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proving (6.294). As a corollary of (6.294), we also see that
c1o(T(B};(a,r));zS) C T(Bj(a.2Cir)). Vae€G, Vre(0.+00). (6.321)
At the same time,
Clo(T(B};(a, L rg) - Clo(T(Bf;(eG, "); TS) oTa e N (Ta;ts), (6.322)

by (6.291) and the fact that shifts are continuous on (S, ts). When combined
with (6.321), this gives that

T(By(a.r)) € A (Ta:ts), YaeG, Vre (0,+00). (6.323)

Now, consider some O € r};, and select an arbitrary b € T(O). Then there exists
a € O such that b = Ta; hence there exists r € (0, 4+00) with the property
that Bjf(a,r) € O. Consequently, T(B};(a, r)) € T(O). Since by (6.323) the
set T(Bf;(a, r)) is a neighborhood of T« in tg, it follows that T(O) € A4 (b; ts)
for every b € T(O). Therefore, T (O) € tg, proving that T is open.

At this stage in the proof, there remains to show that (6.296) holds whenever
T is continuous as a mapping from (G, r};) into (S, rg). To this end, we note that

once an element b € () T([A]},) has been arbitrarily chosen, for every n € N
>0

there exists x, € [A ]5’ 1/» Such that b = T x,. Having constructed such a sequence
(xy)nen C G, for each n € N it is then possible to select y, € A with the property
that x, € Bf;(yn, 1/n). Hence, ¥ (y, * x; ') < 1/n for each n € N, which, in light
of part (iv) in Proposition 6.26, proves that

ynxx, ' —>eg in r};, as 1 — oo. (6.324)

Granted that T : (G, r};) — (S, tg) is continuous, we deduce from (6.324) and our
choice of the x,, that

(Tyn)ob ' =T(yyxx,') —es in 15, as n— oo. (6.325)

Upon recalling from Definition 6.10 that the map sg (S, ts) — (S,ts) is
continuous, this further implies that

Ty, — b in 15, as n — oo. (6.326)

Having proved (6.326), the fact that y, € A for every n € N entails b €
Clo(T(A); ‘Cs). Hence, ultimately,

(T ((41},) S Clo(T(4): zs). (6.327)

>0
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which, together with (6.293), establishes (6.296). The case of the left-topology
induced by v is treated similarly, completing the proof of the theorem. O

Comment 6.50. The quantitative aspect of Theorem 6.49 is most apparent by
considering the case when S is also a quasi-pseudonormed group. Concretely,
assume that ¢ : S — [0, +00] is a quasi-pseudonorm with the property that g
is the right-topology induced by ¢ on S. For each r € (0, +00) define

nr(r) = sup{p >0: BR(es.p) c1o(T(B§;(eG,r)); zs)}. (6.328)

Condition (6.291) then ensures that the function n7 : (0, +00) — (0, +00] is well
defined. Note that, by design, n 7 is nondecreasing and has the property that

Bg(eg,p) C Clo(T(B};(eg,r)); rg), Vr e (0,400), Ype(0,n7(r)).
(6.329)

In conjunction with (6.294), this yields that foreacha € G

BX(Ta.p) € () T(BXa.Cr)). ¥re(0.+00). Vpe (0.n7(r)
C>Cy
(6.330)

which provides concrete information about the size of the neighborhood of Ta one
expects to be contained in the image of a ball Bf; (a, R) under the mapping 7. W

Comment 6.50 highlights the significance of the case when the topology ts
is ‘“quantitative,” i.e., is induced by a quasi-pseudonorm. In this vein, in the
corollary below (which generalizes [69, Theorem 1.4, p. 9]) we indicate that such a
phenomenon happens automatically in a context that is closely related to the very
statement of the OMT in Theorem 6.49.

Corollary 6.51. Let (G, %) be a group, and assume that ¥ is a finite quasi-
pseudonormon G, with constants (Co, C1), such that (G, x) is complete with respect
to ‘L']I;. In addition, consider a group (S, o) equipped with a Hausdorf{f, symmetric,
right-invariant topology ts such that the group (S, o, ts) is topologically divisible
(cf. Definition 6.18). Finally, let T € Hom (G, S) be such that

T : (G, ‘L']I;) —> (S, t5) is continuous and almost open at eg (6.331)

(cf- Definition 6.2). Then the following statements hold:

(i) The mapping T : G — S is surjective, and T : (G, r};) — (S, ts) is open.

(ii) If ¥ denotes the push-forward of ¥ via T (as in Definition 6.45; recall that T
is surjective), then \r is a finite quasi-pseudonorm with constants (Co, C1) that
has the property that

R = g (6.332)
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(iii) If ¥ is actually a quasinorm on G, then Y is a quasinorm on S.
(iv) If ¥ is quasi-invariant, then \ is quasi-invariant (with the same constant as
¥), and (S, o, ts) is complete.

There is also a natural version emphasizing conclusions about left-topologies.

Proof. From Lemma 6.3 and current assumptions (recall (6.331) and that the
topological space (S, ts) is Hausdorff) it follows that 47, the graph of T', is a closed
subset of (G x S, 7 x Ts). With this in hand, Theorem 6.49 applies and gives that

T :(G.ty) — (S.7s) isopen. (6.333)

In particular, Im 7 = 7'(G) is an open subset of (S, ts) and, since we are assuming
that (S, tg) is topologically divisible, Lemma 6.19 applies and give that

T € Hom (G, S) is surjective. (6.334)

This finishes the proof of the claims in part (7). With (6.334), (6.333), and (6.331) in
hand, all claims in part (ii) now follow from items (a) and (b) of Theorem 6.46.

As regards the claim in part (iii), we first note that, since any singleton in the
Hausdorff topological space (S, ts) is closed, and since (6.331) holds, we have

KerT = T7'({es}) isclosedin (G.t}). (6.335)

Based on this as well as items (/)—(4) in Proposition 6.38, we deduce that

~

Y is a quasinormon G/KerT. (6.336)

In concert with (6.245) (and Definition 6.45), this readily gives that ¥ is a quasinorm
on S, as desired. Finally, the claims in part (iv) are direct consequences of items (c)
and (d) in Theorem 6.46. O

In the last part of this section we will discuss two corollaries of the quantitative
OMT formulated in Theorem 6.49 that are more akin to the classical formulation of
this result. In preparation, we first prove an auxiliary lemma.

Lemma 6.52. Let (G, *, ()7, eg) be a group and assume that T is a topology on
the set G with the property that the mapping

(G x G, T X ‘L’) 3 (x,y)— x*y € (G,t) iscontinuous. (6.337)
Then for every set A C G one has

Int(A;7) #0 = Ax A" e N (eg;T). (6.338)
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Proof. Indeed, if A € G is such that Int(A4; 7) # @, then there exists a nonempty
set O € t with the property that O € A. Consequently, on the one hand we have

ege€E0x0'CAxA". (6.339)

On the other hand, the continuity of the function (6.337) forces all right-shifts on
G to be continuous and, hence, ultimately, homeomorphisms of (G, t) by (6.41).
Given this, keeping in mind that O € t, and writing

0x07" =[]k, (0. (6.340)

a€0

we deduce that O * O~! € 1. Together with the inclusion (6.339), this proves that
Ax A7 € N (eg: 1), as desired. O

Here is the first consequence of Theorem 6.49 alluded to earlier. To state it,
recall (6.33).

Theorem 6.53 (Topological OMT: Version 1). Let G be a group equipped with
a finite quasi-invariant, quasi-pseudonorm inducing a topology t with respect to
which G is complete, and such that

G = U V™ for every symmetric neighborhood V of ec.  (6.341)

neN

Also, suppose that (S, ts) is a Hausdorff topological group that is uniquely
divisible. In addition, suppose that

O™ e 1y, forevery O € ts andevery n € N. (6.342)

Finally, assume that T € Hom (G, S) is such that
T :(G,tg) — (S, ts) is continuous and (6.343)
Im T is of second Baire category in (S, ts). (6.344)

Then T : (G,16) — (S, ts) is an open mapping.

Proof. Let (G, . ()™ eg.7g) and (S. o, (-)7", es, 5) be as in the statement of the
theorem. Also, consider 7 € Hom (G, §) satisfying (6.343) and (6.344), and fix an
arbitrary U € A4 (eg;tg). Then (G, *, tg) becomes a topological group, as seen
from part (vii) in Proposition 6.26. As such, from the continuity of the function
(ct. (6.43))

(GxG.16x16) 3 (x,y) > xxy ' € (G, 1) (6.345)
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at (eg, eg) it follows that there exists Vy € .4 (eg; 1¢) such that
VoxVy'cU. (6.346)
Thus, if weset V := Vo N Vo_l, then it follows that
V e ¥(eg;tg), V issymmetric and VZcU. (6.347)

At the same time, the fact that 7 € Hom (G, S) allows us to write

mT =7G)=T(|Jv®) =JT(™) = JTm)"”. ©348)

neN neN neN

Granted (6.344), this ensures that there exists n € N with the property that

O :=Int(Clo (T(V)"™; 15): 5) # 0. (6.349)
Hence,
0#0ets and O cClo((T(V)":75). (6.350)
Consider now
$:S— S, ¢(x):=x", VxeS. (6.351)

The fact that (S, o, tg) is a topological group implies that ¢ is continuous, while
the fact that the group (S, o) is uniquely divisible forces ¢ to be a bijection.
Finally, (6.342) ensures that ¢ is open. As a result,

¢ :(S,ts) — (S, t5) is a homeomorphism. (6.352)

Hence, given that ¢(4) = A" for any A € G, we have

Clo((T(V))("); t5> - (c1o (T(V): zs))("), (6.353)

by (6.352) and (6.2). Consequently, on the one hand,

(n)
o1 0) C ¢_1[(Clo (T(V); TS)) ! ] =Clo(T(V):ts).  (6.354)
by (6.353), (6.350), and the fact that ¢ is bijective. On the other hand, thanks
to (6.352), @ # ¢~'(0O) € t5. Granted this and keeping (6.354) in mind, we arrive

at the conclusion that

Int (Clo (T(V); rg); ‘175) #= 0. (6.355)
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Together with Lemma 6.52 and the nature of g, this allows us to conclude that
-1
Clo (T(V); ts) o (c1o (T(V); rg)) e N (es:T5). (6.356)

At the same time,

Clo (T(V);7s) o (Clo(T(V):s)) = Clo(T(V): 75) o Clo ((T(V))™": 75)
C Clo (T(V) o (T(V))™"; 7s)
=Clo(T(VoV™'):1s)
C Clo (T(U); s). (6.357)

by (6.54), (6.347), the fact that (-)~' : (S,7s) — (S.7s) is a homeomorphism,
and (6.2). In combination with (6.356), (6.357) proves that

Clo (T(U); ‘L’S) S JV(eS; ‘L’S), VU € JV(EG; ‘L’G). (6.358)

Also, since we are assuming that the topological space (S, ts) is Hausdorff, we can
argue as in the first part of the proof of Corollary 6.51 to conclude that the graph
“r of T is a closed subset of (G X S, 16 X rg). With this and (6.358) in hand,
Theorem 6.49 applies and gives that 7" is an open mapping. This completes the
proof of the theorem. O

Remark 6.54. Theorem 6.53 continues to hold if in place of (6.342) one assumes
that

(S, ts) is compact. (6.359)

Indeed, granted (6.359), one may invoke (6.13) for the function (6.351) to con-
clude (6.351) without having to rely on (6.342).

We continue by recording two notable consequences of Theorem 6.53 and
Corollary 6.51.

Corollary 6.55. Retain all hypotheses on G, S, and T from Theorem 6.53, and
strengthen the unique divisibility assumption on S to topological divisibility. Then,
if ¥ denotes the quasi-invariant quasi-pseudonorm on G, all conclusions in
Corollary 6.51 hold in this case as well.

Proof. From the proof of Theorem 6.53 we know that (6.358) holds and that the
mapping T : (G,1g) — (S, tg) is open. Granted these and the topological divisi-
bility assumption on S, Corollary 6.51 applies and yields the desired conclusions.

|
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Corollary 6.56. Let G be a given group equipped with a finite quasi-invariant
quasi-pseudonorm  inducing a topology tg with respect to which G is complete
and such that (6.341) holds. Next, suppose that S is a uniquely divisible group
endowed with a quasi-invariant quasinorm, and equip S with the topology ts
induced by this quasinorm. In addition, suppose that (6.342) holds and that (S, ts)
is complete. Finally, assume that T € Hom (G, S) is surjective and T : (G, 16) —
(S, ts) is continuous. Then the following conclusions hold:

(a) The mapping T : (G,16) — (S, T5) is open.

(b) Denote by Y the push-forward of the quasi-pseudonorm \ via the homomor-
phism T. Then V is a finite quasi-invariant quasi-pseudonorm, with the same
constants as , which satisfies ty; = ts.

(¢) The mapping T : (G, 1) — (S, ts) is a homeomorphism if and only if the
mapping T : G — S is one-to-one.

Proof. The fact that tg is the topology induced by a quasi-invariant quasinorm on
the group S implies (cf. part (vii) in Proposition 6.26 and part (vi) in Lemma 6.14)
that (S , rg) is a Hausdorff topological group. Furthermore, if 7' is as in the statement
of the current corollary, (6.367) holds thanks to the fact that T is surjective, (S, 7s)
is complete, and (6.144). Having verified these conditions, Theorem 6.53 applies
and gives that T : (G, 1g) — (S, ts) is an open mapping.

The claims in the statement of item (b) are immediate consequences of Corol-
lary 6.55 once we observe that the topological divisibility assumption on S has only
been used in the proof of this result to establish the fact that 7 € Hom (G, S) is
surjective [see the comments pertaining to (6.334)]. However, in the current context,
the surjectivity condition is part of the hypotheses, so no additional provisions are
necessary.

Finally, the equivalence in item (c¢) is a direct consequence of item (a). O

Combining Proposition 6.31 with Theorem 6.53 yields the following purely
topological version of the OMT.

Corollary 6.57. Let G be an Abelian group equipped with a topology tg satisfy-
ing (6.150)—(6.152), (6.341), and with respect to which G is complete. Also, suppose
that (S, ts) is a Hausdorff topological group that is uniquely divisible and such
that (6.342) holds. Finally, assume that T € Hom (G, S) is as in (6.343) and
(6.344).

ThenT : (G, 1) — (S, ts) is an open mapping.

Proof. This is a consequence of equivalence (6.153) from Proposition 6.31 and
Theorem 6.53. O

The scenario in which Theorem 6.53 and its corollaries are specialized to the case
of vector spaces is considered in Corollaries 6.58—6.65. Our first such corollary,
stated below, extends the version of the OMT formulated in [108, Theorem 2.11,
p-48].
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Corollary 6.58 (OMT for Vector Spaces: Version 1). Let X be a vector space,
andlet ||-|| : X — [0, +00) be a function with the property that, for some constants
Co, Cy € [1, 4+00),

| —x|| < Collx|| forallx € X, (6.360)
e+ yIl = Co(lxll + Iyll) forall x,y € X, (6.361)
IA.x|| = O foreach fixed x € X if A, — O. (6.362)
Suppose that X is complete with respect to the topology t). induced by || - || on

the additive group (X, +). Next, assume that Y is a vector space equipped with a
Hausdorff topology ty satisfying the following properties:

(Y XY, 1y X ‘L'y) > (x,y)—x—y e (Y,ty) iscontinuous, (6.363)
(Y,ty) > x —> Ax € (Y, ty) is continuous for each fixed A.  (6.364)

Finally, assume that

T : X — Y isan additive mapping, so that (6.365)

T : (X, ‘L’||.||) —> (Y, ty) is continuous, and (6.366)

Im T is of second Baire category in (Y, ty). (6.367)
Then

T : (X, ‘L'||.||) — (Y, 1y) is an open mapping. (6.368)

Moreover, if in addition to the hypotheses made on ty, one also assumes that
R> A+ Ax € (Y, ty) is continuous at O, for each fixed x € Y, (6.369)

then the following statements hold:

(i) The mapping
T : X — Y is surjective (6.370)
and

the additive group (Y, +) is complete
group ( ) P (6.371)
with respect to the topology ty .
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(@) If || - | - ¥ — [0, +00) denotes the push-forward of || - || via T, then, for the
same constants Cy, Cy € [1, +00) as in the first part of the statement, one has

ol =0, Il —x[l < Collx|l forallx €Y, (6.372)

Il + vl < Ci(llxll + Iyl forall x,yeY (6.373)

and

the topology induced by || - || on (Y, +
pology v -l on (Y, +) 6374)

coincides with the original topology ty .

Proof. Note that (6.362) forces [|0] = 0. Together with (6.360) and (6.361),
this ensures that the function || - || : X — [0,+00) is a quasi-invariant quasi-
pseudonorm on the (Abelian) additive group (X, +). In addition, thanks to (6.362),
the analog of condition (6.341) holds in the current setting. Going further, (6.363)
guarantees that, when equipped with the topology ty, the group (Y, 4+) becomes
a topological group, while (6.364) implies that condition (6.342) holds in the
present context. Having clarified the connections with the hypotheses formulated in
Theorem 6.53, the fact that (6.368) holds now follows from Theorem 6.53. In turn,
this guarantees that (6.291) holds, while (6.369) implies that the group (Y, +, 7y ) is
topologically divisible. As such, all remaining conclusions are direct consequences
of Corollary 6.51. O

Corollary 6.59 (OMT for Vector Spaces: Version 2). Assume that X is a vector
space and that || - |x : X — [0, +00) is a function with the property that there exist
Co, C1 € [1, +00) such that

[ —xllx < Gollxllx forallx € X, (6.375)
lx +ylx < Cillxllx + Iylx) forall x,y € X, (6.376)
IAnx|lx — O foreach fixed x € X if A,, — O. (6.377)

In addition, suppose that X is complete with respect to the topology t.|, induced
by || - ||x on the additive group (X, +).

Next, assume that Y is a vector space and that ||-||y : Y — [0, +00) is a function
such that, for some constants Cj, C{ € [1, 4+00),

Ixlly =0 <= x =0 forallx €Y, (6.378)
| —xlly <Colx|ly forallx €Y, (6.379)
lx + ylly < C{(Ixlly + lIylly) forall x,y €Y, (6.380)

IAx,|ly = O foreach fixed A € Q if ||x,||ly — O. (6.381)



6.4 A Quantitative Open Mapping Theorem 421

Denote by 1., the topology induced by | - ||y on the additive group (Y, +), and
assume that this group is complete with respect to the topology 1. ,. Finally,
suppose that

T : X — Y isadditive and surjective and (6.382)
T : (X, r||.||X) — (Y, ‘L'||.||Y) is continuous. (6.383)
Then
T : (X, ‘L'||.||X) — (Y, ‘L'||.||Y) is an open mapping. (6.384)
Moreover, if || - || - Y — [0, +00) denotes the push-forward of || - ||x via T, then,

for the same constants Cy, C; as in (6.375) and (6.376),
ol =0, |l —xll < Collx|l forallx eY, (6.385)

Ilx + I < Ci(llxl + yll) forall x.y €Y, (6.386)

and
the topology induced by || - || on (Y, +) coincides with t.|, . (6.387)
Proof. For each A € Q consider the function ¢, : Y — Y, given by the formula
¢r(x) == Ax (6.388)

for each x € Y. The role of condition (6.381) is to ensure that ¢, : (Y, r”.”Y) —
(Y , r”.”Y) is a continuous function for each A € Q. Since ¢, is bijective and
(¢2)~" = ¢;—1 foreach A € Q \ {0}, we deduce that in fact ¢ : (Y, ‘C||.||Y) —
(Y LTl Y) is a homeomorphism for each A € Q \ {0}. In turn, this property readily
implies that the analog of (6.342) holds in the current setting (i.e., when S is the
additive group (Y, +)). Having clarified this issue, Corollary 6.56 applies and yields
all desired conclusions. O

Since the property of being onto has played an important role in the current
proceedings, below we momentarily digress for the purpose of recording a useful
criterion in this regard.

Proposition 6.60. Suppose that (X, || - ||x) is a quasi-Banach space, and consider

K= sup( ¥+ vl )e[z,+oo) (6.389)
vyex  \maxy|[x|lx, [[y[lx}

not both zero
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and
1
p = € (0,1]. (6.390)
log,k
Also, suppose that (Y, II - ||y) is a quasinormed space and that T : X — Y is

a linear, continuous operator for which there exist Cy € (0, 4+00) and 8 € (0,1)
satisfying the following property:

VyeY with |y|ly =1 3x € X with

(6.391)
Ixllx = Co and ||y —Txl|ly < 9.
Then T is onto, in the following quantitative manner:
VyeY dx € X suchthat Tx =y
(6.392)

and |x|lx < «*Cof(1—67)7V7|y]ly.

Proof. Fix an arbitrary y € Y, the goal being to find x € X with appropriate control
and such that Tx = y. If y = 0 take x := 0. On the other hand, if y # 0, then
there exists X; € X with the property that || X} | x < Co and ||y/||y||y—T'5c'1 ||Y <6.
Introducing x; := ||y ||y X1 we therefore have

[y =Txilly <8llylly and [xillx < Collyly- (6.393)

Consider y; := y — T'x; € Y, and repeat the foregoing procedure with y; in place
of y. This yields x, € X such that

[yr = Txally < @lyilly and [lx2flx < Collyilly- (6.394)

Continuing this procedure, one can inductively define a sequence (x,),en in X such
that

[y =327 =0mIplly and Il = Co"llylly foreachn € N. (6.395)
k=1

To proceed, recall (6.389) and (6.390). Then for each m, k € N we have, on account
of (6.140) and the second estimate in (6.395),

m—+k
1> =
n=m

m+k m+k

= Kz(gn ||xn||§;)l/p <2Co(Y enp)”””yny, (6.396)

n=m
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o0

Since (X, |- ||X) is complete, this proves that > x, converges in (X, Il ||X), and if
n=1

x € X denotes the sum of this series, then we have

1/p
lxllx < &2 (Zuxnux) < 2Cob(1— 077 |lyly. (6397

thanks to (6.142) and (6.396). Furthermore, from the first estimate in (6.395) we
deduce that Tx = y. O

Proposition 6.60 suggests the following definition.
Definition 6.61. Let (X, Il - ||X) and (Y, Il - ||y) be two quasinormed spaces.
(i) Call amapping T : X — Y almost surjective provided there exist

constants Cy € (0, +00) and 0 € (0, 1) such that

VyeY JxeX with [lx[x < Collylly and [ly =Tx[ly < 0llylly.
(6.398)

(i) Call amapping T : X — Y quantitatively surjective provided
there exists a constant Cy € (0, +00) with the property that

VyeY 3dxe€ X suchthat Tx =y and |x|lx < Collylly. (6.399)

We are now ready to return to the main discussion and prove the following result.

Corollary 6.62 (OMT for Vector Spaces: Version 3). Assume that (X, ||||x) and
(Y, [- ||X) are two quasi-Banach spaces, and denote by 1., and 1., the topologies
induced on X and Y by their respective quasinorms. Also, suppose that

T :X — Y isadditive and (6.400)

T : (X, r||.||X) — (Y, ‘L'||.||Y) is continuous at 0. (6.401)

Then the following conditions are equivalent:

(1) The mapping T : (X, II - ||X) — (Y, Il - ||y) is almost surjective.

(2) The mapping T : X — Y is surjective.

(3) The mapping T : (X, II - ||X) — (Y, Il - ||y) is quantitatively surjective.
(4) The mapping T : (X, r||.||X) — (Y, ‘L'||.||Y) is open.

Proof. To get started, observe first that, granted hypotheses (6.400) and (6.401), the
mapping T : (X, 7)) — (Y. 7)., ) is continuous (at every point). Next, under the
same assumptions, we will prove that 7' is homogeneous, i.e.,

T(Ax) =ATx, V¥xeX and VAeR. (6.402)
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Indeed, that (6.402) holds when A € Q is clear since T : X — Y is additive,
while the general case A € R follows from this and the continuity of 7" established
earlier. Since T is assumed to be additive, the bottom line is that 7" is a linear and
continuous map from X to Y.

Granted this preamble and given that (X -l X) is a quasi-Banach space, the
fact that (1)= (3) follows from Proposition 6.60. Obviously, (3) = (2), whereas
(2) = (4) is a consequence of Corollary 6.59 and the definition of a quasi-Banach
space. To show that (4) = (3), note thatif 7" : (X, ‘C||.||X) — (Y, r”.”Y) is open, then
there exists & > 0 such that By, (0,&) € T(B”.”X(O, 1)). Now, given any vector
y € Y \ {0}, we have

(ey)/2llylly) € By, (0,¢), (6.403)

hence there exists z € By, (0,1) such that Tz = (gy)/(2|y|ly). Taking x :=
(2]lylly)/e and keeping in mind that 7" is homogeneous, we see that (6.399) holds
with Cy := 2/e. Since (3) = (1) is obvious from definitions, this concludes the
proof of the corollary. O

Corollary 6.63 (OMT for Vector Spaces: Version 4). Assume that (X, ||||x) and
(Y, [- ||X) are two quasi-Banach spaces, and denote by 1., and 1., the topologies
induced on X and Y by their respective quasinorms. In addition, suppose that Z is
a linear subspace of X and that

T :7Z —Y islinear and (6.404)

Yr is a closed subset of (X XY, Ty X ‘L'||.||Y). (6.405)

Then the following conditions are equivalent:

(1) The mapping T : (Z, Il - ”Xiz) — (Y, I| - ||Y) is almost surjective.

(2) The mapping T : Z — Y is surjective.

(3) The mapping T : (Z, Il - ”Xiz) — (Y, Il - ||Y) is quantitatively surjective.
(4) The mapping T : (Z, Il - ”Xiz) — (Y, ‘L'||.||Y) is open.

(5) Forevery e € (0, +00) there exists § € (0, +00) such that

By, (0y.8) € T(Z 1 By, 0y 2) ). (6.406)
Proof. Consider the function
Nz :Z —[0,+00), Ixllz == llxllx + ITx[ly. VxeZ. (6407)

Then the background assumptions in the statement of the corollary ensure that the
space (Z, Il - ||Z) is quasi-Banach. Also,

T : (Z, Tll'llz) — (Y, ‘L'||.||y) is continuous (6.408)
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since, by design,
I-llx <1-llz on Z. (6.409)

Then Corollary 6.62 applies (with (Z, Il - ||Z) playing the role of (X, Il - ||X)) and
readily yields that claims (1)-(4) are equivalent (here (6.409) is again useful).
Finally, the fact that (5) implies (4) is obvious, while the opposite implication is
a consequence of the inclusion By, (0x,7) € Z N B, (Ox, r), itself seen to hold
for any r > 0 from (6.409). O

Corollary 6.64 (OMT for Vector Spaces: Version 5). Let X be a vector space,
and let Ty be a topology on the set X satisfying the following continuity properties:

(X,tx) 2 x> —x € (X, tx) is continuous at 0, (6.410)
(X,tx) 2 x> x+y € (X,tx) is continuous for each fixed y € X, (6.411)
(X x X,7x x 1¢) 3 (x,y) = x + y € (X, 1x) is continuous at (0,0), (6.412)
R> A+ Ax € (X, tx) is continuous at 0 for each fixed x € X. (6.413)

In addition, suppose that (X, tx) is locally bounded, i.e.,

AB € A4(0;tx) suchthat YV € A (0;ty)
(6.414)
dr € (0, +00) for which rB C 'V,

and that the additive group (X, +) is complete with respect to the topology tx. Next,
assume that Y is a vector space equipped with a Hausdorff topology ty satisfying
the continuity properties listed in (6.363) and (6.364). Finally, assume that

T : X — Y isan additive mapping so that (6.415)
T:(X,tx) — (Y,ty) is continuous and (6.416)
Im T is of second Baire category in (Y, ty). (6.417)
Then
T:(X,tx) — (Y,1y) is an open mapping. (6.418)

Moreover, if in addition to the hypotheses made on ty one also assumes
that (6.369) holds, then mapping T : X — Y is surjective, and the additive group
(Y, +) is complete with respect to the topology ty.

Proof. The claim in (6.418) follows readily from Corollary 6.57, keeping in mind
that the underlying additive group of any vector space is Abelian. Finally, the
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remaining claims in the statement of the current corollary are justified much as in
the last part of the proof of Corollary 6.58. O

Corollary 6.65 (OMT for Topological Vector Spaces). Assume that (X, tx) is a
complete, locally bounded, topological vector space and that (Y, ty) is a Hausdorff
topological vector space. Also, assume that T : X — Y is a continuous, additive
mapping whose image is a set of second Baire category in (Y,ty). Then T is
open and surjective, and the additive group (Y, +) is complete with respect to the
topology ty.

Proof. This follows directly from Corollary 6.64. O

We proceed by presenting another consequence of Theorem 6.49. Compared to
Theorem 6.53, this time we replace (6.341) and (6.342) with a separability condition
on the topological space (G, 7).

Theorem 6.66 (Topological OMT: Version 2). Let (G, x) be a group equipped
with a finite quasi-invariant quasi-pseudonorm inducing a topology t with respect
to which G is complete and such that

the topological space (G, tg) is separable. (6.419)

Also, suppose that (S, o, ts) is a Hausdor{f topological group.

Then any T € Hom (G, S) that is continuous and such that Im T is of second
Baire category in (S, ts) has the property that T : (G, 1) — (S, ts) is an open
mapping.

Proof. Consider T € Hom (G, S) as in the statement of the theorem and fix an
arbitrary U € A (eg;16). As in (6.347), select V € A (eg; tg) such that V x
V-l cU.To proceed, invoke (6.419) in order to find A := {a,},en, a countable
dense subset of the topological space (G, 7). Then, making use of (6.51) we obtain

G =Clo(A:tg) = A * V. (6.420)

Hence, since T is a group homomorphism, we may write

ImT =T(G) = | J(Ta,) o T(V). (6.421)

neN

On the other hand, since we are assuming that Im 7" is of second Baire category in
(S, ts), there exists n € N such that

Int(Clo ((Tay) o T(V): 75): rg) £0. (6.422)
Next, from part (i) in Lemma 6.14 and (6.3) we deduce that

Int(Clo ((Tay) o T(V):s); rg) = (Tay) o Int(Clo (T(V); cs)); (6.423)
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hence, further,
Int(Clo (T(V); TS)) £ . (6.424)

With this in hand, the rest of the argument now proceeds as in the proof of
Theorem 6.53 from (6.355) on. O

Corollary 6.67. Retain all hypotheses on G, S, and T from Theorem 6.66, and
in addition assume that (S, o, ts) is topologically divisible. Then, if V¥ denotes the
quasi-invariant quasi-pseudonorm on G, all conclusions in Corollary 6.51 are valid
in this context.

Proof. Since the proof of Theorem 6.66 gives that T : (G,t6) — (S, tg) is an
open mapping and that (6.358) holds, Corollary 6.51 applies and yields the desired
conclusions, granted the topological divisibility assumption on S. O

Corollary 6.68. Let G be a group equipped with a finite quasi-invariant quasi-
pseudonorm  inducing a topology tg with respect to which G is complete and
such that the topological space (G, tg) is separable. Also, suppose that S is group
endowed with a quasi-invariant quasinorm and that S is complete with respect to
the topology ts induced on S by this quasinorm.

Then any T € Hom (G, S) that is continuous and surjective is an open mapping
from (G, 1) onto (S, ts). Furthermore, if Y denotes the push-forward of ¥ via T,
then Vr is a finite quasi-invariant quasi-pseudonorm with the same constants as \r
and satisfies Ty, = Ts.

Proof. Since g is the topology induced by a quasi-invariant quasinorm on the group
S, we conclude from part (vii) in Proposition 6.26 and part (vi) in Lemma 6.14
that (S , ‘Cs) is a Hausdorff topological group. Moreover, (S, ts) is of second Baire
category, thanks to (6.144) and the fact that (S, ) is assumed to be complete.
Having clarified these aspects, the fact that any 7 € Hom (G, S) that is
continuous and surjective is also open follows from Theorem 6.66. Finally, the
remaining claims in the statement of the corollary are justified much as in the last
part of the proof of Corollary 6.56. O

We also note the following purely topological version of Theorem 6.66.

Corollary 6.69. Let G be an Abelian group equipped with a topology tg satisfy-
ing (6.150)—~(6.152) and with respect to which G is complete and separable. Also,
suppose that (S, ts) is a Hausdorff topological group. Then any T € Hom (G, S)
that is continuous and such that Im T is of second Baire category in (S, ts) has the
property that T : (G, 16) — (S, Ts) is an open mapping.

Proof. This is a consequence of equivalence (6.153) from Proposition 6.31 and
Theorem 6.66. O

The situation in which Theorem 6.66 and its corollaries are specialized to the
case of vector spaces is considered in Corollaries 6.70-6.72.
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Corollary 6.70 (OMT for Vector Spaces: Version 6). Let X be a vector space,
andlet || - | : X — [0, +00) be a function that vanishes at 0 and has the property
that, for some constants Cy, Cy € [1, +00),

| —x|| < Collx|| forall x € X, (6.425)

lx +yl = Ci(llx + Iyl forall x.y € X. (6.426)

Denote by v the topology induced by || - || on the additive group (X, +), and
assume that

(X , r||.||) is complete and separable. (6.427)

Next, suppose that Y is a vector space equipped with a Hausdorff topology ty such
that

(Y xY,ty x1y) 3 (x,y) —> x —y € (Y. 1y) is continuous. ~ (6.428)

Finally, assume that

T : X — Y is an additive mapping so that (6.429)

T : (X, t||.||) —> (Y, ty) is continuous and (6.430)

Im T is of second Baire category in (Y, ty). (6.431)
Then

T : (X, ‘L'||.||) — (Y, 1y) is an open mapping. (6.432)

Moreover, if in addition to the hypotheses made on ty one also assumes
that (6.369) holds, then mapping T : X — Y is surjective, and the additive group
(Y, +) is complete with respect to the topology ty. In addition, if || - || : ¥ —
[0, +00) denotes the push-forward of || - || via T, then the topology induced by || - ||
on (Y, +) coincides with 1., and, for the same constants Cy, Cy as before,

o =0, |l —xll = Collxll forallx €Y, (6.433)
lx + vl < Ci(llxll + llyll) forall x.y €Y. (6.434)

Proof. The claim in (6.432) follows directly from Theorem 6.66, while the subse-
quent claims are justified similarly to the last part of the proof of Corollary 6.58 (cf.
also the last part of Corollary 6.68). O

Corollary 6.71 (OMT for Vector Spaces: Version 7). Let X be a vector space,
and let || - |x : X — [0,400) be a function with the property that, for some



6.4 A Quantitative Open Mapping Theorem 429

constants Cy, Cy € [1, +00),
I = xllx < Collx|lx forallx e X, (6.435)
lx+ ylx < Ci(lxllx + ylx) forall x,y € X. (6.436)

Denote by 1|, the topology induced by | - ||x on the additive group (X, +), and
assume that

(X, t||.||X) is complete and separable. (6.437)

Next, suppose that Y is a vector space and that || - ||y : Y — [0, +00) is a function
satisfying, for some constants C{, C| € [1, +00),

|xlly =0<= x=0 forallx €Y, (6.438)
| —xlly < Colx|ly forallx €Y, (6.439)
lx + yly < Ci(Ixlly + Iylly) forall x,y €Y. (6.440)

Denote by 1., the topology induced by || - ||y on the additive group (Y,+), and
assume that this group is complete with respect to the topology t|.|,. Finally,
suppose that

T : X — Y isan additive, surjective mapping so that (6.441)
T : (X, r||.||X) — (Y, ‘C||.||Y) Is continuous. (6.442)

Then
T : (X, r||.||X) — (Y, r||.||y) is an open mapping. (6.443)

In addition, if ||-|| : Y — [0, +00) denotes the push-forward of ||- || x via T, then the
topology induced by || - || on (Y, +) coincides with T, and, for the same constants
Co, C| as above,

loff =0, I = x|l < Collx|| forallx €Y, (6.444)
lx + vl < Ci(llxll + llyll) forall x.y €Y. (6.445)
Proof. This is readily implied by Corollary 6.68. O

Corollary 6.72 (OMT for Vector Spaces: Version 8). Let X be a vector space,
and let tx be a topology on the set X satisfying properties (6.410)-(6.412). In
addition, assume that the additive group (X, +) is complete with respect to the
topology tx and that the topological space (X, tx) is separable and locally bounded
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(cf. (6.414)). Next, assume that Y is a vector space equipped with a Hausdorff
topology ty satisfying (6.363). Finally, suppose that T is a mapping from X to
Y that satisfies (6.415)—(6.417). Then T : (X, tx) — (Y, ty) is an open mapping.

Proof. This follows readily from Corollary 6.69. O

6.5 Closed Graph Theorem

The principal result in this section is Theorem 6.74, containing a version of the
classical closed graph theorem (CGT) in the context of groups endowed with
suitable topologies. As a preamble, we first dispense with some useful commutation
formulas in the lemma below.

Lemma 6.73. Let (G, *, ()7L, eg) be a group, and assume that  : G — [0, +00]
is a quasi-invariant [cf. (6.114)] function on G satisfying (6.74) and yr(eg) = O.
Denote by ty the topology induced by W on G as in Definition 6.13 (from the right
or from the left; the choice is immaterial; cf. (6.83)). Then

VYV e AN(eg;ty)IW € N(egity) sothat Wx ACAxV VACG,
(6.446)

VYV e Neg;ty)IW € N (egity) sothat Ax W CVxA VACG.
(6.447)

Proof. As far as (6.446) is concerned, it suffices to treat the case when the set 4 is a
singleton (then take the union of the resulting inclusions over its elements). Hence
assume that A = {a}, and consider some V' € JV(eG; t};). By (6.67), there exists a
number r € (0, +00) such that B:;(ec, r) C V. As such, thanks to (6.77), it suffices
to show that

By(eg.r/Co) xa S a* Bjj(eg.r), (6.448)

where C, € [1, +00) is the quasi-invariance constant of the function ¥ (cf. (6.114)).
To this end, if x € Bf;(ec, r/Cy) * a, then it follows that x = y * a for some
y € G such that ¥(y~™') < r/C,. Hence, x = a * (@' * y * a), and the quasi-
invariance of ¥ implies ¥ (a~' * y~' x a) < Cy¥(y~') < r. This shows that
a” !« y*xa e Bf;(eg, r), and (6.448) follows. Thus (6.446) holds, and (6.447) is
established similarly. O

The stage is set for stating and proving the main version of the CGT in the context
of groups equipped with topologies satisfying suitable compatibility conditions with
the algebraic structures involved.
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Theorem 6.74 (Closed Graph Theorem). Let G be a group equipped with a
topology t¢ that is symmetric and either right-invariant or left-invariant. Also, let
S be a group endowed with a finite quasi-invariant quasi-pseudonorm, inducing a
topology ts on S with respect to which S is complete. Finally, suppose that T <
Hom (G, S) has a closed graph in (G X S, t¢ X ts) and is “almost continuous,” in
the sense that it satisfies

Clo (T_I(V); rG) e N (eg:16) forevery V € AN (es:ts). (6.449)
Then
T :(G,tg) — (S, ts) is continuous. (6.450)

Proof. The proof proceeds in six steps. To fix ideas, assume for now that 75 is

right-invariant.

Step I. For each x € S consider the nonempty collection of subsets of S
described by the formula

Ny = {WESI AU € N(eg;tg), AV € N (es; 1s)

(6.451)
with T(U)oV ox C W}

Then

Tg = {(9 CS:0OeN, foreach x € (9} is a topology on S (6.452)
such that

Ts C 15 (6.453)

and
Ne = ¥ (xiTs), Vxes. (6.454)

Indeed, it is clear that the mapping S > x — N, C 25 satisfies conditions (i) and
(ii) in Lemma 6.4; hence Tg from (6.452) is a topology on S. Moreover, thanks
to (6.26), we have that x € W for every x € S and every W € N,; hence
condition (iii) in Lemma 6.4 also holds. Thus, (6.454) follows as soon as we prove
that condition (iv) in Lemma 6.4 is satisfied as well.

With the goal of verifying condition (iv) in Lemma 6.4, let x € S and assume
that W € N.. Then there exists U € .4 (eg; 1) and V € .4 (es; ts) such that

T(U)oVox CW. (6.455)
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The aim is to find
O € N, suchthat O CT(U)oVox and O €N, forall y € 0. (6.456)
We claim that
0= T(Int U; rg)) olnt(V;tg)ox (6.457)

does the job. Clearly, O € Ny and O € T(U) o V o x, so the focus becomes the
last claim in (6.456). With this in mind, consider an arbitrary y € O. Hence,

there exist a € Int(U; tg) and b € Int(V;t5) suchthat y = (Ta)ob o x.
(6.458)

From this and the continuity of slff 1 (S, 1s) = (S, 75) at es we deduce that
AV € N (es;ts) with Viob CInt(V;1ys). (6.459)
Next, Lemma 6.73 used in the context of the group S shows that
AV, € AN (es;ts) with V0 (Ta) C (Ta) o V. (6.460)

Also, from (6.458) and the continuity of s® : (G, 1) — (G, 15) at eg it follows
that

JU, € N (eg:16) with Uy a € Int(U: 7). (6.461)
Thus,
T(Up)oVaoy = T(Uy) o Vao(Ta)obox CT(U;)o(Ta)o Viobox
=T (U xa)o(Viob)ox CT(Int(U:1g)) oInt(V;1g) 0 x
- 0. (6.462)

thanks to the last formula in (6.458), the intertwining inclusion from (6.460), the
fact that T € Hom (G, S), and (6.459), (6.461), and (6.457). In light of (6.451),
formula (6.462) establishes that O € N, as desired. This completes the proof of the
verification of condition (iv) in Lemma 6.4 and concludes the justification of (6.454).

Finally, as regards (6.453), observe that for each neighborhood U € .4 (eg; 1)
and foreach V € A (es;ts) onehas Vox CT(U)oV oxases € T(U). Using
that the topology g is right-invariant on S, it follows that V o x € .47 (x; tg) for
each x € S. Thus, whenever U € 4 (eg:16) and V € A (es; Ts),

TU)oVoxe N(x;ts), Vxes, (6.463)
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and consequently A4 (x;Ts) € A (x;ts) for each x € S. From this, (6.453)
immediately follows.

Step II. The following operators are continuous:
T:(G,w6) — (5.,75), (6.464)
1:(S.t5) — (S.75). (6.465)

where I denotes the identity mapping on S. To justify these claims, assume that
an arbitrary element ¢ € G and an arbitrary neighborhood W € A (Ta;Ts)
have been given. Then from (6.454) and (6.451) it follows that there exist two
neighborhoods, U € 4 (eg;16) and V € A (es; ts), such that

T(U)oV o(Ta) C W. (6.466)

Recall that the topology 75 is right-invariant. As such, we deduce from (6.4)
and (6.48) that O = sff(U) € A (a;1s). Then, since es € V and since T is
a group homomorphism from G into S, we conclude from (6.466) that T(0) =
T(U)o(Ta) S T(U)oV o(Ta) € W. This shows that O € A (a; 1g) satisfies
T(O) € W and, hence, T is continuous at a. Given that a € G was arbitrarily
chosen, the conclusion is that 7" in (6.464) is continuous. The claim about the
operator (6.465) is handled similarly, based on (6.26).

Intermezzo. The results established in Steps I and II suggest that we pursue the
following strategy for completing the proof of the theorem:

e Since T in (6.464) is continuous, (6.450) follows if we show that Ts = 7.
e Thanks to (6.453), it suffices to prove that ts C Ts. (6.467)
e The latter condition is satisfied provided (6.465) is an open mapping.
Hence, the goal becomes proving that the identity in (6.465) is an open mapping.
Given that, obviously, / € Hom (S, §), it is natural to try to accomplish this goal

by invoking the version of the OMT proved in Theorem 6.49. In this regard, it is
relevant to note that

4 = diag (S) :={(x,x): x € S} (6.468)

and that the analog of (6.291) in the current context reads
Clo (B:Ts) € A (es:Ts), V B ballin S centered ateg.  (6.469)
There remains to ensure that the hypotheses of Theorem 6.49 are satisfied for

the specific context described previously, and this constitutes the object of the
subsequent steps in the proof.
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Step III. Onehas
Ts is symmetric and right-invariant on S. (6.470)

We first focus on establishing the symmetry of the topology Ts. To this end, pick an
arbitrary W € .4 (es;Ts), and note that, based on (6.454) and (6.451), there exist
neighborhoods U € A (eg;16) and V € A (es;ts) such that T(U)o V C W.
Since the topologies 7¢ and ts are symmetric, without loss of generality, we may
assume that U, V' are symmetric. Note that, employing Lemma 6.73, we obtain that
there exists V € AN (es; ts) such that T(U)oi7 C VoT(U),andhence VoT(U) €
N (es;Ts). Going further, define

W= (T(U)o V)N (VoT(U)), 6.471)

and obsgve that, since 7' is a homomorphism and since U = U “land V = V71,
the set W' is symmetric. Next, since both sets 7(U) o V and V o T'(U) belong to
N (es:Ts), we deduce that W € N (es;Ts). Finally, using that T(U) o V C W
we obtain that W C W. Since W € .4 (es;Ts) was arbitrary, this completes the
proof of the symmetry of Ts.

We will now prove that the topology Ts is right-invariant on the group S. Fix
an arbitrary x € S, and notice that for every U € 4 (eg; t¢) and for every V €
A (es: Ts) there holds T(U) o V o x = s8(T(U) o V). Thus,

SRW) e /(x;Ts), YW e N(es;Ts), VxeS, (6.472)
from which it immediately follows that
SRW) e N (yox;Ts), YW e N(y:Ts), Vx,yeS. (6473)

In turn, (6.473) shows that for each x € S the right-shift sf is continuous on (S, Ts),
as desired.

Step IV. One has
Clo (V;?S) (S JV(@S;?S), VvV e JV(eS; ‘C_g). (6474)
To prove (6.474), fix an arbitrary V € A '(es;ts). Given that (S,0,7g) is a
topological group, the function () o (+) : (S x S, g X t5) —> (S, ) is continuous,
and hence
1Z € N (es;ts) suchthat ZoZ C V. (6.475)

By our assumption on the operator T (cf. (6.449)), we have

U :=Clo(T7"(Z);16) € N (eg: T6). (6.476)
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Since the topology 75 is assumed to be symmetric and right-invariant, using
property (2) from Lemma 6.12 we may write

UcT Y Z)oW, YW e AN (eg:15). (6.477)

Now, using (6.477) and the fact that 7 € Hom (G, S) yields T(U) C Z o T(W).
Thus, for every W € A (eg; 1g) we have

ZoTWU)CS ZoZoTW)CSVoTW)SVoT(W)oO,
(6.478)
VO e N(es:ts),

where the first inclusion is a direct consequence of the fact that T(U) € Z o T(W),
the second one follows from (6.475), and the last inclusion uses the fact thateg € O.
Using (6.478), the fact that the topology T is symmetric and right-invariant on S
as established in Step IITI, and property (2) from Lemma 6.12, we obtain

ZoT(U)S () Vo(T(W)o0)=Clo(V:Ts). (6.479)

WeN(eg:tG)
OeN(es;ts)

Now, keeping in Elind that Z € ¥ (es; ts) and invokigg Lemma 6.73, we can find
a neighborhood Z € 4 (es; ts) such that T(U) o Z C Z o T(U). Of course,
given that T(U) o Z € N (es;Ts) (cf. (6.451)-(6.454)), this entails Z o T(U) €
N (es; ts); hence, ultimately, Clo (V;Ts) € A4 (es;Ts) by (6.479). Since V €
A (es; Ts) was arbitrary, this completes the proof of (6.474).

Step V. Onehas

diag(S) isclosedin (S xS, 75 xTs). (6.480)
To establish (6.480), we will show that S x S \ diag(.S) is an open set in (S x S, 75 X
Ty). To this end, fix some (a,b) € S x S \ diag(S), and note that, since a # b, we
have (eg,aob™") & 9. Since ¥y is, by hypothesis, a closed set in (G x S, 75 X Tg),

it follows that there exist U € A (eg:7) and O € A (a o b~';15) such that
“r N (U x O) = 0. Deobfuscating the notation, the latter condition comes down to

TU)YNO =49. (6.481)
Since (S, o, tg) is a topological group, the function
(S xS.15x15) 3 (x.9) > x oy~ € (S.15) (6.482)

is continuous (as noted earlier, in (6.43)); hence there exist V, W € .4 (es; ts) such
that
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Wo(@ob oV CO. (6.483)

Using (6.483) and (6.481) it follows that
(Wo(aob™)oV)NT(U) =0, (6.484)
which, as a moment’s reflection shows, further entails
(Woa)n(T(U)oV ob) =9. (6.485)

Now, on the one hand, using the fact that the topology s is right-invariant we obtain
that W o a € .4 (a; ts), while, on the other hand, (6.454) implies T(U) o V o b €
A (b;Ts). Using this and (6.485) we therefore arrive at the conclusion that

(Woa)x(T(U)oVob)e N((a,b)tsxTs)
(6.486)
is disjoint from diag(S).

This completes the proof of the fact that S x S \ diag(.S) is an open set in the space
(S x S, 15 X Tgs), from which (6.480) immediately follows.

Step VI. The end game in the proof of the theorem. By hypothesis, (S, o, 7g)
is a complete, quasi-invariant, quasi-pseudonormed group, and by Step IIT,
the topology Ts is both symmetric and right-invariant on S. The fact that the
group homomorphism I : (S, ts) — (S, 7Ts) satisfies the conditions formulated
in Theorem 6.49 is seen from Step IV (cf. also the discussion pertaining
to (6.469)) and Step V (cf. also (6.468)). With these in hand, the OMT in the
version presented in Theorem 6.49 applies and gives that the identity operator is
an open mapping in the context of (6.465). As indicated in the Intermezzo,
this finishes the proof in the case when 7¢ is right-invariant. The situation when
7 is left-invariant is very similar, and this concludes the proof of the theorem.

0

As in the case of the OMT, we now present a couple of versions of the CGT
(established in Theorem 6.74) in which the technical condition (6.449) is replaced
by alternative topological assumptions that are typically easier to verify in practice.
Before we state the first result in this regard, the reader is advised to recall (6.33).

Theorem 6.75 (Closed Graph Theorem: Second Version). Let (G, %) be a
uniquely divisible group equipped with a finite quasi-invariant quasi-pseudonorm
inducing a topology tg on the set G with the property that (G, tg) is complete and
satisfies

O™ e 15 forevery O €1 andevery n € N. (6.487)
Also, suppose that (S, 0) is a given group equipped with a finite quasi-invariant

quasi-pseudonorminducing a topology ts on the set S with the property that (S, ts)
is complete and
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S = U v, forevery V € N (es; 1s). (6.488)

neN

Then any T € Hom (G, S) whose graph is closed in (G x S,16 X ts) has the
property that T : (G, 16) — (S, Ts) is continuous.

Proof. We begin by discussing several auxiliary formulas. First, we claim that
(T—l(A))_1 =714, VACS. (6.489)
Indeed, since T € Hom (G, S), we may write
ae (T‘l(A))_l saleT' W o T ) eds Ta)y ' ea
s TacA ' ©aeT (47, (6.490)
from which (6.489) follows. We will also need the fact that
T7'(A) T (B) c T~'(40 B), VA, BCS. (6.491)
To justify this inclusion, assume that A, B C S are given and pick an arbitrary
element x in T7'(A4) x T~'(B). Then there exista € T~'(4) and b € T~ (B)
such that x = a * b. Consequently, Ta € A, Th € B, and, hence,
Tx=T(axb)=(Ta)o(Th)c Ao B, (6.492)

given that 7 € Hom (G, S). Thus, x € T~! (A o B), and (6.491) follows.
Moving on, we make the claim that, for every 4, B C S,

Clo (T—I(A); TG) % (Clo (T—l(B); TG))_l C Clo (T“(A o B™Y):; rG).
(6.493)

To see that this is the case, given any A, B S, we write
Clo (T“(A); rg) % (c1o (T—I(B); zc))_1
= Clo (T7!(4):76 ) + Clo (T (B™"): 76
< Clo (T7' )+ T™(B™): 76)

C Clo (T—l (Ao B7Y): zG). (6.494)
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The equality in (6.494) is a consequence of part (i) in Proposition 6.26, (6.2),
and (6.489). Also, the first inclusion in (6.494) is implied by (6.54) and part (vii)
in Proposition 6.26, while the second inclusion in (6.494) holds thanks to (6.491).
This completes the proof of (6.493).

Going further, we note that

(T (A)"” =T71(4"), VACS and VneN. (6.495)

To justify this, fix A € Sandn € N.Ifa € (T_I(A))(n), then it follows that
there exists b € T~'(A) such that a = b". Thus, Th € A, so that Ta = (Th)" €
A®™ Hence,a € T™! (A(”)), which shows that the left-to-right inclusion in (6.495)
holds. As regards the converse inclusion, assume that x € 7~'(A™), and, using
the fact that G is divisible, pick y € G such that x = y". Then (Ty)" = Tx €
A™_ which, since the group G is uniquely divisible, implies that actually y € A.
Having established this, we deduce that y € T~'(A) and, finally, that x = y" €

(T_l(A))(n) . This proves the right-to-left inclusion in (hence, finishing the proof
of) (6.495).

To proceed, assume that an arbitrary V' € .4 (es; ts) has been fixed. We then
invoke (6.488) in order to write that

G=T17"($)=Jr'(v™) = Jr )" (6.496)

neN neN
Granted (6.144), this implies that there exists n# € N with the property that
Int (Clo ((T™' (V)" 16): 16) # 0. (6.497)
Hence, there exists O € 7 such that
g+ O CClo ((T“(V))‘”); cG). (6.498)
Consider now
¢:G—G, ¢kx):=x", Vxegd. (6.499)
The fact that G is uniquely divisible guarantees that ¢ is a bijection. Also, the fact
that (G, *, 7g) is a topological group implies that ¢ is continuous, while (6.487)
entails that ¢ is open. Thus, all together,
¢ :(G,176) — (G, 1) is a homeomorphism. (6.500)

Now, since ¢(A4) = A" forany A € G, we have
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Clo((T7' (1) "5 76 ) = (Clo (T (V); TG))("), (6.501)

by (6.500) and (6.2). Consequently, on the one hand,
(n)
671 (O) C ¢! (c1o (T7'(V): cG)) =Clo(T7'(V)i16).  (6.502)

by (6.501), (6.498), and the fact that ¢ is bijective. On the other hand, we have
0 # ¢p(O)~! € 15, thanks to (6.500). Granted this and keeping (6.502) in mind, we
arrive at the conclusion that

Int (Clo (T~'(V): 16): 16) # 9. (6.503)

In concert with Lemma 6.52, this permits us to conclude that

Clo (T (V): 16) * (c1o (T“(V);rc)) ‘e Nlegito).  (6.504)

The bottom line [seen from (6.494) and (6.504)] is that
Clo (T_I(V oVl zG) € N(egitg), YV eN(esits). (6.505)

At this stage, given an arbitrary U € 4 (es; Ts), since (S, o, Tg) is a topological
group, from the continuity of the mapping

(S xS, s % rg) 5(x,y) > xxy te(S, 1) (6.506)
at (egs, es) it follows that
3Vy € A (es;ts) suchthat Vo V' C U. (6.507)

Collectively, (6.505) and (6.507) imply that
Clo (T—l(U); fG) € N(egitg), YUEeNiesits).  (6.508)

This shows that condition (6.449) is satisfied. As such, the CGT in the version
presented in Theorem 6.74 applies and yields the desired conclusion. O

To state yet another version of the CGT, the reader may wish to recall Defini-
tion 6.6.

Theorem 6.76 (Closed Graph Theorem: Third Version). Let (G, x) be a group
equipped with a finite quasi-invariant quasi-pseudonorm, inducing a topology t¢
on the set G such that (G, tg) is complete. Also, suppose that (S, o) is a group
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equipped with a finite quasi-invariant quasi-pseudonorm inducing a topology ts on
the set S such that

(S, ts) is complete and Lindelof. (6.509)
Then any T € Hom (G, S) whose graph is closed in (G x S,16 X ts) has the
property that T : (G, 1g) — (S, Ts) is continuous.

Proof. We revisit the proof of Theorem 6.75 with the goal of monitoring the effect
of replacing (6.488) by the condition that the topological space (S, ts) is Lindelof.

To get started, assume that an arbitrary V' € .4 (es; ts) has been fixed. In place
of (6.496) we now write

S = (S \ Clo (T(G); fs)) U Clo (T(G): 7s)

c (S\ Clo(T(G):75)) U (T(G) o V)

- (S \ Clo (T (G); TS)) U (U ((Ta) o V)) , (6.510)

a€G

by part (2) in Lemma 6.12. Given that (S, ts) is Lindelof, we deduce from (6.510)
and the fact that 7(G) € S is disjoint from the open set S \ Clo (T(G); ‘175) that
there exists a sequence (a,),eny € G with the property that

T(G) < | J((Tay) o V). (6.511)
neN
Hence,
Gel T ((Tan) o V). (6.512)
neN

Thanks to (6.144), this implies that there exists n € N with the property that
int(Clo (T~ ((Ta,) 0 V): 76): 76 ) # 9. 6.513)
At this point, we note that for every a € G and any A C S we have
T7'((Ta)o A) = a x T~'(A). (6.514)
Indeed, if x € G, then

xeT ' ((Ta)oA) & Tx e (Ta)o A< (Ta)'oTx € A
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& T(a'*xx)edsaxxeT '(4)
& xeaxT(A), (6.515)

from which (6.514) follows. In turn, from (6.514), (6.513), (6.2), (6.3), and part (2)
in Lemma 6.14 we deduce that

Int(Clo (T~ (V): 16); cG) £ 0. (6.516)
With this in hand, the remainder of the argument proceeds as in the proof of

Theorem 6.75 from (6.503) on. O

We conclude this section by specializing Theorems 6.75 and 6.76 to the case of
vector spaces.

Corollary 6.77. Let X be a vector space, and let | - ||x : X — [0,+00) be a
Sfunction that vanishes at 0 and has the property that, for some constants Cy, Cy €
[1, +00),

[ —xllx < Gollxllx forallx € X, (6.517)
lx +ylx < Cillxllx + Iylx) forall x,y € X, (6.518)
IAx,||lx = O for each fixed A € Q if || x,||lx — O. (6.519)

Denote by 1|, the topology induced by | - ||x on the additive group (X, +), and
assume that

(X, ‘L’||.||X) is complete. (6.520)

Next, suppose that Y is a vector space and that || - ||y : Y — [0, +00) is a function
that vanishes at 0 and with the property that, for some constants C§, C| € [1, +00),

| —xlly <Cgllx|ly forallx €Y, (6.521)
x4+ yly < Ci(lxlly +lIylly) forall x.y €Y, (6.522)
A, x|ly = O foreach fixedx € Y if A,, — 0. (6.523)

Denote by 1., the topology induced by || - ||y on the additive group (Y,+), and
assume that

(Y, ‘L'||.||y) is complete. (6.524)

Then any additive mapping T : X — Y whose graph is closed in (X XY, 7y X
T)1y ) has the property that T : (X, 7y ) — (Y. 7y, ) is continuous.
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Proof. This follows from Theorem 6.75 after making a couple of observations. First,
that the analog of condition (6.487) holds in the current setting may be justified
based on (6.519) by reasoning as in the proof of Corollary 6.59. Second, it is clear
that the analog of condition (6.488) is also valid in the present situation, thanks
to (6.523). O

Given its significance in applications, it is also worth singling out the following
particular case of Corollary 6.77.

Corollary 6.78. Assume that (X.|| - ||x) and (Y.|| - |ly) are two quasi-Banach
spaces. Then any additive mapping T : X — Y whose graph is closed in
(X XY, Ty X7y ) has the property that T = (X, 7)) = (Y. 7., ) is continuous.
In particular, T : X — Y is a linear mapping.

Proof. The continuity of 7 is an obvious consequence of Corollary 6.77. With
this in hand, the fact that 7 : X — Y is a linear mapping follows from the
additivity of T'. O

Corollary 6.79. Let X be a vector space, and let || - ||x : X — [0,+00) be a
function that vanishes at 0 and has the property that (6.517)—(6.518) hold for some
constants Cy, Cy € [1, +00). Denote by 1., the topology induced by || - ||x on the
additive group (X, +), and assume that (X, r||.||X) is complete.

Next, suppose that Y is a vector space and that || - ||y : Y — [0,4+00) is a
function that vanishes at 0 and with the property that (6.521) and (6.522) hold for
some constants Cj, C| € [1,400). Denote by 1., the topology induced by || - ||y
on the additive group (Y, +), and assume that

(Y, t||.||y) is complete and Lindelof. (6.525)

Then any additive mapping T : X — Y whose graph is closed in (X XY, 7y X
‘L'||.||y) has the property that T : (X, r||.||X) — (Y, ‘L'||.||y) is continuous.

Proof. This is a direct consequence of Theorem 6.76. O

6.6 Uniform Boundedness Principle

The main goal here is to prove the uniform boundedness principle (UBP) for
families of group homomorphisms, stated in Theorem 6.82. We do so by first
revisiting Osgood’s topological UBP and establishing a more general version that
is applicable to the setting we have in mind (i.e., groups equipped with topologies
induced by quasisubadditive functions).

To set the stage, we first make a definition. Recall that, given a topologi-
cal space (X, 1), a real-valued function f defined on X is said to be lower
semicontinuous provided for each A € R the level set {x € X : f(x) < A}is
closed in (X, 7).
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Definition 6.80. Assume that (X, 7) is an arbitrary topological space and that a
function f : X — [0, +00) is given. Call f quasi lower semicontinuous
if there exists a finite constant C € [l,+00), referred to as the quasi lower
semicontinuity constant of f, with the property that for every A € [0, +00) one
has

Clo ({x eX: f(x) <A} r) C{xeX: f(x) <CA}L (6.526)

Clearly, in the context of this definition, if (6.526) holds with C = 1, then f
is actually lower semicontinuous, in the traditional sense recalled earlier. Our next
theorem extends Osgood’s UBP as stated in [106, Theorem 17, p. 140].

Theorem 6.81 (Topological UBP). Let (X, t) be a topological space of second
Baire category, and assume that a family ( fy)qea of functions has been given, with
the property that there exists C € [1, +00) such that

fo : X = [0,400) is a quasi lower semicontinuous 6.527)
function with constant C for each index o € A '

and

sup fo(x) < 400 for every point x € X. (6.528)

a€A

Then there exists a nonempty open subset O of (X, t) and a number M € [0, +00)
with the property that

fu(x) <M, foreachindex a € A and each point x € O. (6.529)

Proof. For each A € [0, +00) and each & € A consider

For:={xeX: fu(x) <A}, (6.530)
then set
F) = ﬂ Fy. VA €0, +00). (6.531)
wed
We claim that
Clo (Fy;t) € Fcu foreach n €N, (6.532)

where C € [1,+4o00) is the common quasi lower semicontinuity constant of the
functions f,, @ € A. Indeed, for each n € N we have (cf. (6.526))
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Clo (Fun;t) =Clo({x € X : fo(x) <n};7)

C{xeX: fo(x) <Cn} = Fycn; (6.533)
hence, foreachn € N
Clo (F:t) S () Clo (Fan:t) € () Faucn = Fen. (6.534)
a€A a€A

proving (6.532). Next, on account of (6.528), for each x € X there exists n € N
such that f,(x) < n forall @ € A. As such, we have

o0
X =|JF. (6.535)
n=1

Given that the topological space (X, 7) is of second Baire category, this implies that
there exists n, € N with the property that

Int (Clo (Fo:7): 1’) £ 9. (6.536)
Together with (6.532), this forces
0 # O :=Int(Fcp,:7) €T (6.537)

Taking M := Cn, € (0, 400) then ensures that for every x € O we have f,(x) <
M for all @ € A. This establishes (6.529) and completes the proof of the theorem.
|

We will now employ this purely topological result to establish a UBP for families
of group homomorphisms. Specifically, we have the following theorem.

Theorem 6.82 (UBP). Let (G, x) be a group equipped with a topology tg that
is either right-invariant or left-invariant and such that (G, tg) is of second Baire
category. In addition, consider a group (S, o) along with a given quasisubadditive
Sfunction ¢ : S — [0, +00] with the property that ¢(es) = 0. Finally, suppose that
(Ty)aca € Hom (G, S) is a family of homomorphisms satisfying

Ty : (G,t6) — (S, r(f) is continuous, Yo € A, (6.538)
sup 9(Tyx) < +00 foreach x € G. (6.539)
€A

Then there exist O € N (eg;16) and M € [0, +00) with the property that

o(Tyx) <M, VxeO, VYaeA. (6.540)
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Proof. Denote by C € [1, +00) the quasisubadditivity constant of ¢. Also, for each
a € A consider the function

fo: G —[0,400), fo(x):=e(Tux), Vxeg. (6.541)
In relation to these, we claim that

fu 1s quasi lower semicontinuous,
) (6.542)
with constant Cy, foreach o € A.

To justify this claim, fix an arbitrary index « € A. Also, select an arbitrary number
A € [0, +00) and an arbitrary number ¢ € (0, +00), and pick some point

a € Clo ({x €G: foulx) <A} ‘Eg). (6.543)

The assumptions on ¢ guarantee that Bf (es, &) € .4 (es; 7)) (cf. (6.77)). Keeping

this in mind and noting that 7, : (G, 7g) — (S, r;}) is continuous at e (cf. (6.538))
and that Tpeg = eg [cf. (6.26)], it is possible to select V € A (eg; tg) with the
property that

o((Tux)™") <&, VxelV. (6.544)
To proceed, assume that 7 is right-invariant. As such, V % a € A4 (a; t1g), which,
in concert with (6.543), implies (V xa) N {x € G : f,(x) < A} # @. In turn, this
shows that

there exists b € V' for which (T, (b * a)) = fu(bxa) <A. (6.545)

Collectively, (6.541), the fact that T;, € Hom (G, §), the quasisubadditivity of ¢, as
well as (6.544) and (6.545), allow us to write

Ja(a) = o(Tya) = @((Tab)_l o (Ty(h * a)))

< Ci (o((Tub)™") + o(Tu (b % a))

= Ci (e + ). (6.546)

Upon letting ¢ N\ 0, we therefore obtain f,(a) < C;A. Given that this holds for
every a as in (6.543), we conclude that

Clo(fx € G: fu(x) <Akitg) S{x € G fu(x) < CiA}, (6.547)

completing the proof of the claim made in (6.542).
Moving on, from (6.539) and (6.541) we see that
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sup fo(x) < +o0, VxegG. (6.548)

a€A

Having justified (6.542) and (6.548), we have that Theorem 6.81 applies and yields
the existence a nonempty open subset O of (G, t¢) and a number M € [0, +00)
with the property that

fa(x) < M for each index « € A and each point x € O. (6.549)

Pick a € O (this is possible since the set O is nonempty), and define O := O xa™".
Then O € A (eg; 1), given that O € 1 and tg is right-invariant (cf. (6.48)) and
(p(Ta (x = a)) < M foreach @ € A and each x € O (cf. (6.549) and (6.541)). In
turn, for each @ € A and each x € O this allows us to estimate

o(Tyx) = (p(Ta(x *xa)o Ta(a_l)) <G ((p(Ta(x * a)) + (p(Ta(a_l)))
=Ci(M + fo(a™)), (6.550)

based on the quasisubadditivity of ¢ and the fact that 7;,, € Hom (G, S). Hence,
(6.540) holds if we take

M= (’M + sup fa(a_l)) € [0, +00). (6.551)

a€A

This completes the proof of (6.540) in the case when tg is right-invariant. The proof
of the theorem is then completed by observing that the case when 7 is left-invariant
is treated very similarly (with only natural algebraic alterations). O

It is useful to specialize Theorem 6.82 to the case of quasinormed vector spaces,
as discussed in the following corollary.

Corollary 6.83. Let (X el X) be a quasi-Banach space, and consider a quasi-
normed vector space (Y, Il - ||y). Suppose that (Ty)yea is a family of additive
mappings from X into Y, satisfying

T, : (X, ‘L'||.||X) — (Y, ‘L'||.||Y) is continuous, Yo € A, (6.552)
sup | Ty x|ly < +o0, VxelX. (6.553)
a€A

Then there exists M € [0, +00) with the property that

sup [ Tox|ly < M| x| x, VxeX. (6.554)
a€A

Proof. This is an immediate consequence of Theorem 6.82. O
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6.7 A Unified Approach to OMT/CGT/UBP

Here the goal is to devise a general, common approach to all the basic results
presented in this chapter with respect to the OMT, CGT, and UBP, based on the
properties of pullback and push-forward operations as well as the boundedness
result contained in Lemma 6.85 below. Stating this requires a novel piece of
terminology, which we first clarify.

Definition 6.84. Let (G, x) be a group. Call a function f : G — R doubling
provided

fxxx)=2f(x), VxegG. (6.555)

Obviously, any doubling function vanishes at the identity. Here is the bounded-
ness result alluded to earlier.

Lemma 6.85. Let (G, *, (-)~', eg) be an Abelian group with the property that

foreach y € G there exists a unique x € G

(henceforth denoted by \/y) such that x x x =y, (6.556)

and consider a quasi-pseudonorm  : G — [0, +00) on G that is doubling (in the
sense of Definition 6.84) and satisfies

(G, *,1y) is complete, (6.557)
V-1 (G, ty) = (G, ty) is continuous. (6.558)

Also, suppose that p : G — [0, +00) is doubling and that there exist C > 0 and
B > 0 for which

cly Vo G and G
x) < { Xi wnenever X € an Xn)neNn ©
p(x) < ’;p( ) } (Xn)nen (6.559)
are such that (x{ * --+ % X,),en convergesto x in (G, ty).
Then, there exists M € (0, +00) such that
p(x) < Myr(x), VxegaG. (6.560)

In particular,

By(eg,r) € N(eg;Ty), Vr>0. (6.561)
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Proof. To get started, consider the functionp : G — [0, +00) given by
P(x) := max {p(x), p(x~")}, x €G. (6.562)
We claim that p satisfies
P(x) =D(x7") and P(x * x) = 2p(x), VxegG, (6.563)

and

_ Q1
< 4 C
o(x) < C{i; 0(x;) } when x € G and (x,),en € G 6.564)

are such that (xj % ---* x,),en convergesto x in (G, ty).

Indeed, the first property in (6.563) is a direct consequence of the definition of o
in (6.562), while the second property in (6.563) follows easily from (6.562) and the
fact that the function p is doubling.

With the goal of proving (6.564), fix x € G and let (x,),en € G be such
that the sequence (x; * --- * X,),en converges to x in (G, ty ). Since (G, ty) is a
topological group, and since G is Abelian, it follows that the sequence ((x1 LRERE S
x,,)_l)nEN = (x_l SRR xn_l)neN converges to x~! in (G, 7). Thus, (6.559), in
concert with (6.562), gives

p(x) < C{i p(xi)ﬂ}l/ﬂ =< C{iﬁ(x,-)ﬁ}l/ﬂ (6.565)
i=1 i=1
and
p(x7") = C{i p(x;l)ﬁ}l/l3 < C{iﬁ(xi)ﬂ}l/ﬂ. (6.566)
i=1 i=1

Hence, by (6.562) and (6.565), (6.566), we obtain that the inequality in (6.564)
holds. Since x € G was arbitrary, this completes the proof of (6.564).

Going further, thanks to the fact that v is a finite quasi-pseudonorm on the
Abelian group G, as well as (6.557) and (6.144), we deduce that (G, ty) is of second
Baire category. In combination with the observation that (itself a consequence of the
finiteness of )

G =Jp"([0.2")). (6.567)

neN

this further implies that there exist n, € N, x, € G, and r, > 0 with the property
that
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By (x,.15) € Clo (57'([0.2"7]): 7y). (6.568)
We claim next that, if Cy € [1, +00) is the quasisymmetry constant of i, then
By (x, ", r,/Co) € Clo (57" ([0,2"]); 7). (6.569)

Indeed, fix x € By(x,"',r,/Co). Then ¢ (x,;" x x~') < r,/Cy and, using the

o

quasisymmetry of ¥ and the fact that G is Abelian, we may estimate

Y(x, x X) = w((x_l * xa_l)_l) < Cow()c_l * xo_l) = Cov,ﬁ(xo_l * x_l) < T,.
(6.570)

Thus, x~' € By (x,,7,). Using (6.568) we arrive at x~' € Clo (ﬁ_l ([O 2”“]); r,,,).
Consequently, there exists a sequence (x,),en S G with the property that

P(x,) <2%, VneN, and (x,)en convergesto x ! in (G, Ty). (6.571)

Appealing again to the fact that (G,ty) is a topological group we obtain
from (6.571) that, on the one hand, the sequence (x, l)neN C G converges to
x. On the other hand, using the first identity in (6.563), for each n € N we
may write p(x, ') = D(x,) < 2". In concert, these two observations show that
x € Clo (p~'([0.2"]); 7y ), which completes the proof of (6.569).

Having established (6.569), we next propose to show that

3k € N suchthat By (eg.r,/Co) € Clo (p"([0.2"%]); 7).  (6.572)

To this end, pick an arbitrary x € By, (eg, ro/ Co), and note that
X % Xo € By (x,,7,/Co) and x xx,' € By(x,",r,/Co). (6.573)
When used in combination with (6.568) and (6.569) and the fact that Cy > 1, the

memberships in (6.573) further imply the existence of two sequences (x,),eny S G
and (y,)nen C G satisfying

(Xn)nen convergesto x * x, in (G, 1y), (6.574)
(¥n)nen convergesto x * x, ' in (G, 1y), (6.575)
P(x,) <2"% and p(y,) <2" foreach n e N. (6.576)

Recall the hypothesis (6.556), and for each n € N let z, € G be such that z, x z, =
X, * y,. Granted (6.556) and (6.558), and since (G, ty) is an Abelian topological
group, we deduce that

(zn)nen converges to v/(x x x,) * (x * x;1) = /x xx = xin (G, ty). (6.577)
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In addition, for each n € N we may write

< (C/2)(E0)? +70m)f)"", (6.578)

~ _ (20 * 70) . P(xn * yn)
p(zn) = = >

2

where the first equality in (6.578) follows from the fact that 5 is doubling (cf. the
second identity in (6.563)), the second equality in (6.578) follows from the definition
of the z, and the inequality in (6.578) is a consequence of (6.564) written for x =
X, * y, and the sequence (xn, Vn,€G,€G,--.) S G (here it is important to note that
‘pleg) = 0 since p'is doubling). Going further, (6.578) and (6.573) yield

Plan) < C 2075, (6.579)
At this stage, pick
— 1 1
ki=1+|-1+5|>-1+3, (6.580)
where | - | denotes greatest integer part. Then, thanks to (6.577), (6.579), and the
definition of k, we may conclude that x € Clo (5~ ([0, 2" *]); 7,/ ). This concludes
the proof of (6.572).

Going further, with k € N as in (6.580), we claim that

Vx € By(eg.r,/Co) there exists a sequence (x,),en C G such that
D(x,) < 2motk=n+1l and 1//(x s (o0 ek xn)_l) <27"ry/Co, VneN.

(6.581)

To prove this claim, start by fixing x € By (eg, o/ Co). Given that (6.572) holds
with k as in (6.580), it follows that

By (x,7,/2) N ([0,2"7F]) # 0. (6.582)

Consequently, there exists some element x; € By (x, o/ (ZCO)) np-! ([O 2"0+k]),
ie.,

Y(x *x7Y) < r,/(2Co) and B(x;) < 2"k, (6.583)

Proceed by induction and assume that, for some n € N, we have constructed the
elements xi,...,x, € G satisfying

P (s (reeen ) ™) <270/ (6.584)
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and
Blx;) < 2me k=it for joe{l,...,n}. (6.585)
Then

P erseeow) ™)) = 209 (0 G xee2) ) <10/ Co, (6586)

which shows that (x *(Xp %0k xn)_l)zn € By (eg, r,,/Co). As such, the procedure
that has yielded x; from x as in (6.583) may be repeated to produce some X, +1 € G
satisfying

1//((x s (X %o % xn)_l)zn *7;41_1) <1,/(2Co) and B(X,41) < 2"FF.
(6.587)

To continue, iteratively define

Yx=Jvx, .. ANxi=y Vx, .... YxeG. (6.588)

Hence, if we now set
Xng1 1= N Xns1, (6.589)
then it follows that

1/f<x K (X7 % ook Xy K xn+1)_1) _ 2—n1//((x g ek Xn+1)_1)2n)

= 2_"1ﬁ<(x s (X] %ok )c,,)_l)zi1 *7;_}_1)
< 27", /(2Cy) = 27V, /1 Cy, (6.590)

using the fact that v is doubling and G is Abelian, as well as (6.589) and the first
inequality in (6.587). Furthermore,

Pns1) =P(VXn41) = 27" DXns1) < 20, (6.591)

by (6.589), the doubling property of p, and the second inequality in (6.587).

This completes the induction step and finishes the proof of the claim made
in (6.581). In particular, the second estimate in (6.581) proves that the sequence
(X1)nen € G constructed in (6.581) satisfies

(x1 * -+ * x,)pen convergesto x in (G, 7y). (6.592)
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Having proved (6.581) and (6.592), fix x € By, (eg, r,,/Co) and let (x,),en be as
in (6.581). Thanks to (6.564) and the first estimate in (6.581), we may deduce

~ o 1/p X B
P < CI Bt} < cot S ok gt (6.593)

n=1 n=1

where Cg > 0 is a finite constant that depends only on . The bottom line is that
D(x) < Cp2" k. Vx e Byl(eg, 1,/ Co). (6.594)

Turning our attention to (6.560), observe that this follows from (6.562) as soon
as we establish that there exists M € (0, +00) such that

P(x) < My (x), V¥xeg. (6.595)

Now, if x € G is such that ¥ (x) = 0, then for each n € N we have ¥ (x*') = 0
since ¥ is doubling. Hence, x¥ e By (eg.r,/Co) for each n € N, which, in light
of (6.594), further entails that

P(x) =27"p(x*) < Cg2meth", WneN, (6.596)

given thatp is doubling (cf. (6.563)). Since p is nonnegative, this forces p(x) = 0;
hence (6.595) holds in this case (for any M > 0).

Consider next the case when x € G is such that ¥ (x) > 0 and pick n € Z such
that

Coyr(x)/ro € [2"71,27). (6.597)

Keeping in mind that v is doubling, this further implies that w( 2f/)_c) < ry/Co,ie.,
that /x € By (eg,r,/Cp). Using this and estimate (6.594), we therefore obtain
that p( X/x) < Cp2"**. However, p'is doubling, so this gives

B(x) < Cp2methon < cﬁz*’ﬁk“coM. (6.598)

r()

Hence, (6.595) holds with M := Cg2"T**+1Cy/r, € (0, +00). In particular, this
gives that By (eg,r/M) € B,(eg,r) for every r € (0, +00), and (6.561) readily
follows with the help of (6.128). The proof of the lemma is therefore complete. O

As mentioned in the preamble of this section, the main applications of the
boundedness result established in Lemma 6.85 are to the OMT, the CGT, and the
UBP. We begin by treating the latter.

Theorem 6.86 (Uniform Boundedness Principle). Letr (G, %) be an Abelian
group, and let  be a finite quasi-pseudonorm on G that is doubling (in the sense of
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Definition 6.84) and such that (6.556)—(6.558) hold. Also, consider a group (S, o),
and assume that ¢ : S — [0, +00) is a doubling, quasisubadditive, quasisymmetric
function.

Finally, suppose that (Ty)eca S Hom (G, S) is a family of homomorphisms
satisfying

Ty 1 (G, ty) — (S, r(ff) is continuous, Vo € A, (6.599)
sup p(Tyx) < 400, Vxea. (6.600)
a€A

Then there exists M € (0, +00) with the property that

sup o(Tyx) < M (x), Vxeaga. (6.601)

a€A

Moreover, a similar result holds ifrg is replaced by ‘L'(]; in (6.599).

Proof. Define the function

p:G — [0, +00), p(x) 1= sup p(Tyx), VxegG. (6.602)

a€A

Since each T, belongs to Hom (G, S) and since ¢ is doubling, we see from (6.602)
that p is also doubling.
Consider next

x € G and (x C G with the property that
Cnlnen & Property (6.603)
(x1 * -+ % X,)pen convergesto x in (G, ty).

Then for each fixed o € A we have
((Tux1) 0+ 0 (Tyxy)), oy convergesto Tox in (S,7,), (6.604)
by the fact that 7, € Hom (G, S) and (6.599). To proceed, let k,Cy € [1, 4+00)

stand, respectively, for the quasisubadditivity and quasisymmetry constant of ¢.
Also, fix a number 8 € (0, (log, K)_l]. Then

@(Tyx) < k>Colimsup ((Tyx1) 0 -+ 0 (Tyxy))

n—o0

< K4C0{§: @(Taxi)ﬂ}l/ﬁ

i=1

< K4C0{i o) (6.605)

i=1
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by (6.604), (6.142), (6.141), and (6.602). Taking the supremum over @ € A we
therefore arrive at the conclusion that, with 8 as above,

© 1/
p(x) < IC4C0{Z p(xi)ﬂ} whenever x € G and (x,),en € G
i=1
are such that (xj * --- % x,),eny convergesto x in (G, ty). (6.606)

Having proved this, Lemma 6.85 applies and gives that there exists M € (0, +00)
such that p(x) < My (x) forall x € G.In view of (6.602), estimate (6.601) follows.
Finally, the case when r(l,; replaces ‘L’g in (6.599) is dealt with similarly. O

Remark 6.87. 1t is clear that Theorem 6.86 readily gives an alternative proof of
Corollary 6.83.

Next, the goal is to present a version of the OMT, refining the implication
(2) =(4) from Corollary 6.63, whose proof relies on the properties of the push-
forward operation and Lemma 6.85.

Theorem 6.88. Let (X, Il ||X) and (Y, Il - ||y) be two quasi-Banach spaces, and let
Z be a nonempty subset of X that is stable under addition and subtraction, i.e.,

x,ye/Z — xtyeZ. (6.607)

Also, assume that T : Z — Y is an additive, surjective function whose graph 9r is
a closed subset of (X X Y.ty X ).y )- Then

T : (Z, Ty ‘Z) — (Y, ‘L'||.||y) is an open mapping. (6.608)

In particular, for every ¢ > 0 there exists § > 0 with the property that

By, (0y.8) € T(Z N By, (0x.e) ). (6.609)

Proof. 1f || - || denotes the push-forward of the restriction of || - || x to Z, via T, then
both || - ||y and || - || are doubling functions on the Abelian group (Y, +). Also, if

C = sup (M)e[l,—}—oo), (6.610)
o el + Ivlix

not both zero

then it follows from Proposition 6.47 that for any 8 € (0, (1+log, C 1)_1] there
holds

/8

Iyl = @En{ X vl VyeY and Y (en S ¥
=t 6.611)

(e o]
with the property that the series ) y, converges in |, to y.
n=1
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Granted (6.611), Lemma 6.85 applies (with the Abelian group (G, *) := (Y, +) and
the doubling functions ¥ := || - ||y, p := || - [|) and gives that (cf. (6.561))

Byy(Oy,r)y € A (Oy;7py,),  Vr>0. (6.612)

With this in hand, and since the topology )., is right-invariant, we deduce

that (6.608) holds from (6.271), used here with (G, *) := (Z,+), ¥ := || - ||X|Z

[so that the role of ¥ from (6.271) is now played by || - [|1, (S,0) := (Y, +), and
TS = Tl

Finally, (6.609) is a direct consequence of (6.608), (6.4), (6.128), and (6.123).

O

We conclude by revisiting the CGT recorded earlier in Corollary 6.78 with the
goal of providing an alternative proof based on properties of the pullback operation
and Lemma 6.85. As such, this approach parallels the treatment of the OMT from
Theorem 6.88.

Theorem 6.89. Let (X, | - ||X) and (Y, Il - ||Y) be two quasi-Banach spaces. Also,
assume that T : X — Y is an additive function with closed graph (i.e., 9r is a
closed subset of (X X Y, t|.|x X T||y))- Then

T : (X, r||.||X) — (Y, ‘C||.||Y) is continuous. (6.613)
Proof. Consider
- (M) € [1.+00). (6.614)
wer \xlly + lIylly

not both zero

and fix a number 8 € (0, (1 + log, Cl)_l]. Also, denote by || - || the pullback of
I ]ly under T'. Then both ||-| x and ||-|| are doubling functions on the Abelian group
(X, +). Moreover, Proposition 6.44 (used here with (G, %) := (X, +), (S,0) :=
(Yo4), ¥ = | - lly) yields

x® /8
el = @CDH{ L Inllf} . VxeX and ¥ (x)uen S X,
"=t (6.615)

(e o]
with the property that the series ) x, convergesin 7)., to x.
n=1

With this in hand, Lemma 6.85 applies (with the Abelian group (G, *) := (X, +)
and the doubling functions ¥ := || - ||x, p := || - ||) and gives that (cf. (6.560)) there
exists M € (0, +o00) such that

Ixll < Mllxllx,  VxeX. (6.616)

Since ||x|| = ||Tx||y for each x € X, the claim in (6.613) follows. O
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6.8 Further Applications

In this section we take a succinct look at a number of miscellaneous applications of
the functional analytic results established earlier.

By a 1inear homeomorphism between two given vector spaces equipped
with certain topologies we will understand any linear continuous bijection whose
inverse (which is automatically linear) is also continuous.

Theorem 6.90 (Inverse Mapping Theorem). Let (X, || - ||x) and (Y. | - ||x) be
two quasi-Banach spaces, and denote by 1., and 1., the topologies induced on
X and Y by their respective quasinorms. Also, assume that T : X — Y is a given
mapping. Then

T : (X, ‘L’||.||X) — (Y, r||.||y) is bijective, additive, and continuous at 0 € X

<— T: (X, r||.||X) — (Y, r||.||y) is a linear homeomorphism.

(6.617)
Proof. This is clear from Corollary 6.62. O
Corollary 6.91. Assume that (X, I - ||X) and (Y, | - ||X) are two quasi-Banach

spaces, and denote by t|., and t).|, the topologies induced on X and Y by their
respective quasinorms. Also, assume that T : X — Y is an additive mapping with
the property that

T : (X, ‘L’||.||X) — (Y, ‘L'||.||y) is continuous at 0 € X. (6.618)
Then
T : (X, ‘L'||.||X) — (Y, ‘L'||.||y) is injective with closed range
<= 3dc¢ > 0 such that c||x||x < |Tx|y, forall x € X. (6.619)

Proof. The right-to-left implication in (6.619) is straightforward. The left-to-right
implication follows by applying the version of the inverse mapping theorem
recorded in Theorem 6.90 to the bijective mapping T : X — Im T (keeping in mind
that Im 7', || - ||y) is a quasi-Banach space). Then the boundedness of the inverse of
this mapping yields the estimate in the second line of (6.619). O

The next proposition sheds light on the nature of quasinormed induced topologies
on a vector space that make the space in question complete.

Proposition 6.92. Assume that X is a vector space and that || - || and || - ||” are
two quasinorms on X with the property that both (X, | - |') and (X.| - ||") are
quasi-Banach spaces. Then

T S T = T = T (6.620)
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Proof. The fact that .~ € 1).|» ensures that the identity mapping
I:(X.7r) — (X.7y») is continuous. (6.621)

Obviously, the mapping (6.621) is also linear and onto. Then the equivalence
(2) & (4) in Corollary 6.62 implies that the identity mapping in (6.621) is open,
which in turn yields 7).» € t.». As such, (6.620) follows. |

We continue by recording a quasinorm version of a very useful extension result
for linear mappings in Banach spaces.

Proposition 6.93. Let (X, Il ||X) be a quasinormed vector space and (Y, Il ||X) be
a quasi-Banach space, and assume that V is a linear subspace of X. Then, given
any

T: (V, T-llx ) — (Y, r||.||y) linear and continuous, (6.622)

v

there exists a unique
T: (CIO(V; ‘L’||.||X); ‘L'||.||X> — (Y, r||.||y) linear and continuous (6.623)

such that
T|,=T. (6.624)

Proof. For any vector x € Clo(V;t”.”X) and any sequence {x,},en C X that
converges to x in the topology 7., define
Tx:= lim Tx,. (6.625)
n—>oo
To see that this definition is meaningful, observe that 7 maps Cauchy sequences

from (V. | - ||x) into convergent sequences in (Y, 7., ), given that T is linear and
continuous, hence bounded, i.e., there exists M € [0, +o0) such that

ITxlly = Mllx|x, VxeX. (6.626)

The fact that the preceding definition is also unambiguous follows by interlacing
sequences. Having dealt with these issues, it follows that T is linear and sat-
isfies (6.624). The crux of the matter here is proving that T is continuous. To
this end, assume that an arbitrary x € Clo(V; T X) has been fixed, and select
{¥n}nen € X that converges to x in 7). ,. Then utilizing (6.626) and making
repeated use of (3.289) we may estimate

Tx|ly = | lim Tx,| <2l Tx,
IToclly = | lim T, < i lim sup | T, 1y
< Kk} M limsup ||x,[|x < k3&FM|x]|x, (6.627)

n—oQ
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where the numbers ky,ky € [2,+00) are defined as in (3.282) relative to the
quasinorms | - ||x and || - ||y, respectively. In turn, (6.627) shows that T is bounded
and, hence, continuous in the context of (6.623). Finally, the uniqueness aspect
of the extension of T follows from the fact that any two continuous functions
coinciding on a dense set are ultimately identical. O

We conclude with two applications of the version of the UBP established earlier
in Corollary 6.83. The first, pertaining to bilinear mappings, is stated below.

Proposition 6.94. Let (X -l X) be a quasi-Banach space, and assume that (Y, ty)
is a topological vector space and that (Z, Il - ||Z) is a quasinormed space. Suppose
that B : X xY — Z is a bilinear mapping that is separately continuous. Then B
is sequentially continuous.

Proof. Fix x« € X, y« € Y, and consider {x, },en € X and {y, },en € Y such that

lim x, = x4 in 7)., and hrn Vn = Y« in ty. For each n € N define the linear
n—>o00

mapping
T,:X — Z, Tyx:=B(x,y,), VxeX, (6.628)

and note that
T,x —> B(x,y«) in(Z,7,)as n — oo, forall x € X, (6.629)

B(xx, Vs) — B(xn, ¥n) = Tp(xx — X)) + B(x%, yx — yn), VneN. (6.630)

Given that B is assumed to be separately continuous, the fact that B is sequentially
continuous follows as soon as we show that there exists M € [0, +00) with the
property that sup IT,x|lz < M| x|/x for each x € X. This, however, is implied

by Corollary 6 83 after observing that, as a consequence of (6.629) and (3.290) in
Theorem 3.27, we have

sup [|T,x]|z < +o0, VxeX. (6.631)
neN
The desired conclusion follows. |

Recall that, given any linear and bounded operator 7 : (X -l X) — (Y - ||y)
acting between two quasinormed spaces, its operator norm is defined as

T = sup{||Tx||y x € X with |x||x < 1}. (6.632)
Here is the second application alluded to earlier.

Proposition 6.95. Let (X, II - ||X) be a quasi-Banach space, and let (Y, II - ||y) be a
quasinormed space. Suppose that for each n € N a linear and continuous mapping
T, : X — Y has been given such that

Tx := lim T,x existsin (Y 7). ||y)f0r everyx € X. (6.633)

n—o00
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ThenT : (X, ‘L'||.||X) — (Y, ‘L'||.||Y) is a linear and continuous operator that satisfies
IT|| < &5 liminf || 7, |, (6.634)

where ky € [2,4+00) is defined as in formula (3.282) in relation to the quasinormed
space (Y, II - ||Y)

Proof. By design, T : X — Y is linear. Also, from the existence of the limit
in (6.633) and (3.290) we deduce that

sup | T,x|ly < +00,  VxeX. (6.635)

neN

This having been established, Corollary 6.83 applies and guarantees that

sup | Tully < +o0. (6.636)

neN

On the other hand, making use of (3.289), for each x € X we may estimate
ITx|ly = || lim T,x||, <&y liminf || 7, x|y
n—>oo n—>oo
< liminf(| Ty [1x]1x) = (i} liminf |7, ) Ixlx.  (6.637)
n—>oo n—>00

hence |T|| < & liminf|7,||. This proves estimate (6.634), which, in concert
n—o00

with (6.636), also shows that the operator T : (X, 7y, ) = (Y. 7, ) is continuous.
|
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